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Abstract

We consider a nonlinear elliptic Dirichlet equation driven by a double phase operator
and a Carathéodory (p — 1)-linear reaction. First, we conduct a detailed spectral
analysis of the double phase operator. Next, we use the results of this analysis to
prove existence and multiplicity properties for problems in which there is resonance
asymptotically as x — =oo0.
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1 Introduction

Let © € RY be a bounded domain with C?-boundary 3. In this paper we study the
following double phase Dirichlet problem

ulpo =0, 1 <g < p <N.

Givenr € (1,00) anda € L*(2) \ {0}, a(z) > 0 fora.a. z € 2, we denote by A%
the weighted r-Laplace differential operator defined by

Alu = div (a(z)|Du|r_2Du) .

The interest in the study of this type of problem is twofold. On the one hand, there
are physical motivations, since the double phase operator has been applied to describe
steady-state solutions of reaction-diffusion problems in biophysics, plasma physics,
and chemical reaction analysis. The prototype equation for these models can be written
in the form

up = Aju(z) + Agu + g(x, u).

In this framework, the function u generally stands for a concentration, the term
A‘I‘,u(z) + A4u corresponds to the diffusion with coefficient a(z)|Du |P=2 4 |Dul?72,
while g(x, u) represents the reaction term related to source and loss processes; see
Cherfils & II’yasov [5] and Singer [26]. On the other hand, such operators provide a
valuable framework for explaining the behavior of highly anisotropic materials whose
hardening properties, which are linked to the exponent governing the propagation of
the gradient variable, differ considerably with the point, where the modulating coef-
ficient a(z) dictates the geometry of a composite made by two different materials.

If a = 1, then we have the standard r-Laplace differential operator denoted by A,..
In problem (1.1), we have the sum of two such operators and so the left-hand side of
problem (1.1) is nothomogeneous. In fact, the differential operator u > —A%u—Agu
driving problem (1.1) is related to the so-called “double-phase” integral functional
given by

u / (a(z)|Du|p + |Du|‘1) dz.
Q
The integrand of this functional is the function

&z, 1) =a()t? + 19 forallz € Q, allt > 0.

A feature of this paper is that we do not assume that the weight function a(-) is
bounded away from zero, that is, we do not require that essénf a > 0. This implies
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Non-autonomous (p, g)-equations... 1709

that the integrand £(z, -) exhibits unbalanced growth, namely we have
11 <E(z,1) < Co (t? +17) foraa. z € Q, allt > 0, for some Cy > 0.

Such functionals were first investigated by Marcellini [18] and Zhikov [27], in
the context of problems of the calculus of variations and of nonlinear elasticity for
strongly anisotropic materials. For such problems, there is no global (that is, up to the
boundary) regularity theory. There are only interior regularity results primarily due
to Marcellini and coworkers and to Mingione and coworkers. We mention the papers
of Marcellini [19] and Baroni, Colombo & Mingione [3] and the references therein.
There is also the work of Ragusa & Tachikawa [25] on anisotropic double phase
problems. An informative survey of the recent developments on the subject can be
found in Mingione & Rédulescu [20]. The lack of global regularity theory eliminates
from consideration many of the tools used in the study of balanced (p, g)-equations.

The double-phase problem (1.1) is motivated by numerous models arising in math-
ematical physics. For instance, we can refer to the following Born-Infeld equation [4]
that appears in electromagnetism:

: Vu .
—div W = h(u) in Q.

Indeed, by the Taylor formula, we have

(1 —x) —1+2+—2.22x +3!.23x

2n = 3)!!
S —1
(n — 11201

for |x| < 1.

n—1

Taking x = 2|Vu|? and adopting the first order approximation, we obtain problem
(Py) for p = 4 and ¢ = 2. Furthermore, the n-th order approximation problem is
driven by the multi-phase differential operator

A A 3A 2n —3)!!A
u au > 6U n— D) 2nl.

We also refer to the following fourth-order relativistic operator

g |Vul? v
ur—dyv | ————~ Vu |,
(1 — |Vul*)3/4

which describes large classes of phenomena arising in relativistic quantum mechanics.
Again, by Taylor’s formula, we have

3x0 21x10
2 4\—3/4 2
1— -
x (1 —x7) X<+ 1 + D

@ Springer



1710 N. S. Papageorgiou et al.

This shows that the fourth-order relativistic operator can be approximated by the
following autonomous double phase operator

3
u+— Aqu+ ZAgu.

In the reaction (right-hand side of problem (1.1)), we have a Carathéodory function
(that is, for all x € R the mapping z — f(x, z) is measurable and for a.a. z € 2 the
function x — f(z, x) is continuous). We assume that f(z, -) exhibits (p — 1)-linear
growth as x — Fo00. Recently there have been some existence and multiplicity results
for double phase equations with (p — 1)-superlinear reaction. We mention the works of
Gasinski & Papageorgiou [10], Gasinski & Winkert [11], Ge, Lv & Lu [12], Liu & Dai
[16], and Papageorgiou, Vetro & Vetro [24]. For equations with (p — 1)-linear reaction
f(z, -), there is only the very recent work of Papageorgiou, Radulescu & Zhang [22],
where it is stressed that the study of such problems is based on the spectral analysis of
the Dirichlet —A?) operator. In the present paper, we conduct a detailed such spectral
analysis, extending the work initiated by Papageorgiou, Ridulescu & Zhang [22].
Then we prove existence and multiplicity results for resonant double phase equations.

The features of the present paper are the following:

(i) The source term of problem (1.1) is driven by a differential operator with a
power-type nonhomogeneous term.

(i1) The corresponding energy functional is a non-autonomous variational integral
that satisfies nonstandard growth conditions of (p, ¢)-type, following the terminology
introduced in the basic papers of Marcellini [17-19].

(iii) The potential that describes the differential operator satisfies general regularity
assumptions and it belongs to the p-Muckenhoupt class. Accordingly, the thorough
spectral and the qualitative analysis contained in this paper are developed in Musielak—
Orlicz—Sobolev spaces.

(iv) The paper covers both the coercive resonant case and the noncoercive (asymp-
totic resonance or nonresonance) case.

2 Mathematical background

The unbalanced growth integrand &(z, -) implies that the right functional framework
for problem (1.1) is provided by the so called Musielak—Orlicz—Sobolev spaces (or
generalized Orlicz—Sobolev spaces). A comprehensive account of the abstract theory
of these spaces can be found in the recent book of Harjulehto & Hésto [13].

In what follows. we denote

C%(Q) = {a : @ — R Lipschitz continuous}.
We impose the following conditions on the weight function a(-) and the exponents

p.q. .
Ho:a € COV(Q),a(z) > 0forallze 2,1 <gq <p<NE< 1+ 4.
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Non-autonomous (p, g)-equations... 1711

Remark 1 The last condition relating p, ¢, N is standard in Dirichlet double phase
problems and it implies that p < ¢* = N—_qq. This then leads to useful compact
embeddings of some relevant function spaces. Moreover, this condition together with
the Lipschitz continuity of a(-), implies that the Poincaré inequality is valid for the
Musielak—Orlicz—Sobolev space corresponding to the function &(z, f).

Let M(2) = {u : @ — R measurable}. We identify two such functions which
differ only on a Lebesgue null subset of . The Musielak—Orlicz space L¢ () is
defined by

L5(Q) = {u € M(Q) : ps(u) < oo},

where pg (+) is the modular function defined by

pg (u) = / £z, luhdz = / [a@)ul? +u)?] dz.
Q Q
This space is equipped with the so called “Luxemburg norm” given by
. u
il e =1nfik >0 ps (X) < 1].

With this norm L¢ (€2) becomes a Banach space which is separable and uniformly
convex (thus, reflexive). Using L% (S2) we can introduce the corresponding Musielak—
Orlicz—Sobolev space by

WhE(Q) = {u e L5(Q) : |Dul € LE()} .
Here, Du denotes the weak gradient of u. This space is equipped with the norm

lullre = lNulls + [ Dulle,

with || Dullg = [[|Dulll¢. Evidently, WL§(Q) is a Banach space which is separable
and uniformly convex (thus, reflexive). Also, we define

This is also a Banach space which is separable and uniformly convex. Moreover, as
we already mentioned on account of hypotheses Hy, the Poincaré inequality is valid

on W(}’s(Q). So, on W(}’E(Q) we can consider the norm

lull = | Dul forall u € W, ().

We have the following useful embeddings. For details we refer to [13, Chapter 6].

Proposition 1 If hypotheses Hy hold, then
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1712 N. S. Papageorgiou et al.

(a) LE(Q) — L*(Q) and WS’E(Q) > Wol’“(S'Z) continuously for all u € [1, ql;
(b) WOI’E(Q) — LM (2) continuously forall u € [1, ¢*] and compactly forall [1, g*).
(c) LP(Q) — L& () continuously.

The next proposition establishes a close relation between the norm and the modular
function; see [13, Section 3.2].

Proposition 2 If hypotheses Hy hold and u € WOI’E (), then

(@) Jul =% p; (B4) =1;

(b) llull <1 (resp.=1,>1) & pg (Du) <1 (resp. =1,>1);
(c) llull < 1= lull” < pe(Du) < |lull;

(d) llull > 1= ull? < ps(Du) < |lull’;

(e) llull = O (resp. — +00) & pg(Du) — 0 (resp. — +00).

We introduce the operators A9, A, : WO1 ’E(Q) — WO1 ’S(Q)* defined by

(A‘;,(u), h) = / a(z)|Du|”~*(Du, Dh)gpndz
Q

(Ag (), h) =/ |Dul?"2(Du, Dh)gdz for all u, h € W, ().
Q

We set V. = A7 + A,. For this operator, we have the following result (see Liu &
Dai [16]).

Proposition 3 If hypotheses Hy hold, then V : W&’S(Q) — W(}’S(Q)’k is bounded
(that is, maps bounded sets to bounded sets), continuous, strictly monotone (thus,
maximal monotone too) and of type (S)+, that is,

“Up B win Wy () and lim sup(V (u,), uy — u) <0

n—o0

imply that
wp — win Wy (Q)".

As we already mentioned in the Introduction, our analysis of problem (1.1) depends
on the spectral properties of (—A‘[‘,, Wéfo (Q)> with &(z, 1) = a()t?, z € Q,t>0.
In the next section we conduct a comprehensive study of these spectral properties.

3 Spectral analysis of (—AS, Wg’§° (Q))

Let m € L*°(Q), m(z) > 0 for a.a. z € Q and consider the nonlinear eigenvalue
problem

{ —A%u(z) = hm(2)a(@)|u(x) P~ 2u(z) in Q an

ulpa=0, 1 < p < N.
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Non-autonomous (p, g)-equations... 1713

Recall that &y(z, 1) = a(z)t? and consider the corresponding spaces L50(2) and
Wé 5o (£2). These are Banach spaces which are separable and reflexive (see Harjulehto
& Hiisto [13]). Let A p denote the p-Muckenhoupt class (see Cruz Uribe & Fiorenza
[7, p-142]). We strengthen hypotheses Hy as follows:

Hj:a e CO'(Q)NAp az)>0,forallze Q1 <g<p<N, L < 1+ 4.

By an eigenvalue of (—A’;,, W(;’EO(Q), m) we mean a real number A such that

problem (3.1) has a nontrivial weak solution (eigenfunction). So, there exists u €
W,y % () \ {0} such that

(A%(0), h) = /Q Jm(2)a(z)|i|P~2ihdz for all h € Wy (Q).

The starting point of our spectral analysis is the following compact embedding
theorem proved in [22].

Proposition 4 If hypotheses H, hold, then W(} ’SO(Q) — L50(Q) compactly.

Using this compact embedding result, we can show the existence of a smallest (first)
eigenvalue for problem (3.1).

Proposition 5 If hypotheses H|j hold, then problem (3.1) has a smallest eigenvalue
M(p.m) >0
and every corresponding eigenfunction it € W(}’SO (R2) satisfies

e L®R),i(z) >0o0rii(z) <0foraa z € Q.

Proof Let p,(Du) = / a(z)|Du|Pdz forall u W(}’EO(Q) and define
Q

Pa(Dut)

Cue WyR(Q),u £ 0
| m@ara:
Q

i?(p, m) = inf

= inf { p,(Du) : / m(z)a(z)|u|Pdz = 1}
Q
(by homogeneity). (3.2)

Consider a sequence {uy},eN < Wol’é0 (€2) such that
u(Du) 4 3 (pom) = and [ m@a@ ), Pdz =1
Q
foralln € N.

@ Springer



1714 N. S. Papageorgiou et al.

We have that
{tn}nen € Wy ™ () is bounded.
So, we may assume that
U, — i in WJ’EO (Q) and u,, — @i in LE(Q) (see Proposition 4). 3.3)

Note that p, (+) is continuous, convex, thus it is sequentially weakly semicontinuous.
Therefore from (3.3) we have

pa(Dit) < lggiogf Pa(Dupy). (3.4
Also we have
/ m(z)a(z)|u,|Pdz — / m(z)a()|ulPdz =1
Q Q
(see (3.2)). 3.5

From (3.4) and (3.5) we have

pa(Dii) < i and / m(z)a(z)|u|Pdz = 1,
Q

= pa(Dii) = i and / m(z)a(z)|u|Pdz = 1 (see (3.2)),
Q

= A= ):‘f(p,m) > 0.

The Lagrange multiplier rule (see Papageorgiou, Radulescu & Repovs [21, p.422]),
implies that A
— A% = Aim(2)a@)|ia|P "2 in Q, ilsq = 0. (3.6)

Suppose that 1T # 0. Acting on (3.6) with ii € Wol’gO(Q) we obtain

pa(D) = / m(@a() @ dz,
Q

= 47 realizes the infimum in (3.2),

= 4 is an eigenfunction for A1 > 0.
Let (§0)«(z, t) denote the Sobolev conjugate of £y (z, t) (see Adams [1, p.248]). We

know that Wé’éo (Q) — LE)+(Q) continuously (see Adams [1, p.249]). Then as in
Colasuonno & Squassina [6, Section 3.3] we infer that

it e Wy®(Q) N L2 Q).
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Moreover, Proposition 2.4 of Papageorgiou, Vetro & Vetro [24], implies

4t (z) > 0fora.a.z € Q,
at.

<>

=

If it = 0, then /i = —ii~ is an eigenfunction and so
i(z) < 0foraa.z € Q.

The proof is now complete. O

We consider the map m +— ):‘f( p, m). For this map we have the following mono-
tonicity result.

~

Proposition 6 If hypotheses H(/) hold, m,m € L®(Q), 0 < m(z) < m(z), for a.a.
z € Qand m # m, then )A»‘f(p, m) < )A»?(p, m).

Proof Letu € WOI’SO (£2) N L°°(R2) be an eigenfunction corresponding to the eigen-
value )An‘f (p,m)and v € WOl ’SO(Q) N L*°(2) an eigenfunction corresponding to the
eigenvalue ):‘1‘ (p, m). We have

~ Dii
)»111(}7, m) = Pa( M)A ’
Jom)a(z)|i|Pdz
A 3.7
~a A Iotl(DU)
)\'1 (pv m) = A~ ~ .
Jom(2)a(z)|0]Pdz
We may assume that
i(z) > 0and v(z) > O fora.a. z € Q. (3.8)

Then from (3.7) and (3.8) and since a(z) > 0 for all z € Q (see hypotheses H),
we infer that )A\‘f(p, m) < i‘f(p,m). O

We show that for fixed sign we have only the eigenfunctions corresponding to Al

Proposition 7 If hypotheses H(, hold and A€ (h,p)isan eigenvalue of (3.2), then
every eigenfunction ii € WOl 50 (2) N L*°() corresponding to A is nodal ( sign chang-
ing) and if Q4 = {z € Q2 : u(z) > 0}, Q_ = {z € Q: u(z) < 0}, then there exists
C > 0 such that

0<C <|Qulyforall i € G, 1)

(here | - |n denotes the Lebesgue measure on RN ).
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Proof We argue by contradiction. So, suppose that ii(-) has fixed sign. We may assume
that # > 0. As before, by Proposition 2.4 of [24], we have ii(z) > 0 for a.a. z € Q.
Let i) € W(;’SO(Q) N L% (2) be a positive eigenfunction corresponding to A=
):‘f(p, m) > 0. We know that 1;(z) > O for a.a. z € Q and 2 > 1 (see (3.1)). For

e > 0 se set
e =10+e¢and (1), =i +&.
We consider the following test functions

_(@)f —ar

=
(1)

af = @)?

1,
hy == € Wy (Q).

h e Wy (%),

The gradients of these functions are

e \” i\

Dhy = [1+(p—l)< - ) :|D(121)8—p( - ) Dii,,  (3.9)
W1)e (1)e
A p A p—l

Dhy = [1 +(p—1 (uﬂl)s) } Dii, — p ((”})g> D(@i)e.  (3.10)
ue u

&

We have
(A5 @), hy) =1 / m(Z)a(z)ftfflhldz,
Q
(A%@@), ha) = 5»/ m(2)a(z)a? ' hadz.
Q

Adding and using (3.9), (3.10), we obtain

A~ NP AD A A
11/ m(@a(yal ™! (W) dz+A/ m(2a(x)il~! (“
Q @p? Q

Ue

N Y Lo
Z/Qm(Z)H(Z) MW—)\F ((’41)3 —u )dZ

(3.11)

(3.12)

b~ (ﬁl)é’)dz

~p—1
ity

" 14 o 14
:f ([1+(p—1)< te ) ]|Du1|"+[1+(p—1)<(“})8> }|Dﬁ|”>dz
Q (ul)e Ug
~ p—1 ~ p—1
—p/ <f‘5 ) |Dﬁ1|f’*2+((”%)€> Da|P~2 ) (Diy, Dy dz
Q \\(@1)e ilg

= /Q (@) =al) (DGl — 1D Inie|”) dz

—P/;Zﬁg|Dln(ﬁl)a|p_2 (DIn@@1)e, DInite — D In(@))e) g dz
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—p/ @2 1D Ide|P~2 (DIniig, DIn(iy)e — Dlnilg)py dz
Q

(see Lindqvist [15, Appendix]).
We let ¢ — 07 and obtain
(b1 — i)/ﬂm(z)a(z) (a7 —af)dz = 0,
=0<i —A < O (since it > uy),
a contradiction. So, we infer that every eigenvalue A > A1 has nodal eigenfunctions.

Since we can always multiply with n > 1 big without changing the set 2., without
any loss of generality, we may assume that

47| > 1 and / m(z)a(z)(@Hdz > 1.
Q

We have

pa(Dir) = i f m(Da@) @ e, dz
Q

! P—q

< iC |:/ m(z)a(z)(ﬁ*)pdz:|p 1241y
Q

for some C| > 0 (use Holder’s inequality and recall that it € L™ (R2)).
It follows that

rP—q

pa(DiT) < ile m(z)a(z)(@H)Pdz|Q4 ], (sinceq < p),
Q

~

rP—q

)\. e
= 1<l

Al
=0<C<|Qylyforall i € (A1, w).

A similar argument holds for Q2_. O

Proposition 8 If hypotheses Hy hold, then A= )AL‘]’ (p,m) > 0 is isolated in the
spectrum.

Proof We argue by contradiction. So, we suppose we can find a sequence of eigenval-
ues {A,}nen such that A, | il. Consider a sequence {u, },eN C WS’SO(Q) N L*°(Q)
of corresponding eigenfunctions satisfying the normalization condition

/ m(z)a(z)|up|Pdz = 1foralln € N.
Q
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1718 N. S. Papageorgiou et al.

We have

pa(Duy) = A, foralln € N,
= {un}nen € W, ™ (Q) is bounded. (3.13)

So, we may assume that

up = i in Wy () and u, — i in L9(Q)
(see Proposition 4). (3.14)

On account of (3.14) we have

pe(Di) < liminf pa(Duty), / m(a()lilPdz = 1
n—oo Q

= pa(Dil) < i1 (see (3.13))
= pa(Dil) = A (see Proposition 2) and so & # 0.

Therefore i is an eigenfunction corresponding to A1.Henceil € W(; 50 ()NL>®(Q)
and for every compact K € 2 we have

0<Cg <u(z)foraa.ze K
(see [24, Proposition 2.4]).

From (3.14) and Lemma 3.3.1 of Harjulehto & Histo [13, p.51] we know that
u,(z) = i(z) fora.a. z € Q.

By Egorov’s theorem, we can find D, € Q compact with |2\ Dg|y <e (0 < ¢ <
|€2| ;) such that

u, — u uniformly on D,.
Then we can find ng = ng(e) > 0 such that

Cp,

lun (z) — i(z)| < foralln > no, all z € D,,

C
= ; < un(z) forall n > ng, all z € Ds.

Let Q" ={z € Q: u,(z) <0}, n € N. From Proposition 7 we know that
0<C <|Q"|yforalln € N.
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then for n > ng we have

So, if we choose ¢ = %,

1QIy > 12 v + 12N
> |Dely +C

C .
z &2y = 5 +C > 18y,

a contradiction. Therefore A; > 0 is isolated in the spectrum. O

We can also show that ):1 = ):‘1’ (p, m) is simple, that is, if # and v are two eigen-
functions corresponding to A1, then u = pv with u € R\ {0}. We follow Lindqvist
[15], who proved the corresponding result for the Dirichlet p-Laplacian.

Proposition 9 If hypotheses H hold, then A >0is simple.

Proof As in the proof of Proposition 7, due to the lack of global regularity theory for
eigenfunctions, we need to perturb them. So, let # and v be two eigenfunctions for
A 1 >0ande > 0.

We set

U =u+¢eand vy, = v +e.

On account of Proposition 5, we may assume that u, v > 0. We have
(A% (). h) = / m(2)a(u’ " hdz, (3.15)
Q

(A‘I‘,(v),h) = ):1/ m(z)a(z)v? ' hdz
Q
forall h € Wy ™ (). (3.16)

As in the proof of Proposition 7, in (3.15) we use the test function

P P
Ug — U

=" e W@

Ug

and in (3.16) we use the test function

P p
Ve — U
hy, = £ p—1£ € Wg’so(Q).
Vg

Reasoning as in the proof of Proposition 7, we obtain:
If2 < p, then

1 1
0=< C2/ a(z) |:—1, — —p] |lveDu — ugsDv|dz
Q Vg

Ug
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1720 N. S. Papageorgiou et al.

p—1 p—1
< —5»1/ m(z)a(z) [<i> - <i) } (up —v)dz
Q Ug Ve

for some C, > 0.

If1 < p < ?2,then

|ug Dv — vy Du|
(ve| Du| — ug| Dv[)>=»

. u p—1 v p—1
< —Mf m(z)a(z) [(—) - <—> } u? —vPydz
Q Ug Ve

for some C3 > 0.

0< C3/ a(z) [ue + ve]? (usva)p <
Q

We let ¢ — 07 in both (3.17) and (3.18) and obtain

uDv =vDu

= u = po for some u > 0.

The proof is now complete.

(3.17)

(3.18)

Proposition 10 If hypotheses H(, hold, then the operator A‘I‘, : WOI’SO(Q) —

W,y % (Q)* is of type (S) 4.

Proof Consider a sequence {u,},en € W(} 50 (€2) such that

U, — uin Wé’SO(Q) and lim sup(Ai’,(un), u, —u) <0.
n—0oo

From the convexity of the modular function p, (-), we have

1
— [pa(Duy) — pa(Du)] < (A’;,(un), Up — u),
p

= limsup p,(Du,) < ps(Du) (see (3.19)).

n—o0

(3.19)

(3.20)

On the other hand, p,(-) is continuous and convex, hence it is sequentially weakly

lower semicontinuous. So, we have

Pa(Du) < liminf p, (Duy),
n—>oo
= pa(Duy) — pg(Du) (see (3.20)).

(3.21)

Since £y(z, -) is uniformly convex, then from (3.21) and Lemma 3.6.5 of Harjulehto

& Histo [13, p.64], it follows that
pa(Duy, — Du) — 0,
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= u, — uin Wé’go () (see Proposition 2 for &).

The proof is now complete. O

In the sequel, for the sake of simplicity, we assume that m = 1. Consider the Banach
manifold M defined by

1,
M={ueWyo®Q): Julg =1}

Also let 7 denote the spectrum of (—Af,, Wol’go(Q)) It is easy to see that

rl‘,‘ C [, +00) is closed and unbounded (Ljusternik-Schnirelmann theory). From

Proposition 8, we know that )A\l > 0 is isolated in rlf. So, the second eigenvalue

f2 = 24(p) of (=4, Wy ()) is defined by

):zzmin{):er;: i>5»1}.

Using the Banach manifold M, we will produce a min-max characterization of A
(for the corresponding result for the Dirichlet p-Laplacian, we refer to Cuesta, de
Figueiredo & Gossez [8]). In what follows, we denote by & the positive, L& (Q)-
normalized (that is, ||7i1]lg, = 1) eigenfunction for X1 > 0. From Proposition 5, we

know that ity € Wy (Q) N L®(Q), i1 (z) > 0 fora.a. z € Q.

Proposition 11 If hypotheses Hj hold, then

%o = inf max pu.(Dy (1)),
yel —i<i<l

where

F={yeC(-L1LM): y(-1)=—i,y(1)=i}.

Proof We start by showing that pa)M satisfies the Palais-Smale condition. So, we
consider a sequence {u,},en € M such that

|pa(Duy)| < Cq for some Cq4 > 0, alln € N (3.22)
[(A% (un), h)| < enlln (3.23)

forall u € T,, M, with &, — 0.
Here, T,,, M denotes the tangent space to the manifold M at u,,. From Ljusternik’s
theorem (see Gasinski & Papageorgiou [9, p.697]) we have

T M = {h e Wy R(Q) : /

a(@)ltn|P2unhdz = 0} neN. (24
Q
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Lety e WOI’SO(Q). We have

h=y— </Qa(z)|u,,|l’—2u,,ydz) u, € T,,M foralln € N

(see (3.24) and recall that p, (un) = 1 & [luyllz, = 1).
We use this particular /4 as a test function in (3.23). We obtain

|<A‘;J(Mn)7 )= /Qa(z)lun|p_2”ndepa(D’/ln)| < enllhll

< & Cs|yll
for some C5 > 0, alln € N. (3.25)

From (3.22), we deduce that
{tn}nen € Wy () is bounded.

So, we may assume that

Uy — uin Wol’go(Q) and u, — u in L% (Q)
(see Proposition 4). (3.26)

Using Holder’s inequality (see Harjulehto & Histo [13, p.54]) we have

' / (n — 0)a(2)un|”updz
Q
< Copgy(u, — u) for some C¢ > 0, alln € N,

= f (un — w)a(2)|un|? 2updz — 0asn — oo (see (3.26)).  (3.27)
Q

So, ifin (3.25) we choose y = u, —u € WJ’SO(Q) and pass to the limit as n — oo,
then using (3.26) and (3.27), we obtain

lim Sup(A;(un)» up —u) <0,
n—00

= u, — uin WJ’EO(Q) (see Proposition 10),

satisfies the Palais-Smale condition.
M

= P

We know that =11; € M are minimizers of p,

" and pu(£Dii;) = A;. Choose
p > 0 small such that

pa(£Dity) < inf {pa(Du) : |lu — (i)l g = p} =m,
(see [21, Theorem 5.7.6, p.449]). (3.28)
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From (3.28) and since pa‘ satisfies the Palais-Smale condition, we can use the

mountain pass theorem for manifolds and have

o= 1n¥ Ilnax Pa(Dy (1)) = m, > p(£Dily) (3.29)
yel —1=

is a critical value of p, o Hence X > 0 is an eigenvalue of (—Af,, WS’SO (Q)). We

show that A = )12. It suffices to show that ()21, X) N 7,'1‘; = ). Arguing by contradiction,

suppose that we can find an eigenvalue A € (A,2) and u € M is corresponding
eigenfunction. From Proposition 7, we know that u is nodal. Therefore u™ # 0,
u~ # 0. Consider the following two continuous paths on M

+

ut —tu-
) = ———"  foralls 0, 1], (3.30)
=t e
— l —t +
oty = —— FA =00 e 0,10, (3.31)

I —u™+ 0 =Dutg

We see that the path y;(-) connects ﬁ with u (recall that u € M and so

llullg, = 1). On the other hand, the path y»(-) connects u and —— T Te ‘H . We concatenate
ut
y1 and y» and generate a continuous path on M which connects Huﬂ\s and
0
We have

u_
Hu7‘|§0

pa(Duty = hpg(u™) and pa(Du™) = Apa(u™),
= pa(Dy1(t)) = pa(Dy2(t)) = A forall ¢ € [0, 1] (see (3.30), (3.31)).
Consider the following set

= {1 e Wy (Q) : pa(Du) < A},

This set cannot be path connected or otherwise we violate (3.29). Using the Ekeland

variational principle and since p,

satisfies the Palais-Smale condition, we see that
M
each path connected component of L has a critical point p, o We already know that

4+, are the only critical points of p, (see Proposition 9). Therefore L has exactly

two path connected components with i1 in one and —ii in the other. Note that W

cannot be a critical point of p,
such that

e So, we can find a continuous path § : [—¢,¢] > M

ut d
SO = — . £
© e dr ('0“ M

) (S(1)) # 0 forall 7 € [—e, ].
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. . . + .
Hence starting with this path, we can move from Huli—llg to y € M staying in L,
0

except at the starting point. So, y € L and let U; be the path connected component of
L which contains y. We may assume that iz; € U;. We can connect y and iz; with a
continuous path which stays in U;. We concatenate this path with S(-) and produce a
continuous path y : [0, 1] — U such that

+

Y () € Uy € Lforallt € [0, 1).
[l g

Y+(0) =iy, yp() =

Similarly, if U is the other path connected_ component of L with —ii; € U, then
we produce a continuous path y_ : [0, 1] — U, such that

—u

Il g

y_(0) = , y—(1) = —uy, y_(t) € Uy C Lforallt € (0, 1].

We concatenate y_, y, ¥4+ to produce a continuous path y, € I such that

pa(Dy(t)) < Xtforallt € [—1,1],
= A < X, a contradiction.

Therefore X = 3\2. O

Let il(q) > 0 be the principal eigenvalue of (—Aq, Wol’q(Q)> and 711 (gq) be the

corresponding L9-normalized, positive eigenfunction.
We define

I Dullg
q
llullg

V:{ueW()l’q(Q): /ﬁl(q)qludzzo}, iV:infl ueV,u#0¢.
Q

(3.32)
Proposition 12 We have )A»l(q) <iy < )A»z(q).

Proof Clearly ):1 (q9) < )ALV. Suppose that ):1 (q9) = )ALV. Then we can find {¢,, },eny € V
such that

| Du|| | Ay and |Du,ll, = 1foralln € N.
We have that {u, },en C Wol’q (£2) is bounded and so we may assume that

1y = win Wy (Q) and u, — u in L9(Q). (3.33)
From (3.33) we have

I Dull§ < lim inf IDu g, llully = 1. (3.34)
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Note that
V i1(g) ™ up — wydz| < IIftl(q)IIZ_II
Q
(by Holder’s inequality),

ey, _u”q

= / 1) upy — u)dz — 0 asn — oo (see (3.33)),
Q

= / 41(¢)? 'udz = 0 (since u, € V forall n € N),
Q
=uclV. (3.35)
Then from (3.34) and (3.35) we infer that
IDull§ = Ay =i
. Acgording to Proposition 9, we have u = =i, which contradicts (3.35). Therefore
A < Ay.
Next we suppose that A» < Ay. Hence by Proposition 8, we can find y € I' such

that .
||Dy(t)||g < Ay forallt € [—1, 1]. (3.36)

Recall that
y(=1) = —i1(g) and y (1) = it1(q).

Let ity : [—1, 1] — R be the function defined by

oy () = / G1(9)4 Yy (t)dz forall t € [—1, 1].
Q
Evidently 1, (-) is continuous and

py(=1) = =l (@l = —1

and

y (D) = llar(@lg = 1.

So, by Bolzano’s theorem, we can find 7y € (—1, 1) such that u,, (fo) = 0. We have

/Qf‘l(q)q—ly(ro)dz =0
= y(tp) € V.

which contradicts (3.36). Therefore we conclude that v < ko (@). O
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Remark 2 Tsittruethatiy = A» (¢)? The proposition also holds for (— AZ , Wé 50 (Q)) .

Using the results of this section, we can prove the following useful estimate.

Lemmal If 8 € L*(Q2), B(z) < ):1 fora.a. z € Qand B # )Aq, then there exists
C7 > 0 such that

Crllully ¢y < pa(Du) —/Qﬁ(Z)a(Z)Iulde

forall u € Wy ().

Proof We argue by contradiction. So, suppose we can find {u, },en € W& 50 (£2) such
that

1
pa(Duy) —/ B(a(@)|u,|Pdz < ;||u,1||‘f’§0 forall n € N.
Q

The p-homogeneity of the modular function p,(-) implies that we may assume that
lunll1,g, =1 forall n € N. So, we have

1
pa(Duy) —/Qﬂ(z)a(z)lunl”dz = lunlitg =1 (3.37)

foralln € N.
We may assume that

wy = win Wy (Q) and u, — u in L9(Q). (3.38)

If u =0, then

’/Qﬂ(z)a(z)lunl”dz =< [1Bllocpa(1n) — 0O (see (3.38))

= pa(Duy) — 0 (see (3.37)),
= u, — 0in Wol’g0 () (see Proposition 2).

But this contradicts the fact that |Ju,||1,¢, = 1 foralln € N.
So, u # 0. In (3.37) we pass to the limit as n — 0o and use (3.38). We obtain

pa(Du) < /Qﬂ(z)a(z)lul”dz < 31 pau),

= Pa(Du) = h1pa(u) (see (3.2)),
= u € W, () N L™(Q) is an eigenfunction of ;. (3.39)
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Replacing u by |u| we can always assume that # > 0. From Proposition 5 we have
that

0 < u(z) fora.a. z € Q.
Then from (3.39), we have
Pa(Du) < J1pa(u),

which contradicts (3.2). m]

4 Coercive resonant problems

In this section we consider problem (1.1) when resonance occurs with respect to the
principal eigenvalue A= )Afl‘ (p, 1) > 0. The resonance occurs from the left of A
making the energy functional of the problem coercive.

The precise conditions on the forcing term f(z, x) are the following:

Hi: f : Q x R — R is a Carathéodory function such that f(z,0) = O for a.a.
z € Qand

() 1f@x)] < a@[1+x"] foraa z € @ all x € R, witha € L®(R),

Nq.
p<r<gqg* = 5=

- * pF(z, x)
(i) if F(z,x) = / f(z s)ds,thenlim sup ——— < )»1 uniformly fora.a. z € Q;

x—+too a()|x[P ~
(iii) there exists wg > 0 such that

—no < f(z,x)x — pF(z,x) foraa. z € Q, allx € R;
(iv) there exist n € L°°(£2) and 8y > 0 such that
@) < 1) foraa z2eQ, n# M),

f(

X

n(z) < hm 1nf umformly fora.a.z € Q,

l
F(z,x) < —Ay|x|? fora.a. z € Q, all |x| < 8.
q

Remark 3 Hypothesis H (ii) implies that we can have resonance with respect to A=
)»ﬁ’( p, 1) > 0asx — Fo00. As we will see in the process of the proof, this resonance

will occur from the left of)il (that is, )A»la(z)lx|1’ — pF(z,x) > —pup fora.a. z € Q,
all x € R) and this implies that the energy functional of the problem is coercive.
Hypothesis Hj (iv) implies that at zero we have nonuniform nonresonance with respect

to )A\l (g) > 0, that is, partial interaction with the spectrum of (—Aq, W(;’q (Q)).
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Recall that £(z, x) = a(z)|x|?” + |x|? and let ¢ : W, (Q) — R be the energy
functional for problem (1.1) defined by

1 1
o) = ;pa(Du) + g||Du||Z —f F(z,u)dz forallu € WJ’E(Q).
Q

Evidently, ¢ € C! (Wol’é (sz)).
Proposition 13 If hypotheses H(/), Hj hold, then the energy functional ¢(-) is coercive.

Proof We argue by contradiction. So, suppose that ¢(-) is not coercive. We can find
{itn}nen € W% () such that

llun |l — oo and ¢(u,) < Cg for some Cg > 0, alln € N. “4.1)

We know that Wé’g(Q) — Wé’go (€2) continuously. So, we have u, € Wé’go (Q)
foralln € N.
First assume that
{ttntnen S W(:’EO(Q) is bounded. (4.2)

Hypotheses Hj (i), (ii) imply that we can find Cy > 0 such that
1714
F(z,x) < — [)»1 + 1] a(z)|x|? + Cy fora.a.z € Q, allx € R. 4.3)
P
From (4.1) and (4.3) we have

1 A 1 1
> [a(Dun) = J1paten) | =~ patun) + 1Dl < Cro

for some Cig > 0, alln € N,
= ||Duylly < C11 for some Cyy > 0, all n € N(see (3.2) and (4.2))

= {un}nen € W(:’E(Q) is bounded, a contradiction (see (4.1)).
So, we may assume that

lunll1.g6, — 00 asn — oo. 4.4)

_Un
ot Il

Let y, = for all n € N. Then ||y, 1,5, = 1 for all n € N and so we may

assume that

Yo = yin W) and y, — y in L9(Q)

(see Proposition 4). 4.5)
From (4.1) we have
1 1 F(z, up) Cy
—pa(Dyn) + ————[1Dyall§ — / podz < — (4.6)
p QIlunlll,go Q ||un||1,§0 ””n”]’go
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for all n € N. .
Claim: —po < A1a(z)|x|? — pF(z, x) fora.a. z € Q,all x € R.
We have

a4 [F(z, x)] _ f@0)I? = plx|P?xF (2. x)

dx | |x[? |x|2P
_ fx)x = pF(z,x)
B |x|Px
{ > —)% ifx >0
< _|XITSX ifx <0

(see hypothesis Hj(iii))

F(z,v) B F(z,x) - @[L_L}
[v]P lx|? = p LlvlP  |x[P

fora.a.z € Q,all |v| > |x| > 0.

We let v — +o0. Using hypothesis H;(ii) we obtain

A F(z, 1
(@) — @z, x) z—@—fora.a.zeﬁ, all x # 0,
P x|? p |x|?

= Aa@)|x|? — pF(z,x) > —po foraa.z € Q, all x € R.

This proves the Claim.
We return to (4.6) and use the Claim. We obtain

~

1 Al 0 1
—pa(Dyp) — —pa(yn) < [Cs + — QN | —5— 4.7
p p p

P
|un||1,§0

foralln € N.
Passing to the limit as n» — oo and using (4.4) and (4.5) we have

pa(DY) < hipa(y)
= pa(Dy) = A1pa(y) (see (3.2))
= y = 0or y = eigenfunction for A1

If y = 0, then from (4.7) and (4.5), we see that
: 1,&o
yn — 0in Wy (2)
which contradicts the fact that ||y, |[1,;, = 1 foralln € N.

If y is an eigenfunction for A1, then by Proposition 5 we may assume that y(z) > 0
fora.a. z € Q. So, u,(z) > +oo fora.a. z € Q asn — oo. From (4.1) we have

1 1
—pa(Duy) + = || Duy |12 —/ F(z,up)dz < Cgforalln € N,
p q Q
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1 . 1

= —/ [Ma(z)lunl” —pF(z un)] dz+ — | Duyllg < C
pPJo q
for all n € N(see (3.2)),

N 21(q)

lunllg < Cra

for some Ci» > 0, all n € N(see the Claim).

But [ |u,|9dz — +oco (by Fatou’s lemma), a contradiction. This proves that the
energy functional ¢(-) is coercive. O

We know that WOI’{?(Q) — WO1 “1(Q) continuously (see Proposition 1). Let V=
VN Wol’g (€2). We have

W, (Q) = Riii(g) @ V
(recall that ii1 (¢) € C3(R)). (4.8)

Proposition 14 If hypotheses H, H; hold, then ¢(-) has local linking at O with respect
to (4.8) (see [21, p.408]).

Proof Hypotheses Hj (i), (iv) imply that given ¢ > 0, we can find C13 = C13(¢) > 0
such that

1
F(z,x) > —[n() —¢&]|x|9 — Ci3]x|" fora.a. z € Q, allx € R. 4.9)
q

Letu € Rit1(g). Then u = ti11(g) for some T € R. We have

o) = @(tity(q))
[z|? A Tl . q
< 7,0a (Dii(q)) + THDMI(C])Hq

k4K . € R
Yy n(z)ul(Q)qder(—]ITIq+C13If|rllul(61)||$
Q

(see (4.9) and recall that ||it1(g)[lg = 1)

q ~
< Cua[lrl” + e ]+ % [/Q(/\l(q) — n(@)i(g)ldz — s}

for some Ci4 > 0.

We know that i1 (g)(z) > 0 for all z € 2. Therefore

/;2 (U(Z) - 5»1(61)) i1(@)?dz = Cy5 > 0.
Hence choosing ¢ € (0, C;5), we obtain
o) = ¢(ti1(q) < Cia[ltl” +I717] — Cigl7)?
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for some Cig > O.
Since g < p < r, choosing |t] € (0, 1) small, we infer that

em) = @(tii(g)) <O0. (4.10)

On the other hand, using once again hypotheses Hj (i), (iv), we can find C17 > 0
such that

14
F(z,x) < —Ay|x|? + Ci7|x|" fora.a. z € Q, all x € R. 4.11)
q

Let v € V with ||v]] < 1. Then

! 1 q _» q r
o) 2 DV + [ 1DVl = Ay lolf] = Crslel
for some Cig > O(see (4.11))
1
> —[lvll” = Cigllol”
p

(see Propositions 2 and 12).
Since p < r, we can find § € (0, 1) small such that
@) > 0forallve V with0 < v <. (4.12)

From (4.10), (4.12) we conclude that ¢(-) has local linking at O with respect to
(4.8). O

Now we are ready for our first multiplicity theorem for problem (1.1) (coercive
case).

Theorem 1 If hypotheses H),, H, hold, then problem (1.1) has at least two nontrivial
solutions ug, it € Wy (Q) N L¥ ().

Proof We already know that ¢(-) has local linking at 0 with respect to (4.8). Also, by

Proposition 13 we know that ¢(-) is coercive. Therefore it satisfies the Palais-Smale
condition (see [21, Proposition 5.1.15, p.369]). Moreover, from (4.10), we see that

—o0 < inf {<p(u) ‘ue Wolf(sz)] <o0.

Hence we can apply Theorem 5.4.17 in [21, p.410] and find two nontrivial critical
points ug, u of ¢. Then these are nontrivial solutions of problem (1.1) and

wo, i € Wy¥(Q) N L™(Q)
(see Gasinski &Winkert [11, Theorem 3.1]).

This completes the proof. O
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5 Noncoercive problems

In this section we study noncoercive problems. First we deal with the nonresonant case
(nonuniform nonresonance) and then with the resonant case (resonance with respect
to the principal eigenvalue A1 > 0 from the right).

For the nonresonant case the hypotheses on the reaction f(z, x) are the following
(see [23]):

Hy: f : Q@ x R — R is a Carathéodory function such that f(z,0) = 0 for a.a.
z € Qand

(i) |f(z.x)] < a1+ |x|P7 ] foraa. z € Q allx € R, witha € L™(Q);
(ii) there exist ng € L*°(2) and n; € (5»1, )12) such that

A < no(z) foraa. z € Q, no # X1
f@x) [z x)
im

no(z) < liminf ———— < Sup ——=——— 5. =
x—%00 a(z)|x|P~2x x—>:|:o£) a(z)|x[P~2x

uniformly for a.a. 7z € Q;

oo f@x)
(iit) ;}1—% |x]9—2x

= +oo uniformly for a.a. z € €2, there exists s € (1, g) such that

f(z,x)
=0 |x|s—2x

F 2} - ) .
0 < liminf sEG@x) = f G 0)x uniformly for a.a. z € Q.
x—0 |x|P

= 0 uniformly for a.a. z €

Similar conditions concerning the asymptotic behavior as x — 400 can be found
in Papageorgiou & Scapelatto [23] in the context of parametric Robin problems with
an indefinite potential term.

Remark 4 Hypothesis H;(iii) implies the presence of a concave term near zero. Con-
sider for example the following functions (for the sake of simplicity we drop the
z-dependence)

[x|P72x — |x|"2x, ifjx| <1 A
= . 1 A
I P NI LR

nolx|972x — [x[*2x In x|, if x| < 1

: 1 - :
nolx P~ 2x, ifl <x <S<4q r<mo

) = {

Both functions satisfy hypotheses H,.

Recall that ¢ : Wg’s (2) — R is the energy functional for problem (1.1), defined
by

1 1
o) = L po(Du) + L Dull? - / Fz, u)dz
p q Q
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forall u € Wy*(Q).
We know that ¢ € C! (W (%)),

Proposition 15 If hypotheses H), H, hold, then ¢ satisfies the C-condition (see [21,
p.336]).

Proof We consider a sequence {u,},eN © WOI’S(Q) such that {¢(u,)} C Ris bounded
and
(14 lun g ) — 0in Wy ¥ (Q)* asn — oo. G.1)

From (5.1) we have

. enllhll
(A ), ) + (Aq (). h) = /Q fG ””)hdz‘ =T+

forall b € Wy'* (), withe, — 0% (5.2)

Suppose that {u,},en S W(;’s (£2) is not bounded. By passing to a subsequence if
necessary, we may assume that

|upl] — o0 asn — oo. 5.3)

We set v, = HZ_:H for all n € N. Then ||v,|| = 1 for all n € N and so we may
assume that

vy = vin Wy ¥ () and v, — v in LP(Q)
(see Proposition 1 and Hy). (5.4)

From (5.2) we have

f (2, un) epllnll
(A% (Wn), h) + —————(Ag(vn), h) — hdz| < (5.5)
‘ P = o llullP~! (I + llunl)
1,& /I En
forallh € W,” (), alln e N, g), = Tar=t
Hypothesis H; (i) implies that
{M} C L”'(Q) is bounded. (5.6)
lunllP=" Jen

If in (5.5) we choose h = v, — v € Wé’é(Q), pass to the limit as n — oo and use
(5.3), (5.4), (5.6), we obtain

lim (A?;(un)’ up —u) =0,
n—00

= u, — u in W, (R) (see Proposition 3), sof|v]| = 1. (5.7)
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On account of (5.6) and hypothesis H,(iv), we have

fn(J ﬁﬁ—(ﬁf) = i()aC) P v in LP(Q) (5.8)

with 7 € L (), no(z) < 1(z) < n; for a.a. z € Q (see Aizicovici, Papageorgiou &
Staicu [2], proof of Proposition 16).
So, if in (5.5) we pass to the limit as n — oo and use (5.3), (5.7), (5.8), we obtain

(A%(v), h) = /Qﬁ(z)a(z)lvlp’zhdz forall h € Wy* (%)
= A% =i@a@P’ PvinQ, v o =0 (5.9)
From Proposition 6 we know that
M(p, i) < M(p, ) =1. (5.10)
Moreover, we have

i(z) <n < A foraa. zeQ
(see (5.8) and H (iv)). (5.11)

From (5.9), (5.10), (5.11) it follows that
v =0,

which contradicts (5.7).
This proves that {u, },en € W& 4 (£2) is bounded. So, we may assume that

Un = win Wy ¥ () and u, — u in LP (). (5.12)

In (5.2) we choose h = u, —u € Wol’g (2), pass to the limit as n — oo and use
(5.12) and hypothesis H(i). We obtain

i [(AG @), 0 = ) + (A (), = )| =0,

= lim sup [(A;(u,,), Uy — u) + (Ag (1), 1y — u)] <0

n—oo

(using the monotonicity of A, (-)),
= lim sup(A‘;,(un), u, —u) <0 (see (5.12)),

n—oo

= u, — u in W, (R) (see Proposition 10) (5.13)
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Similarly, we have

lim sup(‘Aq(un)a u, —u) <0,
n—00

= u, — uin Wy ()
(since W, ¥ (Q) <> W,/ (%) continuously). (5.14)

From (5.13) and (5.14) we conclude that

U — win Wy ¥ (Q)
= ¢(-) satisfies the C-condition.

The proof is now complete. O

The next proposition shows that ¢(-) is not bounded below (so the problem is not
coercive).

Proposition 16 If hypotheses Hj,, Hy hold, then ¢(tii;) — —o0 ast — oo.

Proof On account of hypothesis H»(ii), given ¢ > 0, we can find M = M(¢) > 0
such that

1
F(z,x) > — [n(2) —¢la(z)|x|P foraa.z € Q, all |[x| > M. (5.15)
4
We have
N L . 7 g .
p(tiuy) = —pa(Duy) + — || Duylly — F(z,tiy)dz
p q Q
1L 11 R "
< —pa(Diiy) + — || Dit1]lg — — [7(z) — ela(x)uydz
4 q P I =M}
—/ F(z, tiy)dz (see (5.15))
(It | <M}
|7]? 5 “p .
<— [\ — n(@)]a@)i]dz + Cioe|Qn | + Cao |[{ritr < M},
p {leiy )= M)
for some C19, Co9 > O(see hypothesis H>(i)). (5.16)
Note that

/ n(z) — 5»1]a(z)ftfdz = C*" > 0 (see Hy(iv))
Q

and |{tiiy < M}|,, — Oas 1 — =£oo.
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Then C;, = / [n(z) — il]a(z)ltﬁllpdz — 0 as t — =+o00. Therefore from
tiu =M}

(5.16) and by choosing ¢ > 0 small we have
e(ti)) — —ooast — Foo.
This completes the proof. O

Consider the following set in W(}’E(Q)
s={uew @ : puDw) =lapuw}.

Proposition 17 If hypotheses Hé, Hj hold, then ¢ ‘ s is coercive, hence bounded below.

Proof Hypotheses H(i), (ii) imply that we can find 1, € (71, ):z) and C1 > 0 such
that
F(z,x) < Ea(z)|x|p + Cyy fora.a. z € @, allx € R. 5.17)
p
Letu € S with ||u|| > 1. We have

1
o) > > [1 - :—2] Pa(Du) — C211R2|y (see (5.17))
2

= @(u) > Cxullull? — C21|Q2|n (see Proposition 2),

= go‘s is coercive, thus bounded below.
The proof is now complete. O
Propositions 16 and 17 imply that we can find 79 > 1 big such that

o(£touy) < ir;fga =mg. (5.18)

In addition to S above, we also consider the following two subsets of W(}’S ()

Do = {toii1, —toii1 } ,

D={ue Wy @ : u=s—ni)+ 0=, 0=s=<1}.

Proposition 18 If hypotheses H), H, hold, then the pair { Dy, D} is linking with S in
W,y *(Q) (see [21, p.397]).

Proof Consider the set

K ={uewgS@: p(Du) < hapa].
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Evidently, £7#; € K. We claim that K is not path connected and tit;, —ti|
belong in different components of K. To this end, we consider a path yy €

C ([—1, 1], Wol’s(Q)) which connects —#yit; and foit; and yp(¢t) # O for all ¢+ €
[—1, 1]. We have

yo(=1) = —toity, yo(1) = toi1.
Consider the line segments
L™ = conv{—toii, —ii1}, LT = conv{toiiy, i1}

We extend y(+) in a linear way along them and obtain continuous path Py(-) con-
necting —ii and #;. Let

. Po(t)
= — -1, 1].
O = s et

Then yi € T' (see Proposition 11) and so

N Dyt
iy < max Pa(Dyy (1))

see Proposition 11).
—l=r<l - pa(Vg) ( P )

This means that there exists f € (—1, 1) such that
Vo@D ¢ K.

Therefore K cannot be path connected and —foii|, foit; belong to different path
components.

Note that Dg NS = @. Alsolety € C (D, Wol’g (Q)) be such that y
We have

=id

Do

y(—toli)) = —tiy, y(toit1) = toll1.

From the first part of the proof we know that these two elements belong to different
path components of K. Hence

y(D)NJK # 0.
But 0K C S. Therefore

y(D)NS #0,
= {Dy, D} links with S in W, (2)(see [21, p.397]).

The proof is now complete. O
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Now we are ready for the existence theorem in the noncoercive, nonresonant case.

Theorem 2 If hypotheses H/,, H, hold, then problem (1.1) has a nontrivial solution
o € Wyt () N L=(Q).

Proof InProposition 18 we have established that the closed sets { Dy, D, K } are linking
(in the sense of Definition 5.4.1 in [21, p.397]). Also we have

o(£fouy) < ir;fgo = mg (see (5.18)).

Finally, from Proposition 15 we know that
¢ () satisfies the C-condition.

The above facts permit the use of Theorem 5.4.4 of Papageorgiou, Radulescu &
Repovs [21, p.399]. Therefore we can find ug € Wol’g (€2) such that

uy € Ky and mg < @(uo).

So ug is a solution of problem (1.1) and ug € WOI’E (2) N L°(R2). Moreover, Corollary
6.6.12 of [21, p.534] implies that the first critical group of ¢ at u is nontrivial, that is,

Ci(g, uo) # 0. (5.19)

On the other hand, hypothesis H>(iii) and Proposition 6 of Leonardi & Papageor-
giou [14] imply that
Cr(¢,0) = 0 for all k € Np. (5.20)

Comparing (5.19) and (5.20) we conclude that uy 7 O. O

Next, we will consider the noncoercive resonant case. To deal with this case we
need to strengthen the hypotheses on the reaction.

The new hypotheses on f(z, x) are the following.

Hi: f : Q@ x R — R is a Carathéodory function such that f(z,0) = 0 for a.a.
z € Qand

(i) for every p > 0, there exists a, € L°(2) such that
|f(z,x)| <ay(z)foraa. z € Q, all |x| < p;

(ii) there exist n, < Arandt € (g, p] such that

iy <timinf —L &Y i sup [z, x)

x—>+00 a(z)[x[P2x T yotoo a(@)|x|P2x T
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uniformly for a.a. z € ;

A F _
0 < B < liminf PF(z x) — f(z, x)x

x—+oo |x|®

uniformly for a.a. z € Q;

f(z, x)

—— = 400 uniformly for a.a. z € 2, there exists s € (1, g) such that
X

. f(z,x)
lim
x—0 |x|5—2x

F(z,x) — , .
0 < liminf sF@x) ~ [z X)s uniformly for a.a. 7 € Q.
x—0 |x|P

= 0 uniformly for a.a. z € Q2

Remark 5 Hypothesis H3(ii) implies that we can have resonance with respect to A=
):‘1’( p, 1) > 0. In this case the resonance occurs form the right of A 1 in the sense that
Xla(z)lxlp — pF(z,x) > —ooas x — Fo0.

The following function satisfies hypotheses H3 above. For the sake of simplicity
we drop the z-dependence

x5 7 x — x| x if |x
X[ ~2x — |x|72x, flx| <1

1= {il [l =2 o x| = 207 2x] i 1 < |x].

withl <s<g<nandl <¥ <g <71 <p.

The approach is similar to that for nonresonant case. Our aim is to apply Theorem
5.4.4 of [21, p.399].

Proposition 19 If hypotheses H(, Hj hold, then the energy functional ¢(-) satisfies
the C-condition.

Proof Consider a sequence {u,},en € WOI’5 (€2) such that

lo(u,)| < Cy3 forsome Cr3 > 0, alln e N (5.21)
(1 + [lun D¢’ (un) — 0in Wy'* ()" as n — oo. (5.22)

Suppose that the sequence {u,},en C W(;’g(Q) — WOI’EO(Q) is not bounded in
Wé £0(Q2). We may assume that

lunll1,g, = 00 asn — oo. (5.23)
Letv, = W for all n € N. Then ||v,|l1,5, = 1 for all n € N and so we may
nlilg
assume that
vy = vin Wy (R) and v, — v in L0(Q). (5.24)
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From (5.22) we have

(A5 (un), h) + (Ag(up), h) Z/Qf(z,un)hdz

forall h € Wy (%)

(z, un)
= (AG (), h) ———(Aq(vn). h) = f—pﬁlhdz
[luen | L& Q ||un||1,§0
forall h € W, (). (5.25)

From hypotheses H3 (i), (ii) and Holder’s inequality, we see that

{%} C L(Q)* is bounded. (5.26)
Hn L&

In (5.25) we use h = v, — v, pass to the limit as n — oo and use (5.23), (5.24),
(5.26). We obtain

lim (A?,(vn), vy —v) =0,

n—o0

= v, — vin Wy () (see Proposition 10), 5o [[v][1e = 1. (5.27)

On account of (5.26) and hypothesis H3(iii), we have

f(L(_f) = i()a) ||~ in LO(Q)*, (5.28)
el
A <ii(z) <nyforaa ze Q. (5.29)

So, if in (5.25) we pass to the limit as n — oo and use (5.23), (5.27), (5.28), we
obtain

(A% (), h) =/ i(@)a@) v’ >vhdz
Q

for all i € W, * ()
= —Ajy = i@a@ PP 2rinQ, v =0

(recall thatWOI’E(Q) — W(}’so (2) continuously and densely).  (5.30)

Iftn £ A 1 (nonresonance), then as in the proof of Proposition 15, we have that
v=20,a contfadiction to (5.27).
If 7(z) = A for a.a. z € Q, then from (5.30) we see that we can say that
vV =uj. (5.31)
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From (5.31) it follows that
|u,(z)| = +oo fora.a. z € Q. (5.32)

From (5.21) we have
14
— Pa(Duy) — 5|IDunIIZ +[ PF(z,up)dz < pCo3 (5.33)
Q

foralln € N.
On the other hand from (5.22), we have

Pa(Dity) + || Duy|I§ —f f (@, up)updz < &p (5.34)
Q

foralln € N, with g, — 0F.
Adding (5.33) and (5.34), we obtain

/ [PF(z,un) — f(z, up)unldz < [g - 1} I Duty 1§ + Caa
Q

for some Cyq4 > 0, alln € N,
:>/ PEG tun) = @t <g B 1) [Dvallg | Coa
Q lun lunl*™=9 ~ llunll®

q
forall n € N.

The right-hand side goes to 0 as n — oo (see H()), while on account of hypothesis
H;(ii) and Fatou’s lemma, we have

F —
0 < hminf/ pF(z,uy) — f(z, un)undz,
Q

n—00 llunll®

a contradiction.
Therefore we have that {u, },cny C Wé’s (€2) is bounded and then continuing as in
the proof of Proposition 15, we conclude that ¢(-) satisfies the C-condition. O

Proposition 20 If hypotheses H/,, H3 hold, then ¢(tii1) — —o00 ast — =o0.

Proof On account of hypothesis H3(ii), we can find /§0 e (0, ,3) and My > 0 such
that

- ,30|x|r < pF(z,x) — f(z,x)x fora.a. z € 2, all |[x| > M. (5.35)

We have

dx xP xp+l

d [F(z,x)] _ fG&x)x—pFx)
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IA

—ﬁox’*”*] fora.a.z € Q, all x > M,
=>F(Z,y)_F(z,x)< Bo 1

yl’ xP - p—T yP*f xP—T
fora.a.z € Q, ally > x > M.

Let y — +o0. Using hypothesis H3(ii), we have

ha@ Fex) _ B 1
p xP T p—rtxPT’

= ha(@)x? — pF(z,x) < —fo

fora.a.z € 2, all x > M. (5.36)
For t > 0, we have
. P . AT .
o) = —pu(Di) + | Day —f Fetiin)ds
p q Q

2N N g N
= —hipa(ur) + —Duillg — [ F(z, tu)dz
p q Q

IA

N . 7
—Pot* iy + ;IIDul & + Cas
for someCj5 > O(see (5.36)),
= @(tii]) — —ooast — +oo (recall that ¢ < 7).

Similarly we show that
p(ti)) — —ooast — —oo.

The proof is now complete. O

Now we proceed as in the nonresonant case. Namely, note that by hypothesis H3 (ii)
we can find 7 € (A1, A7) and C; > 0 such that

A

F(z,x) < n a(z)|x|? 4+ Cyp fora.a. z € Q, allx € R.
0

As before, let S = {u € WOI’E(SZ) 2 pa(Du) = ):z,oa(u)}. Then for all u € S with
[[u]| > 1, we have

A

1
ow = (1 - f) pa(Du) — Co| Q.
2

= @(u) > Cosllul|? — C2|2|y for some Cz3 > 0,
= ¢@|g is coercive.
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Therefore we can find y > 0 such that
pls = —y.
On the other hand, on account of Proposition 20 we can find 7y > 0 such that
p(toity), @(—toit1) < —y.

Hence we see that
o(£toi)) < —y < ir;f ®. (5.37)

From Proposition 19 we know that
o(-) satisfies the C-condition. (5.38)
Let
Do = {#1oii1}, D =f{u € Wyt (Q): u=s(—iy) + (1 —s)ids, s € [0, 1]}
and S as above. From Proposition 18 we know that
{Dy, D} is linking withSin W, ¥ (). (5.39)
Finally, relations (5.37), (5.38), (5.39) and Theorem 5.4.4 of [21, p.399] produce
ug € Ky, with —y < @(up). Then ug € WOI’S(Q) N L°(L2) is a solution of problem

(1.1) and since Ci(¢, ug) # 0, while Cr (¢, 0) = 0 for all k € Ny, we conclude that
ug # 0. So, we can state the following theorem.

Theorem 3 If hypotheses Hj, H3 hold, then problem (1.1) has a nontrivial solution

o € Wy ¥ () N L=(Q).
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