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Ground state solutions for quasilinear
Schrodinger equations with variable potential
and superlinear reaction

Sitong Chen, Vicentiu D. Radulescu, Xianhua Tang and Binlin Zhang

Abstract. This paper is concerned with the following quasilinear Schro-
dinger equation:

—Au+ V(z)u— %A(UZ)U =g(u), zeR"Y,

where N >3,V € C(RY,[0,00)) and ¢ € C(R,R) is superlinear at infinity.
By using variational and some new analytic techniques, we prove the above
problem admits ground state solutions under mild assumptions on V" and g.
Moreover, we establish a minimax characterization of the ground state
energy. Especially, we impose some new conditions on V' and more general
assumptions on g. For this, some new tricks are introduced to overcome
the competing effect between the quasilinear term and the superlinear
reaction. Hence our results improve and extend recent theorems in several
directions.

1. Introduction and main results

In this paper, we consider the following quasilinear Schrodinger equation:
1 2 N
(1.1) —Au+V(z)u— §A(u Ju=g(u), =zeRY,

where N >3, V: RY — R and g: R — R satisfy the following assumptions:
(V1) V € C(RY,[0,00)) and Vo := lim,| o0 V(y) > V(z) for all z € RY;
(G1) Timyj—s0 9(t)/t = 0 and limyy o0 [g(8)]/[E**" " = 05
(G2) limy,| 0 G(t)/|t]> = +oo, where G(t) = [ g(s)ds;
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(G3) there exists a constant p > 2 such that
(—00,0) and (0, 00).

This quasilinear version of the nonlinear Schrédinger equation arises in several
models of different physical phenomena, such as in the study of superfluid films in
plasma physics, in condensed matter theory, and a model of self-trapped electrons
in quadratic or hexagonal lattices, see e.g. [9], [10], [11], [14], [15]. After the work of
Poppenberg [16], equations like (1.1) have received much attention in mathematical
analysis and applications in recent years, we refer to [1], [2], [5], [7], [12], [17], [18],
[22], [25], [28] and so on.

In general, problem (1.1) has an energy functional of the form

1
D(u) = 5 /RN(l +u?) |[Vul? dz + /]RN V(z)u? dr — - G(u) dx.

is nondecreasing on both

Since ® is not well defined in general in H'(RV), we employ an argument developed
by Colin and Jeanjean [5], and make the change of variables by v = f~*(u), where f
is defined by

£(t) = ——

NSO

After the change of variables from ®, we obtain the following functional:

[0,400), f(—t)=—f(t) on (—oc,0].

(12) 100) = ¥(w) = 2(f@) =5 [ [VeP+ V@) P@]do~ [ (7)),
RN RN

Note that

(13) 0<S@ <1 SO, VieR

and

(L4 OIS fO2< <0, VieR

Under (V1) and (G1), we have I € C'(H'(RY),R), and critical points of I are
solutions of the semi-linear equation

(1.5) — Av+V(2) f(v) f'(v) = g(f(v)) f'(v), @ e€RY.

Moreover, v is a solution of (1.5) if and only if u = f(v) solves (1.1), see [5]
and [12]. A solution is called a ground state solution if its energy is minimal
among all nontrivial solutions.

A typical tool to deal with (1.5) is to use the mountain pass theorem. To
this end, one usually requires that g is superlinear near zero and super-cubic near
infinity, and satisfies the Ambrosetti-Rabinowitz type condition

(AR) there exists 4 > 4 such that g(¢)t > uG(t) > 0 for all ¢t € R.

In fact, under these conditions, it is easy to obtain a bounded (PS) sequence
for the functional I. If g further satisfies the following monotonicity condition:

(MN) g(t)/|t]® is nondecreasing for t € R\ {0},
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the authors in [26], [27], through a convenient change of variables, proved the
existence for ground state solutions of (1.1) by the Nehari manifold technique.
In [13], Liu, Wang and Wang used a minimization on a Nehari-type constraint for I
to get ground state solutions of (1.1) with g(u) = |u|?"?u for 4 < ¢ < 2 2*, their
argument does not depend on any change of variables. However, these methods
mentioned above do not work for (1.1) in the case when g(u) = |u|??u with
2 < q < 4 due to the competing effect between A(u?)u and g(u), because it is
more difficult to get a bounded (PS) sequence (or a bounded minimizing sequence
on a Nehari-type constraint) for I. Based on a constrained minimization procedure,
Ruiz and Siciliano [18] proved that (1.1) with g(u) = |u|?"2u for 2 < ¢ < 4 has a
ground state solution, if V' satisfies (V1) and

(V2') V € CH(RN,R), infgy V > 0 and t s tV+2/(NTO Y/ (11/(N+d) g is concave

on (0,00) for any z € RV,

In their arguments, the constraint is a new manifold that is defined by a con-
dition which is a combination of the Nehari equation and the Pohozaev equality
rather than Nehari manifold. Later, Wu and Wu [24] obtained a similar result by
using the change of variables, Jeanjean’s monotonicity trick [8] and the Pohozaev
identity, where V' satisfies (V1) and
(V2") V € CHRM,R), infgn V > 0, V(x) = V(|z|) and 379V V (tx) - z is nonin-

creasing on ¢ € (0, 00) for any z € RV,

We would like to point out that the strategies used in [18], [24] rely heavily
on the condition infgy V' > 0 and the algebraic form g(u) = |u|?2u, see Proposi-
tion 3.3 and Proof of Theorem 2.1 in [18], and Lemma 2.6 in [24], it is difficult to
generalize the above two results to (1.1) with a general interaction function g(u)
even for the case that g(u) = |u| = 2u + |u|?~2u, with 2 < q1 < g2 < 4.

In the present paper, we shall establish the existence of ground state solutions
for (1.1) under (G1)-(G3). To state our results, we need the following new decay
condition on V:

(V2) V € CHRM,R), the set {x € R : |[VV(x) - 2| > €} has finite Lebesgue
measure for every ¢ > 0, and one of the following cases holds:

(N—2)? N .
D) VV(z) -z <(p—-2)V(z)+ Gz forall z € RY\ {0};
(1) [ max{VV(2) - — (p — 2)V(2), 0}z < 25, where
S = infue @y oy | Vull3/|lull3--

We would like to mention that (V2) is much weaker than (V2’) and (V2”). In
fact, when g(u) = |u|P~2u with 2 < p < 4, it is easy to check that for any z € RV,
tNH2)/(NFP) 7 ((1/(N+P) ) is concave on ¢ € (0, 00)

is equivalent to

(1.6)  [(N +2)V(tx) + VV(tx) - (tz)]/t"!~2 is nonincreasing on t € (0, c0).

Moreover,
t3"PVV (tx)-x is nonincreasing on ¢ € (0, 00)
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implies that
(L.7) t>"P V(tz) is nonincreasing on t € (0, 00).

Hence we can deduce from (1.6) or (1.7) that VV(x) -z < (p — 2)V (z), see (2.14)
and Remark 1.6 for more details.
Now, we are in a position to state the first result of the present paper.

Theorem 1.1. Assume that (V1), (V2) and (G1)—(G3) hold. Then problem (1.1)
has a ground state solution with positive energy.

Next, we further provide a minimax characterization of the ground state en-
ergy. For this purpose, inspired by [18], we introduce the following monotonicity
condition on V:

(V3) V € CHRM,R), the set {x € R3 : |[VV(x) - 2| > €} has finite Lebesgue
measure for every € > 0, and t — [(N + 2)V(tz) + VV (tz) - (tz)]/tP~2 is
nonincreasing on [0, 00) for any z € RY, where p > 2 is given by (G3).

Similar to [24], Lemma 2.1, we define the Pohozaev type functional of (1.5):

Pv) = ¥ Vvl + %/ [NV (z) 4+ VV(z)-x]f*(v)dz — N G(f(v))dx
RN RN

for all v € HY(RY). It is well known that any solution v of (1.5) satisfies P(v) =0
and (I'(v), f(v)/f'(v)) = 0, where

2 v
C@ @)= [ () IV [ Ve Ao

(1.8)
- [ o) o) da.

Motivated by this fact, we define a new functional on H'(RM):

J(v) = (I'(v), f(0)/ f'(v)) + P(v)

o E v 2 & U2 xT
=5 Iv |\2+/RN1+f2(v)lv *d
1.9
(19) +%/ (N +2)V(2) + VV(x) - 2] f2(v) da
RN

- [ Ja( @) 1) + NG( (@) o
and define the Nehari-Pohozaev manifold of I by
M = {ve H'(RY)\ {0} : J(v) =0} .

Then every non-trivial solution of (1.5) is contained in M. Our second main result
is as follows.
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Theorem 1.2. Assume that (V1), (V3) and (G1)—(G3) hold. Then problem (1.1)
has a ground state solution u = f(v) € HY(RY) such that

I(v)=infI = inf max I (vg) > 0,
M weHI RN)\[0} 150

where vi(x) = f~Htf(v(t"1x)).
Applying Theorem 1.2 to the “limit equation” of (1.1),
1
(1.10) — Au+ Vou — iA(UQ)u =g(u), z€RY,
we have the following corollary.

Corollary 1.3. Assume that (G1)—(G3) hold. Then problem (1.10) has a ground
state solution u™ = f(v>°) € H*(RYN) such that

=) = /g[lofo = veHl%]%If\;)\{o} rg1>a§( =) >0,
where
(L11) () = %/RN Vol + Ve f2(v)] dz — /RN G(f(v)dz, Voe H'(RY),
o ﬂ 2 (v) ol da N +2 Y
1) 1= = 51w+ [ s+ T v il
- [ s E)0)+ NG e, Vo e H'RY)
and
(1.13) M= {ve H' (RY)\ {0} : J®(v) = 0}.

Remark 1.4. The results in [18], [24] are special cases of Theorems 1.1 and 1.2
as the function g(u) = |u|?"2u with 2 < ¢ < 4 satisfies (G1)—(G3) with p = ¢, and
(V2') or (V2”) implies (V2) and (V3). Therefore, our results extend and improve
the previous results for (1.1) and other related results in the literature.

Remark 1.5. There are many functions satisfying (G1)—(G3); for example,
(i) g(t) = alt|7 =2t + b|t|92~2¢ satisfies (G1)—(G3) with p = ¢1, where a € R,
b>0and 2 < q < g2 <4

(i) g(t) = rldlyy satisfies (G1)~(G3) with p = 5/2.

There are also many functions which satisfy (V1)-(V3). For example,

V(z) = witha > b >0 and § >0

b
|z|? +1
satisfies (V1)-(V3) for any p > 2. In particular, (V1) and (V2) are satisfied by
many non-monotonic functions, for example,
bsin? |z|?

V(z)=a-
@) ==L
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with (p —2)a > 2b> 0 and (p —2)a — (p+4)b+ (N —2)2/2 > 0; or
bsin? |z|°
|8 +1

with 8 >0, (p —2)a > bS8 > 0, and (p — 2)(a — b) — 3b5 > 0.

Viz)=a

Remark 1.6. For readers’ convenience, we give the proof of (1.7). If t3=P V'V (tx)-x
is nonincreasing on ¢ € (0, 00), then

% [PV (tz)] = 2 —p)t'" PV (te) + 2P VV (tz) -z

t
=(2—p) tlfp/ P33P VYV (sx) - xds + 2P VV (tz) -z
0

t
<(2-p)tt PPV (ta) - m/ P73 ds + 2P VV (tz) -z = 0.
0

This shows that (1.7) holds.

To prove Theorem 1.1, we will use Jeanjean’s monotonicity trick [8], that is
an approximation procedure to obtain a bounded (PS)-sequence for I, instead of
starting directly from an arbitrary (PS)-sequence. Below we give a sketch of the
proof of this result.

Firstly, for A € [1/2,1] we consider a family of functionals I,: H'(RY) — R
defined by I(v) = A(v) — AB(v) with

1
Aw) =5 [ 907+ (V@) 42020 doe Blo) = [ (60 +ar*0)] da.
R R
where a > 0 is a constant satisfying G(t) + at? > 0 for all ¢ € R (the constant a
can be found easily under (G1) and (G2)). For simplicity and without loss of
generality, we assume that ¢ = 0 here. Then

(1.14) Iy(v) = %/RN (|V7J|2+V(a:)f2(v))da:—/\/ G(f(v))dz, Yve H'(RN).

RN

These functionals have a mountain pass geometry, and denoting the corresponding
mountain pass levels by ¢). Moreover, in view of Jeanjean’s monotonicity theorem,
I, has a bounded (PS)-sequence {v,(\)} € H*(RY) at level ¢, for almost every
Ae(1/2,1].

Secondly, we use the global compactness lemma to show that the bounded
sequence {v,(\)} converges weakly to a nontrivial critical point of Iy. To do that,
we have to establish the following strict inequality:

(1.15) cx < inf I5°,
K

where I5° is the associated limited functional defined by

(1.16) If(v)zé/ (IVo]? + Voo f2(v)) dz — A | G(f(v))dz, YveH'(RY)
RN RN

and K§° := {w € H'(RN)\ {0} : (I°) (w) = 0}.
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A classical way to show (1.15) is to find a positive function w$® € K$° such
that I5°(wS®) = inficge I3° when nonconstant potential V(z) < V... However, it
seems to be impossible to obtain this w§® mentioned above only under (G1)—(G3).
So the usual arguments cannot be applied here to obtain (1.15). To overcome
this difficulty, we follow a strategy introduced in [20] where semilinear Schrodinger
equations were studied. However, we have to face some new difficulties caused
by the change of variables by v = f~!(u). These difficulties enforce the imple-
mentation of new ideas and techniques. More precisely, we first make the scaling
ve(z) = f~H(tf(v(t~12))) and show that there exists 9> such that
(1.17) v e M™®, I®(0®) = J&lf 1]
then by using the translation invariance for v>° and the crucial inequality

1 _ tN+P

1
I (v) + 5 H(t,v)
(see Lemma 3.2) and some new analytic techniques (see Lemma 3.4), we can find
A €[1/2,1) such that

(1.19) e <mS = inf I3°, VA€ (A1],
M

where H(t,v) > H(1,v) =0 for t # 0 and v # 0 (see (2.4)),
M3 = {ve H'(RY)\ {0} : J3°(v) = ((I5°)'(v), F(v) /' (v)) + P3°(v) = 0},

and P°(v) = 0 is the corresponding Pohozave type identity. In particular, any
information on sign of v°° is not required in our arguments.

Finally, we choose two sequences {\,} C (A, 1] and {vy,} € H*(RY)\ {0} such
that A\, — L and I} (v»,) = 0, by using (1.19) and the global compactness lemma,
we get a nontrivial critical point @ of the functional 1.

We would like to mention that a crucial step in the proof of Theorem 1.1 is
to prove (1.17), which is a corollary of Theorem 1.2. Inspired of [4], [19], [21], we
shall prove Theorem 1.2 following this scheme:

Step i). We verify M # () and establish the minimax characterization of m :=
infpaq I > 0.
Step ii). We prove that m is achieved.
Step iii). We show that the minimizer of I on M is a critical point.
More precisely, in step i), we first establish the key inequality
Lt o+ L H@), Yoe HUR)\ {0}, ¢ > 0
N +p 2 T ’

in Lemma 2.2; then we construct a saddle point structure with respect to the fibre
{vg : t > 0} € HYRY) for v € HY(RYN) \ {0}, see Lemma 2.4, finally based on
these constructions we obtain the minimax characterization of m, see Lemma 2.5.
In step ii), we first choose a minimizing sequence {v,} of I on M, and show that
{v,} is bounded in H*(RY), then with the help of the key inequality (1.20) and a
concentration-compactness argument, we prove that there exist o € H'(RY)\ {0}

(1.20)  I(v) > I(v) +
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and ¢ > 0 such that v, — 9 in H'(RN) up to translations and extraction of a
subsequence, and 9; € M is a minimizer of inf v I, see Lemmas 2.9 and 2.10. This
step is most difficult since there are no global compactness and any information
on I'(v,). To finish step iii), inspired by Lemma 2.13 in [20], we use the key
inequality (1.20), the deformation lemma and intermediary theorem for continu-
ous functions, which overcome the difficulty that M may not be a C!'-manifold
of H'(RY) due to the lack of the smoothness of g, see Lemma 2.11.

Throughout the paper we make use of the following notations:

e H'(RY) denotes the usual Sobolev space equipped with the inner product
and norm

(u,v):/ (Vu - Vo +uv)de, ||ul| = (u,u)"?, Yu,ve H'(RY).
]RN

e L*(RM)(1 < s < c0) denotes the Lebesgue space with the norm ||uls =
(Jew lul* d) /",

e For any v € HY(RN)\ {0}, vi(x) = f~1(tf(v(t 1)) for t > 0.

e Forany x € RN and r > 0, B.(z) :={y e RN : |y —z| < r}.

e (1,C5,... denote positive constants possibly different in different places.

Under (V1), there exists 79 > 0 such that
(1.21) Yo [Jul* < / [[Vul® + V(z)u?] d.
RN

Under (G1), (1.3) and (1.4), for any & > 0 and some g € (2,2*), there exists C. > 0
such that

(1.22) /RN lg(f () [ +1G(f(v))]] dz

<e[lf@I3 + llv

] +C v, Yve HY(RY).

The rest of the paper is organized as follows. In Section 2, we study the exis-
tence of ground state solutions for (1.1) by using the Nehari-PohoZzaev manifold M,
and give the proof of Theorem 1.2. In Section 3, based on Jeanjean’s monotonicity
trick, we consider the existence of ground state solutions for (1.1), and complete
the proof of Theorem 1.1.

2. Proof of Theorem 1.2

Lemma 2.1. Assume that (V1), (V3), (G1) and (G3) hold. Then, for all t > 0,
z eRY,

1 _ tN+p

(21) ha(t,z) = V(2) = "2V (tx) - N

[(N+2)V(z)+VV(z)- z] >0,
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and for allt >0, T € R,
1— tN+p

(2.2) ho(t,7) := tNG(tT) — G(1) + N1

lg(T) T+ NG(7)] = 0

Proof. For any x € RV, by (V3), we have

%hl(t,x) = Ntp-l [(N +2)V(z)+VV(z) -z —

>0, t=>1,
<0, 0<t<l,

(N +2)V(tx) + VV(tz) - (tx)
=2

which, together with the continuity of hi (¢, x) on ¢, implies that hy (¢, ) > hi(1,2)
=0 forall t > 0 and z € RV, i.e, (2.1) holds. It is easy to see that ha(t,0) > 0
for all t > 0. For 7 # 0, by (G3), we have

g(tT)tr+ NG(tr) g(T)T—FNG(T)} {> 0, t>1,

d _ Ntp-1ppp
et =t 7] [ e - BB <0, 0<t<l,

which, together with the continuity of ho(t,7) on ¢, implies that ho(t,7) >ho(1,7)
=0 forall t >0 and 7 € R\ {0}. This shows that (2.2) holds. O

For t > 0 and v € H(RY), we let

N 2£2(, _N+p 2(,
(23) Hlfyw) = /]RN Hl_t (11:;2{05 ))}—1Nt+p [N+124{f(2()v

)] }|Vv|2dx.

It is easy to check that
(2.4) H(t,v) > H(1,v) =0, Vte[0,1)U(1,00), ve H(RY)\ {0}.

Indeed, by a simple calculation, one has

d _ _

e ) =t l{tQ(t” 2= 1) [N][Vol3 +2([Voll3 = [V f()]3)]
+ N =1 [[Vf)3},

which, together with

(2.5) [Volla > [V f(0)]l2,  Vve HY(RY),

implies that (2.4) holds.
Inspired by [3], [4], we establish the following inequality.

Lemma 2.2. Assume that (V1), (V3), (G1) and (G3) hold. Then

1_tN+pJ()+1H(t ), Yoe HYRY)\ {0}, t>0
N+ip v 3 , V), v , .

Proof. Since vy(x) = f=1(tf(v(t'x))), then f(vi(x)) = tf(v(t~'x)). Note that
(2.7)

N Q22
I(vt):%/RN%WUF dm+t

(26)  I(v) = I(v) +

N+2 9 N
. /R V) P)dr -V [ 6(efw)dr.

RN
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Thus, it follows from (1.2), (1.9), (2.7) and the definitions of h; and hsy that
I(v) = I(vr)

N 2 r2
= vel3 -5 /RN %Nm?dm + /RN V(&) — N2V (t)] £2(v) de

+/ [tNG(tf(v) - G(f(v))] da
RN

1_tN+;D N 2
- {7|VUH§+/ 70190 da
R

N+p ~ 1+ f2(v)
+ %/RN[(N +2)V(z) + VV(x) - 2] f*(v) dw
- N o [g(f()f(v) + NG(f(v))] dx}
1 N1+ £2f2 ()] 1tV 212 (v)
+§/RN{|:1_ 1+ f2(v) ]_ N+p [N+1+f2(v)]}|Vv|2dx

1 ) 1 — ¢N+p ,
* §/RN{V(”C) — NV (t) — vy (VHDV(@) + V(@) }f (v) dz

1 —tN+p
N+p

+ [ (e - ctrw) + (90 () (0) + NG(/ ()]} d

L s Y+ 2 [ o) ) dx+/ ho(t, f(v)) da
N+p 2 ’ 2 RN ’ RN ’
1 — Nt 1 .
> N1p J(v)+§H(t,v), Voe H'(RY), t>0.
As desired. O

From Lemma 2.2, we have the following corollary.
Corollary 2.3. Assume that (V1), (V3), (G1) and (G3) hold. Then, for v e M,
(2.8) I(v) = max I(vy).

Lemma 2.4. Assume that (V1), (V3) and (G1)-(G3) hold. Then for any v €
HY(RN)\ {0}, there exists a unique t, > 0 such that v,, € M.

Proof. Let v € H'(R™)\ {0} be fixed and define a function (t) := I(v;) on (0,00).
Clearly, by (1.9) and (2.7), we have

e NNt 1+ f%(v) 2 N1 f*(v) 2
t)y=0 & 5 /RN T+ 72(0) [Vo|*dz + ¢ /H%N1+f2(v)|Vv| dz

N+
+ 5 / [(N +2)V(tz) + VV (tz) - (tx)] f2(v) dz
RN

— /RN l9(tf (W)t f(v) + NG(tf(v))] dw =0
(2.9) & J)=0 & neM



GROUND STATE SOLUTIONS FOR QUASILINEAR SCHRODINGER EQUATIONS 1559

It is easy to verify, using (V1), (V3), (1.22) and (2.7), that lim;_,o () = 0, {(¢) > 0
for t > 0 small and ¢(t) < 0 for ¢ large. Therefore max;c(g,o0) ¢(t) is achieved at
some t, > 0 so that ¢'(t,) = 0 and v, € M.

Next we claim that ¢, is unique for any v € HY(RY)\ {0}. In fact, for some
v € HYRN)\ {0}, if there exist two positive constants ¢; # to such that v, , vy, €
M, ie., J(v,) = J(vy,) =0, then (2.4) and (2.6) imply

N+p N—+p
tl — t2

N
(N +p)ty P
té\fﬂo _ tiVer

I(Uh) > I(UtQ) + ‘](vh) = I(UtQ)

> I(Uh) + J(vtz) = I(Uh)'

(N +p)ty 7
This contradiction shows that ¢, > 0 is unique for any v € HY(R™) \ {0}. O

From Corollary 2.3 and Lemma 2.4, we have M # ) and the following lemma.
Lemma 2.5. Assume that (V1), (V3) and (G1)—(G3) hold. Then

inf I(v)=m= inf max I(vy).
veM veHY(RN)\{0} ¢>0

Lemma 2.6. Assume that V satisfies (V1) and (V3). Then there exists y1 > 0
such that

N
(2.10) E||Vu||§ +/ [(N+2)V(z)+VV(2) - z]u®dz > v |ul?, Yue H'(RY).
RN
Proof. Arguing as in the proof of Lemma 3.8 in [21], we can obtain the above

conclusion. O

Lemma 2.7. Assume that (V1), (V3) and (G1)—(G3) hold. Then
(i) there exists pg > 0 such that ||[Vov|2 > po for all v € M;

(ii) m =infy I > 0.

Proof. (i). Since J(v) =0 for v € M, by (G1), (1.3), (1.4), (1.9), (2.5), (2.10) and
the Sobolev embedding inequality, one has

N g
Lol + D)

IN

TIVe+ FIVA@IE+5 [ [N +2V(@) + VV(a) - alf(0) da

N f2(v)

—|IVv||? / 2 |Vol?d

2” 'U||2+ RN1+f2(U)| U| €
1

+7/ (N +2)V(2) + VV(2) - 2]f*(v) d
RN

IA

2

o*
2%

= [ U@ 1@ + NGl ds < Z0)13 +Call

(211) < D@ +CiS 2V, Voe M,
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which implies

N \(N-2)/a
(2.12) Vol > ( ) SN/ — 0 Yo e M.

= \ic;
(ii). Note that

10) = 575570 = 5 1701+ 5 IV )13
) o= 2V @) = V(@) 2 P do
(213) 5 L )W)~ sG] de, Vo e HIRY).
By (2.1) and (2.2), one has
(2.14) (p—2)V(z)-=VV(x) x>0, VrecRY
and
(2.15) g(t)t—pG(t) >0, VteR.

Since J(v) = 0 for v € M, then it follows from (2.12), (2.13), (2.14) and (2.15)
that

1 p—2 9 p—2 9
Iv)=1v)— —— J(v) > —— D — v .
(’U) (U) N+p (U) = 2(N—|—p)”vv||2 = 2(N+p) Po> veM
This shows that m = inf I > 0. O

The following lemma is a known result which can be proved by a standard
argument.

Lemma 2.8. Assume that (V1), (V3), (G1) and (G2) hold. If v, — v in H'(R"N),
then

I(v,) =I(®)+ I(v, —0)+o0(1) and J(v,)=J(®)+ J(v, — )+ o(1).
Lemma 2.9. Assume that (V1), (V3) and (G1)—(G3) hold. Then m> > m.

Proof. Since V(x) = V. satisfies (V1) and (V3), the conclusions for I in this
section are true for I°°. By Lemma 2.4, we have M*> # (). Arguing indirectly, we
assume that m > m®°. Let € := m — m®. Then there exists v2° such that

(2.16) v €M™ and m> + g > I°°(vZ°).

In view of Lemma 2.4, there exists ¢ > 0 such that (v°),. € M. Since Vy > V(z)
for all € RV it follows from (1.2), (1.11), (2.16) and Corollary 2.3 that

3
M 4 = > IF (W) 2 I((),,) 2 L(0);,) > m=m™ +e.

This contradiction shows that m> > m. d

Lemma 2.10. Assume that (V1), (V3) and (G1)—(G3) hold. Then m is achieved.
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Proof. In view of Lemmas 2.4 and 2.7, we have M # () and m > 0. Let {v,} C M
be such that I(v,) — m. Since J(v,) = 0, then it follows from (2.13), (2.14)
and (2.15) that

Mt 0(1) = 1(0) = I(0n) — 5 T(va) > 52" [V .

N+p (N +p)

This shows that {||Vvy,||2} is bounded. In view of (2.11), we have
’}/1 _o* *
7 I @n)l? < C1872 2|V,

which implies {||f(vy)||} is bounded. Then it follows from (1.3), (1.4) and the
Sobolev embedding inequality that

/ vidx:/ vidx—i—/ v2 dx
RN |v,|<1 [vn|>1

@17 <G [ [fonfdes [ ol de < Collfn) 34570
[vn |<1 RN

Hence, {v,} is bounded in H'(R"). Passing to a subsequence, we have v,, — v in
HYRN), v, = vin L (RY) for 2 < s < 2* and v, — ¥ a.e. in RY. There are
two possible cases: 1) v = 0, and ii) © # 0.

Casei). v =0, 1i.e., v, = 0in H*(RY). Then v, — 0in L; (RY) for2 < s < 2*
and v, — 0 a.e. in RY. By (V1) and (V3), it is easy to show that

(2.18) lim Voo — V()] f2(vn) dz = lim VV(z) -z f*(v,)de = 0.

n—oo RN n—oo RN

By (1.2), (1.9), (1.11), (1.12) and (2.18), one can get
(2.19) I°(v,) = m, J®(v,) — 0.

From (1.4), (1.22), (2.5), (2.10) and (2.12), one has

N 8!
T+ S Il

A

TIT0 I+ FIV I+ 5 [ (N +2)V(@) + TV (@) -2l (o) da

IN

N 2 f2(vn) 2
Vo, _J ) d
FIv0l+ [ TP e

+ % /RN[(N +2)V(z) + VV(z) - 2| f(v,) dz

= [ @) ) + NG @) da

(2.20) < (14 N)e (|f (W)l + l[vn

3) + (14 N)C: va 2.
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Using (2.20) and Lions’ concentration compactness principle Lemma 1.21 in [23],
we can prove that there exist § > 0 and {y,, } C RY such that fBl(y ) |2 da > 4.

Let 0, (2) = v (2 + yn). Then [|0,]| = |lva|l, and by (2.19), one has
(2.21) J*®(0,) = o(1), I®(d,) — m, / || % dav > 0.
B1(0)

Therefore, there exists © € H*(RY) \ {0} such that, passing to a subsequence,

Op — 0, in HY(RVN),
(2.22) o — 9, in L{ (RY), Vs € [1,2%),

loc
Op — 0, a.e. on RV,

Let w,, = ¥, — 0. Then (2.22) and Lemma 2.8 yield
(2.23) I*®(0p,) = I(0) + I®(wy) + o(1), J®(0n) = J=(0) + J=(wy) + o(1).

Let

(2.24) T (v) := I (v) — N;er J®(), Yve HYRY).

From (1.2), (1.9), (2.21), (2.23) and (2.24), one has

(2.25) U (wy,) =m — U (0) +o(l), J®(w,)=—J%)+o(1).

If there exists a subsequence {wy,, } of {w,} such that w,, = 0, then we have
(2.26) I°°(0) =m, J>(0)=0.

Next, we assume that w,, # 0. We claim that J*>°(¢) < 0. Otherwise, if J*>°(?) > 0,
then (2.25) implies J*°(w,,) < 0 for large n. Applying Lemma 2.4 to I°°, there
exists t,, > 0 such that (wy,):, € M for large n. Applying Lemma 2.2 to I*°,
from (1.11), (1.12), (2.4), (2.24), (2.25) and Lemma 2.9, we derive

1

tN+p
> I ((wn)t,) — J\/1'1+p J*(wy) > m™> >m,

which is a contradiction due to U>°(%) > 0. This shows that J°° () < 0. Applying
Lemmas 2.2 and 2.4 to I®°, there exists to, > 0 such that 0, € M, more-
over, it follows from (1.11), (1.12), (2.4), (2.15), (2.21), (2.24), Fatou’s lemma and
Lemma 2.9 that

1 1
— 05 > () —

tN+p
_ >

N+p
which implies (2.26) holds also.

m= lim [100(@”) T (%)

n—oo

J*(0) =2 m™ =m,

> I (y,,)
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In view of Lemma 2.4, there exists ¢ > 0 such that ; € M. Applying Corol-
lary 2.3 to I*°, we deduce from (V1), (1.2), (1.11) and (2.26) that
m < I(0;) < I®(0;) < I°(0) = m.
This shows that m is achieved at 9; € M.

Case ii). ¥ # 0. In this case, analogous to the proof of (2.26), by using I and .J
instead of I°° and J°°, we can deduce that I(7) = m and J(7) = 0. O

Lemma 2.11. Assume that (V1), (V3) and (G1)—~(G3) hold. If v € M and

I(v) =m, then v is a critical point of I.

Proof. From (G1), (G2), (1.9) and (2.9), we can deduce that there exist 71 € (0, 1)
and Ty € (1,00) such that J(op,) > 0 and J(vp,) < 0. Similar to the proof of
Lemma 2.15 in [20], we can prove this lemma by using

1 1
I(o) < I(0) = 5 H(t,0) =m = H(t,0), ¥t>0,

1 1 0
and s::min{ZH(Tl,@),ZH(TQ,@)J,%}. O

Proof of Theorem 1.2. In view of Lemmas 2.5, 2.10 and 2.11, there exists v € M
such that

N - . 1=\
I(v) =m= vengﬁffv)\{o} max I(v), I'(v)=0.

This shows that ¥ is a ground state solution of (1.1) such that I(¢)=inf I>0. O

3. Proof of Theorem 1.1

In this section, we give the proof of Theorem 1.1.

Proposition 3.1 ([8]). Let X be a Banach space and let K C RY be an interval.
We consider a family {Ix}xex of Ct-functional on X of the form

Ih(u) = A(u) — AB(u), VYAeK,
where B(u) > 0, Yu € X, and such that either A(u) — 400 or B(u) — 400, as

|[u|| = co. We assume that there are two points vi,ve in X such that

(3.1) ey = ;Ielfl; tren[aai(] Ih(y(t)) > max{Zx(v1),Zr(v2)},

where

I'={y e C([0,1], X) : 7(0) = v1,7(1) = v2}.
Then, for almost every X\ € K, there is a bounded (PS)CA sequence for Iy, that is,
there exists a sequence such that

i) {un(\)} is bounded in X ;
11) .’Z)\(Un()\)) — C)\
iit) Z4 (un (X)) = 0 in X*, where X* is the dual of X.

Moreover, ¢y is nonincreasing and left continuous on X € [1/2,1].
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If I (v) = 0, then v satisfies the Pohozaev identity
N-=-2 1
PA(U)::—HVUH%—&——/ [NV (2)+VV (z)-z] f2(v)de—NX [ G(f(v))dz=0,
2 2 RN RN
where Iy (v) is defined by (1.14). For A € [1/2,1] and v € H'(RY), we set J)(v) =
(I5(v), f(v)/f'(v)) + Pa(v), then

B)=" 10l + /N %mﬁdx+%/RN[(N+2)V(x)+VV(m).x]f‘Z(v)dx

62 =x [ B(E)@)+ NG dn
Correspondingly, for A € [1/2,1] and v € H*(RY) we define
N ) N2
R = IVl + [ s e+ S v )1
A s )10 + NG ()] do
]RN
Set
(3.3) M = {ve HYRM)\ {0} : J°(v) =0}, mS° := ,nf I%°(v).

By (2.3) and Lemma 2.2, we have the following lemma.
Lemma 3.2. Assume that (G1) and (G3) hold. Then

1 —tN+p
(3.4) I°(v) > IS (vy) + N1y I (v) + 2H(t v), VYve HYRYN), t>0.
In view of Theorem 1.1, I?° = I*° has a minimizer v>° # 0 on M = M, i.e
(3.5) v e M, (IT)(v™®) =0 and m¥P = I7°(v>),

where mg° is defined by (3.3). Since (1.10) is autonomous, V € C(RY,R) and
V(z) < Vi but V(x) # Vi, then there exist z € RY and 7 > 0 such that

(3.6) Voo = V(x) >0, [v°(@)] >0 ae |z—2 <T.
Lemma 3.3. Assume that (V1), (V2) and (G1)—(G3) hold. Then
(i) there exists T > 0, independent of A, such that I ((v>°)r) < 0 for all X €

[1/2,1];
(ii) there exists a positive constant kg, independent of X, such that for all A €
[1/2,1],
ey := inf max I\(v(t)) > ko > max {Ix(0), I ((v*°)7)},
v€l' t€[0,1]
where

D= {yec(o,1, H'(RY)) : 4(0) = 0,7(1) = (v*)r} ;
(ili) ex and m3® is non-increasing on A € [1/2,1];

(iv) limsupy_,,, cx = ¢, for Ao € (1/2,1].
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The proof of Lemma 3.3 is standard, so we omit it.

Lemma 3.4. Assume that (V1), (V2) and (G1)-(G3) hold. Then there exists
A€ [1/2,1) such that cx < mS for X € (A, 1].

Proof. Tt is easy to check that Iy ((v°°);) is continuous on ¢ € (0, 00). Hence for any
A € [1/2,1], we can choose t € (0, T') such that I ((v>), ) =maxyeco,r) Ix ((v°)¢).
Set
v , fort>0,
Yo(t) = { (%))

0, for t = 0.
Then 7o € I', where I is defined by Lemma 3.3 (ii). Moreover,
3.7 I ((v™> = I t)) > ca.
(3.7 V(@)1 = max I ((0) = o

Using (2.15), it is easy to check that the function G(t)/t[t|P~! is nondecreasing on
both ¢t € (—00,0) and (0, +00). Since ¢y € (0,7T), then we have

Gt (v™)) _ GTS(®)

(3.8)

& - Tr
Let
(3.9) Co = min{37/8(1 + |z|), 1/4}.
Then it follows from (3.6) and (3.9) that
(3.10) |m—i‘|§§ and s € [1—Co, 1+ Co] = |sz — 2| < 7.
Let

N max{l 4= )M mingen—¢o11¢o) San Voo = V(s2)] f2(v%) du
' 2’ 2TN [on G(Tf(v>)) da '
- min {H (1 — (o, v>°), H(1 + CO,U‘X’)}}
2TN [on G(Tf(v>)) dz '
Then it follows from (2.4), (3.6) and (3.10) that 1/2 < XA < 1. We have two cases
to distinguish:
Case i). ty € [1—Co, 1+ Co). From (1.14), (1.16), (3.4)~(3.8), (3.10), (3.11) and

Lemma 3.3 (iv), we have

m > ms = IP(v™®) > I (v™°),,)

= D)) ~0=N8 [ G e+

(3.11)

N+2
t>\

/ Ve — V(tx2)] f2(0°) dz
RN

>cen—(1-=NTY [ G(Tf(v™®))ds

RN
_ N +2
+ (1470) min /]RN Voo — V(sz)] f2(v™°) dx

2 s€[1—Co,14+Co]
>cy, VAE (5\7 1]
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Case ii). ¢ty € (0,1 — o) U (1 + ¢o,T). From (V1), (1.3), (1.14), (1.16), (3.4),
(3.5), (3.7), (3.11) and Lemma 3.3 (iii), we have

1
m3 2 my” = I (%) 2 17 ((0%)e) + 5 H (s, v™)

= D)) = (=N [ Gl da
ti\/'+2

T

/ Voo — V(taz)]f2(v*°) dz + %H(t)\,voo)
RN

>y — (1—)\)TN G(Tf(v>))dx + %min {H(1—{p,v™), H(1 + (o, v™)}
]RN

>cy, Ve (A
In both cases, we obtain that ¢y < m$° for A € (A, 1]. O

Lemma 3.5 (Lemma 3.3 in [6]). Assume that (V1), (V2) and (G1)—(G3) hold.
Let {v,} be a bounded (PS) sequence for Iy, for X € [1/2,1]. Then there exist a
subsequence of {v,}, still denoted by {v,}, an integer | € NU{0}, a sequence {y*}
and w* € HY(RYN) for 1 < k <1, such that

(1) vy, — vo with I§(ve) = 0;
(ii) w* # 0 and (I$°) (wk) =0 for 1 <k <;
(i) [Jon —vo = Xjey 0" (- + )| = 03
(iv) In(va) — In(vo) + X', I3 (w');
where we agree that in the case | = 0 the above holds without w".

Lemma 3.6. Assume that (V1), (V2) and (G1)-(G3) hold. Then for almost every
A € (A, 1], there exists vy € HY(RN)\ {0} such that

I;\(U)\) :O7 I,\(UA) = C).

Proof. Under (V1), (V2) and (G1)-(G3), Lemma 3.3 implies that I)(v) satisfies
the assumptions of Proposition 3.1 with X = H*(RN), K = [\, 1] and Zy = I,. So
for almost every A € (), 1], there exists a bounded sequence {v,(\)} C H*(RY)
(for simplicity, we denote the sequence by {v,} instead of {v,,(\)}) such that

In(vy) = x>0, Ii(v,) — 0.

By Lemma 3.5, there exist a subsequence of {v,}, still denoted by {v,}, and
vy € HY(RY), an integer [ € NU {0}, and w',...,w! € HY(RY)\ {0} such that

(3.12) v, — vy in HY(RY),  I{(vs) =0,

(3.13) (I2) (wh) = 0, IP(w*) >m, 1<k<L,
l

(3.14) and ¢y = I(va) + foo(wk).

k=1
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Since ||v,|| - 0, we deduce from (3.13) and (3.14) that if vy =0 then I > 1 and

l
C)\—I)\U)\ +ZI/\ >m)\,
k=1
which contradicts with Lemma 3.4. Thus vy # 0. Since Ii(vx) = 0, then we

have Jy(va) = (L4 (va), f(vr)/f (vr)) + Pa(va) = 0. It follows from (1.14), (2.15)
and (3.2) that

1
I)\('U)\) = I)\(U)\) — m J)\(U)\)
p—2 2 1 2
> _ Y2 -
> B T+ g ISR

(3.15) ! / WV ()2 — (p— 2V ()] f2(0n) da.

B 2(N+p) RN

If Case (I) of (V2) holds, then it follows from Hardy’s inequality that
(3.16)

[V -2t e s S5 [ LD

2 Ry |7

2 4o < 219 0l
If Case (II) of (V2) holds, then it follows from Sobolev’s embedding inequality that
/RN [VV(2) - = (p = 2)V(2)]f*(vr) da
< (/RN Imax{[VV (z) -z — (p — 2)V(z)], O}IN/Q dx) 2/N

(N=2)/N
. 2N/(N-2)
([, o0 dr)

_ [Imax{{VV(z) -2 — (p = 2)V(@)}, 0}ll/2
- S
Thus, from (3.15) and (3.16) or (3.17), we deduce

(3.17) IVF (a3 < 2V F(ua)]3-

(3.18) In(vy) > IVoall3 > 0.

- 2(N+ )
By (3.13), (3.14) and (3.18), we have

l

ex = In(vy) + Zlfo(wk) > Im3°,
k=1

which, together with Lemma 3.4, implies that [ = 0 and I (vy) = ¢x. O

Lemma 3.7. Assume that (V1), (V2) and (G1)—(G3) hold. Then there exists
v € HY(RN)\ {0} such that

(3.19) I'(v) =0, 0<I(v)=c.
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Proof. In view of Lemma 3.3 (iv) and Lemma 3.6, there exist two sequences {\, } C
A\, 1] and {vy,} € HY(RY)\ {0}, denoted by {v,}, such that

An =1, ey, =, IS\” (vn) =0, 0<1y, (Un) = Cx,-

Then we have Jy _ (v,) = 0. Similar to the proof of (3.18), one can get

1 p—2
+o(1) = ex, = In, (vn) — —— Jy, () > =2
c1+o(l) =cy, = Iy, (vn) Nip An (V) N+ 1)

This shows that {[|Vv,|2} is bounded. Since (I} (vn), f(vn)/f'(vn)) = 0, it follows
from (G1), (1.3), (1.4), (1.8), (1.21) and the Sobolev embedding inequality that

allfl? < [ (14 P28 wun i+ [ v oo

= [ o) ) de < IS5 + Cos™ /2 90
RN

IVnll3-

which, together with (2.17), implies that {v,} is bounded in H!(RY). The rest of
the proof is similar to that of Lemma 3.6, so we omit it. O

Proof of Theorem 1.1. Let

- 1N .7/ _ A e i
K:={ve H' ®RY)\{0}: I'(v) =0}, m.—grellfcf(v).
Then Lemma 3.7 shows that I # () and m < ¢;. Similar to the proof of (3.18),
we have I(v) = I;(v) > 0 for all v € K, and so 7 > 0. Let {v,} C K be such that

I'(v,) = 0 and I(v,,) — . Similar to the proof of Lemma 3.7, we can deduce that
there exists © € H'(RY) \ {0} such that I'(9) = 0 and 1(9) = . O
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