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1. Introduction

In the last few decades, one of the topics from the field of partial differential equations that has continuously attracted
interest is that concerning the Sobolev space with variable exponents, W1P®) (where p is a function depending on x); see
for example the monograph [1] and the references therein. Naturally, problems involving the p(-)-Laplace operator

Aptt = div(|VuPP~2Vu) (1)
were intensively studied. At the same time, due to the development of the theory regarding the anisotropic Sobolev space,
Wl’; (where H is a constant vector, E: (p1,...,pn)), there are also many authors discussing problems involving the
3—Laplace operator,

N
As() =) 3, (|3x,»u|p"_2 8xiu> : 2)
i=1
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see for example [2,3] and the references therein. Furthermore, a new theory captured attention when it introduced the

- —
anisotropic space with variable exponent, W-? ©) (where p (-) = (p;(-), ..., pn(-)) is a vector with variable components);
see [4-6]. Consequently, a new operator takes its place in the mathematical literature, namely

N
_ pi(x)—2 .
Ag W= i§:1 By, (|ax,.u| ax,.u) ; (3)

see also [7,8]. This operator will be referred to as the anisotropic variable exponent E (-)-Laplace operator and it is closely
related to (1) and (2). To be more specific, when choosing p;(-) = --- = py(-) = p(-) we obtain an operator with similar
properties to the variable exponent p(-)-Laplace operator (1), while when choosing p1, . . ., py to be constant functions we

arrive at the anisotropic p -Laplace operator (2).
In the present paper we consider a problem involving a more general type of operator, that is,

N
Z dya; (x, Oyu) . (4)
i1

Let £2 C RN be a bounded open set. The applications g; : 2 x R — R are Carathéodory functions fulfilling the following
hypotheses for alli € {1, ..., N}:

(A1) There exists a positive constant ¢; such that g; satisfies the growth condition
lai(x, )| < €;(di(x) + |s[Pi®O~),

forallx € 2 and s € R, where d; € LPQ(')(Q) (with 1/p;(x) + 1/p;(x) = 1) is a nonnegative function.
(A2) If we define A; : 2 x R — R,

Ai(x,s) = /Sai(x, t)dt,
0

then the following inequalities hold:
s < ai(x, 5)s < pi(Ai(x, 5),

forallx € 2 ands € R.
(A3) aq; fulfills

(ai(x, ) — ai(x, 1)) (s — ) > 0,
forallx € 2 ands,t € Rwiths # t.

The operator presented above is a E (-)-Laplace type operator because when we take

ai(x,s) = [s|i®2s forallie {1,...,N},
we have A;(x, s) = 1% s|Pi® foralli € {1,..., N} and we get the P (-)-Laplace operator (3). Obviously, there are many
other operators deriving from (4). Indeed, to give another interesting example, if we take

ai(x,s) = (1 + |s|HP®O=2/%s foralli e {1,...,N},

we have A;(x, s) = [(1 4 |s]?)P®/2 — 1] foralli € {1,..., N}, and we obtain the anisotropic variable mean curvature

operator

N 2\ (Pi(0—2)/2
) o [<1+|8xiu|> E)Xiu].
i=1

Notice that the general operator given by (4) can admit degenerate and singular points. So, since there are a number

1
pi(x)

of features favoring this ; (-)-Laplace type operator described by (4) and (A1)-(A3), it is no surprise to find that there are
already papers treating problems with this kind of operator. To give some examples, we refer the reader to [9-11] where the
authors were concerned with Dirichlet problems. We, on the other hand, are interested in a Neumann problem. One of the
novelties of our work is that we consider a problem with a nonlinear term on the boundary, for whose study it is necessary
to introduce and prove a trace theorem. More exactly, we analyze the problem

N
— > 0 (x. du) + b PPy =f(x,u) in 2,
i=1
u>0 in £2, (5)

Zai (x, Oy u) vi = g(x, u) ondg.

i=1
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Herea; : 2 xR — R,i € {1, ..., N}, are the Carathéodory functions characterized by (A1)-(A3), 2 C R" is a bounded
open set with smooth boundary and v;, i € {1, ..., N}, are the components of the outer normal unit vector. As for the rest
of the functions involved in (5), we will enumerate their properties after we give some notation.

For any 2 C RV we set

C.(2)=(heC(Q): i&g h(x) > 1}

and we define

ht =suph(x) and h~ = inf h(x).
xef2 xe

Moreover,
h (o) = {(N — DRG/IN = h(] ifh() <N,
A ifh(x) > N.
Inourcase, P: 2 — RV, b (0) = (p1(x), p2(X), ..., py (X)) with p; € C.(R2), i € {1,...,N}, and for all x € 2 we put
puv(x) = max{p1(x), ..., pn()} and pm(x) = min{p;(x), ..., pn(X)}.

In addition, for the Carathéodory functionsf : 2 x R — Randg : 92 x R — R, we consider the antiderivatives
F:2 xR—> R,

F(x,s) = /Sf(x, t)dt,
0

andG: 02 xR — R,

G(x,s) = /Sg(x, t)dt,
0

respectively. With the previous notation, the functions B, b, f and g satisfy the conditions:
(B) b € L*°(£2) and there exists bg > 0 such that b(x) > by forall x € £2.
(F) There exist a positive constant k; and q € L ($2) with q" < p,, such that
f (X, $)] < ki (14 1s19971),
forallx € 2 ands € R.
(G) There exist a positive constant k, and r € C(£2) withr* < minxeag{p? x),..., p,aV (x)} and r* < p;. such that
g(x, 9| < ka (14 IsI"¥7),
forallx € 02 ands € R.
Note that by adding the following assumptions:
(FO) f fulfills the monotonicity condition
F(x,8) —f(x, ) (s —t) <O,

forallx € 2 ands, t € Rwiths # ¢,
(GO) g fulfills the monotonicity condition

(gx,s) —gx, t)(s—1t) <O,
forallx € 02 ands, t € R withs # ¢,

we can deduce the uniqueness of the solution.

The variable exponent spaces have various applications like those in electrorheological fluids [ 12-16], thermorheological
fluids [17], elastic mechanics [18] and image restoration [19]. However, there are some nonhomogeneous materials that
have different behaviors in different space directions; hence the need for anisotropic spaces with variable exponent. The
next section is dedicated to a brief presentation of the variable exponent spaces, shedding light on the properties that will
help us to establish our main results.

2. A brief framework and preliminary results

In this section we will use the notation £2, for a generic set from RN that will be used to recall definitions and properties.
For any measurable subset 2, C RN, N > 2, with 0 < |£23] < oo (where |£2¢| represents the Lebesgue measure of the set
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), we consider p € C,(£2). The isotropic Lebesgue space with variable exponent is defined by
PY(20) = {u : u is a measurable real-valued function such that / lux)|P® dx < oo}
29

endowed with the Luxemburg norm

Nl gy = inf{u >0 /
20

Notice that the norm of the classical Lebesgue space L? (£2y), that is,

1/p
lullp 2y = (/ |U(X)|p> ,
20

is a particular case of (6) for p constant. Let us recall some of the most important properties of the space
(LP(20), Il - ) (2y))- This space is a separable and reflexive Banach space (see [20, Theorem 2.5, Corollary 2.7]) and the
inclusion between spaces generalizes naturally.

u(x)

I

p(x)
dx<1¢}. (6)

Theorem 1 ([20, Theorem 2.8]). If 0 < [£2o] < oo and p1,p, € C(20;R), 1 < p; < pf < oo (i = 1,2), are such that
p1 < py in 2o, then the embedding LP2V) (£2) < [P10)(§2,) is continuous.

Furthermore, the following Holder type inequality:

/ u(x)v(x) dx
29

holds true for all u € [P (£2,) and v € I[P (£2) (see [20, Theorem 2.1]), where we denoted by L?)(£2y) the conjugate
space of I (£2y), obtained by conjugating the exponent pointwise, that is, 1/p(x) + 1/p’(x) = 1 (see [20, Corollary 2.7]).
Moreover, the application pg, p() : [PV (£20) — R,

< 2||U||Lp(')(90)||U||Lp/(<>(90) 7

P2q.p() (1) :/ lu@)|P® dx,

20

called the p(-)-modular of the [P (£2y) space, is very useful in handling these Lebesgue spaces with variable exponent.
Indeed, we have the following properties (see for example [21, Theorems 1.3 and 1.4]). If u € [P)(£2y) and p < o0, then

lullpo gy < 1(=1> 1) < peypr (W) < 1(=1;> 1) (8)
- +

||u||1_P(~)(_QO) >1= ”U”lzp(.)(go) = ,O(zo,p(A)(U) = ||u||ip(.)(90) (9)
L _

||u||LP(~)(QO) <1= ”u”f}’(‘)((zo) =< /O.Qo,p(~)(u) = ||U||fp<.)(90) (10)

Ul ) () —> 0(— 00) & pgqgpy (W) = 0 (— 00). (11)

If, in addition, (u,), C [P (£2p), then
nanolo llun — u”Lp(-)(_QO) =0<% nll)rgo P2y.p()(Un —u) =0

& (up), converges to u in measure and lim g, p) (Un) = Py, pc) ().
n—oo

Let us introduce now the definition of the isotropic Sobolev space with variable exponent, WP (£2,). We set
WO (2) = {u € [PV (82o) : |Vul € I’V (£20)}
endowed with the norm
lull = llullpo o) + 1 VUllpo @)

where by || Vul|p0) (g, We understand || [Vu| |50 g, The space (WO (£2o), | - ||) is a separable and reflexive Banach
space (see [20, Theorem 1.3]) and we have the following trace theorem.

Theorem 2 ([22, Corollary 2.4]). Let 29 C RN, N > 2, be a bounded open set with smooth boundary. Suppose that p € C(£2¢)
and r € C(£2y) satisfy the condition

1<r(x) <p’(x), Vxe 3.
Then there is a compact boundary trace embedding WP (£2o) — L' (9820).

We refer the reader to [22] for more details regarding the extension of the classical trace to Lebesgue-Sobolev spaces
with variable exponent. Everywhere below, when we refer to the trace of u we will write u instead of u|yq, or yu.
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e -
Next, we will introduce the space W' ©)(£2), where p: 2o — RN is the vectorial function

P ()=@C),....pn()
and p; € C,(£2¢) foralli € {1, ..., N}. The anisotropic variable exponent Sobolev space is defined by
WHPO(Q0) = {u e IPMY(2)) : d5,u € [PV (82) foralli € {1,...,N}}
= {u € L (£20) : u € [PV (2y), dyu € [PV (829) foralli € {1,...,N}}
endowed with the norm

N
1l 5 0 gy = 1Mz 200 + 2| Ol 1101y -
i=1

The space { WEPO(20), || - || ) is a reflexive Banach space (see [6, Theorems 2.1 and 2.2]) and the following

Wl,_p)(-)(go)
embedding theorem applies.

Theorem 3 ([6, Corollary 2.1]). Let 29 C RN be a bounded open set and foralli € {1, ..., N}, p; € L®(£2), let pi(x) > 1a.e.
in §2¢. Then for any q € L*°(§2y) with q(x) > 1 a.e. in §2 such that

ess inf (py(x) —q(x)) > 0
X€Ro
we have the compact embedding
WP O (2) < 119 (£2).

As we announced in the introduction, a trace theorem is also needed and we will provide one in the following section.
Keep in mind that, since p;” > 1,
W PO (20) < W' (§2,) continously
and by the Gagliardo trace theorem,
Wh1(20) < L'(0£2) compactly,

with £29 C RN being a bounded open set with smooth boundary. Hence foru € W' ? ©)(£2,) the trace has definite meaning.
Meanwhile, let us recall two other important results that are necessary for the proofs from Section 3.

Theorem 4 ([23, Theorem 6.2.1.]). Let X be a reflexive Banach space, and let f : M C X — R be Gdteaux differentiable over the
closed, convex set M. Then the following conditions are equivalent:

(i) f is convex over M.
(ii) We have

fW —f) = '), u—vixxx Yu,veM,

where X* denotes the dual of the space X.
(iii) The first Gdteaux derivative is monotone, that is,

(f'W) = f'(v),u = v)xsxx =0, Yu,veM.
(iv) The second Gdteaux derivative of f exists and it is positive, that is,
(f"(W) ov, v)xrxx =0, YveM.

Theorem 5 ([24, Theorem 1.2]). Suppose X is a reflexive Banach space with norm || - ||x and let M C X be a weakly closed subset
of X. Suppose @ : M — R U {00} is coercive and (sequentially) weakly lower semi-continuous on M with respect to X, that is,
suppose the following conditions are fulfilled:

(i) @(u) — ooas ||ullx — oo, u € M.
(ii) For any u € M, and any subsequence (un,)n, in M such that u,, — u weakly in X, it holds that

@ (u) < liminf @ (uy).
m—oQ
Then @ is bounded from below on M and attains its infimum in M.
3. The main results

Before analyzing the existence of solutions to problem (5) we introduce a trace theorem.
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Theorem 6. Let 2 C RN(N > 2) be a bounded open set with smooth boundary and let ;e (CJr (5))[\’ , 1 € C(82) satisfy the
condition

1<r( < min{p!(x),...,p3(®}, Vxeaf.
Xxeo0$2
Then there is a compact boundary trace embedding
WhPO(Q) — 'O 302).

Proof. For clarity, for any subset M C £2 and any function h, we will use the notation
h~ (M) = inl&h(x) and h*(M) = sup h(x).
Xe

xeM
We know that r(x) < minxeag{p‘;’ ), ..., p,"’V (x)}, for all x € 0£2. In particular, for any x € 952, we have that r(x) < p? (%),
foralli € {1, ..., N}. Then for an arbitrarily fixed i and for any given x € 042, there eXists a relatively open neighborhood

£2, of x in §2 such that
rt (82 N 2 < pl(x).
Thus, by Theorem 2 there exists ¢; > 0 such that
”u||Lf+(39”9x)(aQnrzx) = Ei”u”W]vpi(')(QX)!
that is,

||u||Lr+(BQﬂSZX)(BQﬂQX) =< Ei <||U||Lp,-<~>(gx) + I|8xiu”LPi(‘)(gx)) . (12)
Due to the fact that p;(x) < pu(x) for all x € 2, by Theorem 1 there exists ¢; > 0 such that

||u||Lpi(‘)(_QX) = EOHu”LpM(‘)(QX)' (13)
Using (12) and (13) we get

||u||Lr+(8.Qﬁ.QX)(agﬂQx) S E”u”Wl'?(')(QX)’

~ _ max{cp,1} N )
where ¢ = === 3 7 ¢; > 0. Hence

WEPO(2,) s 70202032 N 2,) continuously. (14)
On the other hand, the fact that p;(x) > 1 for all x € 2 implies that

WL?(')(.QX) — W1(£2,) continuously. (15)
Moreover, by the Gagliardo trace theorem,

Wh(2,) — L1082 N 2,) compactly. (16)
Combining (15) and (16) we obtain that

WiPO Q) — L1882 N £2,) compactly. (a7
By (14) and (17) and by interpolation between L1 (352 N £2,) and L' @2N2 (32 N £2,) we arrive at

WEPO(Q,) = [ 0272050 N 2,) compactly.
Since r(x) < r*(9£2 N £2,) we use again Theorem 1 and by the above relation

WhPO(R) — I'YB2 N R,) compactly.
Taking into account the finite covering theorem for the compact set 92 we can deduce that

WhPO@2) — ') compactly. O

We now have all the necessary tools for proving the existence of a weak solution to (5). Before starting the discussion,
we point out that everywhere below we will work under the following hypothesis.

Hypothesis (H). We consider 2 C RV, N > 2, to be a bounded open set with smooth boundary and BE (C+ (5))’\’, and
we assume that foralli € {1, ..., N}, the applications a;,f : 2 xR — R, g : 02 x R — R are Carathéodory functions
satisfying (A1)-(A3), (F), and (G), respectively, and b : 2 — R satisfies (B).
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For simplicity, we define

190 _ ) N — .
w (£2) =E and | IIWW(_)(Q)—II B

Now let us define the notion of a weak solution.

Definition 1. By a weak solution to problem (5) we mean a function u € E such that

N
[ atamagdnr [ bl tupa— [ foxwpds— [ g upds=o (18)
2 =1 2 2 2

forall ¢ € E.
With problem (5) we associate the energy functional I : E — R, defined by
b(x
I(u) = / ZA X, Bxlu) dx+/ Llulp"”(") dx—/ F(x,uy) dx—f G(x, uy) dx,
fo 2 Pm(x) 2 Xe;

where uy (x) = max{u(x), 0}.
For simplicity, we denote by A, ] : E — R the functionals

N
Au) = / ZA,- (x, Oy u) dx
Q

i=1
and

N
b(x) b(x)
Jw = Aj (x, Oxu) dx + / ——|u |pM(X) dx = A(u) + / — |lu |PM(X) dx.

921( ) o Pu(®) 2 Pu®)
We recall the following result.

Lemma 1 (See [10, Lemma 3.4]). The functional A is well-defined on E. In addition, A is of class C'(E, R) and

(A'(u), 9) / Za&x Oy, u) Oy, p X,
2

forallu, ¢ € E.

Remark 1. The study in [10] is conducted for E = WO]’ PO (£2), that is, the closure of (5°(£2) in WO]‘ PO (£2) with respect to
the norm
N

1 p() Z ||axiuHLpi(‘)(.Q) :

i=1

Since we want to avoid repeating the same arguments and the calculus is almost identical, we omit the proof.

Due to Lemma 1, standard calculus leads to the fact that I is well-defined on E and I € C!(E, R) with the derivative given
by

I, ) / Zal (%, 0x1t) B0 dx + / b [ul™ ¥ ~2ugp dx — / fox, we dx — f gx, e ds,
2 2 2 92

i=1
forallu, ¢ € E.Obviously, the critical points of I are weak solutions to (5), so, by means of Theorem 5, we intend to establish

the existence of critical points in order to deduce the existence of weak solutions. Our second main result is the following.
Theorem 7. If Hypothesis (H) is fulfilled, then there exists a weak solution to problem (5).

As suggested above, for the proof of Theorem 7 we show that the energy functional I fulfills the hypotheses of Theorem 5.
To this end, we proceed with the following lemma.
Lemma 2. If Hypothesis (H) is fulfilled, then the functional I is coercive.
Proof. Let u € E be such that ||u|| — oc. Using (A2) we deduce

A) > — / |y, u P, (19)

Mll

We define the following notation:
Ly={iefl,...,N}:|Ioxullpo <1}
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and
Iy ={ie{1,...,N}:|logullpe > 1}
By (8)-(10) and (19) we find that

1
zwm—(zmww+zmww)

+
M \iedq iedy

S Il - mew)

i€l

=

1

Py

v

(mew )
i=1
: RT — RT,a(t) =

By the generalized mean inequality or the Jensen inequality applied to the convex function a :

tPm, p. > 1we get

Aw) = — (Z |!ax,u||Lp,<>) -N (20)
Py
We analyze now the two cases corresponding to the values of ||u|| py .
Case 1: [|ull gy ) > 1.
By (20) and (B) we have
N Pm b
Ju) > — (Z |8xiu||Lpi<->> —N|+— o ||U||LpM(>,
and thus
1 . 1 p
JW) = ——— min — bo ¢ fJull"™ — ———. (21)
2Pmp NpPm—1 pMNPm—Z
Case 2: ||ul|;pyy» < 1.Then,
1 m
Jw =z — | —— Z |dgul p ] —N
pM NPm i=1
1 B Pm
= | = | 2 [l |+l - N =1
pM NPm i=1
We obtain
1 . 1 - N+1
Jw) > — +m1n{ = 31}||u||pm—+—- (22)
2Pmpy NpPm—1 pMNPm—1
In conclusion, by (21) and (22), we deduce that there exists I~<0, I~<3 > 0 such that
(23)

J(W) > kollul/Pm — ks.

Let us evaluate now the other two terms from the formula of I. By (F),

k
[ Fexunax< kil + 2+ [ s
2 qa Jo
Since
Uy ()™ < u@|T + uE|” Vxe2

and
19°(2) < [ (2) = L'(2) continuously,
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we infer that there exists k; > 0 such that

/F(x,ugdxs/‘a(nunq‘ + lul? o) (24)
2

1t (@) 1t (@)
Theorem 3 yields the continuous embedding
E L7 (2)
because g* < p;.. Thus, using (24) and the fact that [lu|| > 1, we deduce that there exists k; > 0 such that

/ F(x, uy) dx < kyflull?". (25)
Q

Using condition (G) instead of (F) and Theorem 6 instead of Theorem 3, by similar arguments, we obtain the existence of
a positive constant k, such that

/ Glx, uy) dx < loJull"™, (26)
2
where r is given by condition (G). Putting together relations (23), (25) and (26), we arrive at

3 . . .
I(w) = kollullP™ — kyllullT — kallull" — ks.

Keeping in mind the fact that g*, r* < p,., we find that I(u) — oo when ||u|| — oo, and hence [ is coercive. O

Lemma 3. If Hypothesis (H) is fulfilled, then the functional I is weakly lower semi-continuous.

Proof. We start by showing that ] is weakly lower semi-continuous. By [25, Section 1.4], it is enough to prove that ] is lower
semi-continuous. To this end, fix u € E and € > 0. By (A3) and Theorem 4 we deduce that for any v € E, the following
inequality holds:

N
OESORDY / Gi(X, B ) (D0 — D) dx + / bl u(v — u) dx.
i=1 Y2 Q

Using (A1), (B) and the Holder type inequality (7) we infer

N
J) = J@) —max{a,...,EN}Zf di(x)|3,v — Oyul dx
i=1 Y%

N
— max{cy, ...,EN}Z/ | u [P0
i=1 Y%

N
> J () = 2max (@, G} ) il g 1850 = Bl o )
i=1

3
a(v—u) dx — ||b||mmf | |uP®©~2y| v — u] dx
i 2

N
- - “(X)—1
—2max(Er, .. o} Y AP o g 1860 = Bl po g
i=1

-1
= 1Bl I TP 7 o 10 =l o).

The above inequality and relation (11) imply that there exists C > 0 such that
J) = JW) = Cllv—ull = J(w) —e,

forall v € E with ||Jv — u]| < § = €/C. Therefore J is weakly lower semi-continuous.
Next, we define

hl(u)zf F(x,u)dx and hz(u)=/ G(x, u) dx.
2 a8

Then h}, b} : E — E* are completely continuous, that is, if u, — u, then h’(u,) — h}(u) and h}(u,) — h’(u). Hence the
functionals h), h}, are weakly continuous and, since J is weakly lower semi-continuous, we conclude that I is weakly lower
semi-continuous. 0O

Proof of Theorem 7. The proof follows directly from Lemmas 2 and 3 and Theorem 5. O

Since we have an existence result, we are concerned with the uniqueness of the solution.
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Theorem 8. If, in addition to Hypothesis (H), the conditions (FO), (GO) are fulfilled, then the weak solution to problem (5) is
unique.

Proof. We suppose that there exist two weak solutions to problem (5), that is, u; and u,. We replace the solution u by u; in
(18) and we choose ¢ = uy — u,. Then

N
/Zai (x. 8xiu1)8xi(u1—uz)dX+f b(x)[uq [Py (uy — o) dx
2 2

i=1
- / f&x,u) (g — Uz)dX—/ g(x, uy)(uq —up)dx =0.
2 09

Next, we replace the solution u by u, in (18) and we choose ¢ = u, — u;. We have
N
/ D ai (X, dyttz) Oy (uy — ) dx + / DO M ¥ Uy (uy — uy) dx
2 =1 Q

—/f(x, Uz)(uz—lh)dX—/ g(x, up)(uy —ug)dx = 0.
2 082

By combining the previous two equalities we obtain

N
/ {Z [a; (x, Oy u1) — a; (x, dyuz)] (Bxur — ax,-uz)} dx + / b(x) [|U1|pM(X)72U1 — |U2|pM(X)72U2] (uq —up) dx
@ o)

i=1
—/ [F(x, uq) — fx,up)] (g — up) dx — / [g(x, u1) — g(x, uz)] (ug —up)dx = 0.
2 082

By (A3), (FO) and (GO), all the terms in the above equality are positive unless u; = u,, and this yields the uniqueness of
the solution. O

4. Additional comments

One of the questions that the reader might ask is the following: what happens if we change the order of the exponents g+
and p,, or r* and p;,? Does problem (5) still have solution? Two of the most well known variational tools are the mountain
pass theorem of Ambrosetti and Rabinowitz and the Ekeland variational principle (see for example [26]). Are they suitable
for our problem? We consider the following assumptions.

(F1) There exist a positive constant k; and q € LT°(£2) with 1 < p;j, < q~, such that

If (x,8)| < kq (1 + |s|q(X)71) ,

forallx € 2 ands € R.
(F2) f verifies an Ambrosetti-Rabinowitz type condition: there exists a constant ¢« > p,& such that for every x € §2

0 < a1F(x,8) <sf(x,s), Vs=>O0.
(G1) There exist a positive constant k, and r € C(£2) with 1 < p,J\j, <r-andr(x) < min{p‘;’ ), ..., p;?, (x)} forallx € 982
such that
g, 9)| < ko (1415071,
forallx € 2 ands € R.
(G2) g verifies an Ambrosetti—-Rabinowitz type condition: there exists a constant oy > p;; such that for every x € 952

0 < a1G(x,s) <sg(x,s), Vs=>D0.

If we replace conditions (F) and (G) by (F1) and (G1), respectively, and we add conditions (F2), (G2) to Hypothesis (H), we
can expect to obtain the existence of solutions to problem (5) by using the mountain pass theorem instead of Theorem 5.
However, a first remark is that we need a better embedding theorem because when g~ > p};, we cannot apply Theorem 3.

For h, p; € C.(R2), i € {1, ..., N}, we define the notation

v [NR@)/IN —h®)] if h(x) <N,
() = {oo if h(x) >N,
and
i N
pRX) = —.

N
> 1/pi(x)
=
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Furthermore, we say that a set £2 C R" is a rectangular-like domain if it is a union of finitely many rectangular domains
with edges parallel to the coordinate axes in RN. Recently, the following result was proved.

Theorem 9 (See [6, Theorem 2.5]). Let 2 C RN be a rectangular-like domain and p; € C,(2) foralli € {1,..., N} If
q € C,(£2) and

q(x) < max{p*(x), pu(x)} forallx € £2,

then we have the compact embedding
WP O(2) — 119(8).

Notice that, in the statement of Theorem 9, £2 is not a set with smooth boundary; hence we cannot define the outer normal.

Moreover, since W' ? ©)(£2) can be considered a generalization of the space W P (£2), with the exponent B being a constant
vector, there are reasons for believing that Theorem 9 fails for domains that are not of the rectangular type; see [27].
Therefore, at least for the time being, we must remain faithful to Theorem 3 and we cannot apply the mountain pass theorem.

The next question arises: do we have an existence result if in Hypothesis (H) we replace (G) by (G1), we keep (F) as it is
and we add (F2), (G2)? Unfortunately, there is another impediment in our way: we do not know whether A is of type (S+).
We recall that A is said to be of type (S+) if any sequence (u,), C E that is weakly convergent to u € E such that

lim sup(J'(un), u, —u) <0

n—oo

converges strongly to u in E. Due to [9, Lemma 2], we know that A is of type (S+) when E = WS’ PO (£2).To follow the idea
from the proof of [9, Lemma 2] and to apply it to the case E = W' ? ©)(£2) we need the following embedding:

WhPO(2) — [PMO(Q2)  compactly. (27)

This embedding is not provided by Theorem 3, and, as we previously discussed, we do not have an improved embedding
theorem for open bounded sets with smooth boundary. Adding a uniform convexity assumption to (A1)-(A3), the authors
of [11] obtained a result similar to [9, Lemma 2]. However, the problem persists: the proof can be adapted to the case

of WP 0)(82) from the case W, " ”)(£2) if (27) holds. Therefore, until this difficulty is overcome, we can use neither the
mountain pass theorem nor the Ekeland principle.
And finally, we make our last comment. There exists a weak solution to the problem

N
— > 8 (%, 1) + b1 () |ulMP?u = f(x, u) + by(x) in L2,
i=1

u>0 in 2, (28)

Zai (x, Oxu) vi = g(x, u) on 92,

i=1

where £2, a;, by, 1_5 f, g satisfy Hypothesis (H) and b, € L°°(£2), b, # 0. Obviously the proof will follow the same steps as
were presented in Section 3 and the last term will not raise any problems when showing that the functional attached to
problem (28) is coercive and weakly lower semi-continuous. We direct attention to problem (28) only because, on adding
the function b,, the function u = 0 cannot be a solution, independently of the forms of f and g.
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