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ABSTRACT. We consider the nonlinear eigenvalue problem
—div (|Vu\p(z)_2Vu> = Auf?®) "2y

in Q, u = 0 on 89, where Q is a bounded open set in RN with smooth boundary
and p, q are continuous functions on Q such that 1 < infg g < infq p < supg g,
supn p < N, and q(x) < Np(z)/ (N — p(z)) for all x € Q. The main result
of this paper establishes that any A > 0 sufficiently small is an eigenvalue of
the above nonhomogeneous quasilinear problem. The proof relies on simple
variational arguments based on Ekeland’s variational principle.

1. INTRODUCTION AND PRELIMINARY RESULTS

A basic result in the elementary theory of linear partial differential equations
asserts that the spectrum of the Laplace operator in Hg () is discrete, where (2 is
a bounded open set in RV with smooth boundary. More precisely, the problem

—Au = Mu in Q,
u=20 on Of)
has an unbounded sequence of eigenvalues 0 < A\; < Ao < ... < A, < .... This

celebrated result goes back to the Riesz-Fredholm theory of self-adjoint and compact
operators on Hilbert spaces. The anisotropic case

—Au = Aa(z)u in Q,

u=20 on 0N}

was considered by Bocher [5], Hess and Kato [16], Minakshisundaram and Pleijel
[20, 22]. For instance, Minakshisundaram and Pleijel proved that the above eigen-
value problem has an unbounded sequence of positive eigenvalues if a € L>(Q),
a>0in Q, and a > 0 in Qy C Q, where [Qy| > 0. Eigenvalue problems for ho-
mogeneous quasilinear problems have been intensively studied in the last decades
(see, e.g., Anane [4] and Lindqvist [18]).

This paper is motivated by recent advances in elastic mechanics and electrorhe-
ological fluids (sometimes referred to as “smart fluids”), where some processes are
modeled by nonhomogeneous quasilinear operators (see Acerbi and Mingione [I],
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Diening [7], Halsey [15], Ruzicka [23], Zhikov [26, [27], and the references therein).
We refer mainly to the p(z)-Laplace operator A, yu := div(|Vu|P(®)=2Vu), where
p is a continuous nonconstant function. This differential operator is a natural gen-
eralization of the p-Laplace operator Ayu := div (|Vu|P~2Vu), where p > 1 is a real
constant. However, the p(x)-Laplace operator possesses more complicated nonlin-
earities than the p-Laplace operator, due to the fact that A, is not homogeneous.
Recent qualitative properties of solutions to quasilinear problems in Sobolev spaces
with variable exponent have been obtained by Alves and Souto [2], Chabrowski
and Fu [6], and Mihé&ilescu and R&dulescu [I9]. We also refer to El Hamidi [12],
where it is proved a multiplicity result for a class of symmetric systems involving
(p(z), g(x))-Laplace operators.
In this paper we are concerned with the nonhomogeneous eigenvalue problem

{ —div(|Vu[P®=2Vy) = AMu|1®) =2y, for =€,

(1.1) u =0, for x€0Q,

where Q C RY (N > 3) is a bounded domain with smooth boundary, A > 0 is a
real number, and p, ¢ are continuous on §).

The case p(z) = ¢(x) was considered by Fan, Zhang and Zhao in [14] who,
using the Ljusternik-Schnirelmann critical point theory, established the existence
of a sequence of eigenvalues. Denoting by A the set of all nonnegative eigenvalues,
Fan, Zhang and Zhao showed that sup A = 400, and they pointed out that only
under additional assumptions we have inf A > 0. We remark that for the p-Laplace
operator (corresponding to p(z) = p) we always have inf A > 0.

In this paper we study problem (I]) under the basic assumption
(1.2) 1 < ming(z) < minp(z) < max q(x).

e e ze
Our main result establishes the existence of a continuous family of eigenvalues for
problem () in a neighborhood of the origin. More precisely, we show that there
exists A* > 0 such that any A € (0, \*) is an eigenvalue for problem (LTI).

We start with some preliminary basic results on the theory of Lebesgue—Sobolev
spaces with variable exponent. For more details we refer to the book by Musielak
[21] and the papers by Edmunds et al. [8, 9, [10], Kovacik and Rékosnik [I7], and
Samko and Vakulov [24].

Assume that p € C(Q) and p(z) > 1, for all z € Q.

Set

C+(Q)={h; he C(Q), h(z) > 1forall z € Q}.
For any h € C(Q) we define

h* = sup h(z) and h™ = inf h(x).
€N e

For any p(x) € C;(Q), we define the variable exponent Lebesgue space

LP@)(Q) = {u; u is a measurable real-valued function and / lu(z)|P®) dz < co}.
Q

We define a norm, the so-called Luxemburg norm, on this space by the formula

p(w)
|up(m):inf{u>0; / ule) dx<1}.
Q

I
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We remember that the variable exponent Lebesgue spaces are separable and re-
flexive Banach spaces. If 0 < |Q] < oo and p;, py are variable exponent, so that
p1(z) < pa(x) almost everywhere in , then there exists the continuous embedding
LP2@)(Q) s LP1(*)(Q).

We denote by L? (*)(2) the conjugate space of LP(*) (Q), where 1/p(x)+1/p (z) =
1. For any u € LP®)(Q) and v € L *)(Q) the Hélder type inequality

dr| < ! !
A uv dz| < p—_ + o |U|p($)‘v‘p'(ﬂf)
holds true.

An important role in manipulating the generalized Lebesgue-Sobolev spaces
is played by the modular of the LP(*)(Q) space, which is the mapping Pp(z)
LP®)(Q) — R defined by

(1.3)

Py (1) = /Q [uP® d.

If (un,), u € LP(®)(Q), then the following relations hold true:

- +
(1'4) |u|p(w) >1 = ‘u|g(z) < pp(a:)(u) < ‘u|g(z)v
+ _
(1.5) ulp@) <1 = ‘“|z(w) < Pp(a)(u) < ‘“|Z(w)v
(1.6) [ = Ulpz)y =0 & pp)(un —u) — 0.

Next, we define I/VO1 Pl () as the closure of C§°(2) under the norm
[ull = [Vulpa).-

The space (Wol’p(m) (), ||-]) is a separable and reflexive Banach space. We note that
if s(z) € C4(Q) and s(z) < p*(z) for all z € Q, then the embedding Wy *™ (Q) —
L*®)(Q) is compact and continuous, where p*(z) = ]\I,szgg) if p(x) < N or p*(z) =
+oo if p(z) > N.

We refer to Kovacik and Rékosnik [I7] for more properties of Lebesgue and
Sobolev spaces with variable exponent.

2. THE MAIN RESULT

We say that A € R is an eigenvalue of problem (L) if there exists u €
W@ () \ {0} such that

/ |VuP®=2TuVo do — )\/ [u| 9@ =2y do = 0,
Q Q
for all v € W™ (Q). We point out that if A is an eigenvalue of problem (L)),

then the corresponding u € Wol’p(z) (Q) \ {0} is a weak solution of (LTJ).
Our main result is given by the following theorem.

Theorem 2.1. Assume that condition (L2) is fulfilled, max,gp(x) < N and

q(x) < p*(x) for all x € Q. Then there exists \* > 0 such that any A € (0, \*) is
an eigenvalue for problem (LT).
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The above result implies

/ IVulP®) da
inf 20 0.

uewy ) @)\ (0} / 1@
Q
Thus, for any positive constant C', there exists ug € WO1 P (‘r)(Q) such that

C/ || 4@ de/ Vo |P@) da.
Q Q

Let E denote the generalized Sobolev space VVD1 P (z)(Q).
For any A > 0 the energy functional corresponding to problem () is defined
as Jy 1 EF— R,

1 1
Ja(u) = —Vup(z)dx—)\/—uq(z)dx.
) = J o1 o a() "

Standard arguments imply that Jy € C*(FE,R) and
<J:\(u),v> = / |Vul|P®) 2 VuVu do — /\/ |u|?® =2y da,
Q Q

for all u, v € E. Thus the weak solutions of (IT]) coincide with the critical points
of Jy. If such an weak solution exists and is nontrivial, then the corresponding A
is an eigenvalue of problem ().

Lemma 2.2. There exists \* > 0 such that for any A € (0, \*) there exist p, a > 0
such that Jy(u) > a > 0 for any u € E with ||u]| = p.

Proof. Since q(z) < p*(z) for all z € Q it follows that E is continuously embedded
in L) (Q). So, there exists a positive constant ¢; such that

(2.1) [ulg(e) < crllull, VueE.
We fix p € (0,1) such that p < 1/¢q. Then relation ([21) implies
lulgw) <1, Yu€ E, with ||u = p.

Furthermore, relation (LX) yields

(2.2) / W1 da < [ul?, Ve E, with u] = p.
Q

Relations (1) and (22)) imply

(2.3) / w|?® de < 8 lul|?, YueE, with |jul| = p.
Q
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Taking into account relations () and ([Z3) we deduce that for any u € E with
|lu|l = p the following inequalities hold true:

1 A
J(u) > —/ Vup(x)dx——/ ul?®) dg
) > = v = [
A

1 + - -
> P — —=cf ||ul|?
er|| | i [l
1+ g
= _— — —C p
pt g !

-1 v - A g
= p <p+/’p qq_c§>.

By the above inequality we remark that if we define

t_g— -
P

(24) )\* - T —
2p cd

pt
then for any A € (0,A*) and any u € E with [Ju|| = p there exists a = 5= > 0 such
that
J)\(u) >a > 0.

The proof of Lemma is complete. O

Lemma 2.3. There exists ¢ € E such that ¢ >0, ¢ # 0 and J\(td) <0, fort >0
small enough.

Proof. Assumption ([2) implies that ¢~ < p~. Let ¢y > 0 be such that ¢~ + ¢y <
p~. On the other hand, since ¢ € C(9) it follows that there exists an open set
Qo C Q such that |g(x) — ¢7| < € for all & € Qy. Thus, we conclude that
q(z) < q 4+ €6 <p forall z € Q.

Let ¢ € C°(Q) be such that supp(¢) D Qo, ¢(z) = 1 for all + € Qy and
0 < ¢ <1in Q. Then using the above information for any ¢ € (0,1) we have

J tp(@) TP g \ ta(z) a(e) g

-
< t_/ V[P dx_i/tq(x>|¢|q(x> de
P Ja at Ja

-
tT/ Vo) dx_%/ 195 g[a(2) g
P Ja a7’ Ja,

P A td teo
[ ver do - 252 [ o
p Q q Q0

IN

IN

Therefore
IA(te) <0
for t < §1/(P” =47 —€0) with

A [ 1917 da

0<é6 in¢1
< 0 < min s fQ\V¢|p(Qf) e
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Finally, we point out that [, [V$|P(®) dz > 0. Indeed, it is clear that

/ 6]9® dir < / 16]9® di < / )7 de.
Q0 Q Q

On the other hand, W, ” (@) (Q) is continuously embedded in L? (), and thus there
exists a positive constant ¢y such that

|9lq- < cal|@]-
The last two inequalities imply that

o]l >0,
and combining that fact with relations (L)) or (LH) we deduce that

/ |Vo|P®) daz > 0.
Q
The proof of Lemma 23] is complete. O

Proof of Theorem 211 Let A* > 0 be defined as in (Z:4) and A € (0, \*). By Lemma
it follows that on the boundary of the ball centered at the origin and of radius
p in E, denoted by B,(0), we have

(2.5) inf Jy > 0.
9B,(0)

On the other hand, by Lemma 23] there exists ¢ € E such that Jy(t¢) < 0 for
all ¢ > 0 small enough. Moreover, relations (Z3)) and (IH) imply that for any
u € B,(0) we have

1 + A -
Ja(u) = FHUHP - q—_Ci] [[ull .

It follows that

—oo < c¢c:= inf Jy <O.
B,(0)

We now let 0 < e < infsp, o) Jx — infp, o) Jx. Applying Ekeland’s variational

principle to the functional Jy : B,(0) — R, we find u. € B,(0) such that

J)\(ILE) < inf Jy +e,
B,(0)

In(ue) < Ia(u) +e-flu—uell, uF ue.

Since

Ia(ue) < inf Jy+e< inf Jy+e< inf Jy,
B,(0) B,(0) 0B, (0)

we deduce that u. € B,(0). Now, we define Iy : B,(0) — R by I\(u) = Jx(u) +€-
|lu — ue||. Tt is clear that u, is a minimum point of I and thus

In(ue +t-v) — In(ue)

t
for small ¢ > 0 and any v € B;(0). The above relation yields
In(ue +t-v) — Jx(ue)

4
Letting t — 0 it follows that (J (u.),v)+e-||v]| > 0, and we infer that ||J, (u)|| < e.

>0

+e- ol = 0.
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We deduce that there exists a sequence {w,} C B,(0) such that
(2.6) Ja(wy) — ¢ and Jy(wy) — 0.

It is clear that {w,} is bounded in E. Thus, there exists w € E such that, up to a
subsequence, {w,} converges weakly to w in E. Since ¢(z) < p*(z) for all z € Q we
deduce that E is compactly embedded in L*)(Q), hence {w, } converges strongly
to w in L9 (Q). So, by relations (L) and (L3,

lim [ |w,]?® 2w, (w, —w) dz = 0.
n—oo Q

On the other hand, relation (Z.0]) yields
lim (Jy (wy), wy, — w) = 0.
n—oo

Using the above information we find

n—00

(2.7) lim [ |Vw,|P®2Vw,V(w, —w) dz = 0.
Q

Relation (27) and the fact that {w,} converges weakly to w in E enable us to
apply Theorem 3.1 in Fan and Zhang [I3] in order to obtain that {w,} converges
strongly to w in E. So, by 2.6,

(2.8) Jy(w) =¢ <0 and J;\(w) = 0.

We conclude that w is a nontrivial weak solution for problem () and thus any
A € (0, A*) is an eigenvalue of problem (L.
The proof of Theorem (2.I)) is complete. O

Let us now assume that the hypotheses of Theorem (2] are fulfilled and, fur-
thermore,

max p(z) < max g(x).
Q Q

Then, using similar arguments as in the proof of Lemma 23] we find some ¢ € E
such that

thm J)\(tlﬁ) = —0OQ.

That fact combined with Lemma and the mountain pass theorem (see [3])
implies that there exists a sequence {u,} in E such that

(2.9) Ja(up) = >0 and Jy(un) — 0in E*.

However, relation (Z3)) is not useful because we cannot show that the sequence
{un} is bounded in F since the functional Jy does not satisfy a relation of the
Ambrosetti-Rabinowitz type. This enables us to affirm that we cannot obtain a
critical point for Jy by using this method.

On the other hand, we point out that we will fail in trying to show that the
functional J) is coercive since by relation (L2) we have ¢ > p~. Thus, we cannot
apply (as in the homogeneous case) a result as Theorem 1.2 in Struwe [25] in order
to obtain a critical point of the functional .Jy.
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