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Abstract. We study double phase singular problems with strong singu-
larity and unbounded coefficient (that is, in the singular term u — %,
where 7 > 1 and g¢(+) is not bounded). First we deal with the purely
singular problem. We consider two distinct cases. In the first one, we
assume that 7 = 1 and the double phase operator ((p, ¢)-Laplacian with
weight) exhibits unbalanced growth. Using modular spaces we prove the
existence of a unique positive solution. The second case is when n > 1
and this is examined in the context of double phase problems with bal-
anced growth. Again we prove the existence of a unique positive solution.
Finally, for the second case, we introduce also a superlinear perturbation
of the singular term and we prove an existence theorem.
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1. Introduction

In this paper, we are concerned with the study of a nonlinear problem whose
features are the following:

(a) the presence of several differential operators with different growth, which
generates a double phase associated energy;

(b) the reaction combines the multiple effects generated by a singular term
and a nonlinearity with subcritical growth;

(¢) we establish global existence properties, which describe an exhaustive
picture of strongly singular double phase problems.

Summarizing, this paper is concerned with the refined qualitative analysis of
solutions for a class of singular problems driven by differential operators with
unbalanced or balanced growth.

Let Q C RY be a bounded domain with Lipschitz boundary 9. The
aim of this paper is to study strongly singular double phase problems. The
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name “strongly singular”, refers to equations in which the singular part of
the reaction u — u~" has exponent 1 > 1. Weakly singular problems (that
is, the case 0 < n < 1), were studied recently in a general framework by
Papageorgiou et al. [23].

The problem under consideration is the following:

—Aju(z) — Agu(z) = 5((;))77 + f(z,u(z)) in Q,

ulgo=0,u>0,1<qg<p,1<n.

In this problem, Aj denotes the weighted p-Laplacian defined by
A% = div (a(2)|DulP~2Du)  for all u € W, P (Q).
We denote by A, the usual g-Laplace differential operator, namely
Agu = div (|Du|9"2Du)  for all u € Wy'*().

In the reaction (right-hand side of (1)), the coefficient g(+) of the singular
term is not bounded and the perturbation f: 2 x R — R is a Carathéodory
function (that is, for all z € R the mapping z — f(z,x) is measurable and
for a.a. z € Q the function z — f(z, z) is continuous), which exhibits (p — 1)-
superlinear growth as x — 400 but without satisfying the usual in such cases
Ambrosetti-Rabinowitz condition (the AR-condition for short).

First we will deal with the purely singular problem, that is, f = 0 (no
perturbation). For this problem, we consider two distinct cases: (a) n = 1
and (b) n > 1. For the first case (n = 1), we assume that the coefficient
a € C%(Q), a(z) > 0 for all z € €, but need not be bounded away from zero.
In this way, the differential operator u — —Afu — Aju, exhibits “unbalanced
growth”. More precisely, if we consider the integrated £ : Q x Ry +— R,
associated with the energy functional of this operator, then we have

(z,x) =a(z)a? + 21 forall z€Q, all z >0,

where the modulating coefficient a(z) > 0 dictates the geometry of the com-
posite made by two different materials, with hardening exponents p and ¢,
respectively.

This is a phase transition model and in the region where a is positive,
the p-material is present; otherwise the g-material is the only one making the
composite. The anisotropic case corresponds to a composite that changes its
hardening exponents according to the point; in this case, the exponents p and
q are no longer constant and they change their values for z € Q.

We observe that

2?1 <E&(z,2) <co(l4+2P) for all z€Q, all x >0, some ¢y > 0.

Integral functionals defined by such integrands, were first investigated by
Marcellini [19] and Zhikov [30,31] in connection with problems from nonlinear
elasticity theory. Recently, the interest for such problems was revived by
Mingione and his co-workers, who produced important local regularity results
for local minimizers (see Baroni et al. [3] and Colombo and Mingione [11,12]).
However, there are not yet any global regularity results for such problems and
as we will see, this prevents us from dealing with the cases n > 1 and f #£ 0 in
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the context of unbalanced double phase equations. For recent developments
in problems with nonstandard growth and nonuniform ellipticity we refer to
Beck and Mingione [4] and Mingione and Réadulescu [20].

We mention that problems involving the sum of two differential opera-
tors of different nature (double phase problems), arise in many mathematical
models of physical processes. We already mentioned the problems in elastic-
ity theory (see [19,31]) and in addition we have the works of Bahrouni et al.
[2] (transonic flow problems), Benci et al. [5] (quantum physics), Cherfils and
II’'yasov [8] (reaction-diffusion systems).

Strongly singular problems, were first investigated by Lazer and
McKenna [17], who considered semilinear equations driven by the Laplace
operator. More precisely, they considered the following problem

—Au(z) =u(2)""in Q, ulgg =0, u>0,0<1n.

They proved that this problem has a solution in H}(Q) if and only if
0 < n < 3. Moreover, the solution is not in C3(Q) if 1 < 5. Extensions of their
work were obtained by Boccardo and Orsina [7], Coclite [9], Lair and Shaker
[16], and Pucci and Vitillaro [28]. More on semilinear singular problems and
a rich bibliography, can be found in the book of Ghergu and Radulescu [14].
For double phase problems there are only the recent works of Papageorgiou
et al. [23] and Papageorgiou et al. [25]. Both papers deal with weakly singular
problems (that is, 0 < n < 1).

2. Mathematical Background

To treat the unbalanced growth case described in Sect. 1, we need to con-
sider Musielak-Orlicz—Sobolev spaces. So, let & : © x Ry — R4 be the
Carathéodory function defined by

(z,x)=a(z)z? + 2l forall z€Q, >0

(recall that a € C%1(Q), a(z) > 0 for all z € Q). Then £(-,-) is a generalized
N-function (see Musielak [21, p. 82]) and it satisfies

&(z,2x) < 2P€(z,z) forallz€ Q, z > 0.

This is known as the (Az)-condition (see Musielak [21, p. 52]). Let M ()
be the space of all measurable functions u :  — R. As always, we identify two
such functions which differ only on a Lebesgue-null set. The Musielak—Orlicz
space L&(Q) is defined by

LY(Q) = {u tu € M(Q),/Qg(z, lu|)dz < +oo} .

This space is equipped with the so-called “Luxemburg norm” defined

||U€:inf{)\>03/£(Z,m)dzgl}.
o by

by
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Using L&(12), we can define the Musielak—Orlicz—Sobolev space W1(Q)
as follows
Whe(Q) = {u:u € L8Q), |Du| € L*(Q)},
where D denotes the gradient in the weak sense. We furnish this space with

the norm

[ullr.e = llulle + [[Dulle.
Also, we set W, ¢(Q) = C’go(Q)”'”l’g. All these spaces (L¢(Q), Wh$(Q),
W)t () are separable and uniformly convex (thus, also reflexive) Banach
spaces. Moreover, if % <1+ %, then from Colasuonno and Squassina [10,
Proposition 2.18], we have that there exists ¢; > 0 such that

lulle < crllDulle  for all w e Wi ().
This is the “Poincaré inequality” for the space Wy () and it implies
that on W,(€) we can use the equivalent norm
|ull = [|[Dulle ~ for all u € Wy*(9).

We have the following embeddings, which generalize the classical
Sobolev embedding theorem (see [10,21]):

(a) ¢ # N = Wg(Q) — L7(Q) for all 1 < 7 < ¢*,
N
4 ifg< N

=4 N—gq ;
+00 ifg>N

(b) ¢ =N = Wy*(Q) — L"(Q) for all 1 < r < +o0;

(c) ¢ < N = Wy*(Q) — L"(Q) compactly for all 1 < r < ¢*;
(d) ¢ >N = Wy*(Q) — L>®(Q) compactly;

() Wy () — Wy ().

By L?(£2) we denote the weighted Lebesgue space defined by

LE(Q) = {u Tu € M(Q),/Qa(z)|u|pdz < —|—oo} .

The norm of this space is given by

o = (/Q a(z)|u|pdz>1/p.

LP(Q) — L5(Q) — LP(Q) N LY(Q).

In the study of the Musielak—Orlicz and of the Musielak—Orlicz—Sobolev
spaces, the following modular function is important

pg(v):/Qf(z,|v\)dz=/ﬂ(a(z)|v|p+\U|q)dz.

This modular function is closely related to the norms of these spaces.

[[u

We have

Proposition 1. (a) For v # 0, |[v|l¢ = X if and only if pe (%) = 1.
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(b) |Jvlle <1 (resp. =1, > 1) if and only if pe(v) <1 (resp. =1, > 1).
(©) lolle <1 = vllg < pe(v) < ol

(@) folle > 1 = vl < pe(v) < ol

(€) [lv]le = 0 < pe(v) — 0.

() llvlle = +o0 & pe(v) — +o0.

Let (-,-) denote the duality brackets for the pair (Wy(Q2)*, W, *(Q))
and let Af : W&’E(Q) — Wol’g(Q)* be the nonlinear map defined by

(A% (), b = /Q a(2)| DulP2(Du, Dh)gxdz  for all u,h € WEE(Q).

Also let (-,-)1,, denote the duality brackets for the pair (W =54 (Q) =
Wy ()%, W, 9(Q)) (5 +1= 1) and let A, : W, %(Q) — W19 (Q) be the

nonlinear map defined by
(Ag(u),h)1,4 = / |Du|""2(Du, Dh)gndz  for all u, h € Wy ().
Q

We know that
<Aq(u)a h>1,q = (Aq(u), h) for all u, h € Wol’g(Q)

(recall that Wy(2) — W, (). Both maps are bounded (that is, they map
bounded sets to bounded sets), continuous, strictly monotone (thus, maximal
monotone too) and of type (5),. Recall that if X is a reflexive Banach space
and A : X — X*, then we say that A(-) is of type (5)4 if it has the following
property:

“0p 5 2 in X and limsup(A(z,), 2, — x)x <0

n—oo

4

z, — xin X as n — oo’

( see Definition 3.2.55(b) of Gasinski and Papageorgiou [13, p. 338] ).

Suppose ¢ € C1(X). We say that o(-) satisfies the “C-condition” if it
has the following property:

“Every sequence {z, }neny € X such that {¢(z,)}neny € R is bounded and
(14 ||znllx)¢ (2,) — 0in X* as n — oo, admits a strongly convergent
subsequence”.

This is a compactness type condition on the functional ¢(+). Since the
ambient space X in most cases of interest is infinite dimensional, it is not
locally compact and so the burden of compactness is passed on the functional
©(+), as it happens in the Leray—Schauder degree theory.

Given u € M(Q), we set u® = max{+u,0}. We know that if u €
Wt () then

ut e Wit(Q), u=u" —u" and |u| = ut +u".

We will also use the Banach space C}(Q2) = {u € C(Q) : ulpq = 0}.
This is an ordered Banach space with positive cone C;. = {u € C}(9) :
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u(z) > 0 for all z € Q}. This cone has a nonempty interior given by
intCy =queCi:u(z)>0 forallzeﬂa—u‘ <0
+_ T " Onloa

with n(-) being the outward unit normal on 9. Since 9f is by hypothesis
Lipschitz, by Rademacher’s theorem, n(-) exists at almost all points of 9€2.
Given u, v € M(Q) with u < v, we define

[, v] = {h € WHE(Q) : u(z) < h(z) < v(2) for aa. z € Q} :

Also by @%(p) € WyP(Q), we denote the positive, LP-normalized (that
is, ||af(p)|l, = 1) eigenfunction corresponding to the principal eigenvalue
Ai(p) > 0 of (—A,, Wy P(2)). We know that @}(p) € int Cy (see Gasinski
and Papageorgiou [13, p. 739]).

Finally if p < N, then p* = NN—_pp (the critical Sobolev exponent cor-
responding to p) and if » € (1,400), then ' € (1,400) is the conjugate
exponent corresponding to r, that is, % + % =1.

3. Purely Singular Problem: Case n = 1

In this section we deal with the purely singular problem, with n = 1. So, the
problem under consideration is

a _9)
—Aju(z) — Aqu(z) = u(2) Q, 2)

ulpo=0,u>0,1<qg<p.
Our hypotheses on the data of this problem are the following.
H:aeC%(Q),a(z) >0forall 2€ Q, 2 <1+ 5, g€ LY (Q), g(2) 20
for a.a. z € Q and g # 0.

Remark 1. We stress that the coefficient g(-) is not bounded. Since the coef-

ficient g(-) is unbounded, following Boccardo and Orsina [7], we understand
by a positive solution of problem (2) a function u € W, £() such that

for all K C Q compact, 0 < cx < u(z) for a.a. z € K,

(A5 (u), h) + (Ag(u), h) = / Mhdz for all h € C1(Q).
o u(2)
Evidently, since h(-) has compact support, the right-hand side of the
last equation is well-defined.

For € > 0, we define g = min {gé}. Evidently g. € L*°(Q2). Then
given 3 € L1(Q), we consider the following auxiliary Dirichlet problem

_ Agu(z) — Agu(z) = |ﬁiqs)( —)l—g in Q, ulgg =0, u > 0. (3)

Proposition 2. If hypotheses H hold, then problem (3) admits a unique solu-
tionw. € Wyt (Q), u. >0, u. # 0.
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Proof. We consider the operator V : Wol’E(Q) — V[/Ol’5 (©)* defined by
V(u) = Aj(u) + Ag(u) for all u € Wyt (Q).

This operator is continuous, strictly monotone (hence maximal mono-
tone, too) and coercive. It follows that it is surjective (see Corollary 2.8.7 of

Papageorgiou et al. [22, p. 135]). Since % e L®(Q) — WlE(Q)*, we
can find . € Wy*(Q) such that

= 9:()
Vw.) = ————.
)= B+ =
The strict monotonicity of V(-) implies that this solution is unique.
Finally, acting with —u_ € W, *(Q) we obtain
Pe (Dﬂ;) =0,
=, > 0, U # 0 (see Proposition 1).
This proof is now complete. O
So, we can define the solution map o, : L9(2) — L7(Q2) for problem (3)
by
0.(8) =T (recall that W, *(Q) — L7(£)).
Clearly this map is continuous.
Next, we consider the following truncation-perturbation of problem (2):

_AQ _ _ gE(Z) .
Aju(z) — Agu(z) = w) + = in €,
ulon =0,u>=0,1<q<p.

(4)

Proposition 3. If hypotheses H hold, then problem (4) admits a unique solu-
tion G- € Wyt (9).
Proof. Note that the fixed points of o.(-) are solutions of problem (4).

We know that o.(-) is continuous. Also, if . = 0.(3), then we have

_ geh
olBl+e

In (5) we choose h = T, € Wy*(€2). Then

(A (@), h) + (Aq(Te), h) dz  forallh e Wy (Q).  (5)

gelle
o lBl+e
= 0.(LYQ)) C Wy*(Q) is a bounded set (see Proposition 1).

pe(Du.) =

z < %HHEH for some co > 0,
€

Recall that I/Vol’E () — L1(Q) compactly. So, we can use the Schauder-
Tychonov fixed point theorem (see Theorem 4.3.21 of Papageorgiou et al. [22,

p. 298]) and produce i, € Wy*(Q) such that
o (lie) = .

Evidently @, € Wy*(9) is a solution of problem (4) and d. # 0.
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We show that this solution is unique. Suppose that 0. € Wol’g(Q) is
another solution of problem (4). We have

0< <Ag('[‘6) - AZ(@S)»ﬁs - @6> + <Aq('[‘6) - Aq(ﬁe)vﬁs - 776>

1 1
= — e — 0:)dz <0,
/Qge(z) (ae +e D +5> (e —0)dz

= U = 0. (on account of the strict monotonicity of u — V' (u)
= Ap(u) + Ag(u)).

This proof is now complete. O

From the maximum principle for unbalanced double phase problems of
Papageorgiou et al. [26, Proposition 2.4]), we know that for every K C Q
compact subset, we have

0 < cx < le(2) for a.a. z € K. (6)

Proposition 4. If hypotheses H hold, then {ic}.c0,1] € W&’g(Q) is nonin-
creasing.

Proof. Suppose that 0 < &’ < e < 1. We have
N N Ge' e .
— ASier — Agller = P > R in Q. (7)
We introduce the Carathéodory function k. : Q X R — R defined by

9e(2) if x < (2
]€5<Z,$) = xt]:'é) if i : ( ) (8)
() e ! U’E/(z) <z
(recall that 1t = max{z,0}). We set K_( = | ke(z,s)ds and consider

the C!-functional W, : Wol’g(Q) — R deﬁned by
1 1

U, (u)= —/ a(z)|DulPdz + —|[Dul|Z 7/ K.(z,u)dz for all u € W, *(Q).
P Ja q Q

Note that

1
U_(u) = —p.(Du) — c3 for some ¢z > 0, all u € Wy~ >(0)

’B

(see (8) and recall that q < p),
= U.(+) is a coercive (see Proposition 1).
Also, U (+) is sequentially weakly lower semicontinuous. Therefore by
the Weierstrass—Tonelli theorem, we can find u. € WO1 5(Q) such that
U, () = min {\Ile(u) fu € ng(ﬂ)} . (9)
Let u € int C1. On account of (8) we see that for t € (0,1) small, we
have
U, (tu) < 0,
= U (u.) <0=0.0) (see (9)),
= u: # 0.
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From (9) we have
Ul (u.) =0,

= (A%(Ue), h) + (Ag(te), h) = / ke(z,i.)hdz  for all h € WS ().
Q

(10)
First we test (10) with b = —u- € W}*(2). Then
p=(Dug ) <0 (see (8)),
= U, > 0, U # 0 (see Proposition 1).
Next, we test (10) with h = (@ — @)t € W (€2). We have
(Ap(Te), (e — ) ™) + (Aqg(Te), (e — ) ™)

= 95 (G, — qr)Tdz (see
= [ - ) (e )
< (AD(ter), (e — 1)) + (Ag(ter), (U — ) ™) (see (7)),

= U < Ugr.

So, we have proved that
Ue € [0, 1], ue # 0. (11)
From (11), (8), (10) and Proposition 3, we infer that
Ue = e,
= U < U (see (11)).
This proof is now complete. O

Now we are ready to produce a positive solution for problem (2) (purely
singular, double phase unbalanced growth case).

Theorem 5. If hypotheses H hold, then problem (2) admits a unique positive
solution ug € Wol’g(Q).

Proof. Let g, = L and d,, = ., € Wol’E(Q) be the unique positive solution
of problem (3) (with ¢ = 1), see Proposition 3. We have

n

(AS(1), h) + (Ag(iin), ) = /Q In_hds (12)

Uy, +

n

for every h € Wg’g(ﬂ), all n € N (recall that g, = g., = min{g,n} € L>(Q),
gn =0, g, # 0 for all n € N). In (12) we choose h = ii,, € Wy*(€2) and obtain

) U
pe(Din) = [ %< [ g,z < g
Q Up + = Q

= {in}pen © Wyt (Q) is bounded.

So, by passing to suitable subsequence if necessary, we may assume that

Un(z) — u(z) for a.a. z € Q,

T 4 in Wy 8(Q), @y — @ in LP(Q) (by hypotheses H, p < ¢*),
13)
0 < an(2) < v(2) for a.a. z € Q, all n € N and with v € LP(Q).
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Consider a test function h € C(Q) and let K = supph C Q. Using
Proposition 4 and (6), we have

0 < cx <a1(2) < tp(2) for a.a. z € K, alln € N. (14)
We have

0 < Inl )ﬂn(Z)Iflt(Z)\ .

2 (2) + < gn(A)I1(2)] < g(2) 17l

for a.a. z € Q, all n € N.
We see that g,,(z) — g(z) for a.a. z € Q. So, we have
gn(2)un(2)N(z) _ g(z)a(2)h(2)

in(2) + 5 a(z)

z
U

for a.a. z € Q (see (13)).

Then using the Lebesgue dominated convergence theorem, we obtain

Gnlnh guh
-~ 1 m

LY(Q) as n — oo. (15)

Moreover, from (13) and Theorem 2.1 of Boccardo and Murat [6], we
know that we may assume that
Dii, (2) — Di(z) in RY for a.a. z € Q.
It follows that
a(2)| Dty [P~2(Diiy, Dh)gn — a(2)|Da[P~2(Di, Dh)gn for a.a. z € Q.
(16)
From (13) we see that
{|Dii, |P~2(Dity, Dh)g } oy © LE(Q) is bounded (recall that h € C. (),

= {a(-)|Di,|P~?(Diiy, Dh)gn } . is uniformly integrable. (17)

neN

From (16), (17) and Vitali’s theorem (see, for example, Theorem 2.3.44
of Papageorgiou and Winkert [27, p. 124]), we have that

/ a(2)| Ditn[P~2(Dity, Dh)gwdz — / o(2)| DafP=2(Dit, Dh)gndz. (18)
Q Q
In a similar fashion, we show that
/ | D, |72 (Db, Dh)gndz — / |Da|72(Da, Dh)gndz. (19)
Q Q

We return to (12), pass to the limit as n — oo and use (15), (18) and
(19). We obtain

(AZ(@),h) + (Ag(),h) = [ ==dz for all h € CL(S),

Therefore @ € W, () is a positive solution of problem (2) and this
solution is unique on account of the strict monotonicity of V(-).
This proof is now complete. O
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4. Purely Singular Problem: Case n > 1

In this section, we deal with the purely singular problem (that is, f = 0) and
when the exponent satisfies n > 1. We will do this in the context of double
phase problems with balanced growth. It is an open problem whether we can
have such an existence result for the unbalanced growth case. As it will be
evident from the proof, the lack of a global regularity theory, prevents us
from extending the result to unbalanced growth equations.

So, now the problem under consideration is the following:

—Aju(z) — Agu(z) = 5((;)),] in £,

ugo=0,u>0,1<qg<p,1<n.

(20)

Now we assume that 9 is of class C? and the following conditions hold:

H:a e CO(Q) with a(z) > é> 0 for all z € Q, g € LY(Q), (p*) <0,
1<n<27%,g(z)>Ofora.a.zEQ,giOand1<q<p<N.

The weight a(-) is bounded away from zero and so the differential opera-
tor of problem (20) exhibits balanced growth. Also we have restricted further
the coefficient g(-). So, in the present setting by a positive solution of problem
(20), we understand a function u € W, ?(Q) such that

for all K C Q compact, 0 < cx < u(z) for a.a. z € K,

(AS(u), hY + (Aq(u), h) = / g(z)n hdz  for all h € WlP(Q).
o u(z)
The conditions on g(-) imply that the right-hand side of this equation
is well defined. Note that now on account of the balanced growth of £(z, ),
problem (20) will be studied on the classical Sobolev space W, 7 (Q).

Theorem 6. If hypotheses H hold, then problem (20) admits a unique positive
solution @ € WP ().

Proof. As before (see Sect. 3), we generate a nondecreasing sequence

{@in Ynen € Wy () consisting of solutions of problem (4) with & = L neN.
In the present case on account of the hypothesis on the weight a(-) (see hy-
potheses H ), using the nonlinear regularity theory of Lieberman [18] and the
nonlinear maximum principle of Papageorgiou et al. [26] (see also Papageor-
giou et al. [24], Proposition A2 and Zhang [29, Theorem 1.2]), we have that

Uy, € int Cy for all n € N.
Consider the Banach space Cy(Q) = {u €cC(Q):%¢e C’(ﬁ)}, where

d(z) = d(z,09) for all z € Q. This is an ordered Banach space with positive
cone

Ky ={ueCy(Q):u(z) >0 forallzeQ}.
This cone has a nonempty interior given by

int Ky = {u € Co(Q) : cud < u for some ¢, > 0}.
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By Lemma 14.16 of Gilbarg and Trudinger [15, p. 355], there exists dg > 0
such that d € C%(Qs,) with Qg, = {z eQ:d(z) < 50}. It follows that d €

int C; and so by Proposition 4.1.22 of Papageorgiou et al. [22, p. 274], we
can find 0 < ¢3 < ¢4 such that

csd < iy < cqd (vecall that 4y € int C),

. / VY 1 1
= (ead) V" <"’ (m :1>' (21)

Hypotheses H imply that (5 —1)0’ < 1 and so it follows that d(7~D?" e
int K;. Using again Proposition 4.1.22 of Papageorgiou et al. [22, p. 274], we
can find ¢; > 0 such that

B < csdr
= d1Y < gt (p) Y for some cg > 0. (22)

Since (n — 1)¢’ < 1, using the Lemma in Lazer and McKenna [17], we
have

i ()" e LN(Q),

= d7 ¢ LY(Q) (see (22)),
= '™ € L1(Q) (see (21)). (23)
We have that
(A3(in). 1) + (AgCin). ) = [ (ugf)d (24)

for all h € WyP(Q), all n € N.
In (24) we choose h = i, € W, ?(Q) and obtain

~ ~ gnan In ~1l—
cDun|p</7dz</—_dz</gu Tdz

| b o (n + %)n o al? Q!
(recall that 4y < @y, for all n € N).

From (23) we see that @, " € L% (). Hence using Holder’s inequality,
we have

&l|Day |15 < llgllollan "l for all n € N,

= {a}, ey € Wy () is bounded.
So, we may assume that
Gy~ 0 in WyP(Q) and 4, — @ in LP(9). (25)

In (24) we choose h = ii,, — @ € W, *(Q). Note that

< gy " e LNQ).
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So, by the dominated convergence theorem, we have

In (an - ﬂ)
=—————~dz — 0 (see (25)),

sy = 0 e 25)
= lim [(Ag(ﬂn),ﬁn — ) + (Ag(an), @n — @)] =0,
= lim sup [( ;(ﬁn),ﬁn — ) + (Ag(Q), Uy — ﬁ)] <0

(since A4(-) is monotone),

= lim sup(Aj (i), i, — @) <0 (see (25)),

= (i, — @ in Wy P(Q) (since A7 (+) is of type (S)4). (26)

On account of the hypothesis on 6 (see hypotheses H ), we can find s > 1
big such that i gt + < 1. Since 4; € int Cy, we can find ¢; > 0 such

that ul(p)sn < crly, hence Gy " < st} (p)fb". But since n > 1, ul(p)fs'l €

L3(Q), hence 47" € L*(Q2). Note that by the generalized Holder inequality

(see Proposition 2.3.16 of Papageorgiou and Winkert [27, p. 115]), we have
gl _ glh

7S

0<
(tn + &

n

e L}(Q) for all h e WyP(Q).

Therefore passing to the limit as n — oo in (24) and using the dominated
convergence theorem, we obtain

h
(A%(a), h) + (Ag(@), h) = / B4z for all h € Wi(0),
Q
=U; <1

It follows that @ € W, P(Q) is a positive solution of problem (20). The
strict monotonicity of V() implies the uniqueness of this positive solution.
This proof is now complete. O

5. Superlinear Perturbation

In this section we deal with the following parametric and perturbed version
of the purely singular problem:

—Apu(z) — Agu(z) = 2‘(52(;2 (z,u(z)) in Q, (27)

ulgn=0,u>0,1<g<p, 1<n A>0.

In this problem, A > 0 is the parameter and f(z,x) is the perturbation
of the singularity. We impose the following conditions on f(z,x).

Hp: f: QxR+ R is Carathéodory function, f(z,0) =0 for a.a. z €
and

(i) 0< f(z, @) <a(z) (L+2"1) foraa. z € Q, all z > 0, with a € L*>(9),
p<r<p

(i) if F(z,2) = [} f(z,s)ds, then lim,
z €L

F(z, .
(;pz) = 400 uniformly for a.a.
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(iii) there exists 7 € ((r — p)%,p*) such that

0< BO < liminf f(Z,I)JJ —pF(Z,J?)

r—+00 xT

(iv) lim, o+ fx(fﬁ) = 0 uniformly for a.a. z € Q.

uniformly for a.a. z €

Remark 2. Since we are looking for positive solutions and the above hy-

potheses concern the positive semiaxis Ry = [0, 4+00), without any loss of
generality, we may assume that
f(z,2) =0 for a.a. z € Q, all z <O0. (28)

Hypotheses Ho(ii), (iii) imply that f(z,-) is (p — 1)-superlinear, that is,
we have
lim 1(zx)

z—4o00 gP—1

= 400 uniformly for a.a. z € Q.

However, f(z,x) need not satisfy the AR-condition (see [1]), which is
common in the literature, when we study superlinear problems. For example,
consider the function f(z) = 2P~ In(1+z) for all 2 > 0 (for the sake of sim-
plicity of have dropped the z-dependence). This function satisfies hypotheses
Hy but fails to satisfy the AR-condition.

As before, by a positive solution of problem (27) we understand a func-
tion u € Wy *(§2) such that

for all K C Q compact, 0 < cx < u(z) for a.a. z € K,
(AS(u), BY + (Ag(u), b) :/ 9@hy, +/ Fzwhdz  for all h € WHP(Q),
Q Q

umn

Under hypotheses H, the first integral of the right-hand side is well
defined. Similarly, hypotheses Hy imply that the second integral of the right-
hand side is well defined.

Theorem 7. If hypotheses H, Ho hold, then for all X > 0 problem (27) admits
a positive solution.

Proof. First we consider the following auxiliary purely singular problem

a 9(z) .
—Aju(z) — Agu(z) = )\u(z)n in €,
ulpo=0,u>0,1<g<p,1<n A>0.

According to Theorem 6, for every A > 0 this problem admits a unique
positive solution @y € Wy () such that

vy < Gy with vy € int Cy. (29)
As in the proof Theorem 6, we can find s > 1 big such that
vy e L*(Q)
and then via the generalized Holder inequality, we have

gua~" € LP (Q). (30)



Page 15 of 21 82

Strongly Singular Double Phase Problems

MJOM
We introduce the Carathéodory function jy : 2 X R +— R defined by
(31)

) — Ag(2)or(2) T+ f(z,2)  if z < wva(z) soe
) {)\g(z)x_’/ + f(z,2) ifor(z) <z (sec (28)).

We set Ji(z,@) = [;ja(z,5)ds and consider the functional

©x : WP (Q) — R defined by
1 1
/ a2)|DuPdz + 2| Dul - / Jr (2, u)dz
¢ Q

oa(u) P

for all u € W, "P().
On account of (30), we have that ¢y € C1(W,7(Q),R)
Hypotheses Hy(i), (iv) imply that given € > 0, we can find c¢g = cg(e) >
(32)

0 such that
F(z,z) < Sat 4 coz” for a.a. z € Q, all z € R (see (28)).

From (30) we see that
(33)

)\/ gux~""udz < Aepol|ul| for some ¢19 > 0, all u € Wol’p(Q)
Q

Using (31), (32) and (33), we have that
(34)

1 s
IDullp + = ([1Dull§ = ellull§) — exr ([lull” + Alull)

=

oa(u) >

for some c1; > 0.
Let A1 (g) > 0 be the principal eigenvalue of (—A,, W,%(Q2)). Then from
the variational characterization of A\ (g) > 0 (see Gasinski and Papageorgiou

[13, p. 732]), we have
€

[1Dulld —ellullg > {1 - = [ Dullg.

q q )\l(q) q

Choosing € € (0, 5\1(q)>, from (34) we have
[1Dullf = exn ([[uf]” + Alful)
(35)

ox(u) >
en ([l + Anul-P)) P

AN
o
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Consider the function yy(t) = t"P + Mt!7P ¢ > 0. Since 1 < p < r, we
see that y(t) — 400 as t — 4o00. So, we can find ¢y > 0 such that

(o) = min~y(?),

:>’Y;\(t0)zov
1
Ap—1)\ 7"
:>t02<(7"p—p)> ’

r—p
—1

p—1
. — 1\ 1 T? _p\ 1
= (:5) e ()"

= Y (to) — 0" as A — 07 (recall that 1 < p < 7).

So, we can find A* > 0 such that

lto) < ——  for all A € (0, \"). (36)
C11p

From (35) and (36) it follows that
©x(0) =0 <inf {px(u) : ||u]| =to(A) = pa} =my  for all X € (0,\").(37)
Let u € int Cy. Using hypothesis Hy(ii), we deduce that
pa(tu) — —oo0 as t — +oo. (38)

Claim: py(-) satisfies the C-condition for every A > 0.
We consider a sequence {uy, }nen C W&’p(Q) such that

|oa(un)| < ¢12 for some ¢ >0, all n € N| (39)
(1 + [[tn ] ) (un) — 0 in WH'(Q) as n — oo, (40)
From (40) we have
nllh
(A ). 1)+ (g = [ n(erunas] < 20
0 LA+ [Jun|

for all h € Wy*(Q), with &, — 0*.
In (41) we choose h = —u;; € WyP(Q). Using (28), (30) and (31) we
obtain

¢|[Du,, ||) < 13 for some c13 >0, all n € N. (42)
From (39) and (42), we have
/ a(z)|Duf [Pdz + BHDuﬁHg — / pAg(2)va " "ul dz
Q q

{ungv/\}
1
T pAg(2)ul="dz
1- n {’U)\<’U.n} "
— / pF(z,u))dz < c1g (43)
Q

for some c14 > 0, all n € N.
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Also if in (41) we choose h = u; € W, *(§), then we have

_/ a(z)|Duf |Pdz — ||Du:||g +/ Ag(2)vy"Mutdz
Q {un<or}

+/ g(2)ul~"dz
{va<un}

/ f(zyulutfdz <e, forallneN. (44)
Adding (43) and (44) and recalling that ¢ < p, 1 < 7, we obtain

/ (f(z,u))ut — pF(z,ul)) dz < ey5 for some ¢15 > 0, all n € N. (45)
Q

On account of hypotheses Ho(i), (iii), given §; € (073()), we can find
C16 = clg(ﬁl) > 0 such that

Bia™ — c16 < f(z,2)x — pF(z,2) for a.a. z € Q, all z > 0. (46)
Using (46) in (45), we obtain
{u:}nEN C L7 () is bounded. (47)

From hypothesis Hy(iii), it is clear that we can always assume that
T < r < p*. So, we can find ¢ € (0,1) such that
1 1—-1t t

= —. 48
r T +p* ( )

Invoking the interpolation inequality (see Proposition 2.3.17 of Papa-
georgiou and Winkert [27, p. 116]), we have
e < Hlusy

[ |l for all n € N,
= |lub|r < 017Hu+|tr for some c17 > 0, all n € N. (49)
Note that hypothesis Hy(i) implies that
0< f(z,2)r <c1g(1+2") for aa. 2 € Q, all x > 0, some ¢15 > 0. (50)

In (41) we choose h = u}t € W, ?(Q) and obtain

elDut||P < eo —|—/ f(z,ul)uldz for some c19 > 0
<o (14 ||uj{||”’) for some 020 >0, all n € N (see (50), (49)),
= Jlut )P <o (1+ [Jub||') with cay = = all n € N. (51)

From (48) and hypothesis Hy(iii) it follows that
tr < p.
Therefore from (51) we infer that
{urf}neN C W, P(Q) is bounded. (52)
From (42) and (52) we infer that
{un},en © Wy () is bounded.
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So, we may assume that

uy, 5w in WoP(Q) and u,, — u in L™ (Q). (53)

In (41) we choose h = u,, —u € Wy ?(Q) and pass to the limit as n — co.
Then as in the proof of Theorem 6, using (53) and the (.5)-property of A5(-),
we obtain that

un — uin Wo(Q),
= . (-) satisfies the C-condition.

This proves the Claim.
Then (37), (38) and the Claim, permit the use of the mountain pass
theorem. So, there exists ug € W, (Q) such that
O\ (up) =0 and my < pa(ug) for all X € (0, \"). (54)
From (54) and (37), we see that ug # 0 and

(A3 (uo), h) + (Ap(ug), h) = /Qj>\(27u0)hdz for all h € WyP(€). (55)

In (55) we choose h = (v —ug) " € Wy*(2). Then

(A5 (uo), (vx —u0) ™) + (Ag(uo), (va = uo)™)
= / (Ag(2)va™" + f(2,u0)) (v — ug) ™ dz (see (31))

/ Ag(z (vx — uo) dz (since f > 0, see hypothesis Hy(i))

= (A5(03), (vx = u0) ") + (Ag(v2), (vx — u0) ")
(since vy € int C is a solution of problem (4)),
= v < U

Therefore from (31) and (55) we conclude that ug is a positive solution
of problem (20). The proof is now complete. O

Remark 3. In the unbalanced double phase case, due to the lack of a global
regularity theory, we do not control the integrability properties of the singular
term vy ~". Hence the technique of truncation at vy(z) to bypass the singular-
ity, does not work. So, for unbalanced double phase problems with a superlin-
ear perturbation, the existence of positive solutions is an open problem. An-
other interesting open problem, is what can be said when 1 = 1. For this case,
may be a promising approach, is to consider a sequence {1, },y € (1, +oo)
such that 7, | 1 and use the solution of the approximating problems to
produce in the limit as n — oo, a solution of the original problem.
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