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Abstract In this paper, we study a discrete nonlinear boundary value problem that
involves a nonlinear term oscillating near the origin and a power-type nonlinearity u?.
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194 M. Malin, V. D. Radulescu

1 Introduction and preliminary results

Let n > 2 be an integer number and denote Z[1,n] := {1, ..., n}. The discrete
Laplace operator is defined by

Au(k) = V(Vu(k + 1)),
where V is the backward difference operator, namely
Vu(k) =u(k) —u(k — 1) forall k € Z[1, n].

In this paper, we are interested in the existence of solutions solutions u =
(u(l),...,un)) € Ri of the following problem

—Au(k) = ra(k)u(k)? + f(uk)) forallk € Z[1, n], p
u©0) =umn+1) =0, (P
where a = (a(l),...,a(n)) € R", f : [0, +00) — R is continuous, p > 0 and

reR

This problem is in relationship with the study of the properties of solitons in photo-
refractive media, see Krolikowski et al. [6]. We also refer to Eisenberg et al. [3] for
the first experimental study of discrete spatial solitons in nonlinear waveguide arrays
with Kerr nonlinearity. Soon thereafter, waveguides with a negative diffraction were
obtained, which enabled defocusing of light and paved the way to the discovery of the
discrete diffraction-managed spatial solitons. We refer to Pankov et al. [14] for related
results and for the qualitative analysis of solutions of discrete nonlinear Schrédinger
equations with saturable nonlinearity.

A thorough qualitative analysis of nonlinear discrete problems by using variational
methods is developed in the recent works by Radulescu [15] and Radulescu and Repovs
[16]. See also Molica Bisci and Repovs [7,8].

Problem (P;) is the discrete version of the semilinear elliptic equation studied in
[5]. Moreover, this problem was recently extended by Molica Bisci, Rddulescu and
Servadei [9,10] to general classes of quasilinear elliptic equations.

Motivated by the studies in [5,9], we focus in the present paper on the case of non-
linear difference equations. We are concerned in the study of the number of solutions
of problem (P;) and of their behavior in the case when f oscillates near the origin.
Usually, equations involving oscillatory nonlinearities give infinitely many distinct
solutions (see [11,12]), but the presence of an additional term may alter the situation.

Define the vector space

H={v=w0),v(),...,v(n),v(n+1)) € R™*2 guch that v(0) =v(n+1)=0}.

Then H is a n-dimensional Hilbert space (see [1]) with the inner product

n+1
(w,v) =D Vuk)Vok), Yu,veH.
k=1
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Infinitely many solutions for a nonlinear difference . . . 195

The associated norm is defined by

ntl 12
luel] = (Z |W<k)|2) :

k=1

For all u € H we set

lvlloo = max |v(k)]. (1.1
keZ[l,n]

Since H is finite-dimensional, the norms || - || and || - || are equivalent on H.

Definition 1.1 We say that u € H is a weak solution for the problem (P;) if

n+1 n n
Z Vu(k)Vo(k) — A Za(k)u(k)pv(k) — Z Fuk)vk) =0, (1.2)
k=1 k=1 k=1

forallv e H.

Remark 1.2 Note that (1.2) can be obtained by multiplying (P;) with v(k) for all
k € Z[1, n] and summing up from k = 0 to k = n + 1. By taking into account that
v(0) = v(n + 1) = 0 and using some simple computations we deduce the variational
characterization of weak solutions from (1.2).

2 Main results

Throughout this paper, we assume that f : [0, +00) — R is a continuous function
s
and we denote for all s € (0, +00), F(s) := f f(t)dte.

0
We assume that f oscillates near the origin, namely the following conditions are
fulfilled:

(f)) —oo < limitlf Q). fim sup% > %;
s—0 s—>0t
(9 lo :=liminf L2 < 0.
Example 2.1 Leta > 1, B € Rand y > 0. Define fj : [0, +00) — R by

0 ifs =0,
fols) = [s(l +asin(Bs™Y)) ifs >0,

Then fy satisfies assumptions ( flo) and ( fzo).

Remark 2.2 Hypotheses ( flo) and ( fzo) imply that

f@O) =0. 2.1
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196 M. Malin, V. D. Ridulescu

We point out that condition ( flo) allows us to deduce some information about the
number of solutions for problem (P;,), while ( fzo ) yields the existence of the solutions.

The main results in this paper distinguish between the superlinear case p > 1 and
the sublinear setting that corresponds to p € (0, 1).

Theorem 2.3 Let a = (a(l),...,a(n)) € R", » € Rand p > 1. Assume that
f € C([0, +00); R) satisfies conditions (f2) and (fY). If either

(i) p=1,1y € (—00,0)and ra(k) < roforallk € Z[1, n] and some Lo € (0, —ly)
or
(ii) p=1,1lp = —oo and A € Ris arbitrary or
(iii) p > 1 and A € R is arbitrary,

then there exists a sequence {u;}; in H of non-negative, distinct weak solutions of
problem (Py) such that

Jdim lui || = lim (Juifleo = 0. (2.2)
1—>—+00 1—+00
Theorem 2.4 Let a = (a(l),...,a(n)) € R\, x € Rand 0 < p < 1. Assume
that f € C([0, 400); R) satisfies conditions (flo) and (fzo). Then, for everyn € N,

there exists A, > O such that problem (P;) has at least n distinct weak solutions
Ui, --.,Uny € H such that

1 1 .
luiall < 7 and |lu; xllec < o foranyi=1,...,n, (2.3)
provided ) € [—A,, Ayl

3 An auxiliary problem

Consider the problem

—Au(k) + c(ku(k) = gk, u(k)), k € Z[1, n],

c
u©0) = u(n+1)=0. (Py)
Here, we assume that ¢ = (c¢(1), ..., c(n)) € R”" is such that
min c(k) > 0, 3.1
keZ[1,n]

while g : Z[1, n] x [0, +00) — R is a Carathéodory function satisfying the following
conditions

g(k,0) =0 foreveryk € Z[1,n]; 3.2)
there exists M, > 0 such that

lg(k,s)] < My forevery k € Z[1,n] and all s > 0; 3.3)

@ Springer



Infinitely many solutions for a nonlinear difference . . . 197

there exist § and 1, with 0 < § < 7 such that
g(k,s) <0 foreveryk € Z[1,n] and all s € [§, n]. (3.4)

We extend the function g by taking g(k, s) = O for every k € Z[1,n] and s < 0.

Definition 3.1 By a weak solution for problem (P;) we understand a vector u € H
such that for allv € H

n+1 n n
> Vuk)Vok) + > clyukyvk) = > gk, u(k)v(k) = 0.
k=1 k=1 k=1

Let Ec¢ : H — R be the energy functional associated to problem (Py), namely

n

1 1 "
Eeg) = Slul® + 5 > ctut)* = 3 Gl u), ue H, (35
k=1 k=1
S
where G(k, s) := [ g(k, t)dt for any s € R and k € Z[1, n].
0

Then E. ; is well-defined, of class C! (H; R) and

(E. ), v) = (u,v) + > ctyukyvk) = > gk, uk)v(k), Yu,v € H.

k=1 k=1

Thus, the weak solutions of (P; ) coincide with the critical points of E¢ 4.
Finally, we introduce the set W defined as follows

Wh:={ueH: ||uleo <n}

where 7 is a positive parameter given in (3.4).
Since g(k,0) = 0 for every k € Z[1, n] by (3.2), then u = 0 is clearly a weak
solution of problem (Pg).

Theorem 3.2 Assume that ¢ = (c(1),...,c(n)) € R" satisfies (3.1) and that g :
Z[1,n] x [0, 400) — R is a Carathéodory function satisfying (3.2), (3.3) and (3.4).
Then

(a) the functional E. 4 is bounded from below on W' attaining its infimum at some
ueWwn

@ Springer



198 M. Malin, V. D. Ridulescu

(b) u(k) € [0, 8] for every k € Z[1, n], where § is the positive parameter given in
(3.4),

(c) u is a non-negative weak solution of problem (P;).

Proof (a) Since the norms || - || and || - || are equivalent in the finite-dimensional
space H, the set W is compact in H. Combining this fact with the continuity of E. g,
we infer that E. , W attains its infimum at u € W".

(b) Let § be as in assumption (3.4) and let M := {k € Z[1,n] : u(k) ¢ [0, 5]}.
Hence, arguing by contradiction, we suppose that M # (). Define the truncation
functiony : R — Rby y(s) := min{sy, §}, where sy = max{s, O} andsetw := you.
Since y (0) = 0, we have w(0) = w(n + 1) = 0,s0 w € H. Besides, 0 < w(k) <
for every k € Z[1, n]. By assumption (3.4) we know that § < 1, and sow € W" . We
introduce the sets M_ :={k € M : u(k) < O}and My :={k € M : u(k) > §}.
Thus, M = M_ U M and we have that

u(k) forallk € Z[1,n]\ M,
wk)=140 forallk e M_,
8 forallk € M.

Moreover, we have

n

1 1
Ecow) = Eeo(@) = 5 (Iwl? = 117) + 5 3 ctlw®)? - @0)’)
k=1

— > [Gk, w(k)) — G(k, i (k))]

k=1

1 1
= —J —Jr — J3. 3.6
21+22 3 (3.6)

Since y is a Lipschitz function with Lipschitz constant 1, and w = y o u, we have

n+l
Ji=llwl® = @) = > [IVwk)* — Vi) ]
k=1
n+1
=Z[|w(k)—w(k—1)|2— (k) — itk — 1)|2] <0. 3.7)
k=1

Since mingeyz1,, ¢(k) > 0 by (3.1), we have

n

T =" clwk)* - (@h))*1 =D ck)wk)* — k)]

k=1 keM

=— > k@)’ + D ck)Is* — (@k)* < 0. (3.3)

keM_ k€M+
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Infinitely many solutions for a nonlinear difference . . . 199

Next, we estimate J3. Due to the fact that g(k, s) = 0 for all s < 0 and for every
k € Z[1, n], we have

> [Gk wik) — Gk, k)] = 0. (3.9)

keM_

Moreover, by the mean value theorem, for every k € M., there exists (k) €
[6, u(k)] C [8, n] such that

Gk, wk)) — Gk, u(k)) = G(k,8) — Gk, u(k)) = gk, 0(k))(8 — u(k)).

Thus, taking into account hypothesis (3.4) and definition of M, we have

> [Glk, wk)) — Gk, (k)] = 0. (3.10)

kEM+

Hence, by (3.9) and (3.10), we obtain

Js= > [Gk. w(k)) — G(k.ii(k))] = 0. 3.11)

keM

Combining relations (3.7), (3.8), (3.11) with (3.6), we get
Ecg(w) — Ec,g(ﬁ) <0. (3.12)

On the other hand, since w € W7, it is easy to see that E. o(w) > E. (1) =
infyewn E¢ ¢(u). By this and (3.12) we get that every term in E¢ o(w) — E¢ ¢(it)
should be zero. In particular, from J, and due to (3.1), we have

> el = D ck)s* — i(k)*] =0,

keM_ keM
which implies that

- 0 foreveryk € M_
(k) = [8 forevery k € M.

In view of the definition of the sets M_ and M, we deduce that M_ = M, = {J,
which contradicts M_ U M. = M # (.

(c) Fix v € H arbitrarily and let &g := M% > 0, where 6 and n are given as in
(3.4). Moreover, let I : [—&g, &o] — Rbethefunctiondefinedas I (¢) := E. ¢ (ii+€v).
First of all, thanks to (b), for any ¢ € [—&, 9] we have

- - n—2=
lu(k) +evk)| <uk) + ——vlleo < 7,
lvlloo + 1
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200 M. Malin, V. D. Ridulescu

for every k € Z[1, n]. Thus, u 4+ ev € W'. Consequently, due to (a), we have I (¢) >
1(0) for every ¢ € [—&op, €o], that is, 0 is an interior minimum point for /. Then
I'(0) = 0 and (Eé,g(ﬁ), v) = 0. Taking into account that v € H is arbitrary and using
the definition of E. ,, we obtain that i is a weak solution of problem (Péf ). Moreover,
due to (b), u is non-negative in Z[1, n]. O

Theorem 3.2 does not guarantee that the solution u# of problem (ch ) is not the
trivial one. In spite of this, by Theorem 3.2 we will derive the existence of nontrivial
solutions for the original problem (P; ), provided that the nonlinear term f is chosen
appropriately. Finally, we define the continuous truncation function 7, : [0, +00) —
R as follows

7,(s) ;= min{n, s} foreverys > 0, (3.13)

where 7 is the positive constant given in assumption (3.4).

4 Oscillation near the origin

In order to prove Theorems 2.3 and 2.4, we consider problem (Péf), where ¢ =
(c(1),...,c(n)) € R fulfills (3.1) and g : Z[1, n] x [0, 4+00) — R is a Carathéodory
function which satisfies the following assumptions

g(k,0) =0forall k € Z[1, n], and there exist
s > 0and M > 0 such that n%(a))g] lg(k,s)| < M, forallk € Z[1,n]; (4.1)
s€[0,s

there exist two sequences {§;}; and {n;}; with 0 < n;+1 < 8; < n; such that
lim n;, =0 and g(k,s) <O0forevery k € Z[1,n] and all s € [§;, n;], i € N;

i——+o00

4.2)

G k, . G ks
—o0 < liminf ( 5 ) and lim sup ( 5 5)

1
> — uniformly for all k € Z[1, n].
s—0t K s—0t Ky n

4.3)

Proof of Theorem 2.3 We first show that under suitable assumptions, problem (Py)
has infinitely many distinct weak solutions, provided that p > 1. We will consider
separately the cases p = 1 and p > 1 and in both situations the strategy will consist
in using Theorem 3.2.

We start by proving assertion (i). In this setting we suppose that p = 1 and [y €
(—00,0). Let A € R be such that Aa(k) < Ao forall k € Z[1, n] and some 0 < Ao <
—lp. Fix X() € (Ao, —lp) and let

c(k) == xo — ra(k) and g(k,s) = f(s) + Aos, 4.4)

@ Springer



Infinitely many solutions for a nonlinear difference . . . 201

for all (k, s) € Z[1, n] x [0, +00). The first step consist in proving that the vector ¢
and the function g given in (4.4) satisfy the assumptions (3.1), (4.1), (4.2) and (4.3).
Note that ¢ € R" and mingezy ) c(k) > A0 — Ao > 0, which obviously implies (3.1).
By (2.1) we know that f(0) = 0. Thus, using the regularity of f, we obtain that g is a
continuous function in Z[1, n] x [0, 400) and g(k, 0) = O for all k € Z[1, n]. Next,
the continuity of s — g(-, s) and the Weierstrass theorem yield (4.1). Moreover, since
for any k € Z[1,n] and s > 0 we have G(k, s)/s> = Xo/2 + F(s)/s%, hypothesis
( flo) immediately implies (4.3).

Next, we show that g satisfies (4.2). By (fzo), there exists a sequence {s;}; C (0, 1)
SGsi)

i
exists € > 0 such that Ao + & < —Io. By this and the above relation we get that for
i>i*eN,

converging to 0 such that lim;_, 4 =1ly. Since ro < —lo by assumption, there

f(si) < —Xosi. 4.5)

Thus we obtain that g(k, s;) = f(s;) + 2osi < 0. Consequently, by the continuity
of f, there is a neighborhood of s;, say (§;, ;) and there are two sequences {d;};,
{ni}i € (0,1) such that 0 < n;4| < 8; < s; < n;, lim; 400 m; = 0 and g(k,s) =
208 + f(s) < O0forany k € Z[1,n] and all s € [§;,n;] and i > i*. In this way,
hypothesis (4.2) is verified for g on every interval [§;, n;], i € N. In the sequel, since
n; — 0asi — 400, by (4.2), without any loss of generality, we may assume that

0<6 <ni <5, 4.6)

for i sufficiently large, where s > 0 is given by (4.1). For every i € N, let g; :
Z[1, n] x [0, +00) — R be the truncation function defined by

A

gilk,s) = g(k, ty;(s)) and G; (k, s) := / gi(k, t)dt, 4.7
0

for every k € Z[1,n] and s > 0, where 7, is the function defined in (3.13) with
n =mn;.Let E; : H — R be the energy functional associated with problem (chi), that
is E; := E¢ 4, where E. g, is the functional given in (3.5) with g = g;. We note that
the function g; verifies all the assumptions of Theorem 3.2 for i € N large enough
with [§;, ;]. Indeed, thanks to the regularity of g, the continuity of 7, and the fact
that g(k,0) = O for all k € Z[1, n], the function g; is Carathéodory and such that
gi(k,0) = Oforevery k € Z[1, n]. Moreover, by (4.1), (4.6) and (4.7), g; satisfies (3.2)
and (3.3). Finally, condition (3.4) is satisfied thanks to (4.2). Hence, as a consequence
of Theorem 3.2, for every i € N, there exists u; € W' such that

min E;(u) = Ej(u;); (4.8)
ueWmni
u; (k) € [0, é;] for every k € Z[1, n]; 4.9)
u; is a non-negative weak solution of (P;l_ ). (4.10)

@ Springer



202 M. Malin, V. D. Ridulescu

Using the definition of 7;, relation (4.7) and the fact that 0 < u;(k) < §; <
n; forevery k € Z[1,n], we have g;(k,u;(k)) = gk, 7, (u; (k))) = gk, u;(k))
for every k € Z[1, n]. Thus, by the above relation and (4.10), u; is a non-negative
weak solution not only for (Pg) but also for problem (Py). In the sequel, we prove
that there are infinitely many distinct elements in the sequence {u;};. In order to see
this, the first step consists in proving that

E;i(u;j) <0 fori € Nlarge enough and 4.11)
lim E;(u;) =0. 4.12)
1—+00

Due to ( flo) and (4.4), we have that lim sup_, o+ G(Skz’s) > %0 + % In particular, there

exists a sequence {5;};, with

0<s; <¢;foralli € Nand 4.13)
~ 1 X0 ~2
Gk,s;) > =+ —= |s;. 4.14)
n 2

Now, let us fix i € N sufficiently large and let us define the function w; € H by
w; (k) := §; forevery k € Z[1,n]. Then |w;i|lcc = 5 < 8 < n; < 1by (4.2) and
(4.13). Hence, w; € W' This yields that for every k € Z[1, n], we have

Gk, w;ik)) = Gk, s;) = /Sl gi(k,t)dt = G(k, 5;). (4.15)
0

By this and taking into account (3.1), (4.4), (4.14), (4.15), for i sufficiently large we
have

1 n+1 1 n n
Ei(wi) = 5 > [Vwitk = DI + 2 > et wik)? = 3 Gi(k, wi (k)
k=1 k=1 k=1

B - 1 20\ .
< G+ 5AOT(s,»)2 - n(; + 70) ()% <0.

Consequently, using also (4.8) for i sufficiently large, the above estimation and w; €
W* c W' show that

Ei(u;j) = ugl&}'ln Ei(u) < Ej(w;) <0, (4.16)

which proves in particular (4.11). Next, we prove (4.12). For every i € N sufficiently
large, by using the definition of G;, the mean value theorem, (4.1), (4.2), (4.6), (4.7)
and (4.9), we have
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Infinitely many solutions for a nonlinear difference . . . 203

E;i(u;)

v

= Giltk,ui(k)) = = > Gk, ui(k))
k=1 k=1

v

n
=2 max [g(k, $)|ui(k) = —8TM.
:lse[O,E]

Since lim;_, 4, §; = 0, the above estimate and (4.16) leads to (4.12).

Finally, it is easy to see that relation (2.2) is an immediate consequence of (4.9)
combined withlim;_, 4 o §; = 0, and to the fact that norms |- || .c and || - || are equivalent.
Thus, we get the existence of infinitely many distinct nontrivial non-negative solutions
{u;}; for problem (Péf ) satisfying condition (2.2). Due to the choice of ¢ and g in (4.4)
and taking into account that p = 1, it is easy to see that u; is a weak solution of
problem (P;) and this ends the proof of assertion (i) in Theorem 2.3 in the case p = 1.

Now, let us consider assertion (ii). At this purpose, let p = 1,lp = —ooand A € R
be arbitrary fixed. In this setting we choose 20 € (Ao, —lo) and

ck) :=2p and g(k,s)=f(s)+(ra(k) + ro)s for all (k,s) € Z[1, n] x [0, +00).

This case can be dealt with in a similar way as (i), using relation f(s;) < —(JA| -
llalloo + Ao)si, instead of f(si) < —Xos;, for i large enough, and taking into account
that for every k € Z[1,n] and s > 0 one has g(k,s) = f(s) + (ha(k) + ro)s <
F(s)+ (Al llalloo + 20)s.

Now, let us prove assertion (iii). At this purpose, let p > 1 and A € R be arbitrary
fixed. Let us also fix a number Ag € (0, —Iy) and choose

c(k) :==x¢ and gk, s) := rak)s? + Xos + f(s) “4.17)

for all (k,s) € Z[1,n] x [0, 400). Also in this setting our aim is to prove that ¢
and g given in (4.17) satisfy the conditions (3.1), (4.1), (4.2) and (4.3). Clearly, (3.1)
is satisfied and also thanks to (flo), (fzo) we have g(k,0) = O for all k € Z[1, n].
Moreover, since a € R" the continuity of s — g(-, s) and the Weierstrass theorem

yield that (4.1) holds true. Furthermore, since p > 1 and G(k ) = )»;(f{ p=l + 3 ko +

E “) forall k € Z[1,n] and s € (0, +00), hypothesis ( f] ) implies (4.3). In the
se uel note that for all k € Z[1, n] and every s € [0, +00), we have
q y

g(k,s) < Al - lalloos” + Ros + f(s). (4.18)
As a consequence of this and of ( f20 ) we get

ka
tim inf $& %)

s—07F s

<o +1lp <0, (4.19)

for all k € Z[1, n], thanks to the choice of p. In particular, there exists a sequence
{s;}i C (0, 1) converging to 0 as i — 400 such that g(k,s;) < 0 fori € N large
enough and for all k € Z[1, n]. Thus, by using the continuity of s — g(:, s), there
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exist two sequences {8;};, {n;}i C (0,1) such that 0 < 541 < 8 < s < nj,
lim;_, ;s 1 =0and g(k,s) <0, forevery k € Z[1,n]and all s € [§;, n;]andi € N
large enough. Summarizing, we deduce that hypothesis (4.2) hold true.

Finally, an argument analogous to that used in (/) proves that problem (Py) is
equivalent to problem (P;) through the choice (4.17) and so, we get the existence of
infinitely many distinct nontrivial solutions {u;}; for problem (P;) satisfying (2.2).
This concludes the proof of Theorem 2.3. O

Proof of Theorem 2.4 Let 2o € (0, —lp), where Iy < 0 is given in assumption ( f20)
and let us choose

c(k) :=xo and g(k,s, ) = ra(k)s? + xos + f(s), (4.20)

for all (k,s) € Z[1,n] x [0, 400), L € R. Note that for all k € Z[1, n] and every
s € [0, +00), we have g(k,s,A) < |A| - |lalloos? + ros + f(s). Next, on account
of ( fzo), there exists a sequence {s;}; C (0, 1) converging to 0 as i — o0 such
that f(s;) < —Xos;, fori € N large enough. Consequently, we have g(k, s;, 0) =
rosi + f(si) < 0, fori € N large enough and for all k € Z[1, n]. Thus, due to
the continuity of s — g(-, s, -) we get that there exist three sequences {§;};, {ni}i,
{Ai}i € (0, 1) such that,

0<nip1 <8 <si<n <1, lim n =0, “4.21)
i—+

—>T00

and for i € N large enough,
glk,s,1) <0, forallk € Z[1,n], A € [—A;, Aj]land s € [8;, n;i]. (4.22)

Foranyi € Nand A € [—A;, A;], let g; : Z[1, n] x [0, +00) x [—A;, A;] — R be the
function defined by

gitk,s, 1) =gk, ty,(s), 1) (4.23)

S
and G;(k,s, ) ;= fg,- (k,t,1)dt, for all k € Z[1,n] and s > 0. In the sequel, let us
0

prove that ¢ given in (4.20) and g; satisfy all the assumptions of Theorem 3.2. Due to
relation (2.1), it is easy to see that g; satisfies condition (3.2). Also, the assumption
(3.1) is trivially verified. Moreover, the regularity of g and the continuity of 7, show
that g; is a Carathéodory function. Also, thanks to (4.23), (3.13), the continuity of
s +— g(-, s, -) and the Weierstrass Theorem give that g; satisfies (3.3). Finally, (4.22)
and (4.23) yield (3.4) for i large enough. Hence, g; satisfies all the assumptions of
Theorem 3.2 for i large. Next, for any i € N, let E;; : H — R be the energy
associated with the problem (P;i - A)), that is,

Eix = Ec g, 2> (4.24)
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where E. ;... ) is the functional given in (3.5) with g = g; (-, -, A). So, Theorem 3.2
allows us to deduce that, for i € N sufficiently large and A € [—A;, A;], there exists
u; ) € W' such that

glvlvr% Ei (u) = E;(uix), (4.25)
ui (k) €10, 8;] forall k € Z[1, n] (4.26)

and
u;i , is a non-negative weak solution of (Péfi o 2)- 4.27)

Since for i sufficiently large
0 <uink) =8 <mni, (4.28)

for all k € Z[1, n] by (4.21) and (4.26), we get g; (k, u; 5 (k), A) = g(k, u; 5 (k), L).
Thus, using (4.20) we obviously have that u; ; is a non-negative weak solution of (P;),
provided i is large and 1] < A;.

In the sequel, we prove that for any n € N problem (P,) admits at least n distinct
solutions, for suitable values of A. We first observe that due to the choice of ¢ and g;
and (4.28), the functional E; ; is given by

+1
Eiy(m) =Eiou) — AZ (k)lu(k)|p , foranyu € H. (4.29)

For A = 0, the function g; (-, -, A) = g;i(-, -, 0) verifies the hypotheses (3.1), (4.1),
(4.2) and (4.3). More precisely, g;(-, -, 0) is exactly the function appearing in (4.7)
and E; := E; o is the energy functional associated with problem (P; (0)) Thus by
(4.25)—(4.27), the elements u; := u; o also verify

Ei(w) = min Ei(u) < Ei(w;) <0 foralli €N, (4.30)

where w; € W' is given in the proof of Theorem 2.3, see for instance (4.16).
In the sequel, let {6;}; be an increasing sequence with negative terms such that
lim;_, 4 o0 6; = 0. On account of (4.30), up to a subsequence, we may assume that

0i—1 < Ei(u;) < Ej(w;) <6;, fori > i*, withi* € N. 4.31)

Now, for any i > i* let

. (P A D(Ei(ui) — 0i-1) v (p+ D — Ei(w;))

L= 4.32
(lalloo + D ane A (lalloe + D (4.32)
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Note that A; and k;/ are strictly positive, due to (4.31) and they are independent of A.
Now, for any fixed n € N, let

. 3 , , " ”
An = mln{)\,l'*_l,_l, ey )\4[*-‘,-117 )\41-*+1, ey A’i*‘H’l’ )\’i*+1’ ey )‘i*+n}'

On account of (4.31), A, > 0 and it is independent of A. Moreover, if |A| < A,,
then |A| < A; forany i = i* + 1,...,i* + n. Consequently, for any A € R with
[A| < A,, we have that u;  is a non-negative weak solution of problem (P ), for any
i =i*+1,...,i* 4+ n. In the sequel, we show that these solutions are distinct. For
this purpose, note that u; , € W by (4.28) and so for any A € R with |A| < A, we
have

Ei(u;) = urenvlvr'lh Ei(u) < Ei(ui ). (4.33)

Thus by (4.29) and (4.33), for any A with || < A, we obtain

[A| I
Eip(uip) > Ei(u) — ——llalloon’'n
p+1
/
z Ei(u) - — " llalloon > 611, (4.34)

foranyi = i*+1,...,i*+n,dueto (4.21), (4.28), the choice of A, and the definition
of A;. On the other hand, by (4.29), (4.30) and using the fact that ||w;||coc = 5§ < §; <
n; < 1 (see the proof of Theorem 2.3), for any A with [A| < A, we deduce that

|A]
E;j(uiy) < Ej(w;) + llallocon
p+1
A
< Ei(w;) + llallcon < 6;, (4.35)
p+1
foralli = i* + 1,...,i* 4+ n, again thanks to the choice of A, and the definition

of A;/. In conclusion, by (4.34), (4.35) and the properties of {6;};, we deduce that for
everyi =i*+1,...,i* +nand X € [—A,, A,], we have

0i—1 < Ei(uiy) <6; <0, (4.36)

which yields that £y, (u1) < -+ < Epa(unn) < 0. Butu;p € WM for every

i=i*+1,...,i*+n,s0 E; 3 (ui ) = E15(uiy), seerelation (4.23). Therefore, from
above, we obtain that for every A € [—A,, Ayl E15(u10) < -+ < E1(upy) <
0 = E1,1(0). These inequalities show that the elements uy 3, ..., u,,; are all distinct

and non-trivial, provided A € [—A,,, A,].
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Finally, it remains to prove conclusion (2.3). For this, by (4.21), (4.28), (4.29),
(4.36) and the continuity of f we have that

3
1 |A] L~
sl <+~ lalloct?n 3 [ 17 lds
k=1 0
A0 aloodin + Lol
< i max i
4 1 oot T e
foranyi =i*+1,...,i*+nand |A| < A,. Hence, we obtain ||u; ;| < 581_1/27 where

- _ A
¢=2"" (p—:l llalloon —i—nsg%gﬁ] |f(s)|) > 0.

Since §; — 0 as i — 400, without loss of generality, we may assume that

1
8 <min{¢ 2, 1 }i_2’ (4.37)

1

which gives that |[u; || < 7, forany i = i* +1,...,i* + n, provided |A| < A,.

In conclusion, by (4.28) and (4.37) we obtain that |u; )|lcc < llz < }v, for any
i=i*+1,...,i"+n,with |A] < A,.
This concludes the proof of Theorem 2.4. O
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