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Abstract

In this paper, we first develop the fractional Trudinger—Moser inequality in singular
case and then we use it to study the existence and multiplicity of solutions for a class of
perturbed fractional Kirchhoff type problems with singular exponential nonlinearity.
Under some suitable assumptions, the existence of two nontrivial and nonnegative
solutions is obtained by using the mountain pass theorem and Ekeland’s variational
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1 Introduction and Main Results

Let N > 2 and assume that @ C R" is a bounded domain with Lipschitz boundary
and 0 € Q. Givens € (0, 1), we study the following fractional Kirchhoff type problem
with exponential growth:

fx,u) .
N/s —
M(llulN5) Licu = L +Mh(x)  in 9, @i

u=0 inRV\ @,

where

s/N
||u||=(// IM(X)—u(y)IN/S/C(X—y)dxdy> ,
RZN

M : [0, o00) — [0, 00) is a continuous function, 8 € [0, N), A > 0 is a parameter, / :

RN = [0, 00) is a perturbed function which belongs to the dual space (Wg ’;z/ S(Q)*

of WS’IICV/S(Q) (see Sect. 2), f : @ x R — R is a continuous function, and L

is the associated nonlocal integro-differential operator which, up to a normalization
constant, is defined as

Licp(x) =2 lim lp(x) — eIV 2 (@(x) — (K (x — y)dy, x eRN,
e—0t RN\ B (x)

along functions ¢ € C 80 (RN). Henceforward B (x) denotes the ball of RV centered at
x € RY and radius & > 0. Throughout the paper, we always assume that the singular
kernel K : RN \ {0} — RT satisfies the following properties:

(K1) mK € LYRN), where m(x) = min{1, |x|V/5};
(K3) there exists KCo > 0 such that KK(x) = Ko|x| 72N for all x € RN \ {0}.

Obviously, if (x) = |x| 72N, then Lx reduces to the fractional N /s-Laplacian
(=B

Equations of the type (1.1) are important in many fields of science, notably contin-
uum mechanics, phase transition phenomena, population dynamics, minimal surfaces
and anomalous diffusion, since they are the typical outcome of stochastically stabi-
lization of Lévy processes, see [2,8,25] and the references therein. Moreover, such
equations and the associated fractional operators allow us to develop a generalization
of quantum mechanics and also to describe the motion of a chain or an array of par-
ticles that are connected by elastic springs as well as unusual diffusion processes in
turbulent fluid motions and material transports in fractured media, for more details see
[2,8] and the references therein. Indeed, the nonlocal fractional operators have been
extensively studied by many authors in many different cases: bounded domains and
unbounded domains, different behavior of the nonlinearity, and so on. In particular,
many works focus on the subcritical and critical growth of the nonlinearity which
allow us to treat the problem variationally using general critical point theory.
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Recently, some authors have paid considerable attention in the limiting case of the
fractional Sobolev embedding. Let wy_1 be the N — 1-dimensional measure of the

unit sphere in R" and let @ c R" be a bounded domain and define WS’N/ *(Q) as the
completion of CgO(Q) with respect to the norm [-], 55 which is defined as

_ N/s s/N
[u]s N/s = (/AZN |M(x|jc _M(lgl)\) dx dy) .

In [29], Martinazzi obtained that there exist positive constants

N (TN —s5)/2)\
o =
Ns = on_1 \D(s/2)25 7N /2
and Cy ¢ depending only on N and s such that
sup /wmm%wsmmn (1.2)
uewy N (@) Y9
[uls,nys=1

forall @ € [O ay s] and there exists o N.s = ONs such that the supremum in (1.2) is
oo for o > ay . However, it still an open problem whether or not ay s = =ay v.s | For
more details about Trudinger—Moser inequality, we also refer to [23] and [39].

On one hand, in the setting of the fractional Laplacian, Iannizzotto and Squassina
in [22] investigated existence of solutions for the following Dirichlet problem

(—A)Zu = f(u) in (0, 1),

13
u=0 inR\ (0, 1), (1.3)

where (—A)% is the fractional Laplacian and f (1) behaves like exp(«|u [%)asu — oo.
Using the mountain pass theorem, the authors obtained the existence of solutions for
problem (1.3). The existence of ground state solutions for (1.3) was discussed in [16].
Subsequently, Giacomoni, Mishra and Sreenadh in [21] studied the multiplicity of
solutions for problems like (1.3) by using the Nehari manifold method. For more
recent results for problem (1.3) in the higher dimension case, we refer the interested
reader to [41] and the references therein. For the general fractional p-Laplacian in
unbounded domains, Souza in [13] considered the following nonhomogeneous frac-
tional p-Laplacian equation

(—A)u+ V) ulP"?u = f(x,u) + 1h inRY, (1.4)
where (—A)j, is the fractional p-Laplacian and the nonlinear term f satisfies expo-
nential growth. The author obtained a nontrivial weak solution of the equation (1.4)

by using fixed point theory. Li and Yang [27] studied the following equation
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(=A)Su+ VO ul?u =LA@ |ul9%u + fu) x € RY,

where p > 2,0 < ¢ < 1,1 < g < p,A > Oisareal parameter, A is a positive function
-
in L7 (RV), (— A)f, is the fractional p-Laplacian and f satisfies exponential growth.
On the other hand, Li and Yang in [26] studied the following Schrodinger—Kirchhoff
type equation

k
(/ (IVulV + V(x>|u|N>dx) (—Anu+ V@) uN"2u)
RN

=A@ |ulP2u+ f(u) inRY, (1.5)

where Ayu = div(|Vu|Y~=2Vu) is the N-Laplaician, k > 0, V : RN — (0, c0) is
_pP

continuous, A > 0 is a real parameter, A is a positive function in L7~ (R") and f

satisfies exponential growth. By using the mountain pass theorem and Ekeland’s varia-

tional principle, the authors obtained two nontrivial solutions of (1.5) as the parameter

A small enough. Mingqi, Radulescu and Zhang studied the following problem

M(J|ulN)(=A)yu = fx,u)  in R,
u=0 inRV\ Q,

where f behaves like exp(a|t|Y/N=%)) as t — oo for some a > 0. Under suitable
assumption on M and f, the authors obtained the existence of ground state solutions
by using the mountain pass lemma combined with the fractional Trudinger—Moser
inequality. Actually, the study of Kirchhoff-type problems, which arise in various
models of physical and biological systems, have received more and more attention in
recent years. More precisely, Kirchhoff established a model governed by the equation

92 E (Lloul? 92
”—(po - dx) “_o, (1.6)

P ax

az \n tar ), Freie

forallx € (0, L), t > 0, whereu = u(x, t) is the lateral displacement at the coordinate
x and the time 7, E is the Young modulus, p is the mass density, % is the cross-section
area, L is the length and pg is the initial axial tension. Eq. (1.6) extends the classical
D’ Alembert wave equation by considering the effects of the changes in the length
of the strings during the vibrations. Recently, Fiscella and Valdinoci in [18] have
proposed a stationary Kirchhoff model driven by the fractional Laplacian by taking
into account the nonlocal aspect of the tension, see [18, Appendix A] for more details.
Related results in the case of critical nonlinearities have been obtained by Fiscella and
Pucci [19] and Miyagaki and Pucci [35].

It is worth mentioning that when s — 1 and M = 1, the equation in problem (1.1)
becomes

—Anu = f(x,u) + rh(x),
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which studied by many authors by using variational methods, see for example, [1,12,
15,20,24].

Inspired by the above works, we are devoted to the existence and multiplicity of
solutions for problem (1.1) and overcome the lack of compactness due to the presence
of critical exponential growth terms as well as the degenerate nature of the Kirchhoff
coefficient. To the best of our knowledge, there are no results for (1.1) in such a
generality.

Throughout the paper, without explicit mention, we assume that M : Rj — RJ is
assumed to be continuous and to verify

(My) forany t > O there exists k = k(1) > 0 such that M(t) > « forall t > 7;
(M>) there exists 6 > 1 such that

0. (t) > M(t)t forall t > 0,

where . (1) = [§ M(7)d.

A typical example of M is given by M(t) = a + b0t~ ! fort > 0, where a, b > 0
anda+b > 0. When M is of this type, problem (1.1) is said to be degenerate if a = 0,
while it is called non-degenerate if a > 0. Recently, the fractional Kirchhoff problems
have received more and more attention. Some new existence results of solutions for
fractional non-degenerate Kirchhoff problems were given, for example, in [42-44,49].
On some recent results concerning the degenerate case of Kirchhoff-type problems,
we refer to [3,9,30,45,50] and the references therein. It is worth pointing out that the
degenerate case in Kirchhoff theory is rather interesting, for example, it was treated in
the seminal paper [11]. In the large literature on degenerate Kirchhoff problems, the
transverse oscillations of a stretched string, with nonlocal flexural rigidity, depends
continuously on the Sobolev deflection norm of u via M (]|u|| 2). Froma physical point
of view, the fact that M (0) = 0 means that the base tension of the string is zero.
Clearly, assumptions (M1)—(M>) cover the degenerate case.

Define

A = inf M ‘ue WS’N/S(Q) \ {0}
- Jo pplul®N/sdx . ok '
|x

Clearly, by 0 < B < N and the fractional Sobolev embedding, we obtain that A; > 0.

First in bounded domain €2, we assume that the nonlinear term f : QxR — Ris
a continuous function, with f(x,t) = 0for t < 0and x € Q. In the following, we
also require the following assumptions (f1)—(f3).

(f1) f satisfies subscritical growth, i.e., for any @ > 0 there holds
Jim £ (x, 1) exp(—ale|V/ V) =0,
—00

uniformly in 2.
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( fl’ ) f satisfies critical growth, i.e., there exists op > 0 such that,

0, ¥ ,
hm f(x’ [) exp(_alth/(N—Y)) — { o > o
e oo, Ya < ap,

uniformly in €2.
(f2) There exists u > 0N /s such that

t
0<uFx,t) < f(x,0t, F(x,t)= / f(x, t)dr,
0

whenever x € Q and ¢+ > 0, and there exists some 7 > 0 such that
infyeq F(x,T) > 0.
(f3) There holds:

F(x,t) s.#)
NS TN

lim sup
t—0t

A1 uniformly in x € Q.

(fa) There exist gg > 6N /s and Cy > O such that

C
Fx,0) > 2249 forallx € Qand s > 0,

q0
where
du(sqo — NOY\ 57~ (N — B W
Co > HiSq0 — NY) N —Poans . C(]I(\Te’ .
q(sp — NO) N a
and Cy, > 0 is defined by
Co= ot ™ [ utdr =
q0 MEWX,N/J(Q)\{O} . o |x|ﬂ )
0,

A simple example of f, verifying ( f1)—(f2), is given by
fx, 1) = (ON/s [exp(|t|N/(N_s)) _ 1:| + COION/s—l’

where Cy is a positive constant.
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vN/s

Definition 1.1 We say thatu € W, (R2) is a (weak) solution of problem (1.1), if

Ml (s )5 =/ (fﬁ “) +Ah<x>) gdx,

(, @)s,Nis = f/ lu(x) — u(y)l ux) — u(y)]
{ox) — (MK (x — y)dxdy,

sN/s SN/S

for all W (2), where W, (£2) will be introduced in Sect. 2.

Now we are in a position to state our results concerning the subcritical case.

Theorem 1.1 Assume that f satisfies (f1)—(f3) and M fulfills (M)—(M3). Let 0 <

h e (W(‘;’;;/S(Q))*. Then there exists \* > 0 such that for all 0 < A < A*, problem

(1.1) admits at least two nontrivial and nonnegative solutions in W, w N/ (), where
one is a mountain pass type solution and another is a local least energy solution.

For the critical case, we have the following result.

Theorem 1.2 Assume that f satisfies (fl’), (f2)—(f1) and M = a + bot?=1 with
a>0,b>0and6 > 1. Let0O < h € (WS’N/S(Q))*. Then there exists Ay > 0 such
that for all 0 < A < Ay, problem (1.1) admits at least two nontrivial and nonnegative
solutions in WS”,@/ *(Q), where one is a mountain pass type solution and another is a
local least energy solution.

Let us simply give an sketch of the proofs of Theorems 1.1 and 1.2. Since the prob-
lems discussed here satisfies singular exponential growth conditions, the fractional
Trudinger—Moser inequality is not available directly. Thus, we first obtain the frac-
tional Trudinger—Moser inequality in singular case. Then, two theorems are proved
by using the mountain pass lemma and the Eekand variational principle combined
with the singular fractional Trudinger—Moser inequality. To applying the mountain
pass theorem and the Ekeland variational principle, we must verify that the associated
functional satisfies the Palais—Smale conditions. However, since the nonlinear term
satisfies the critical exponential growth, it becomes more difficulty to get the com-
pactness of the energy functional. To overcome the loss of compactness of the energy
functional, we have to estimate the range of level value of energy functional. This is
the key point to obtain the existence of solutions for the critical case.
Finally, we consider the following problem with critical exponential growth

(x,u) .

M(Ju|N%) Licu = f Q,

(Nl ™7*) Licu x|P mn (1.8)
u=0 in RV \ Q.

To get the existence of ground state solutions for problem (1.8), we also need the
following hypotheses:
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M (t
(M3) There exists & > 1 such that % is nonincreasing for ¢ > 0.

(My) A is superadditive, i.e., for any t;, t; > 0 there holds

M) + A () < M (1 +12).

M((N;‘g an g )(N*S)/f)(]v;ﬁ ay s )(N*S)/S
a0 a0
o such that
wN71R0

N-p

(f5) There exists By >

. Sx, )t
lim —
t—00 exp (%N;SIN/(Nfs))

> Bo uniformly in x € €2,

where Ry is the radius of the largest open ball centered at zero contained in 2.

1) L. . .
(fe) Foreachx € Q, jio(;f—l) is increasing for t > 0, where 6 > 1 is given by (M3).

rs

Remark 1.1 If M is a nondecreasing function, then (M4) holds. Indeed, for any 0 <
1 <t <00

t1+1

1+t t
WAG +t2)=/l ZM(t)dtzflM(t)dt+/ M(t)dt > M (1)) + A (tp).
0 0 1]

In terms of (M3) and Remark 1.1 of [33], we can obtain that
0. (t) — M(t)t is nondecreasing for ¢ > 0.
In particular, we have
04 (t) — M)t >0, Vt>0. (1.9
Moreover, from (M3) one can deduce that
tl_l)rgo M (1) = 0.
Remark 1.2 According to ( fl/ ), for some 0 < @ < ag we have

. fx, 1)
m ————— =00,
1= exp(at V=)

uniformly in €2. Then

. fx, 1)
lim ¥ = 00,
t—00 [07_1
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uniformly in 2. Furthermore, we deduce

. Fx, 1)
lim ~— = 09, (1.10)
t—00 té?

uniformly in €2.
Using (fs) and the same discussion as [33], one can deduce that for each x € €2,

N6
tf(x,t) — TF(x, t) is increasing for t > 0. (1.11D)

In particular, tf (x, 1) — 2 F(x, 1) > O forall (x, 1) € Q x [0, 00).

Theorem 1.3 Assume that f satisfies (fl’), (f3), (f5) and (fe), and M fulfills (My),

(M3) and (My). Then problem (1.8) has a ground state solution in Wg.’ljg/s(ﬂ).

To get the existence of ground state solutions for problem (1.8), we first show that
problem (1.8) has a nonnegative mountain pass solution, and then prove that the
mountain pass solution is a ground state solution. The main difficulty is that how we
can get the strong convergence of (u,), and how to prove that the limit of (), is
the ground state solution of problem (1.8). In the process of proving our main results,
some ideas are inspired from papers [17] and [33].

To the best of our knowledge, Theorems 1.1-1.3 are the first results for the Kirchhoff
equations involving singular Trudinger—Moser nonlinearities in the fractional setting.

The paper is organized as follows. In Sect. 2, we present the functional setting
and show preliminary results. In Sect. 3, by using the mountain pass theorem and
Ekeland’ variational principle, we obtain the existence of two nontrivial nonnegative
solutions for problem (1.1) with subcritical exponential growth conditions as A small.
In Sect. 4, we get the existence of two nonnegative solutions for problem (1.1) with
critical exponential nonlinearity. In Sect. 5, we investigate the existence of ground state
solutions for problem (1.8) without perturbation term and the Ambrosetti—Rabinowitz
condtion.

2 Preliminary Results

In this section, we give the variational framework of problem (1.1) and prove several

necessary results which will be used later.

Define Wg:,lcv/s (Q) as

Wor (@) = lu e LN (@) [uly k< 00, u=0ae inRY\ Q}

where
s/N
[uls k= (/A;N lu(x) —u(WN K — y)dxdy) .
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Equip Wé”g/ *(Q2) with respect to the norm

llull = [uls .

here we apply (k7). By a similar discussion as in [44], we know that (Wg ,]Cv /s (RN, 11D

is a reflexive Banach space. Clearly, the embedding Wg’llg/ (Q) — WS’N/ (Q) is

continuous, being

s,N/s

[Wlsnys < KoM uls e forallu e Wyl (@),

by (k2).

Theorem 2.1 (see [14, Theorem 6.10]) Let s € (0,1) and N > 1. Let @ ¢ RV
be a bounded domain with Lipschitz boundary. Then there exists a positive constant
C = C(N, s, Q) such that for any u € WS’N/S(Q) there holds
lullLa@) < Cluls,nys

forany q € [1, 00), i.e. the space WS’N/S(Q) is continuously embedded in L9 (R2) for
any g € [1, 00).

Forv > 1and 8 < N, we define

LY(Q, x| = {u : Q2 — R is measurable

1
/ —Ju(x)|"dx < o0t ,
a lx|?

endowed with the norm

1
1 v
|, =(/ —Iu(x)l"dx) i
P g Ix1P

To prove the existence of weak solutions for problem (1.1), we shall use the fol-
lowing embedding theorem.

Theorem 2.2 (Compact embedding) Let s € (0,1), N > 1and 0 < 8 < N. Assume
that Q2 is a bounded domain in RN with Lipschitz boundary 3S2. Then, forany v > 1 the

embeddings WS’N/S (Q) — LY(RQ) and WS’N/S (Q) — LY (R, |x|~#) are compact.

Proof By [33], we know that the embedding Wg’N/ y
any v € [1, 00).
Next we show that WS’N/S(Q) < L"(,|x|7#) is compact. To this aim, we
choose t > 1 close to 1 such that ft < N. Then for any bounded sequence (i), in
s,N/s
Wy (L2), we have

() — LY(2) is compact for
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t—1

1 =1
/L|un—u|”dx§</ de>t (/ |u,,—u|fwldx> t
Q |x|? Q lx|p! Q
-1
vt 1
§C</ |u,,—u|f1dx)
Q

Note that the embedding WS’N/S(Q) < LFT(Q) is compact. Thus,

1 v
W|un—u| dx — 0.
Q

This proves the theorem. O

Theorem 2.3 Let N > 2 and let Q be a bounded domain in RN containing the origin.

Assume u € WS’N/S(Q). Then for any a > 0 and B € [0, N) there holds

f explalul¥/ V)
Q

|x|?
Moreover, forall 0 < o < (1 — %) an s there holds

N/(N—s)
exp(aju

sup f Lﬂ)dx < 00,
[“].V,N/sfl Q |x|

and the supremum is oo for o > (1 - %) cx;‘\,ﬁs.

Proof Choose o > 1 such that 6 < N. Then by the Holder inequality and the
fractional Trudinger—Moser inequality, we have

N/(N—s) ka 1 v
/%dxs /exp o T ful VN ) dx /—dx <,
Q |x|P Q o—1 @ |xI7?

being o < N.If o < (1 — %)aN,s, we can choose o > 1 is sufficiently close 1

such that oo < ay s and o (0 — nH-! < % Then by the Holder inequality and the
fractional Trudinger—Moser inequality, we deduce that

o—1

N/(N=s) - 1 T
sup / %dxi sup (/ exp(aolulN/(N_s))dx> /7gdx
=1 Je x| =1 \Je Q [x|foT

<.
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Now we define the Moser functions which have been used in [40]:

N—s

| |Inn| '~ if x| < 1,
~ LIn |x[| o1
e A Irr B
SN lo if [x] > 1,

where

_2(Non) T (B +1) SN +k—1 1

YN = N 2 K (N 426N+
k=0

By the result in [40], we get

. ~ N/
nllzgo[Gn (x)]S’NS/S =1

Choose R > ¢ > 0 such that Bg(0) C €2 and define

Gn(x) = Gu(x/R),

s,N/s

then G, (x) € W, (£2), the support of G, (x) is the ball Bg(0) and

lim [Gn]s,N/S =1
n—0

Consider w,, = , then we can write

Gn
[Gn ]S.N/S

wl /N9 y_]f/(N_s) Inn +d, for |x| <

s,

S| =

Moreover, we have

dp

— 0 as n — oo.
Inn

Thus, fora > (N — ﬁ)ysw, we deduce that

/ exp(er|w, | N/ N =) i
Q

|x|P

N/(N—s)

explo|w

- / p(a| nll3 ) dx
Br/n(0) |x|

BYN=Pwy_,
N-B

= exp[a(y&f/wﬂ) Inn +d,)]

= R Py expliay, /"7

@ Springer
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which together with

sup
[“]s.N/x <l

N/(N—s) N/(N=s)
/exp(ot|u| )d 2/ exp(a|wp| )dx
Q |x|# Q |x|#

yields that

sup dx = oo.

[u]J.N/S <1

/ exp(or|u| N/ V=)
Q |x|#

s/(N—

It follows from [40] that a}"v =Ny'y ) In conclusion, the proof is complete. O

We give a singular fractional version of theorem of P.L. Lions ( [28]).

Theorem 2.4 Let (uy,), be sequence in WS’N/S(SZ) satisfying [uyls nys = 1 and
converging weakly to a nonzero function u. Then for any a« < (1 — %)aN,s(l —

[u]N/s/ )~/ N=9 and 0 < B < N,

dx < o0.

exp (oe|u,,|N/(N_S))
o x [P

n

Proof By the Holder inequality, we obtain

t—1

exp (o|u, | N/N=9) 1 1 =
/ p( | n'/s )dx < (/ exp (talunlN/(N“)>dx) / ——dx .
Q |x| Q Q |x|fm

N/s ) s/(N—s)

where t > N sufficiently close to +—~——= N B such that ot < an (1 — [u]
By Theorem 2.2 in [41], we have

1
t
sup (/ exp (toc|un|N/(N_s)) dx) < o0.
n \JQ

Clearly, from t > NL—ﬁ’ one can deduce that

1
/ —dx < 00.
@ |x|fmT

Therefore, the desired result holds true. O

To study the nonnegative solutions of problems (1.1) and (1.8), we define the asso-
ciated functionals I, [ : W’ N/ Q) —> Ras

Ix(u)z%//z(llull’v/f)— lllﬁF(x w)dx — /Qh(x)udx
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and

I(u) = %//(HunN“) — | — F(x.wdx.

o |xI?

Since f is continuous and satisfies ( f1) (or (f{)) and (f3),forany 0 < ¢ < A1, > g
and g > 0, there exists C = C(e, «, g) > 0 such that

|F(x,1)] < —///(1)()\1 — o)t + Cltl9 exp(alt|T5) V(x,1) € R x R, (2.3)

If ( fl/ ) holds, then the @ > 0 in (2.3) is arbitrary. Using (2.3), Theorem 2.3 and the
assumption on /C, one can verify that the functionals 7 and I are well defined, of class

ok (Wg’,]g/s (R2), R). Moreover,
(1w, vy = MY vy ngs — [ L5 v — 2 / hvdax
o |Ix|f Q
and
(x. u)
(@), v) = M), )snys — f|x—|ﬂvdx

for all u,v € WSN/S

( W/ Y(Q)) and Wy'ic'” (§2). Evidently, the critical points of 7, and I are exactly
the weak solutions of problem (1.1) and problem (1.8), respectively. Moreover, the
following lemma shows that any nontrivial weak solution of problem (1.1) or problem
(1.8) is nonnegative.

(€2). From now on, (-, -) denotes the duality pairing between
S, N/v

Lemma 2.1 If h(x) > O for almost every x € 2, then for all A > 0 any nontrivial
critical point of functional I, is nonnegative. Similarly, any nontrivial critical point
of functional I is also nonnegative.

sN/s

Proof Fix A > 0 and let u; € (£2) \ {0} be a critical point of functional I;.

(L)Y'I]g/s(g)- Then (I, (u;), —u; ) =0, ae.

Clearly, u, = max{—u, 0} €

_ 1 _ _
Ml V), =05 s s = / — ) (U5 )dx + / h(—u;)dx.
Q |x| Q
Observe that for a.e. x, y € ,

|45, (x) — IV 72 (w5, (x) — un () (—uy (x) + un(y)7)
= |up () — IV 2u (0w ()
+ s () — wa DIV 2 Ou (v) + Tuy (x) — uy (017

> uy —u;, IV,
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f(x,upu, =0ae. x € Q by assumption and 2(—u, ) < 0 a.e. in 2. Hence,
M (s 1N g |V < 0.

This, together with ||u, || > 0 and (M), implies that u, = 0, thatis u) > 0 a.e.in .
Similarly, one can verify that any nontrivial critical point of functional / is non-
negative. O

3 The Subcritical Case

Let us recall that I, satisfies the (P S). condition in Wg’;z/s (R2) at level ¢ € R, if any
(PS). sequence (u,), C Wé’llg/s (£2), namely a sequence such that I («,) — ¢ and

I{ (u,) — 0as n — oo, admits a strongly convergent subsequence in W, N/ (Q).
In the sequel, we shall make use of the well-known mountain pass theorem. For the
reader’s convenience, we state it as follows (see for example [46]).

Theorem 3.1 Let X be a real Banach space and J € C'(X,R) with J(0) =
Suppose that

(1) there exist p, o > 0 such that J(u) > o forallu € X, with ||u||x = p;
(ii) there exists e € X satisfying |le||x > p such that J(e) < 0.

DefineT' = {y € C1([0, 1]; X) : ¥ (0) = 1, y(1) = e}. Then

= inf J(y (@) >
c ;‘ér&;‘f‘;‘l @) >«a

and there exists a (PS). sequence (un), C X.

To find a mountain pass solution of problem (1.1), let us first verify the validity of
the conditions of Theorem 3.1.

Lemma 3.1 (Mountain Pass Geometry I) Assume that ( f1) and (f4) hold. Then there

exist A* > 0, p > 0 and o > O such that I (u) > o foranyu € W.’ N/S(Q) with
lull = p, and all 0 < L < A*.

Proof Since f satisfies subcritical growth condition (f1), for ¢ > 6N /s and any
o > 0, we have

N

/F(x,u)dx —///(1)@1—@)/ " |ﬁ|u|9N/sdx+C/ |u|q| 7 exp(a|u| ¥ )dx
Q

s ON/s
///(1)( M) I
1/2
w5 (uflu]) ¥ )dx) ,

+C</ L jupea )1/2(/ L exparfjul ¥
— U X —— €X U
o 1xIP o Jxff P
3.1

2“2
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forall u € WS N/Y(Q) and any ¢ € (0, 11). Since 0 < 8 < N, we can choose v > 1

close to 1 such that Bv < N. It follows from Theorem 2.1 and (K>) that there exists
C > 0 such that

1 1/2 = pl
</g||ﬁ'”'2qu> 5(/Q|x|ws ) (/ '“'”1‘”) = Cll”

Thus, we deduce from (3.1) that

s & ON/s
/QF(X,M)dx < N///(l) <1 M) [lee|

1 1/2
+ Cllul? (/ P exI)(Zf)lllbtllN*(M/llull)NNﬂd)C) . (3.2)

forallu € WS /s

(£2). On the other hand, by (M3) one can deduce
M) > #(Di? forallr € [0, 1]. 3.3)

Thus, combining (3.2) with (3.3), we obtain

s (1)e 1 N W\ 12
Lou) =———u|"™* — Cllu|* / — expQap " (u/|ull) 7= )dx
NAp o |x|#
— Ml lllluell,

for all u € WS%/S(Q) with |lu]]| < p1 < 1, and ¢ € (0, Aq). Here ||k|,« denotes

||h|| 5, N/V(Q))* Choosing ZapN/(N $) < (1 = B/N)ay s and using Theorem 2.3,
we get
s (1)e
L) = ul®N ————= = Cllull* = Al ]ul.
N
Fix ¢ € (0, A1) and define
(1
oy = SWE Nt ol oralls € [0, 1],

N

Due to N /s < ¢, we can choose 0 < p < p; < 1 such that g(p) > 0. Thus,

L) = o = p(g(p) — Allhll) > 0 forall u € Wy () with u| = p. and
O<A<A*:=ﬁ,:ﬁi. O

Lemma 3.2 (Mountain Pass Geometry II) Assume that (f1)—(f2) hold. Then there
w; N/S (R2) independent of A, such that I)(e) < 0
and |le|| = p for all . € R, where ,0 ls given in Lemma 3.1.

exists a nonnegative function e € W,
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Proof By (M>), one can deduce that
M) <. #D)i° forallr > 1. (3.4)

On the other hand, using (f2) and the continuity of f, there exist positive constants
Cj, C2 > 0 such that

F(x,1) > Cit* — Cp forallx € Qandt > 0. (3.5)

. . N
Now, choose nonnegative function vy € S /s

llvg]] = 1. Then for all # > 1, we have

() with fQ‘ |ﬁ|v0|"dx > 0 and

1
L (tv0) < ot ()15 g |PN/ — €yt / —|vo|“dx
N o |x|P

1
+ C2/ ——dx — IA/ hvodx
|x|P

1
— # ()N — Clt“/ —Jvoltdx + C — —o0 ast — oo,
N q |x|P

thanks to 6N /s < p. The lemma is proved by taking e = Tyvg, with Ty > O so large
that |le|| > p and I (e) < 0. O

Lemma 3.3 (The (PS), condition) Let (M) — (M3) and (f1), (f2), (fa) hold. Then
the functional I, satisfies the (P S). condition for all ¢ € R.

AN/s

Proof Let (u,), be a (PS). sequence in W, (R2). Then

L (uy) = ¢ and I (uy) — 0.

If d := inf,>1 |lun|| = 0, either O is an isolated point or accumulation point of the
sequence ([|lu,),. If O is an isolated point, then there is a subsequence (u,, )r such
that

inf |Ju,, || =d > 0.
keN

Otherwise, 0 is an accumulation point of the sequence (||u,]|), and so there exists a
subsequence (i, )k of (u,), such that u,, — O strongly in W, SIICV/S(Q) as k — oo.

Thus, we need only consider the case d := inf,>1 [Ju,| > 0.
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In the following, we assume that d := inf,, > [|u,|| > 0. We ﬁrst show that (u,),
is bounded in WS Nis (2). Using (M1), (M>) and (f2) with u > T we get

1
C + llugll = In(uy) — ;(I)/L(un)y Up)

s 1 1
> <N - —) M ([lun |V Jun |V/5 — <1 - —) MRl llon |
" 128

s 1 ) 1
> <W - ;) i llun | V5 — <1 - ;) MAlsllunll. (3.6)

It follows from (3.6) that (u,,),, is bounded in WS N/s(Q).

Next we show that (u,), has a convergence subsequence in W(‘; ’,Ig/ (). Going if

necessary to a subsequence, there exists a function u € Wg ’,ICV/ () such that

N/s

u,—u weaklyin W, (),

U, —> U strong]ym L ()(v > 1),

u, — u a.e.in Q. 3.7

Here we have used the compact embedding from Wg N/ *(Q) to L"(R) for any v > 1

(see Theorem 2.2) and the embedding W, S N/ (Q) — Ws N/s (€2) is continuous.
Next we show that
. 1
lim | —— f(x, up)(up —u)dx = 0. (3.8)
n—oc Jq |x|ﬂ

Choose v > 1 close to 1 and « small enough such that va|fu,||V/ V= < § <
uaN s- Thus, it follows from (1) and ( f4) that

)/Q #f(x, up)(uy — u)dx

SC(/ i |ﬂl 1y |PN/5= 1|un—u|dx+f x |ﬂlu,, ul exp(efuy [N/ V- ”)dx)

=<|([ =™\ (I A
- T B
( / L explvaug |75 (-4 75 ]dx)
JE— Uy Nfs Nfs
o lxlP F ||un||
—c /|un—u| /|un—u|v1 T
x| [P

as n — o0, thanks to Theorem 2.2. Thus, (3.8) holds true.

<
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Since (u,,), is a bounded (P S). sequence, we get as n — 00

1
(5 ).t = ) =M Rt %)t = )i = [ 7G5t = 1
x|
—A/ h(u, —u)dx — 0,
Q

which implies that
M(|un | V) (), un — )N s — O.

Moreover, one can prove that (u, u, — u)s n/s — 0. Hence we obtain that

M(”un”N/s) [(unv Up — u)s,N/s — {u, uy — u)s,N/s] — 0.
By using a similar discussion as [33], we have u, — u in WS’]@/S (€2). This ends the
proof. O

Proof of Theorem 1.1 By Lemmas 3.1 and 3.2, we know that there exists a threshold
A* > O such that for all 0 < A < A*, I, satisfies all the assumptions of Theorem 3.1.
Hence there exists a (PS). sequence. Moreover, by Lemma 3.3, for all A < A* the
functional I, admits a nontrivial critical point u; € Wg,’g/ *(R). The critical point
u1 is a nontrivial mountain pass solution of problem (1.1). Furthermore, Lemma 2.1
shows that #] is nonnegative.

Next we show that problem has another nontrivial and nonnegative solution. Define

c; = inf I, (u) and inf I, (u) > 0,
ueB, x€dBy

where p > 0is given by Lemma 3.1 and B, = {u € WS’IICV/S

claim that ¢, < 0. Consider the following problem

() : |Jull < p}. Now we

Lgv=n"h(x) inQ,
v=0 on RV \ Q.

By the direct method and 0 < h € (Wg’g/ *(£2))*, one can verify that the above
s,N/s

problem has a unique nonnegative solution v € Wy'x-"" (2). Moreover, v N/s =
Jo h(x)vdx > 0. Then

N/s

I (tv) < <max M(r)) S — M/ h(x)vdx
0<r<l Q

forall0 <t < 1smallenough. Since N/s > 1, itfollowsthat I, (fv) < Ofort¢ € (0, 1)
small enough. Thus, the claim is true. By Ekeland’s principle and a standard argument,
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there exists a sequence (u,), C B, such that I; (u,) — ¢, < 0 and I/{(un) — 0O as
n — oo. Furthermore, Lemma 3.3 yields that (u,), converges to some u; strongly
in WS N/ *(Q), and so us is a nontrivial and nonnegative solution of problem (1.1).
Clearly, u1 and uy are two distinct solutions. O

4 The Critical Case

In this section, we consider the critical case of problem (1.1). Without further men-
tioning, we always assume that f satisfies (f{), (f2) — (fa),and M (1) = 19~ with
6 > 1. To prove Theorem 1.2, we first give several necessary results.

Lemma 4.1 Under assumptions (fl’), (f2), (f3), the functional I, satisfies the condi-
tions of the mountain pass theorem:

(1) 1(0) =0;
(2) thereexist Ay > 0, pp > 0andor > OsuchthatforO < A < Ao, I (u) > 02 > 0
for any u € WY N/S(Q) with ||u|| = pa. Furthermore, py can be chosen small

enough such that P < (N B O[NS)(N /N,

(3) there exists a nonnegative function e € W’ N/ (R2) independent of X, such that
I.(e) < 0and |e| > py forall x € RT.

Proof Clearly 1(0) = 0. The rest of proofs are similar to the proofs of Lemmas

3.1-3.2. O

Lemma 4.2 There exists A3 > O such that for all 0 < A < A3, the functional I,
(N—s)0

satisfies the (P S). condition for ¢ < %(A‘fe 1) (N B aé’()?) :

? N/Y

Proof Assume (u,), C () satisfies

Li(uy) = ¢, I (up) = 0 asn — oo.

We first consider ¢ > 0. By (f2) and the assumption on M, we have

1
c+oMllunll = L(un) — ;(G(Mn), Un)

s 1
> (= — — ) MUV lun |V = 2 17211122
NO i

sN/s

which means that (u,), is bounded in W (€2). Thus, we get

K 1
— — ) a5 < e+ ollunll 42 (1= =) Al 4.1)
NO j
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For any ¢ > 0, by the Young inequality we have

L)) ™

1 NO _ s
A 1—; Illellunll < ellupll™s + e~ Vo=

! il < e o+ (L (=~ L)) ™
= — = ) luall”s <c+o)|u ———
2\NO )" " NO pu
NO
1 o
X(A(l——>||h||*) .
n

It follows that

__No_ N0 g
lim sup [luy || < ¢ +(] ( g 1)) (x(l 1)nhn )
imsup |uy|| < | ——— ——— - —
n—oo %(%—i) 2\NO 124 :

Set

A (s — N6) l(N_,BaN,s) s
PTOANO(w— DIkl |2\ N ao

Then for all 0 < A < A%, we get

N—s
N — N
lim sup [|u,|| < <—ﬁaN’s> , 4.2)
n—00 N o
(N—s)0
thanks to ¢ < 4(— — _) (N B an. r) s

If ¢ < 0O, then with a s1m11ar dlscussion as above, one can easily get that there exists
Ag’ > 0 such that the (P S) sequence satisfies (4.2).
Therefore, there exists A3 = min{A%, A%} such that (4.2) holds true.
It %)llgws from (4.2) that there exist ng € N and § > 0 such that [|u,||N/ V%) <
AN,s

6 < N ag Choosing v > 1 close to 1 and @ > o close to «g such that we still

have vo||u, |N/ V=9 < § < TﬁaN,s. Thus, it follows from (2.2) with ¢ = 1 that

'/ Lf(x, up) Uy — u)dx
o lx|?

1 _ 1 s
_c</ —glua N 1|un—u|dx+/ gl — ul explarfu, |V ”)dx)
Q x| Qx|
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—c [|un—u| i /|un—u|v1
|x|P |x|P
1
1 N Uy N v
—— explvefup || V=5 ( N=s ldx
a lx|? llunl
lu, — u|* Vi lu, — u|v%1
<C / . + ———dx -0
( N ) o P

as n — 0o, thanks to Theorem 2.2. Then using a similar discussion as Lemma 3.3,

= ‘

one can prove that u, — u strongly in Wg’llg/s (Q).
If inf,,>1 [|u, || = 0, we can proceed as in Lemma 3.3. O

Proof of Theorem 1.2 By Lemma4.1 and Theorem 3.1, there exists a sequence (i), C
W N/S(Q) such that I (u,) — 1 and I} (u,) — 0, where

c1 = inf max I, (y()) >«
yel 0<t<l

and " = {y e C'([0, 1]; Wg’,’CV/S(sz)) ) =1,y(1) = e}. Next we show that
(N—s)8
1 1\ /N — S
o< (LY (N =Baws . (4.3)
4\NO N o
Set
q0
Cyo = inf o NVO/s o™ =1l
s,N/s |_x|ﬂ
peWy " @)\{0} Q

Clearly, Cy, > 0.By Theorem 2.2, one can easily verify that there exists a nonnegative

function gy € Wy'i/* () \ {0} such that

NO/s |qo

llpoll ™" = Cpy and |goly, g =1.

In view of the proof of Lemma 4.1, we take y (t) = tT g, where T > 0 is sufficiently
large such that e = T ¢y. Hence, it follows from the definition of ¢; that

¢ < max I (teo),
>0
which implies that

S NO/s 1
< — Iz — —— F(x, tgo)d
“ I}lfg{NG lzgol Q lx |’3 (x, 190) x}
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Furthermore, from ( f4), we obtain

Ng S NO/s quO/ 1 90
¢] S max |t @ t @ol™dx
b= 1=0 { e ol q0 Ja |x|5| ol

0 s C
= max {tle—Cpo — t"o—o}
>0 N6 q0

40

T (s 1
- ¥Po 0 NO q0 :

By the assumption on Cyp, (4.3) holds.

Thus, it follows from Lemma 4.2 that there exists A4 = min{A,, A3} such that
problem (1.1) has a nontrivial nonnegative solution.

To show that problem has another solution, we set

cy = inf I (u),
uesz

where p; > 0 is given by Lemma 4.1 and B,,, = {u € WS’;&I/X(Q) : lull < p2}. Then
infycyp ” I, (1) > 0. With a similar discussion as the proof of Theorem 1.1, we can
prove that c; < 0. By Lemma 4.1, we obtain

< N _ﬂaN,s (N—s)/N
2 N o '

By Ekeland’s variational principle, there exists a sequence (v,), C B, such that
I, (v,) = ¢2 < 0and I{ (v,) — 0,as n — oo. Observing that

” ” _ N B aN,S (N—s)/N
v m<|—— s
nll = 02 N

by Lemma4.2, forall A € (0, As), (v,), has aconvergent subsequence still denoted by

(vy)n such that v, — u; in WS,’;ACI /s (€2). Thus, u; is a nontrivial nonnegative solution
with 7, (u;) < 0. Thus, the proof is complete. O

5 Problem (1.1) Without Perturbation

In this section, we consider problem (1.8), i.e. problem (1.1) without perturbation term
h and the Ambrosetti-Rabinowitz condition.

The following version of the mountain pass theorem, which will be used later,
shows us the existence of a Cerami sequence at the mountain pass level.
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Theorem 5.1 (See [10]) Let X be a real Banach space with its dual space E* and
assume that J € C1(X,R) satisfies

max{J(0), J(e)} <o <o < inf J(u),

lullx=p

for some 9,0, p > 0and e € X with |le||x > p. Let ¢ be characterized by
= inf max J(y()),
¢ = Inf max (y ()

where I' = {y € C([0,1], X) : y(0) = 0, y(1) = e}. Then there exists a Cerami
sequence (uy), in X, that is,

J(n) — ¢ =0, (14 llunl ) @)l xx — 0,

asn — oo.

To this aim, let us first verify the validity of the conditions of Theorem 5.1.

Lemma 5.1 (Mountain Pass Geometry I) Assume that ( f{ ) and ( f3) hold. Then there
exist p > 0 and o > 0 such that I (u) > o forany u € Wg”,ICV/S(Q) with ||lul| = p.
Proof By (3.2) and (3.3), we obtain

s (e , 1 N 172
z(u)zN—MuuneN/S—cnuHQ( P exp(ap] (u/ul) ¥ s)dx) ,

AN/A N/(N— 3)

forallu € W (£2) with |lu|| < p1 < 1,and ¢ € (0, A1). Choosing 2ap,
(1—-B/N) aN s and using Theorem 2.3, we get

I(u) = = Cllull?.

SADE ) jonss
NAq

Fix ¢ € (0, 11). By virtue of 6N /s < ¢, we can choose 0 < p < p; < 1 such

that S'///(l)s,oeN/s — Cp? > 0.Thus, I(u) > 0 := QGN/S%/% — Cp4 > 0 for all

we Wy N/S(Q) with [[u]| = p. O

Lemma 5.2 (Mountain Pass Geometry II) Assume that ( f{ ), (f2) and (f3) hold. Then
there exists a nonnegative function e € W’ N/ *(Q) such that I1(e) < 0 and |le|| > p,
where p is given in Lemma 5.1.

Proof Choose a nonnegative function vy € W, N/ *(Q) with fQ P |vg|*dx > 0 and

llvoll = 1. Then for all > 1, we have by (3. 4) and (3.5) that

I(tvo)

IA

1 1
2 (OIS ||V —Clt“/ —|v0|“dx+C2/ —dx
N o lx|P Q |x|P

IA

1
%///(mw/f —Clt“/ |7|v0|“dx+c — —00 ast — 0o,
QX
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thanks to 6 N /s < w. The lemma is proved by taking e = Tyvg, with Ty > O so large
that ||e]| > p and I (e) < O. m]

s,N/s

By Theorem 5.1, there exists a Cerami sequence (i), C Wo'ic (€2) such that

I(u,) = ¢ and (1 + |luy DI (un)|| = 0 as n — oo,
where

= inf I(y (1)), 5.1
Cx ;relrtrerﬁ% (y (@) (5.D

where ' = {)/ € C([0, 11 W (@) 1 y(0) = 0, y(1) = e} . Obviously, ¢, > 0

by Lemma 5.1. To get more precisely estimate of c,, we first obtain the following
result.

Lemma 5.3 Assume that (f{), (f3) and (fs) hold. Then there exists n > 0 such that

N (N=s)/s
max I (tG,) < i,/// —'B% ,
>0 N N o

where G, is given by Theorem 2.3.

Proof Arguing by contradiction, we assume that
N — (N=s)/s
max I(tGp) > ~. ((—ﬂ%> : (5.2)
>0 N

Since I possesses the mountain pass geometry, for each n, max;>o I(tG,) is attained
at some 1, > 0, that is,

1(t,G,) = max I (tG,).
t>0

Using F(x,t) > 0 forall (x,7) € Q x R, one can deduce that

N N — ; (N=s)/s
(1716, ) = ((—ﬁ ) .
N oo

Since . : [0, 00) — [0, 00) is a nondecreasing function by (M), we get

N ' N — ,BaN, (N—s)/s
ty ||Gn||N/A = <T(x_0s> .
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It follows from ||G,||V/* — 1 that

] N — (N—s)/s
liminf /" > <—’3°‘L> . (5.3)
n— 00 N o

Due to
d
EI(th)|l:ln =0,
we deduce
N N 1
M@ PG IV “||Gn||N/S=/ Wf(x,tncnmcndx
Q

>/ f&x, t2Gy) .1, Grdx. (5.4)
By (0) |x|/3

Next we show that (#,,),, is bounded. Using change of variable, we deduce from (5.4)
that

N N .
M@ P NG N F G N2
1
zRN/ ——— f(Rox, taG )ty Gndx
0 B,0) |Rox|P " !

1 1 . 1 o
z R(l)\’ / R B f(ROX, l‘nw(ln }’l)(N ‘S)/N)[n i (111 }’l)(N 5)/Ndx.
By (0) |Rox| i yo

Note that (5.3) implies that

1,
ﬁ(lnn)(N*X)/N — 00 asn — o0.
7/s,N

It follows from ( f5) that given § > 0 there exists 5 > 0 such that

fx, 0t = (Bo — 8) exp <%tN/(N_S)> V(x,1) € Q x [t5, 00). (5.5)

Thus, there exists ng € N such that

1
S (Rox, 1, N (In n)(N_S)/N)tn W(ln n)(N—x)/N
yS'N ys N
N.s N/(N-— 1
> (Bo — 8) exp (—Yt,, /( s)m lnn) ’
NS J/S,N
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for all n > ng. Hence,

N /s N /s
M@ NG N B IG IV

N— ooy ¢ N/ (N— 1 1
= (ﬂO — S)RO B exXp (—xtn /( s)m Inn WN—1

N s Yi'N nN—#
- QO N J(N—s 1
= (:30 - 5)(1)N—1R(])V A exp ﬁtn / Y)m Inn GXp(—(N — /3) lnn)
ON.s yS,N
= (Bo — S)on—1RY P exp [(;Totflv/w‘”zv N+ ﬁ) In ni| . (5.6)
S

From (M;) and (5.3), we can conclude that

V(O Tem L VIR Te M I
exp [(“—“t,iv/(N_s)N - N+ /3) lnn]

— 0 asn — oo,

N s
which contradicts (5.6). Thus,

limsupt,iv/s < (

n—00

N = Bans\ "
N o ’

which together with (5.3) yields that
N — (N—=s)/s
lim £/ = <—’3 —“’“) (5.7)
n—00 N o

asn — oo.
Inspired by [12,17,33], we are going to estimate (5.4). In view of (5.5), for 0 <
8 < Boandn € N, we set

Un,é ={xe BRO(O) 1 1,G,(x) > 15} and Vn,é = BRU(O) \ Un,é-
Splitting the integral (5.4) on U, s and V,, s and using (5.5), we deduce

N/ iy N /s .
M@ BUG N P 11G V2

1 apot
= (Bo — ) — g exp ( 2 (1, G)Y W‘”) dx
Bgy (0) |X] aN,s

N,s

1 apary ,
—(Bo — &) / —5 eXp ( N.s (tnGn)N/(N*)> dx
Vn,ﬁ |x| o

1
+/ _ﬂf(xs Gty Grdx. (5.8)
Vs |'x|
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Since G, (x) — 0 a.e. in Bg,(0), we deduce that the characteristic functions v,
satisfies

Xv,s = 1 a.e.in Bg,(0) asn — oo.

By #,G, < ts and the Lebesgue dominated convergence theorem, we have

N (rnGn)N/(N”) dx — SRy " and
N,s

1 oot
/ |x|ﬂ p( o

/ L 6 G Gadx = 0. (5.9)
Vs

The key point is to estimate the first term on the right hand of (5.8). By (5.3) and
the definition of G,,, we have

(rnGn>N/<NS>) dx

1 apory
/ _,B exp
Bg, (0) X1 ay.s

_ 1
>Ry’ exp((N — B) Inn)dx
|x|#
Bi/,(0)

+RY f Lo | (v — gy BIY
—— exp g1 lax
0 1/n<|x|<1 |x|# (Inn)s/(N=s)

)’ N/(N—s)
a)N—lRO N_ﬁ/ 1 In |x|]
=—v > tR exp | (N — ﬁ)— dx
N-—p 0 /n<|x\<1 |x|ﬁ )5/(N*S)
N—B _
wN-1R a)N_lRO 1
= - : 5.10
- N-B8 TN B W N—P (5.10)

Inserting (5.9) and (5.10) in (5.8) and using (5.7), we arrive at

_ (N=s)/s _ (N—s)/s N-B
M((N ﬂm) )(N ﬁaN,s> R L S,

N o) N o) N -8

Letting § — 0%, we obtain

Y ( ( Np o <N s)/x) Nopave (N $)/s
<
Bo = R ,
T N-B
which contradicts ( f5). Therefore, the lemma is proved. O

By Lemma 5.3, we obtain the desired estimate for the level c,.
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Lemma 5.4 Assume (M1), (M3), (M4) and (f3) hold. Then

N — (N—s)/s
< N-Bans '
N N o

Proof Since G, > 0in Q and ||G,|| — 1, as in the proof of Lemma 5.2, we deduce
that 1 (tG,) — —oo as t — oo. Consequently,

cy <maxI(tG,), Vn e N.
>0

Thus, the desired result follows by using Lemma 5.3. O

Consider the Nehari manifold associated to the functional /, that is,
s,N/s Y
N = {u e Wy @)\ {0} : (I'(u), ) :o}

and define ¢* := inf,cnr I ().
The next result is crucial in our arguments to get the existence of a ground state
solution for problem (1.8).

Lemma 5.5 Assume that (M3) and (fs) are satisfied. Then c, < c*, where c, is given
by (5.1).

Proof The proof is similar to [17] and [33], so we omit the proof. O

Lemma 5.6 (The (PS). condition) Let (M1), (M3), (Ms) and (f{), (f3), (f5) and
(fs) hold. Then the functional I satisfies the (PS)., condition.

Proof The proof is similar to Lemma 4.1 of [33]. Let (u,), be a Cerami sequence at
level ¢, in Wy'r/* (). Then

I(un) — ¢ and (14 llun DI @) | — 0.

If d :=inf,;>1 ||u,|| = 0, we can discuss as Lemma 3.3. Thus, we need only consider
the case d := inf,,>1 |ju,| > O.
In the following, we assume that d := inf,,>1 [[u,|| > 0. We first show that (u,),

is bounded in WS ,]Cv /s (£2). Arguing by contradiction, we assume that

luxll = 1 and  lim |lu,|| = oco.
n—oo
Set
Up
Vy = —.
llon
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Then |lv,|| = 1. Going if necessary to a subsequence, we can assume that v,—v in
W, ’,Ig/ (). Further, one can show that

. s,N/s
vy —=vtin Woe(Q),
v - vt ae. inQ,

v — vt in L9, [x|7#) (V1 < g < o0).

Now we prove that vt = 0 a.e. in Q. If the Lebesgue measure of set UT := {x € Q :
vT(x) > 0} is positive, then we have

lim uf(x) = lim v (xX)|u,l| =00 inUT.
n—oo n— oo
Thus, by (1.10), we deduce

F(x, uy (x))

: +
———— =00 a.e.inU
n=>00 || Bluy | VO ’

which implies that

F(x, u; (x))

—- " —00 a.e.in U+.
10 [x|Buf [VO/s

It follows that

o Pl ut ()

Note that (u,), is a Cerami sequence at level c,. Then

' N N 1
M (V) = —ext — | g FOrudx +o(D),

s Jo lx|P

which together with lim,_, o .# (t) = oo yields that

1
lim | —=F(x,u)dx = cc.
n—oo Jo |x|ﬂ
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Hence,
. F(x,u}) Fx,uy)
liminf | ——— 12 |y+N0/sg —lmlnf/ -
imin /Q|x|ﬂ|u+|N9/v' Py =T g 17
(1) fQ TG u;)dx
< liminf

n—00 % (C*+fs2 F(‘xllgn)dx) + o(1)

s (1)
N

Here we have used the fact that

g _ A1)
t_—///(l) Ve >1,

thanks to (1.9). Note that F(x,t) > 0. By Fatou’s lemma and (5.11) , we get a

contradiction. Thus, v < 0 a.e. in Q and v+—\0 in WY N/Y(Q).
Clearly, there exist #, € [0, 1] such that

I1(t = max [ (tuy,).
(tyun) relot) (tup)

Forany R € (0, (N B a’“) ), since f satisfies (f]), wechoose e = NN’S%

apand @ < @ < g + 8 such that

F(x,t) < C(R)|t N0/ 4 (N — B any

Tm — O{Q) eXp(O{|t|N/(N7S)), V(.x, t) e Q2 xR.

It follows that
ks
S s
I(Rvy) > —///(RN/‘Y) —C(R)RNWS/ L dx
o Ix|f

N — ,3 anN, 1
( N RN/(NS 5) "‘0) x| exp( RN Iy NN dx,

S, N/s s,N/s
0,K

Since v+—\0 in W (2) and W, (Q) — L1(Q, |x|_ﬂ) is compact for any

q>1, wehave
/ L i dx -0
— v, |5 dx — 0.
Q lx[f "
By Theorem 2.3 and a RNV/V=9) < N ﬁaN‘ , we know that

| |‘3 exp(aRN/(N s)|v+|N/(N S))dx
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is bounded. Thus,

+ 5
I(Ruvy) = i///(RN/S)_C(R)sze/s/ gl
N o 7

c N_,B N, s
“EUTN RV %)

On the other hand, by ||u,|| — oo, we deduce

()
I(tqup) > I | ——u, | = I(Ruy).
[l

. . N—-B ay $)/N .
Thus, letting » — oo and then letting R — (T a—0> , we obtain
N — (N—s)/s
liminf 1 (yuy) > ot | (V=B s > Cy. (5.12)
n— 00 N N [01))
Since I1(0) = 0 and I(u,) — c4«, we can assume that ¢, € (0,1). Then

41 (tuy)l;, = 0. Thus, we get (I’ (tyutn), tyity) = O, that is,
1
N N
Mt |Vt /S||un||N“=/ — [ty ttndx.
Q |xI
From (1.11), it yields that

S
(tgutn) = N///(IN/SIIMnIIN/S) - F(x, tyty)dx

a lxIP
S
= S @Y NV = M |V |V
N NO
1
+/ [ F X, tttn)ntty — F(x,tnu,,)]dx
1x|P
< —///(nunnN/A)— M(nunnN/*)nu N/

1
+/Q |x|5[ fx, upu, — F(x,un)] dx.

Moreover, it follows from (u,), is a Cerami sequence that
///(nunnN“) M(nunnN“)nunnN“

+/Q |x1|ﬂ [ FC up)up — Fx, u,,)] — e 1 o).
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Thus,

limsup I (t,u,) < c4,
n—00

which contradicts (5.12). Therefore, (i), is bounded in WS N5 ().
Next we show that (u;), has a convergence subsequence in W, s N/ (). Going if
s N/s

necessary to a subsequence, there exist a function u € (Q) and & > 0 such

that

un—u weakly in W' /* (%),

uy, — u strongly in L"(Q)(v > 1),

U, — u a.e.in Q

lunll — &. (5.13)

Here we have used the compact embedding from W‘Y N/ *(Q) to L"(R) for any v > 1

(see Theorem 2.2) and the embedding W, s N/ (Q) — Wx N/ (£2) is continuous. Using
a similar discussion as [33], we can deduce that

n—oo

lim |;3 — f(x, uy)dx / x |;3 f(x,u)dx and hm / F(x uy)dx

:/Q |xl|ﬂF(x u)dx. (5.14)

Now, we assert that u # 0. Arguing by contradiction, we assume that # = 0. Then,
fsz ﬁF(X, up)dx — 0and I (u,) — c gives that

— (N—s)/s
i'%(”Mn”N/A)—>C<i(%((zv ﬁaN,S) )
N v s

as n — oo. Thus, there exist ng € N and § > 0 such that [lu,|V/V =9 < § <

%?—0“ Choosing v > 1 close to 1 and @ > g close to g such that we still have

va|ug |V/N=9) < § < NT*%N,X. Thus, it follows from (2.2) with ¢ = 1 that

1
/ _f(xv Mn)undx
Q lxlp

1 1 ‘
<cC ( / gl dx + / —ﬁ|un|exp(a|un|N/‘N—”>dx)
Q x| Q x|

—1

1 1 o\
Cl | —lua®d f— =1d
< (/lelﬂw w4 ( [ Sl #ras
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1
1 u N v
(] g ot 5 oy 5 )
Q |x| lleen |l
1 1 =
<C /—|un|9N/de+<f —|un|u31dx) -0
o lx|f o Ix|#

as n — oo. Since (uy), is a bounded Cerami sequence, we get

N
N—s(

1
(1) t0n) = Mt V) 11 |V — /Q S G = 0,

which implies that
M ([l 1N | V5 — 0.

From this and assumption (M), we deduce ||u, || — 0, which contradicts the assump-
tion that inf,,>1 ||u,|| > 0. Therefore, we must have u # 0.

We claim that 7 (u) > 0. Arguing by contradiction, we assume that 7 (#) < 0. Set
¢(t) :== I(tu) for all t > 0. Then ¢(0) = 0 and ¢ (1) < 0. Arguing as in the proof
of Lemma 3.1, we can see that £(t) > 0 for ¢+ > 0 small enough. Hence there exists
to € (0, 1) such that

¢(t0) = max £(1), ¢'(to) = (I'(tou), u) =0,
1€[0,1]

which means that fou € N Therefore, by Remarks 1.1 and 1.2, the semicontinuity of
norm and Fatou’s lemma, we get

S
cx < ¢* < I(tou) = I(tou) — W(I/(IOM)» fou)
S

N@M(IIIOMIIN/S)IIIOMIIN/S

= A (lqul™") -

s 1 ON
+ W L W _f(x, tou)tou — TF(X, l‘()u)i| dx

< %///(IIMIIN/“) = %M(Hunw‘v)nuuws

s 1 T ON
+W/;2W_f(x,u)u—TF(x,u):|dx.

By the weak lower semicontinuity of convex functional, we have
N7 < Timinf [lue, | V/* = €V,
n—o0
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In view of Remark 1.1 and the continuity of M, we deduce that

//f(nunN/S) M(nunN/S)nuuN/f
2 N/fsy _ 2 N/s\eN/s
< N//(s )= g > MENE
= lim [ Queal NV = <o M 1Y) |V ]

By Fatou’s lemma, we get

1 1
/ — f(x, wudx < liminf/ — f(x, up)updx.
o |x|? n—oo Jq |x|
It follows from above results and (5.14) that
¢u = e < lim [ (lual V) = <o Ml )

1 N6
—|——11m1nf/ x |/3 [f(x,un)un——F(x,u,,):|dx
s

6 n—oo

< lim [I(un) — W([ (un), Mn)] = Cx

n—oo

which is absurd. Thus the claim holds true.
Now we claim that

I(n) = cs. (5.15)

Obviously, by (5.14) and semicontinuity of norm, we have I (#) < c,. Next we prove
that 7 (uo) < ¢4 can not occur. Actually, if 7(#) < cy, then

flull <&.
Note that (5.14) yields that
) ) 1
S HEVSY = tim (| V) =c*+/ — F(x,u)dx. (5.16)
N n—oo N Q |x|ﬂ

This gives that

ég‘%:t//*l Ec*—i—E/LF(x,u)dx .
s s Jo |xIP

Set wy = ty/|ltn]l. Then wy—w = u/& in W' N/S

from Theorem 2.4 that

(2) and ||w|| < 1. Thus, it follows

dx <00, Vo' < (5.17)

P |x|P (1 — [w||N/$)s/(N=5)"

n

/ exp (a'|w, |V/(V=9) (1 - Eyay,
Q

@ Springer



950 Applied Mathematics & Optimization (2021) 84:915-954

On the other hand, by (5.16), we have

N N ) )
e ) = AMENSY — ot (JuN).

Thus, it follows from 7 (u) > 0 that

N N — By \ N9
& < Vet ™y <. ((Tﬂ%) A,

Furthermore, by (M1), we get

_ (N—s)/s
eV <! [/// ((—N P “L) ) + ///(IlullN/S)}

N o
= (NT_M;V(;S)(N_S)/S + V5 (5.18)
Note that
gnys _ BV = Il
= w] V7
Hence, it follows from (5.18) that
(uw_.s)w_”/s
N
A IR

Thus, there exist ng € N and o’ > 0 such that

(N—Ban.s
N/(N—s) " N
O‘O””n” <a < - ”w”N/s)s/(N—s)

for all n > ng. We choose v > 1 close to 1 and o > « close to «q such that

(N—B)an.s
N

va||un||N/(Nﬂ‘) s’ < (1 = |Jv||N/s)s/(N=s)"

In view of (5.17), for some C > 0 and n large enough, we obtain

1 1
/ —Bexp(va|un|N/(N_s))dx < —ﬂexp(a”|wn|N/(N_s))dx <C.
Q x| o |x|
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Therefore, we deduce from (2.2) that
1

/ g [ ) (uy — uydx
Q x|

<C </ lun — ulN5dx +/ lin — ] exp(a]u, | N/ N ”)dx)
o lxIP |x|f

v—1

1 1 y v
§C/ _ﬂ|un_u|N9/de+C</ —ﬁ|un—u|v—1dx) -0
Q |xl Q |xl

asn — oo.
Since (u,,), is a bounded Cerami sequence in W0

N/Y(Q), we have

o(1) = (I (un), un — u)

! 1
= Ml Nt 10 = ) s = / ) —wdx. (519)
Q
Define a functional L as follows:

(L(v), w) = (v, w)s,N/s

S, N/\'

forall v, w € Wo. (£2). By the Holder inequality, one can see that

(L), w)| < [l 5wl

which together with the definition of L implies that for each v, L(v) is a bounded

linear functional on WS N/S(SZ). Thus, (L(u), u, — u) = o(1), that is,

(u, uy — M)S,N/S =o(1).
In conclusion, we can deduce from (5.19) that
M (1N [Gatn, = )5 nys = (s un — )5 nys] = o(1).

In view of the fact that ||u, | — & and & > 0 by using (M) and a similar discussion
as in [33], we obtain that u,, — u in W0 i (Q) Furthermore, using (5.14) and the
continuity of .Z, we have I (1) = c,, which is a contradiction. Thus, the assertion
(5.15) holds true.

Combining I (1) = ¢, with I(u,) — ¢, and |lu, || — &, we conclude that

MENY =t (JuV),

which implies that & = ||u||. By the uniform convexity of norm, we obtain that u,, — u
in Wv N/Y(Q). This finishes the proof. o
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Proof of Theorem 1.3 By Lemmas 5.1 and 5.2, we know that 7 satisfies all the assump-

tions of Theorem 5.1. Thus there exists a Cerami sequence (u,), C WS N/ (Q).
Moreover, by Lemma 5.6, there exists a subsequence of (u,), (still labeled by ()n)

such that u,, — u in WS N/s(Q). Tt follows from I’ (u,,) — O that

SN/S

1
M (lun [V7) (s )58 5 =/9Wf(x,un)¢dx, Yo € Wy (£2).

Furthermore, we have
N/s 1 s N/s
M(J[ul ™) (u, @)s,Nys = Wf(x,u)tpdx Vo e W, (€2),
Q

which means that u is a nontrivial solution of (1.8) satisfying I (u) = c, that is,
I'(u) = 0 and I(u) = c. Therefore, by the definition of ¢* and ¢, < c¢*, we know
that u is a ground state solution of problem (1.8). Moreover, Lemma 2.1 shows that u
is nonnegative. O
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