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Abstract. In this paper, we are concerned with the multiplicity of solutions
for a fourth-order impulsive differential equation with Dirichlet boundary
conditions and two control parameters. Using variational methods and
a three critical points theorem, we give some new criteria to guarantee
that the impulsive problem has at least three classical solutions. We also
provide an example in order to illustrate the main abstract results of this

paper.
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1. Introduction

In this paper, we consider the fourth-order boundary value problem with two
control parameters and impulsive effects
ul)(t) + Au”(t) + Bu(t) = Mf(t,u(t)) + pg(t,u(t)), ¢ #t;, t €[0,1],
A(u”( ))_Il( ( ))a j:]-va"'vna
_A( /H( )) IJ( (]))7 J=12....n
u(0) = u(1) = u”(0) = v"(1) =0,
where A and B are two real constants, f,g : [0,1] Xx R — R are continuous,
Ilj7I2j € C(R,R) for 1 <Jg<n, 0=t <t <ty <--- <ty <tpy1 = 1, the
operator A is defined as A(u(t;)) = u(tj) — u(t; ), where u(tj) and u(t;)

denote the right and the left limits, respectively, of u at t;, and A > 0 and
1 > 0 are referred to as control parameters.

(1.1)
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Many dynamical systems describing models in applied sciences have an
impulsive dynamical behaviour due to abrupt changes at certain instants dur-
ing the evolution process. The rigorous mathematical description of these
phenomena leads to impulsive differential equations; they describe various
processes of the real world described by models that are subject to sudden
changes in their states. Essentially, impulsive differential equations correspond
to a smooth evolution that may change instantaneously or even abruptly, as
happens in various applications that describe mechanical or natural phenom-
ena. These changes correspond to impulses in the smooth system, such as for
example in the model of a mechanical clock. Impulsive differential equations
also study models in physics, population dynamics, ecology, industrial robot-
ics, biotechnology, economics, optimal control, chaos theory. Associated with
this development, a theory of impulsive differential equations has been given
extensive attention. For an introduction of the basic theory of impulsive dif-
ferential equations in R™, see [2,11,19]. Some classical tools have been used to
study such problems in the literature, such as the coincidence degree theory of
Mawhin, the method of upper and lower solutions with the monotone iterative
technique, and some fixed point theorems in cones (see [8,12,17]). Recently, the
existence and multiplicity of solutions for impulsive boundary value problems
by using variational methods and critical point theory has been considered
and here we cite the papers [14,20-24].

Motivated by the above facts, in this paper, our aim is to study the
existence of solutions for fourth-order impulsive boundary value problem (1.1).
By employing a three critical point theorem which we recall in the next section
(Theorem 2.1), we establish the exact collections of the parameters A and u,
for which problem (1.1) admits at least three solutions; see Theorem 3.1.

2. Abstract Setting

The original three critical point theorem is due to Pucci and Serrin [15,16] and
establishes that if X is a real Banach space and a function f : X — R is of
class C, satisfies the Palais-Smale condition, and has two local minima, then
f has at least three distinct critical points. This result has been extended in
the framework of problems depending on a real parameter by Ricceri [18], who
also established a precise range of the parameter that guarantees the existence
of at least three critical points.

Our main tool is a three critical point theorem that we recall here in a
convenient form. We also refer the reader to the recent papers [1,5-7,13] where
an analogous variational approach has been developed on studying different
elliptic problems.

Theorem 2.1 ([4, Theorem 3.6]). Let X be a reflexive real Banach space; ® :
X — R be a coercive, continuously Gateauz differentiable and sequentially
weakly lower semicontinuous functional whose Gateaur derivative admits a
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continuous inverse on X*; W : X — R be a continuously Gateaux differentiable
functional whose Gdteaux derivative is compact such that

®(0) =¥(0) =0.
Assume that there exist r > 0 and T € X, with r < ®(T), such that
SUPg(ay<r P(2) _ W(T).
(ar) PR < 5

N2

(ag) for each N € A, :=] ig),m[ the functional I == ® — AU is

coercive.

Then, for each N € A, the functional Iy has at least three distinct critical
points in X.

Here and in the sequel, we suppose that A and B satisfy the following
condition:

A<0<B. (2.1)
Define
Hy([0,1]) := {u € L*([0,1]) : «" € L*([0,1]), u(0) = u(1) = 0},
H?([0,1]) := {u € L*([0,1]) : u', " € L*([0,1])}.
Take X := H?([0,1]) N HZ([0,1]) and define
) 1/2

lul|x = / (Ju" ()| — Alw’ (t)|* + Blu(t)?) dt , ueX. (22
0

Since A and B satisfy (2.1), it is straightforward to verify that (2.2) defines a
norm for the Sobolev space X and this norm is equivalent to the usual norm

defined as follows:
Jul = / (o) e

It follows from (2.1) that |lu|| < ||ul|x. For the norm in C*([0, 1]),

1/2

e = mace { masc [u(®)], max. o (5)] }.

we have the following relation.

Lemma 2.2 ([24, Lemma 2.1]). Let My := 14+ 1/w. Then ||u|loco < Mil||ullx for
allue X.

Throughout the sequel, f,g : [0,1] x R — R are continuous functions,
and A > 0 and p > 0 are real parameters. Put
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¢ ¢
/f (t,z)dz and G(t,€) := /g(t,m) dx,
0 0

for all (¢,€) € [0,1] x R.

Moreover, set G¢ := fol max|¢|<. G(t,€)dt for all ¢ > 0 and G4 :=
inf{g 17x[0,q) G for all d > 0. Clearly, G° > 0 and G4 < 0.

We say that u € C([0,1]) is a classical solution of problem (1.1), if it
satisfies the equation in (1.1) a.e. on [0,1] \ {t1,%2,...,t,}, the limits u”(t+)
u"(t;)m’”(t?) and u'(t;), 1 < j < n, exist, satisfy two 1mpu181ve conditions
in (1.1) and the boundary condition «(0) = u(1) = «”(0) = «”(1) = 0.

A weak solution of problem (1.1) is a function uw € X such that the
equality

holds for all v € X.
We consider the functional I : X — R, defined by

In(u) == ®(u) — AU (u), ue€X, (2.3)
where
n o/ (t;) u(t;)
B(u) Aqmwx+§: / I (s ds+§:‘/‘@] (2.4)
Jj=1
and

1

wm:/f@mma+

0

>|=

/b@mma. (2.5)
0

It is clear that I is differentiable at any v € X and
1
Bw)e) = [ (00" (0) - Ao () + Bult)e(o)) d + Z Iy (u
0

n

1 1
+3 (' (ty) )\/f t)dt — /g(t,u(t))v(t) dt
0 0
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for any v € X. Hence, a critical point of I gives a weak solution of problem

(1.1).

Lemma 2.3 ([24, Lemma 2.2]). If u € X is a weak solution of problem (1.1),
then u is also a classical solution of problem (1.1).

We assume throughout, and without further mention, that the following
conditions hold:
(H1) Assume that {t1,ts,...,t,} C [+, 3];
(H2) Assume that there exist two positive constants k; and ks such that for
each u € X,

and

0< / I5j(s) ds < by max Ju(t).

Also put kg := 2,048( 0 44A + 147?18 B) and k3 := kg + k2. These constants
will be used in some of our hypotheses in the next section.

In conclusion, we cite a recent monograph by Kristdly et al. [10] as a
general reference on variational methods adopted here.

3. Main Result and Proof

In this section, we present our main results on the existence of at least three
classical solutions for the problem (1.1).
In order to introduce our first result, we fix ¢,d > 0 such that

k3d2 2
3/4 2l
f dt 2M1 fO max|¢|<e F(t,f) dt
and pick
k3d? 2
AEA = i 3 . ¢ (3.1)
f F(t,d) dt’ 2M7 fo max|e|<. F'(t,§) dt
Set
- 2)\M12 fl max|¢| <. F(t,&)dt kad? — )‘f3/4
0 := min K = (3:2)

2M12GC ’ Gy
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and
i) inds 1 s
= min ¢ J, _ | |
max {0, AME lim sup|e 1 oo %G(tg)}
where we read 7/0 = +oo. For instance, 0 = +oo when

. G(t,
lim supj¢|_ 4 o S]lp‘qoéilz](t@ <0and Gg=G¢=0.

With the above notations we are able to prove the following multiplicity
property.

Theorem 3.1. Assume that there exist two positive constants c,d, with ¢ <
V2koMid, such that

(A1) F(t,£) >0, for each (t,€) € ([0, 7] U [§,1]) x [0, d];
! ax g <o F(t,) dt 34 P, d) dt
(A2) Jg ma \s|§2 (tHdt 12/:3(M1d)2 :

. 5 F(t, ! me . ) d
(A3) Hmsuppe_ o0 5“%[‘29 (¢80 J de‘E'QSCQF(t‘f) i3

Then, for every X € A, where A is given by (3.1), and for every continuous
function g : [0,1] x R — R such that

. supyepo,1) G(t, €)
limsup ——————=

< 400
[€]—+o0 62 ’

there exists 0 > 0 given by (3.3) such that, for each p € [0,6), problem (1.1)
admits at least three classical solutions.

Proof. Fix A\, g and p as in the conclusion. By Lemma 2.3, it suffices to show
that the functional T defined in (2.3) has at least three critical points in X. We
prove this by verifying the conditions given in Theorem 2.1. Note that ® defined
in (2.4) is a nonnegative Géateaux differentiable, coercive, and sequentially
weakly lower semicontinuous functional, and its Gateaux derivative admits
a continuous inverse on X*. Moreover, ¥ defined in (2.5) is a continuously
Gateaux differentiable functional whose Gateaux derivative is compact. We
will verify (a;) and (ag) of Theorem 2.1.
Let w be the function defined by

64d(t® — 212 + 1), te0,1/4)
w(t) == ¢ d, te[l/4,3/4]
64d(—t3 + 942 — 2+ Tyt e (3/4,1],

and put r := % Clearly, w € X and from the condition (H2) one has
1

39 79
= - A B ) d* = kod* > .
8 1040 T 114 ) odm =T

1
B(w) > Ll = 2,048(
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Also, by using condition (A1), since 0 < w(t) < d for each ¢ € [0, 1], we infer
1

w) = /F(t,w(t))dt+

G(t,w(t)) dt

>I=
O\H

3/4 1
/F (t,d) dt—i—%/G(t,w(t))dt
1/4 0
3/4
> /F(t,d) dt+§Gd.
1/4

For all u € X satisfying ®(u) < r, by Lemma 2.2, we obtain
lull3e < ME|ull% < 2M7®(u) < 2Mir = ¢,
Therefore

SUPG () <r U(u) - fol max|e|<. F'(t,€) dt + %fol max|¢|<. G(t,§) dt

r - c?
2M?
1 :
oy o maxig < F(#, ) dt 21 G
= 2Mj =2 + 2M7 N2
From this, if G¢ = 0, we deduce that
SUD (o)< Y (1 1
41g?il§44£42 < = (3.4)

r A
while, if G¢ > 0, it turns out to be true bearing in mind that

c? — 22\ M? fol maxe|<. F(t, &) dt
2MEGe '

p<

On the other hand, taking into account (H2), we have

d
3 9 79 i
(I>(w) :2,048 <8_ 10_4414 14 - 48 ) +Z/12j($)d5
0

Jj=1

< kod? + kody = kd?,
and so,
f3/4 F(t,d)dt + Gy
fb(w) ksd?
s Pt d) dt
ksd?

p Ga
A ksd?”
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Hence, if G4 = 0, we find

S

(w

~—

> =

> =, (3.5)

=

w)
while, if G4 < 0, the same relation holds since

ksd? = X [}

Gq

Therefore, from (3.4) and (3.5), condition (a;) of Theorem 2.1 is verified.
Now, in order to prove the coercivity of the functional Iy, first we assume
that

F(t,d)dt

p<

SUP¢e(0,1] F(t,€)

lim sup > 0.
[€]—+o0 &
Therefore, fix
su F(t, ! CF(t€)dt
lim sup pte[o’li t,6) <e< Jy max‘g‘i (t,6) .
[€]—+o0 g c

From (A3), there is a function h. € L([0,1]) such that
F(t,€) < e + he(t),
for each t € [0,1] and ¢ € R. Taking (2.3) into account and since A <

2

C .
2NZ [T e e s F (.0 dt it follows that

2
AO/F(t’“(t))dt =X EO/(U(t)) dt+0/hs(t) dt
2 I o 1
= 2M2 [ ' maxej<. F(t,€) dt 50/( (t)) dt+0/he(t) dt
C2

< (eM2llul + ez oy )
2M12 fol max|g|§cF(t,§) dt ! X ) ([ ' ])

(3.6)
for each u € X. Moreover, since y < §, we obtain

Jim sup supepo,1) G(t, €) - 1
|€]—+o0 &2 47

Thus, there is a function h,, € L'([0,1]) such that

1 2
G(t,¢) < 4uM12§ + hu(t),
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for each t € [0,1] and £ € R. Thus, taking again Lemma 2.2 into account, it
follows that

1 1 1
1
< - 2
/G(t,u(t))dt_ P /(u(t)) dt—&-/hu(t)dt
0 0 0
1
< @HUH?X + [l 21 0,1)) (3.7)

for each u € X. Finally, putting together (3.6) and (3.7), we have

In(u) = ®(u) — AU (u)

CQ

2M? fol max|¢|<. F(t,&) dt

1
> §IIUH§< - (eM?[lull% + el 1 (po,1p))

1
= lullx = pllullr o,

_ 1 (1 _ c? E) ullZ — Alhell L o,1))
2\ 2 M maxe<, F(t,€) dt YoM [l maxi <. F(t, ) dt
_MHhMHLl([O,l])~
On the other hand, if
limsup Pl FLO
|| —+o00 &

there exists a function h. € L'([0,1]) such that F(t,£) < h.(t) for each t €
[0,1] and £ € R, and arguing as before we obtain

Allhell o,
2M2 [y max(e<. F(t,€)dt

1
In(u) > ZH”H%{ - — pllhull L1 jo,1))-

Both cases lead to the coercivity of Iy and condition (ag) of Theorem 2.1 is
verified.

Since, from (3.4) and (3.5),
O (w) r
U(w)’ supgyy<, ¥(u)

AeAC

)

Theorem 2.1 ensures the existence of at least three critical points for the func-
tional Iy and the proof is complete. O

The technical approach used to prove the previous result uses some ideas
from [3]. In the cited work, the existence of at least three classical solutions
for a perturbed two-point boundary value problem has been investigated un-
der suitable conditions on the potentials F' and G; see also [9], where analo-
gous variational approaches have been developed to study a perturbed mixed
boundary value problem.
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4. Particular Cases and An Example
A particular case of Theorem 3.1 is the following multiplicity property.

Theorem 4.1. Let o € L*([0,1]) be a nonnegative and non-zero function.
Further, let h : R — R be a nonnegative continuous function. Pul oy :=

f3/4 t)dt and H (¢ fo x)dx for all £ € R, and assume that there exist
two positive constants e, d, with ¢ < 16v/6M.d, such that

H(c) ag H(d) .
(Ad) =5 < 20768+ M2 el o, @

(A5) Hmsupje_4 o0 % <0.
Then, for each parameter A belonging to
A <768+k2 d? 1 c? )
’ ao  H(d) 2MZ||a| 11 (jo,1)) H(c)

and for every continuous function g : [0,1] Xx R — R such that
. supyepo,1) G(¢,€)
imsup ——————
€] —-+oo §

< 400,

there exists

5 e min { 2 2MElollz o H(e) (768 + ka)d? — AaoH(d)
T QM%GC ’ Gy

such that, for each

1

1€ |0, min ¢ 6,

. G(t, ’
max {O, 4M? lim SUP|¢| 400 Supte[ogig(t&)}

the problem
u) () = Aa(t)h(u(t)) + pg(t,u(t)), t#t;, t €[0,1],
A(u’(t;)) = L (W'(t), 7=1,2,....m,
A(u(t;)) = I (u(t;), j=1,2,...,n
u(0) = u(1) =u"(0) = u"(1) = 0,

admits at least three classical solutions.

(4.1)

A direct consequence of the previous multiplicity property reads as fol-
lows.

Corollary 4.2. Let o € L'([0,1]) be a nonnegative and non-zero function. More-
over, let h : R — R be a nonnegative (not identically zero) and continuous
function such that

lim inf —>* h() = lim h(f)

=0. 4.2
=0t & \E\—>+oo § (42)
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Then, for each

- 768 + ko i d?
ag  des H(d)’

where S :={d > 0: H(d) > 0}, the problem
ul™(t) = Aa(t)h(u(t)), t#t;, tel0,1],
Au(ty) = Ly(W'(t5),  7=1,2,....n,
—AW(t))) = Ij(ulty), J=12,...,m,
u(0) = u(1) = u”(0) = u"(1) = 0,

A

admits at least three classical solutions.

Proof. Fix X\ > % infges %. Then, there exists d > 0 such that H(d) >
52

0 and A > T88Hk)d" By yi5ing condition (4.2) we obtain

(e 75) H(E)
.. H(
e

=0.

Therefore, we can find a positive constant ¢ such that ¢ < 166 M 1d and

HE) . { a0 H(d) 1 }
—— < min == 3 :
(768 4 ko) (M1d)2" 2AMZ |||l L1 (jo,1))

C

Hence

e (768 + ke 7 1 2
a0 H(d) 2ME|allio H(E) )

All the hypotheses of Theorem 4.1 are satisfied and problem (4.1) admits at
least three distinct classical solutions. The proof is complete. 0

In conclusion we present a concrete example of application of Corollary
4.2.

Example 4.3. Consider the following problem:
ul™(t) = Ae'h(u(t), te[0,1]\ {3},
A (tr)) =2u/(t1), t1 =3,
—AW (t1)) = du(tr), t1 =3,
u(0) = u(1) = w”(0) = u"(1) = 0,
where h : R — R is defined by
h(z) := {x2, st

m—lg, |z| > 1.



382 G. A. Afrouzi et al. Results. Math.

Here, I11(s) = 2s and Iz (s) = 4s for all s € R. It is easy to verify that (H2)
is satisfied with k1 = 1 and ko = 2. Direct calculations give

hminf@ = lim £ =0,

-0t & oot
h 1
lim sup ﬁ = 1 = =0
[€] =+ g ‘5‘_’+°°§
Also we have
o .3
@ =k =?
Put a(t) = e'® for all ¢ € R. Therefore,
3/4
1
ap = / at)dt = 1—6(612 —eh).
1/4

From Corollary 4.2, for each parameter A > jﬂ{i‘i, problem (4.3) admits at
least three classical solutions. In particular, the problem

u™(t) = el%h(u(t)), te[0,1]\ {3},
A" (t)) =2u'(tr), t =3,
—A@W"(ty)) = du(ty), t =1,

u(0) = u(1) = u"(0) = u”(1) =0,

admits at least three classical solutions.
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