Downloaded 06/25/22 to 222.192.3.2 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

SIAM J. MATH. ANAL. © 2022 Society for Industrial and Applied Mathematics
Vol. 54, No. 3, pp. 3696-3723

NORMALIZED SOLUTIONS FOR LOWER CRITICAL CHOQUARD
EQUATIONS WITH CRITICAL SOBOLEV PERTURBATION*

SHUAI YAO', HAIBO CHEN?!, VICENTIU D. RADULESCUS, AND JUNTAO SUNY

Abstract. We study normalized solutions for the following Cho%uard equations with lower criti-
cal exponent and a local perturbation —Au+Au = y(Io*|u| ¥ T1)|u| ¥ “tutplu/?=2u in RN, Jan
|u|?2dx = c2, where v, u, ¢ are given positive numbers and 2 < ¢ < % The frequency A\ appears
as a real Lagrange parameter and is part of the unknowns. By introducing new arguments and un-
der different assumptions on ¢, ¢, v, and u, we prove several nonexistence and existence results. In
particular, we consider the case ¢ = N—g, which corresponds to equations involving double critical
exponents. We also describe some qualitative properties of the solutions with prescribed mass and
of the associated Lagrange multipliers .
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1. Introduction. In recent years, the normalized solutions for various classes of
local or nonlocal problems have been widely investigated, and there are many results,
both for their particular interest from a physical point of view and for their relevance
in models arising in nonlinear optics and Bose-Einstein condensation. We recall that
the Choquard equation was first introduced in the pioneering work of Fréhlich [9] and
Pekar [29] for the modeling of quantum polaron:

(1.1) —Au+u= <;| * u|2> u in R3.

As pointed out by Frohlich and Pekar, this model corresponds to the study of free
electrons in an ionic lattice interacting with phonons associated to deformations of
the lattice or with the polarization that it creates on the medium (interaction of an
electron with its own hole). In the approximation to Hartree-Fock theory of one
component plasma, Choquard used (1.1) to describe an electron trapped in its own
hole.
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In general, the associated Schrodinger-type evolution equation
(1.2) i) — Ap = (W [9*)9, (t,2) € R x R?,

is a model large system of nonrelativistic bosonic atoms and molecules under an
attractive interaction that is weaker and has a longer range than that of the nonlinear
Schrédinger equation, where the interaction potential W is formally Dirac’s delta at
the origin [10]. Equation (1.2) arises as a mean-field limit of a bosonic system with
attractive two-body interactions which can be taken rigorously in many cases [10, 15].

The Choquard equation is also known as the Schrodinger—-Newton equation in
models coupling the Schréodinger equation of quantum physics together with nonrela-
tivistic Newtonian gravity. The equation can also be derived from the Einstein—Klein—
Gordon and Einstein—Dirac system. Such a model was proposed for boson stars and
for the collapse of galaxy fluctuations of scalar field dark matter. We refer for details
to Elgart and Schlein [8] and Giulini and GroBardt [12]. Penrose [30, 31] proposed
(1.1) as a model of self-gravitating matter in which quantum state reduction was
understood as a gravitational phenomenon. As pointed out by Lieb [21], Choquard
used (1.1) to study steady states of the one component plasma approximation in the
Hartree—Fock theory.

Consider the Choquard-type equations with a local perturbation,

(1.3) 0 — A = (Lo * [P0 + plyp| 172y, (t,2) € R x RY,

where 2, := % <p<2 = %f‘; and 2 < ¢ < 2% = %, the parameters v, u € R,

I,, is the Riesz potential of order o € (0, N) defined by

NG

~ xN/220T(9)

A(N, ) .
Ia = W Wlth A(N, Oé)

for each 2 € RV\{0},

and * is the convolution product on RY.

An important topic on (1.3) is to study their standing wave solutions. A standing
wave solution of (1.3) is a solution of the form v (t, ) = e~*u(z), where A € R and
u: RN — C satisfies the stationary equation

(1.4) —Au+ M= y(I, * [ulP) [ulP~?u 4 pu|?%u in RV,

There are two different ways to deal with (1.4) according to the role of A:

(i) the frequency M is a fixed and assigned parameter;

(i) the frequency A is an unknown of the problem.

For case (i), one can see that solutions of (1.4) can be obtained as critical points
of the functional defined in H*(R™) by

1
s =3 [ (v s NuPde = L | (gl upde -2 [ jufra.
RN D JRN q JrN

This case has attracted much attention in the last years, depending on p, q,~, and u;
see, for example, [2, 11, 20, 26, 27, 28, 35] and the references therein.

Alternatively, one can search for solutions to (1.4) with the frequency A unknown.
In this case, the real parameter \ appears as a Lagrange multiplier, and L?-norms
of solutions are prescribed, which are usually called normalized solutions. This way
seems particularly meaningful from the physical point of view, since, in addition to
being a conserved quantity for (1.3) with the time dependent, the mass has often
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a clear physical meaning. For example, it represents the power supply in nonlinear
optics or the total number of atoms in Bose-Einstein condensation. Moreover, this
way turns out to be useful also from the purely mathematical perspective, since it
gives a better insight into the properties of the stationary solutions for (1.3), such as
stability or instability [4, 6]. For these reasons, in this paper we focus on this issue.
More precisely, we are interested in finding solutions to the following constrained
nonlocal problem:

(1.5) {‘A“+AU=7UQHMWWW2U+MWPQU in RV,

Jan lulPdz = 2,

where ¢ > 0 is given.

From the mathematical point of view, problem (1.5) is nonlocal since the appear-
ance of the term (I, * |u|P)|u[P~2u indicates that (1.5) is not a pointwise identity.
This kind of problem has been paid much attention after the pioneering work of Lions
[23], in which an abstract functional analysis framework was introduced. Nowadays,
since physicists are interested in normalized solutions, mathematical researchers be-
gan to focus on solutions having a prescribed L2-norm, that is, solutions which satisfy
lu|lr2 = ¢ > 0 for a priori given c. To the best of our knowledge, the study of solutions
with prescribed norm was initiated by Lieb [21] and P.-L. Lions [24].

Solutions of problem (1.5) can be found by looking for critical points of the energy
functional E, , : H*(RY) — R given by

1 gl p
E u::—/ Vqux——/ I, * |ulP updm—f/ u|?dx
paw) =5 [ VuPde— L | (1 e puppupde =2 [

on the constraint
S(e) = {u € H'(RY) | / lu|?dx = 02} .
RN

It is straightforward that E, , is a well-defined and C* functional on S(c) for 2, <
p < 2% and 2 < g < 2%,

We note that the number and properties of the normalized solutions to problem
(1.5) are strongly affected by further assumptions on the exponents p, ¢ and the pa-
rameters 7y, u. For example, when the problem only involves Hartree nonlinearity, that
is, for vy = 1 and p = 0, then (1.4) becomes the following classical Choquard equation:

(1.6) —Au+ = (I * [ufP)|u[P~%u in RY.

If N =3 and p = a = 2, Lieb [21] proved the existence and uniqueness of normalized
solutions for (1.6) by using symmetrization techniques, and Lions [25] studied the
existence and stability issues of normalized solutions for (1.6). If N > 3 and p :=
Ntot2 o« p < 2%, Li and Ye [16] concluded that (1.6) has a mountain-pass-type
normalized solution for each ¢ > 0.

We need to point out that (1.6) has no solutions in H!(R") when either p < 2,,
or p > 2% for fixed A > 0 (see [26]), where p = 2, and 2} are critical exponents
that come from the Hardy-Littlewood—Sobolev inequality (see Lemma 2.2). So it is
interesting to study normalized solutions of (1.6) with p = 2, or 2} under a local
perturbation, such as problem (1.5). In two recent papers, Li [18, 19] considered
problem (1.5) with v = 1,p = 2}, and 2 < ¢ < 2*. He concluded that problem (1.5)
has one radial solution when g := 2 + % < g < 2% and two radial solutions when
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2 < q < q. Moreover, qualitative properties and stability of solutions are described.
Note that the upper critical exponent 2% plays a role similar to the Sobolev critical
exponent in the local semilinear equations. The results obtained in [18, 19] can be
regarded as a generalization of those in [13, 14, 33, 37], which studied normalized
solutions of the Schrodinger equation with mixed nonlinearities,

—Au+ = |u* 2u+ plulP % in RY,

where N > 3,2 < ¢ < 2%, and g > 0. However, so far there seems to be no result
concerned with normalized solutions of the lower critical Choquard equations with
a local perturbation. To the best of our knowledge, it is completely different from
the case of the upper critical exponent, since the lower critical exponent 2, seems to
be a new feature for the Choquard equation, which is related to a new phenomenon
of “bubbling at infinity” [27]. Inspired by this fact, in this paper we will study the
nonexistence, existence, and qualitative properties of solutions for problem (1.5) with
p =2, and 2 < g < 2*. The whole study can be considered as a counterpart of the
Brezis—Nirenberg problem for nonlocal elliptic equation in the context of normalized
solutions. Compared with the study developed if p = 2}, the new abstract setting
seems to be more challenging, and thus new methods and ideas need to be explored.
More details will be discussed in the next subsection.

1.1. Main results. Before stating our main results, we agree that when g = 2*
is involved, we always assume that N > 3. For the other cases, we require N > 2.
Next, we give the definition of a ground state in the following sense.

DEFINITION 1.1. We say that u is a ground state of problem (1.5) if it is a solution
of problem (1.5) having minimal energy among all the solutions:

E, Js@)(u) =0 and Ep 4(u) = inf{E, ,(v) | E, ,|s(¢)(v) =0 and v € S(c)}.

First of all, we give the following result when the functional £, ; is bounded from
below on S(¢) and the minimization problem

(1.7) o(c)= inf E,,(u)

is achieved.

THEOREM 1.2. Let v >0, p=2,, and 2 < g < q. Then there exists pg > 0 such
that for every u > po, the infimum

o(c) < —%5’;20‘022"‘

is achieved by ug € S(c) with the following properties:
(i) uo is a real-valued positive function in RN, which is radially symmetric and
non-increasing;
(ii) ug is a ground state of problem (1.5) with some A, > %S;Qaczﬁa.

Remark 1.3. By Theorem 1.2, the set of ground states
Z24.q(c) :=A{u € S(c) | Bz, 4(u) = o(c)}

is not empty and compact, up to translation, where Ey  , = E, ; with p = 2. Hence,
if we are able to deduce the global well-posedness of solutions for the Cauchy problem
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of (1.3) in HY(RY), then by using the strategy in [6], the set Za, ,(c) is orbitally
stable. Namely, for every ¢ > 0, there exists § > 0 such that for any vy € H*(RY)
with inf,ez, (o) [[Yo — vl @y) < J, we have

inf ||[¢(t,-) —vl|lm <e V>0,
UGZQQ»Q(C)

where (¢, -) denotes the solution of (1.3) with initial datum q.

To prove that the minimum in (1.7) is achieved, we shall use the concentration-
compactness principle by Lions [25]. Specifically, it suffices to exclude the vanishing
and dichotomy of the minimizing sequence, respectively. Usually, the dichotomy can
be easily excluded by using the strict subadditivity inequality

o(c) <o(m)+o(c—n) forany 0 <n < c.

However, it is difficult to exclude the vanishing by using common arguments because
of the presence of the lower critical nonlocal term [,y (1o * u|**)|u[*>dz. In order
to overcome this difficulty, we need to make an estimate of o(c) by controlling the
parameter .

Next, we state the following nonexistence result when p = 2, and ¢ = 7.

THEOREM 1.4. Let v > 0, p =24, and ¢ =G. Then for 0 < p < %, problem
(1.5) has no solution for any A € R.

We now turn to the case of p = 2, and § < ¢ < 2* such that the functional
E, 4 is unbounded from below on S(c). Then it will not be possible to find a global
minimizer. In order to seek for critical points of Ej, , restricted to S(c), we shall use
the Pohozaev manifold M,(c) as a natural constraint of E, , that contains all the
critical points of E, 4 restricted to S(c). This manifold is defined by

My(c) :=={u € S(c) | Qq(u) =0},

where Q4 (u) = 0 is the Pohozaev-type identity corresponding to (3). For more details,
we refer the reader to section 2. As we shall see, the functional E,, , restricted to M,(c)
is bounded from below.

Set
1.8 — inf E
(18) mq(€) ue}aq(c) p.q (1)
and
(N+a)(N(g—2)—4) S% D B e
Cy :— @
( TN? (¢ —2) )

(1.9) ( 2 ) s

. pNS (- 2) ’

We have the following result.

THEOREM 1.5. Let v > 0,p=2,,7<q < 2% and 0 < ¢ < ¢c,. Then there exists
7t > 0 such that for every p > T, problem (1.5) has a ground state u € H*(RY) for
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some X > 0, which is real-valued, positive, radially symmetric and nonincreasing in
RY. Moreover, the following estimates hold:

4
N(g—2) -4 2 _aNogvo2) | N@-D-3
Es, q(u) = mg(c) > (a—2) ( 4 2 )

_ c
2N(q—2) uNS(qg—2)
Y oo a0

S N

99 c >

and

4
A a2 ( 24 )’”“"‘ .
N(q-2) 1NS(q—2)

To prove the above result, we shall apply the minimax method to F,_, re-
stricted to Mg(c), introduced by Bartsch and Soave [3], to obtain a (PS)-sequence
{un} € My(c) for Es, 4 at level my(c). However, the compactness of {u,} is a deli-
cate problem due to the absence of the nonlocal term in the Pohozaev-type identity
Q4(u) = 0, arising from the feature of the lower critical exponent 2,. In view of this
fact, we introduce a method of adding mass term, which can effectively solve the weak
limit being not 0 and the strong convergence of {u,,} .

Next, let us consider the double critical case, that is, p = 2, and g = 2*. Setting

N
N+a 2a N+«
= Sa?*

‘ <N7> c

we have following result.

THEOREM 1.6. Let p = 24, ¢ = 2*, 0 < ¢ < min {c., c*}, and

o
N

a(N-—2)

/'[/ 2N

N+«
(1.10) v > [ alV’S5

28N/2(N + «)

Then there exists ji > Ti such that for every p > fi, problem (1.5) has a ground state
@ € HYRYN) for some A\ > 0, which is real-valued, positive, radially symmetric, and
nonincreasing in RN . Moreover, we have

2 YN

o, 0 (i) = ma- (c) > — (M—IS%) S LN )
Zo2 =N 2(N +a)”°

and

N+a

0<A<ySa ¥,

where Ey | o» = Ep ¢ with p =2, and q = 2*.

In the proof of Theorem 1.6, due to the interaction of the double critical terms,
the method of adding mass term used in Theorem 1.5 is invalid for the case of ¢ = 2*,
although the existence of the (PS)-sequence for the functional Es, 2+ can be proved.
Fortunately, with the help of the solutions obtained in Theorem 1.5, by the Sobolev
subcritical approximation method combined with the new estimate trick, we show
that me«(c) is achieved in S(c).
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Remark 1.7. (i) In Theorems 1.2, 1.5, and 1.6, the parameter p is required to be
large enough. It is not clear to us if there is a solution when g > 0 is small. We
believe it would be interesting to investigate in that direction.

(ii) In Theorems 1.2 and 1.5, we do not require any assumption on the parameter

v > 0 when 2 < g < 2*. However, for ¢ = 2* we need the technical condition
(1.10) in Theorem 1.6 in order to decrease the energy level because of the
presence of the double critical terms.

(iii) It should be pointed out that the instability of the standing wave (¢, z) =

e~ ty(xr) is open, where u is a ground state obtained in Theorems 1.5 and
1.6.

In order to explore the behavior of solutions as p — 2}, we give the following
result.

THEOREM 1.8. Let v, > 0. Assume that one of the three following conditions
holds:

(i) N>2,2,<p<Dp,qg<q<?2%

(i) 3< N <5,2, <p<Dp, and ¢ = 2%

(iii) N >6,2, <p< %,q:?, and v > 7o for some vy > 0.
Then there exists ¢ > 0 such that for any 0 < ¢ < &, problem (1.5) has two solutions
(u®,\F) € HYRN) x R* satisfying Ep 4(ut) < 0 < E, 4(u™). In particular, u* is a
ground state of problem (1.5). Moreover, we have

[VuT|l2 = 0 and ||u™|, — 0 as p — 2.

The above theorem can be proved by using some ideas developed in [19, 33, 37, 40].

Remark 1.9. By Theorem 1.8, we find that the negative energy solution will dis-
appear as p — 27, which is consistent with the results obtained in Theorems 1.5 and
1.6.

Finally, we summarize some properties of the mappings o (¢) and m, (c) as follows.

THEOREM 1.10. (i) Under the assumptions of Theorem 1.2, the mapping ¢ —
o (¢) is a continuous and strictly decreasing mapping.
(ii) Under the assumptions of Theorems 1.5 and 1.6, the mapping ¢ — mqy (c) is
continuous and strictly decreasing.

The paper is organized as follows. In section 2 we recall some classical inequalities,
and we present some preliminary results. In section 3 we treat the case 2 < ¢ < g and
prove Theorem 1.2. In section 4, we give the proof of Theorem 1.4. In section 5, we
study the case § < ¢ < 2* and prove Theorems 1.5 and 1.6. Finally, in section 6, we
give the proof of Theorem 1.10.

2. Preliminary results. For convenience, we set

A(u):/RN IVul2dz, B(u):AN(Ia*|u|p)|u\pdx

and

C(u) = /RN |ulfdz, D(u) = /RN lu|?dz.
Then,
(2.1) Bo. o(0) = 2 A(u) — = B(u) — L),

2 22, q
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LEMMA 2.1 (Gagliardo-Nirenberg inequality [38]). Let r € (2,2%) if N > 3.
Then there exists a sharp constant S(N,r) > 0 such that

—1/r 1—
(2.2) lall, < 5 Vall3 fully ™,

where = N(5 —1).
LEMMA 2.2 (Hardy-Littlewood—Sobolev inequality [22]). Let N > 1, a € (0, N),
and s € (1, N/a). Then for any ¢ € L¥(RY), it holds that 1, * p € LW as (RYN), and

-
(2.3) / I+ p|¥oda < C (/ |cp|sdx) ,
RN RN

where the constant C > 0 depends only on N,«a, and s.

Remark 2.3. By the semigroup identity for the Riesz potential I, = I, /2 * I5/2,
for p € [24,2%], the Hardy—Littlewood—Sobolev inequality (2.3) can be rewritten as

Q) “o

(2.4) / (I * |ul?)|ulPdz = / Lo * [ul?|* de < C </ |umdx)
RN RN RN

For p = 2, this inequality can be restated as the following minimization problem:

N+ao
N

(2.5)
Sq = inf {/ lul?dz | v € H'(RY)\{0} and / (I * Ju)?)|ul? dx = 1} > 0,
RN RN

which is achieved by the function

(26) Vie) =€ ()

e oP

w|2

for some given constants C' € R,y € RY, and ¢ € (0, +00) (see [22, Theorem 4.3]).
LEMMA 2.4 (Sobolev inequality [39]). For N > 3, there exists an optimal con-
stant S > 0 depending only on the dimension N such that

Slu % < ||Vu||§ Yu € Dl’Z(RN),

where DV2(RY) denotes the completion of C§°(RYN) with respect to the norm
[ullprz == [[Vulla.

Next, we show a splitting property for the functional B, which is similar to the
Brezis-Lieb-type lemma for nonlocal nonlinearities [1, 2].

LEMMA 2.5. Let {u,} be a bounded sequence in HY(RN). If u, — u a.e. in RY,
then

B(u, —u) = B(uy) — B(u) +0(1).

We establish the following Pohozaev identity.
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LEMMA 2.6. Let u be a weak solution to the equation

2(1_

—Au + M = (I * ) [u>2u + plu|?%u.

Then u satisfies the Pohozaev identity

uN

N -2 AN N
= LI Bu) + £ ).

(2.7) 5 Alw) + D) =

As a consequence it satisfies

1N (g —2) _
(2.8) Afw) = F=5 == Clw) =0.

Proof. The proof is similar to that of [26, Proposition 3.1]; we omit it here. ]

Following the idea of Soave [32] and Cingolani and Jeanjean [7], we will introduce a
natural constraint manifold M, (c) that contains all the critical points of the functional
Es, 4 restricted to S(c). For each u € H*(RY)\ {0} and ¢ > 0, we set

ug(z) == tN2u(tx).

Then a direct calculation shows that ||u]|3 = ||ul|3, A(u) = t2A(u), B(u) = B(u),
N(qg—2)

and C(u;) =t~ =  C(u). Define the fibering map ¢t € (0,00) — gy, (t) := Ea_ q(us)
given by

By calculating the first and second derivatives of g, (t), we have

1N (g —2)
2q

N(g—2)—2
2

(2.9) g.(t) =tA(u) — t C(u)

and

"
= A .
gL(t) = A(w) - )
Moreover, we notice that
d Qq(ue)
@Eza,q(ut) =g,(t) = qt =,
where
d 1N (g — 2)
Qq(u) = £|t:1E2a7q(ut) = A(U) — TC(U)

Actually the condition Q4(u) = 0 corresponds to the Pohozaev identity (2.8). Then
we define the Pohozaev manifold by

My(c) :={u € 5(c) | Qq(u) = 0} = {u € S(c) | g, (1) =0},

which appears as a natural constraint. We also recognize that for any v € S(c),
the dilated function u¢(z) = t¥/?u(tx) belongs to the constraint manifold M,(c) if

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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and only if ¢t € R is a critical value of the fibering map ¢ € (0,00) > g,(t), namely,
g.,(t) = 0. Thus, it is natural to split Mg(c) into three parts corresponding to local
minima, local maxima, and points of inflection. Following [36], we define

M (e) ={u € S(c) | g,(1) = 0,9,(1) > 0}
My () ={u € S(e) | g,(1) =0,g,(1) <O0};
M(e) = {u € S(c) | g, (1) = 0,g,(1) = 0} .
Then for u € M,(c), we deduce that
- pN(g—=2)(N(g—2)—2)

9u(1) = A(u) 17 C(u)
a pN?(qg —2)°
(2.10) =2A(u) — 10 C(u)
(2.11) = %MA(U).

Furthermore, following the argument of Soave [32], we have the following lemma.

LEMMA 2.7. Assume that M{)(c) = 0. Then M(c) is a smooth submanifold of
codimension 2 of H'(RN) and a submanifold of codimension 1 in S(c).

Next, we shall give a general minimax theorem to establish the existence of a
Palais—Smale sequence.

DEFINITION 2.8 ([34, Definition 3.1]). Let © be a closed subset of a metric space
X. We say that a class F of compact subsets of X is a homotopy-stable family with
closed boundary © provided that

(i) every set in F contains ©;

(ii) for any set H € F and any n € C(]0,1] x X, X) satisfying n(s,x) = x for all

(s,z) € ({0} x X)U([0,1] x ©), we have that n({1} x H) € F.

LEMMA 2.9 ([34, Theorem 3.2]). Let ¢ be a C'-functional on a complete con-
nected C-Finsler manifold X (without boundary), and consider a homotopy-stable
family F of compact subsets of X with a closed boundary ©. Set

d=d(p, F) = inf maxep(u)
and suppose that sup p(©) < d. Then for any sequence of sets {H,} in F such that
lim,, ;oo SUPy, @ = d, there exists a sequence {uy } in X such that (i) lim, e @(un) =
d; (ii) limy, oo [|¢" (un)|| = 0; (iil) limy,— oo dist(u,, Hy) = 0.
Moreover, if ¢ is uniformly continuous, then u, can be chosen to be in H, for each
n.

3. The case 2 < ¢ < q.

LEMMA 3.1. Let v, > 0 and 2 < g < G. Then the following statements are true.
(i) The functional Es 4 is bounded below and coercive on S(c).
(i) o(c) <o(n) +o(c—mn) for 0 <n < c, where o(c) is defined as (1.7).

Proof. (i) By (2.1), (2.2), and (2.5) one has

1 Y 1%
Fanal) = 5400 - 52 Bw) - B0
1 Yo uS 2N—an-2) N(g=2)
s ) = G20 220 MO (
> LA - 515; = ()2,
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which implies that the functional Es_ , is bounded below and coercive on S(c).
(ii) Let {un} C S(c) be a bounded minimizing sequence for o(c). Then for any
6 > 0 and u € S(c), it holds that fu € S(6%c) and

6> — 2 6% — ¢

E2a7q(9un) - 92E2a,q(un) = % vB(un) +

1C(uy).

If we choose 6 > 1, then it is clear that Fa_ ,(6u,) < 6?Es_ ,(u,) by using the above
inequality. This implies that o(6%c) < 6%0(c), where the equality holds if and only if
B(uy) + C(uy) — 0 as n — oco. But this is not possible, since otherwise we find that
1
0>o0(c) = li_>m Es, 4(up,) > lim inf EA(U") > 0.

n—roo

Without loss of generality, we may assume that 0 < n < ¢ — 7; then

o(c) < ——olc—mn) =olc—n) + ——o(c—n) < olc—mn) + ().

c—n
We complete the proof. O
LEMMA 3.2. Assume that v > 0 and 2 < q < @. Let {u,} C H'RY) be a
sequence such that Ea, q(un) — o(c) and |lupll2 — ¢. Then there exists a constant
o > 0 such that for every p > g, the sequence {u,} is relatively compact in H*(RY)
up to translations, that is, there exist a subsequence, still denoted by {uy}, a sequence
of points {y,} CRY, and a function ug € S(c) such that u, (- +yn) — ug strongly in
H(RN).
Proof. First of all, we claim that there exists a constant pg > 0 such that for
every p > fio,

(3.1) o(e) < —iS;Qacma.

Indeed, let us fix a w € S(c¢). Then there exists a constant po > 0 sufficiently large
such that
1

- T (§2%a 22 _ _Ho
2A(u) + 52, (S ¢ B(u)) . C(u) <0.

Thus for every u > pg, we have

1 gl 5
< = - —_—— —_— —
7(6) < Ba, o) = 5 A(w) — 53~ B(u) - bC(w)
_1 Y (G20 ,22a _ _ P _ 0 o2, 224
0 o=24 224
< . Sp fecthe,

From Lemma 3.1 it follows that the sequence {u,} is bounded in H!(R"). Then
according to the concentration-compactness principle [21], there exists a subsequence,
still denoted by {u,}, satisfying one of the following three possibilities:

(i) Vanishing:

lim sup / |, |?dz = 0 for R > 0.
Br(y)

n—r oo yG]RN
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(ii) Dichotomy: there exists 0 < n < ¢ and {uﬁf)}, {u%z)} bounded in H!(RM)
such that as n — oo,

[t — (D +u@) ||, — 0 for 2 < r < 2%, and dist(suppull), suppu?) — +o0;
’/ |ulD|?da — 77’ — 0 and ‘/ [u®|2de — (c —n)| — 0;
RN RN

lim inf (IVu,|? = |[VulD|? — |[VulP|2)dz > 0.

n—oo RN

(iii) Compactness: there exists y,, € RY such that for all € > 0, there exists R > 0,

/ [un |2dx > ¢ — ¢.
BR(yn)

We firstly verify that the vanishing cannot occur. Suppose the contrary. Then u,, — 0
strongly in L*(RY) for 2 < s < 2*. Using this together with (2.1) and (2.5) gives

7(6) + 00(1) = B glun) = 5A(un) = 51Bur) = 50 (un)

1 _
> S Au) - %Sa 20220 4 6, (1)
1
= _22a 5;2(1622& +0n(1),

which contradicts (3.1).
Also dichotomy cannot occur, since otherwise

o(c) = lim By q(uy) > lim By, q(ul)) + lim By, o(ui?) > o(n) +o(c—n),
n—oo

n
n—oo n—oo

where we have used Lemma 2.5. This contradicts Lemma 3.1. So the compactness
holds, namely, there exist subsequences {u,},{y,} C RY, and ug € S(c) such that
Uy i= Up (- + Yn) — up in L*(RY) for 2 < s < 2*, which implies that B(,) — B(uo)
by (2.4). Hence, we have

o(c) < Eg, q(uw) <lim inf By ,(@,) =lm inf Es ,(u,) = o(c).

n—oo n—r oo

This shows that ug is a minimizer for o(c). We complete the proof. |

Now, we give the proof of Theorem 1.2. It follows from Lemma 3.2 that for
every i > po, there exists a global minimizer uy for Es, , on S(c). In other words,
the infimum o(c) < —5-S,%>¢*** is achieved by ug € S(c) which is a ground state
of problem (1.5). Let [ug|* denote the Schwartz rearrangement of |ug|. Then

(32) D(luo|*) = D(uo) = ¢*, A(luo[*) < A(uo), C(|uo|*) = C(luol").
By Riesz’s rearrangement inequality (see [22, section 3.7]), we get

(3.3) B(|uo|*) > B(uog).
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This implies that |ug|* € S(c) and Es, 4(|uol*) < Ea, 4(uo) = o(c). By the definition
of o(c), we know that o(c) is achieved by the real-valued positive and radially sym-
metric nonincreasing function. Moreover, since ug is a critical point of Ey_ , restricted
to S(c), there exists a Lagrange multiplier A, € R such that Ej_ (uo) + Acup = 0.
Then we have

Ae€® = —A(ug) +vB(ug) + pC (uo)
77(2(1 _ 1>B(UO) +

[0

= —20(c) + wa—2)

C(uo)
> —20(c),

which implies that

where we have used (3.1). We complete the proof.

4. The case q = q.
Proof of Theorem 1.4. Let u € S(¢) and t > 0. By (2.2) and (2.9) we have

uN

u(t) = tA(u) — UV-+2)uj@0
> tA(u) — (]l;]ii)cﬁtA(u)
S P
_[1 (N +2) }M()
>Oﬁu<ua%%6%.

This shows that the fiber map g, (t) is strictly increasing and so the functional Es_ 7

has no critical point on S(c) for < &2 =+ . In other words, problem (1.5) has no
solution for any A € R. We complete the proof of Theorem 1.4. O

5. The case g < g < 2*. For the case of § < ¢ < 2%, the functional F,_ , will
be no longer bounded from below on S(c), and so it will not be possible to obtain
a global minimizer. In this section, in order to find critical points of Es, 4, we shall
restrict it to a natural constraint manifold M, (c) defined in section 2, on which E,_ ,
is bounded below.

S]]

LEMMA 5.1. Assume that v, > 0 and
=M (

< q < 2*. Then there exists a unique
t~(u) > 0 such that uy-(,) € My(c) = M (c) and

~

By q(t-(u)) = sup By, g(ur) > 0.
>0
Proof. Clearly, M,(c) = M (c) by (2.11). Fix u € S(c). Let
2q 4-N(q—2)
—————A(u)t— 2z fort>0.
1N(g —2) )

Then u; € Mg(c) if and only if h(t) = C(u). A direct calculation shows that
lim; g+ h(t) = o0, limy_, oo () = 0, and h(t) is decreasing on (0, +00). This implies

h(t) :==
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that there exists a unique ¢~ (u) > 0 such that us—(,) € Mg(c). Moreover, we also
obtain that ¢, (¢) > 0 on (0,t (u)) and ¢, (t) < 0 on (¢~ (u),+00), which indicates
that

Ea, q(ts-(uy) = sup B, q(uz) > 0.
t>0

We complete the proof. O

LEMMA 5.2. Assume that v, > 0 and § < g < 2*. Then the functional Es, 4 is
bounded below by a positive constant and coercive on Mgy(c) for 0 < ¢ < ¢, where ¢,
is as in (1.9).

Proof. Clearly, for u € My(c) one has

N(g—2
(5.1) Aw) = MV =2) 0y g,
2q
which implies that
2N—g(N—2 N(Gf‘z)—‘l
(5.2) Alu) > (2‘102‘ )> ,
uNS(q —2)

where we have used Lemma 2.1. Then it follows from (2.1), (2.5), (5.1), and (5.2)
that

B qlu) = 54(0) = 5-B(w) - £0tw)

N(g—2)—1 g
SRR Sy Y ) S
IN(g—2) AW = 5 Bl
N(g—2)—4 VoS 22
714 — 7‘9& N a
Z SNg= W5 ¢
< N(g—2)—4 2q _aN—qv-2) N=D=1 _ 0 g a2
2N(q—2) \uNS(qg-2) ¢ 2,7 €
> 0,
provided that
(N +a)(N(g —2) —4)Sa™ T e
c<cp = 621 2
TN?(q—2)
( 2q ) Na(q—2>+§%q—4(zv+a>
pNS(q —2) '
We complete the proof. ]

We now work in the subspace of functions in H'(R”) which are radially symmetric
with respect to 0, denoted by H}(RY), and we define

(5.3) S,(c) :== S(c) N HY(RM) and M (c) == My(e) N HY(RM).
LEMMA 5.3. Assume that v, 0 > 0 and ¢ < q < 2*. Then for 0 < ¢ < ¢,, we have

my(c) = ueiMnf(c) Ey, 4(u) = ueiMni:(c) Es_ 4(u) > 0.
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Proof. The proof follows the idea of [14]. Since Mj(c) C M,(c), we have

inf F < inf F .
uG}\I/ltq(c) 2a’q(U) _uG}\I/llg(c) 2mq(u)

Next, let us prove that inf,em, (o) E2.,q(1) = infuertr(c) E2,,q(u). By Lemma 5.1, we
have

5.4 inf FE u) = inf su E Ut ).
(5.4) e M (0) 2a,q() uES(C)O<t§tI—)(u) 2a,q( t)

Let w € S(c) and |ul* € Sy(c) be the Schwartz rearrangement of |u|. Then by
(3.2) and (3.3), for all ¢ > 0, we have

N S o a2 .
Baal(lul")) = 5 A(ul") = 53 Bul") = = ——C(ul)
2 ~ N (@=2)/2
< _ _
< S AW - 5Bl - M ——c
(5.5) = Es, q(ut).

Note that g[,.(0) = ¢,(0) = 0 and g|,.(t) < g;(t) for ¢ > 0. This implies that

0 <t (Ju|*) <t (u). Hence, it follows from (5.5) that

sup  Ea q(([u]*)e) < sup  Eap, q(ue).
o<t<t—(|ul*) 0<t<t—(u)

Using this, together with (5.4), leads to

inf FE > inf FE
ue.}\I/llq(c) 2a,q(u) _ue.%\l/llg(c) 207(1(”)7

implying that inf, c x, (c) B2,.q(w) = iﬁfue/\/t;(c) E,,, 4(u) > 0, where we have also used
Lemma 5.2. We complete the proof. ]

Next, we establish the existence of a Palais-Smale sequence {u,} C Mj(c) for
E,,, 4 restricted to S, (c) at level my(c). Our arguments are inspired by [7]. Observe
that © = () is admissible. Now we define the functional J : S,.(c) — R by

J(u) = Ea, q(u-(w))-

LEMMA 5.4. The map u € S.(c) — t~(u) € R is of class C*.

Proof. By a direct application of the implicit function theorem on the C! function
F :RxS,(c) = R defined by F(t,u) = g,,(t), we easily reach the conclusion. d

By the above lemma, we obtain that the functional J is of class C*.

LEMMA 5.5. The map ¥ : T,S.(c) = T, Sy(c) defined by ¢ — Yy (y) is an

Up— () =T
isomorphism, where T,,S,(c) denotes the tangent space to Sy(c) in u.

Proof. For ¢ € T,,S;(c), we have
/ g (u) ()4 (u) (2)d = / (¢ ()N 2ult™ (w)z) (¢ ()N 2ot (u)a)dz
RN RN
= [, utwwiiy =o,
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which implies that ¢,y € T Sr(¢), and thus the map ¥ is well defined. More-

Up— () =T

over, for all 11,19 € T;,S,-(c) and all k € R, it holds that

(o1 +1p2) = (V1 +1b2),_
(™ )2 (1 (t (w)z) + o (t (u)z))
= (Y1)t () + (¥2)i- ()
= U(¢1) + V(1)

and V(ky1) = (kY1)i-(u) = k(¥1)s-() = k¥(¢1). This shows that the map V¥ is
linear. Finally, let us claim that the map W is a bijection. For all 91,9 € T,S,(c)
with ¢ # 19, by the fact of t,; > 0, we have

V(1) = (¢ ()21t (u)z) # (¢ ()2t (u)z) = U (¢2).

Sr(c)' Clearly, ((t_(u))_N/QX(tfﬁu)))t*(u) = X(ﬂ?) and

Moreover, let x € Ty, -

o (g ) e = [~ e

:/ X(W)u- () (y)dy = 0,
RN

leading to (t’(u))*N/Qx(tf(u)) € T,Sy(c). So, ¥ is a bijection. We complete the

proof. 0
LEMMA 5.6. It holds that

(1) ()] = E5, (=) [th1- ()]

for any u € S,(c) and ¢ € T,,Sy(c).
Proof. The proof is similar to that of [7, Lemma 3.15]; we omit it here. |
LEMMA 5.7. Let F be a homotopy-stable family of compact subsets of Sy.(c) with
closed boundary ©, and let

er = I}relf}_zneaécJ(u)

Assume that © is contained in a connected component of Mj(c) and
max{sup J(0),0} < er < oo.

Then there exists a Palais-Smale sequence {un} C My(c) for Es, 4 restricted to S(c)
at level er.

Proof. Using Lemmas 5.5 and 5.6, similar to the arguments of [7, Lemma 3.16],
we easily obtain the conclusion. ]

In view of Lemma 5.3 we have

== inf maxJ(u) = inf J(u)= inf F — inf E = .
F T eEuen (u) €S (c) () ueﬁ;(c) 20.a(t) weMy (o) 20.a(t) = 1(¢)

Then the following lemma follows directly from Lemma 5.7.
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LEMMA 5.8. Assume that v, > 0 and § < q < 2*. Then for 0 < ¢ < ¢4, there
exists a Palais-Smale sequence {u,} C My(c) for Ea, 4 restricted to Sy.(c) at the level
mq(c) > 0.

LEMMA 5.9. Assume that y,p > 0 and § < q < 2*. Let {u,} C Mg(c) be a
bounded Palais—Smale sequence for Ey 4 restricted to Sy.(c) at level mgy(c) > 0. Then
there exists a constant 1 > 0 such that for every u > [, up to a subsequence, u, — @
strongly in HX(RN) for 0 < ¢ < c..

Proof. Since {u,} C Mj(c) is a bounded Palais-Smale sequence of Es_ , re-
stricted to S,(c), there exists © € H!(RY) such that u, — @ weakly in H}(RY),
up, — U strongly in L"(RY) for 2 < r < 2*, and a.e. in RY. Moreover, by the
Lagrange multipliers rule, there exists A, € R such that for every ¢ € H}(RY),

2 9202

n

Uy

/ (Vu, Vo + Aupe)de — vy / Unpd
RN

RN xRN

—u/ |tn |9 2w pdz = o(1) |||,
RN

lx —y|N -

which implies that
(5.6) A2 = AnD(un) = vB(uy) + pC(uy) — A(uy) + o(1).

This indicates that {\,} is bounded. Then we can assume that \, — A € R. It
follows from (5.6) and the fact of Qq4(un) = o(1) that

3 2N —q(N =2

n—00 n— 2q

pC(un)| >0,

which shows that A > 0. We now claim that A # 0. Otherwise, it follows from
(5.7) that B(un) = C(un) = o(1), and together with Qq(u,) = o(1), leading to
A(un) = o(1). Thus, we have Ey, 4(u,) = o(1), which contradicts m,(c) > 0. Hence,
A> 0.

Next, we claim that @ # 0. Otherwise, we have A(u,) = C(u,) = o(1), which
implies that

l:= lim vB(u,) = lim \,D(u,) = X¢ > 0,
n—oo n—oo

N+a

where we have used (5.6). By (2.5) we deduce that [ >y~ & (ASa) . Then we get

n—oo

mg(c) + %CQ = lim (Egmq(un) + /\;D(un)>

. An 8l

= nh_{r;() (QD(un) - %B(un))

_ ay

= Hm 2(N + a)B(un)

« N - Nta

5.8 > ————~ " (AS,) ©
(58) “oN+a) (ASa)
On the other hand, we use v, := cﬁ to estimate mg(c) + %02, where V, is defined
as (2.6). We note that ||V;||2 is a positive constant independent ¢,

(@=2)N

/ |VV.|?dz = Ce?, and / \V.|9da = Ce
RN RN
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Clearly, ||ve||2 = ¢. By Lemma 5.1, there exists a unique constant ¢ > 0 independent
of & such that (v.),- € My(c) and

E2a7q((vf)t;) = sup B, q((v:)t),
>0

leading to

(5.9) mq(€) < SUp By, q((ve):)-

Moreover, a direct calculation shows that

5\ 2 224 V 2a V 20
¢ / |V5\2d:10 e / Mdmdy
RN

2[|Vell3 22, || V2|37 [z —y|N-e
RN xRN
2 22, 24
= c . / |Vv5‘2dx _ e - S;2a </ |V'€|2dx>
2([Vel3 Jrw 224 ||Vell3™ RN
o N _ N+ao

5.10 < ———y @ (AS,) ©
(5.10) S9N +a)) (ASa)

Then it follows from (5.9) and (5.10) that there exists a constant fi > 0 such that for
every p > [,

A A
mg(c) + 5c2 < By, q((ve),-) + 502
A 2
= E2mq((vs)t;) + D) |ve|"da
RN

to)? A 2o
— @ |Vv5|2dx 4 |v€|2dac _ T Mdmdy
2 RN 2 RN 220{ |l‘ — le_a

RN xRN

(@—=2)N

o)

_M [ve|9dx

q RN

(te_)202/ 2 Ac? / 2
= VV |%dr + —— V.|*dx

VIR Jun ¥ SV S IV

_\(@=2)N

224 Vo 2e V2|22 q(t
T 22 / 7| 4 |15‘_ dzdy*iuc (t.) q2 / Ve|*d.
220 || Vell2™ |z —y[Ne allVellz Jew
RN xRN

(@g—2)N

ACt7)? 5, wclC(tZ) 2 2w o N oo, o\ Nia
£—ef — - e 2 +— (NS, ©
2)| V=13 qllVl3 2(N +a) (355)
o N _ N+a
5.11 <% -F(S,) ",
(5.11) ey " ()

which contradicts (5.8). So @ # 0.
By weak convergence, we have

— AU+ i = y(I, * |a|*)|a*>2a + pla| %z inRY,
and so Qs 4(%) = 0. Let vy, := u,, — @. Then it holds that

(512) A(un) = A(ﬂ) + A(vn) + 0(1)
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and
B(un) = B(ﬂ) + B(Un) + 0(1)

by Lemma 2.5. Since Q,(uy,) = o(1) and C(u,) = C(a) + o(1), by (5.12) we deduce
that

A@) + Av,) = %};Q)o(a) +o(1).

Note that Qg () = A(a)— %‘?C(ﬂ) = 0. Then A(v,) = o(1). Using this, together
with C(vy,) = o(1) and

A(vn) + AnD(vn) = vB(vn) 4+ pC(vn) + o(1),
gives

I:= lim AnD(vy) = lim yB(vy),

n—oo n— oo

N+a

implying that either [ = 0 or [ > v~ & (AS,) =, where we have used (2.5). If [ = 0,
I

N+«
clearly u,, — @ in HY(RY). If

S (ASq) =, then we have

A 1
my(c) + 562 =my(c) + 5 nh_)ngo AnD(uy,)

1
> mg(c) + 3 lim A\, D(v,)

n—oo

An
=E,, 4(u) + nh_}rr;o (Egmq(vn) + 2D(vn)>

_ . An Y
— Ba.ow)+ Jim (%5D(0n) - 53 B(wn))
. _ . o
= Pawg) 4 lim 5o Blon)
> By, q(1) + sy 5 (ASy) o
Z L, q\U 2(N+ a)V @
o N Nta
1 ——y o
(513) > sy s

where we have used the fact of Es, 4(#) > 0. In fact, similar to the argument of
Lemma 5.2, by the fact that Qq(a@) = 0 and ||a|]2 < ¢, we easily obtain Ey_ (@) > 0
for 0 < ¢ < ¢,. Finally, repeating the same argument as proving @ # 0, we use ve to
deduce that for every u > f,

5\ 2 o N - Nto
— J— a )\ o @ R
mq(c)+2c < o +a)7 (ASa)

contradicting (5.13). Therefore, u,, — u in H*(RY). The proof is complete. d

Proof of Theorem 1.5. By Lemmas 5.2 and 5.8, for 0 < ¢ < ¢, there exists
a bounded Palais-Smale sequence {u,} C Mj(c) for Ey, , restricted to S,(c) at
the level my(c). Thus it follows from Lemma 5.9 that there exists a constant zi > 0
such that for every p > ji, up to a subsequence, u, — @ strongly in H'(RY) for
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0 < ¢ < ¢4, and together with Lemma 5.3, showing that @ is a ground state solution
of problem (1.5) for some A > 0, which is radially symmetric. Let [@|* be the Schwartz
symmetrization rearrangement of |[z|. By (3.2), we have Q4(|u|*) < 0, and there exists
a unique ¢ € (0,1] such that Q,((Jal*):) = 0. Thus (Ja|*); € My(c), and we have

N(qa—2)

— % _H(N(q72)74)t 2 — % Y — %
By, qlfal") = - C(al) - o B(al)
p(N(@—=2)—4) 7 o o
<MD =D 0@ - L Blw) = o, @ = mfo)

By the definition of m(c), we know that m,(c) is achieved by the real-valued positive
and radially symmetric nonincreasing function.
Moreover, it follows from (2.7), (2.8), and (5.2) that

Ae? = —A(a) +yB(a) + pC(a)

2N — qg(N—-2) _
= WA(U) +yB(u)

2N — q(N - 2) 2q _2N—q(N-2) N@o=a
" T NG-2) (uzvsm —2)° ) ’

which implies that

4
3 A (2 )T ot
N(g—2) 1uNS(q —2)

We complete the proof. ]

At the end of this section, we study the case of ¢ = 2*. First of all, we give a
property on mgy(c) as follows.

LEMMA 5.10. Assume that v,pu >0 and § < q < 2*. Then we have

ma«(c) > lim sup mg(c) > 0.
q—2*

Proof. The proof is similar to that of [17, Lemma 3.1]; we omit it here. d

LEMMA 5.11 ([5, Radial Lemma A.IV]). Let N > 3 and 1 < s < +oo. If
u € L¥(RY) is a radial nonincreasing function (that is, 0 < u(x) < u(y) if |z| > |y|),
then one has

v N\ .
@) <l (1ag )l i 20

where |SN = is the area of the unit sphere in RN .

LEMMA 5.12. Assume that ¢ = 2*,0 < ¢ < min {c,,c*}, and

N+«
< alNS,©
7= |25N2(N + a)

Kl
N

a(N—2)

u 2N

Then there exists fi > [i such that for every p > fi, the infimum ma-(c) > 0 is achieved
by @, where fi is as in Lemma 5.9. In addition, there exists A > 0 such that (@, \) is
a solution to problem (1.5).
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Proof. Let q, — 2~ as n — oo; by Theorem 1.5 and Lemma 5.10, for every
> [i, there exists a sequence of positive and radially nonincreasing functions {u,, :=
g, } C Mj, (c) such that

Ezaaqn( ) an (C) S M= (C) + ]‘?

which implies that {u,} is bounded. Then there exists @ € H}(RY) such that u,, —
in H}(RY), u,, — @ in LS(RY) for 2 < s < 2*, and u,, — @ a.e. on RYV. Moreover, by
the Lagrange multipliers rule there exists A\, € R such that for every ¢ € H'(RY),

2—2

Vuanadac+)\n/ Uppdr — / / N ————uppdr
RN RN RN JRN |a:—y\ o
610) = [l e = of1) el

RN

In particular, it holds that

:—v d 'and 1?
Vunl o [ [ S e [ fualreds +o)

which implies that {\,} is bounded. So there exists )\ € R such that A\, — \ as
n — oo. Since Qg, (un) = o(1), one has

) IN — g, (N —2
A2 = lim \,c® = lim ['yB(un) + L),u/ |un|q”d4 >0,
RN

n—00 n—00 2qn

leading to A > 0. If A = 0, then we get
B(uy,) = / |un|™dx = o(1),
RN

and further A(w,) = o(1l). This shows that E, (u,) = o(1), which contradicts
liminf,,_, o my, (¢) > 0. Thus, A> 0.

Since g, — 2*~ as n — oo and ¢ € L*(RY) for s € (1,00), by the Young and
Hoélder inequalities and Lemma 5.11, there exists a constant C; > 0 independent of n
such that

|‘Un|qn72unﬂp| <C; |un|271 |un|2*71)‘90|
< Cy(j2) T 7Y 4 2 T @ D) g € LHRY),

and together with the Lebesgue dominated convergence theorem, leading to

/ |t |9 P uppdz — / |a]> ~2dpdz as n — oo.
RN RN

Combining this with (5.14), we have

2oy 2a =2
o(1) = Vu,Vpdxr + )\n/ Uppdr — / / Un ey pd
RN RN N Jry |z —y|N—o

_u/ |un|Qn_2unSde
RN
G202
— Vchpda?+)\/ wpdr — / / 7Nu<pdx
RN ry Jry |z —y|N e

fu/ [a* ~2apds
RN
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as n — oo. That is, u is a weak solution of

—Au~+ du = (Lo * [u)?)|ul? 2w+ plu* "2u Vo € RY.

Thus, Q2+ (1) = 0.
Next, we claim that @ # 0. Otherwise, by using Qg, (u,) = 0 and the Young
inequality,

2% —qp, Gn — S o
dn < s *
[t | < T [t | +2*_S\un| for q, < s < 2%,
we have
N(q, — 2
/ IV, |?de = M/ |t |9 daz
RN 2qn RN
N(gn —2)(qn — .
2qn(2* — S) RN
N
NN(Qn - 2)(QW - 5) fRN |Vun|2dx N-2
+o(1)
2qn (2% — 3) S
N
\V4 n 2d N-—2
(5.15) <u (f';'l’) +o(1),
where we have also used the fact of [,y |un|*dz = o(1) for ¢, < s < 2*. Since

liminf, o0 fon [Vug|?dz > 0, it follows from (5.15) that

(5.16) lim sup / |V |2de > p~ R
RN

n—oo

By Lemma 5.10, (5.16), and the fact of Q,, (u,) = o(1), one has

me-«(c) > lim sup my, (c)

n— oo
. (1 ~ 2
—hmnsggo §A(un) EB(un) N(qn—Z)A(un)]
s (/1 2 0%
— hmnsggo _<2 — 7N(qn — 2)> A(uy) — 220tB(un)}
tim sup | (2 - 2 ) Alun) — =L Blun)
=lim s - —
o [\2 7 N o)) N T g, TN
1
> §pA(mn) = 55 Blun)
1 _nv2 N Y —Nia 292
> — — S, N %,
A

Moreover, using the similar estimate on (5.11), we get

o _~N Nta 1,
«@

. @ L Nget_ 2
ma () < 5Ny ? e ¢
But since
vz s e\ N N+a)o
57 aNS, \ a\® Ao
> | Y d <c' = 2>,
7—<2SN/2(N+Q)> mdi<esc < N7 > 8
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we have

= 2r‘97_75a N 220>7 _ESQ‘] _ =
N 22, © CoNta) 2¢

which is a contradiction. So 4 # 0.
Now, let us prove that mg-(c) is achieved. Set [py |@[*dz = a® < ¢?, and define

A direct calculation shows that
(5.17) / lif2dz = &2, C(a) = C(a), () = A(@),
RN

and

_2(N+a)

B(ﬂ):/RN(Ia*|a\2”)|ﬂ|2“dx: (%) B@=B@).

Clearly, @ € Sy(c). Moreover, using (5.17) and the fact of Q2 (1) = 0 gives

o uN@E =2) ., uN(@2 —2)
which implies that @ € MZ. ().
Since
N-2 . AN i YN . uN ..
we have
(5 18) HA(”)+5\]V(G)2/ |~|2d _ﬂ(g>2(1\7;® B(~)—|—'UNC(N)
' 2 TG e T T ST
Then by Lemma 5.10 and (5.18) one has
ma-(c) <Es, 2+ (1)
1, . YN - wo, -
zfA — _ —
A = Ny P~ 0@
AN a 2 YN ay\ O
= = 2 B
2(N — 2) (c) / [iFdr + 55 (c) (@)
uN . YN - oy
T G T el Ot Sl
2(N+o)

(- (O
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N ay — R . AN »
+2(];fy+04)<1_<c) )B(u)—w/ﬂwﬂdx

<liminf | 2~ (—— - —— | B — R or!
= s {2 (N—2 N+a) )+ N =) Ju

YN ay — 2 ) AN
Ty Ny (1 N (E) ) Bla) - sv =2 a*.

Note that
An N
E — n|?d
2&7[1n(un)+ Q(N_Q) /]RN |U ‘ €z
1 YN I / AN / 9
=-A n_iB n)— nqnd YUY nd
3 An) = sy Blun) = - | Junltrde+ Sy || Junlda

N pN / YN 14 /
= ————B(up) + ————= Up|T"dr — ————B(u,) — — Up | T dx

YN 1 1 I N /
= Blu) + &£ [ —2— -1 o|9d
2 (N—Q N+a> (“'an(zv—z | [unl™de

YN 1 1 21 /
EEEARY (N S Bluy) + ——H |9 da.
2 (N—2 N+a> (n) + N =2 o [l

Thus we have
mox (C) SEQQ’Q* (’LNL)
<liminf By, g, (un)

AN 5 9 N ay — L .

) (c _a)_Q(N+a) ((c> _1>B(“)
. AN 9 9 YN ay — N N
=liminfmg, (<) + 3y =5 (=) - 2(N + a) ((c) N 1) B(@)

<limsup my, (c) < ma-«(c),
n— oo

provided that
AN 9 9 YN ay\ — 2 .
—_— — —— | (- —1] B(a) <o0.
2(N — 2) (¢ =) 2(N + ) ((C) (@) <0

If a = ¢, then it is clear that mo«(c) is achieved by @ (in fact @ = @ here) for all v > 0.
If a < ¢, then mo-(c) is achieved by @ when

A (* —a?) (N + a)
-2 (&7 -1) 5@

Y2

Note that

2z

Nta
. alN S, ~ a(N—2)
T=\sveN o)) * '
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Then there exists i > [ such that for every p > fi, the infimum meo-(c) is achieved
by . R
Since the infimum mg-(c) is achieved by @, there exist A and 7 such that

(5.19) —Ad+ Aa — (1o * |@]?)|af?>> 26 — pla* 2a =7 [—QM - 2*u|a\2**2a} ,
namely,
—(1 = 20) At + Ma = (I, * |a)®)]a) > 2@ + p(1 — 2°n)|al* ~2a.
Similar to Lemma 2.6, u satisfies the Pohozaev identity as follows:
(1 =2n)A(a) — (1l —2"n)C(a) = 0.
Using this, together with Qa« (@) = A(a) — pC(a) = 0, we deduce that
n(2* - 2)C (@) = 0,

leading to n = 0. Moreover, it follows from (5.19) and Q2+ (@) = 0 that

(5.20) A= ClQ [~ (@) +7B(@) + nC(@)] = 5 B > 0.

The proof is complete. O

Proof of Theorem 1.6. By Lemma 5.12, we obtain that @ is a ground state
solution to problem (1.5) for some A > 0. Moreover, by (5.20) one has
N+ta

A= 5 [FA@) +7BG@) +uC@)] = LB <52 .

We complete the proof.

6. Qualitative properties of the mappings o(c) and mg(c¢). This section
is devoted to the proof of Theorem 1.10.

(i) Assume that ¢, — ¢ as n — oo. It follows from the definition of ¢ (¢) that for
any € > 0, there exists u, € S(c,) such that

(6.1) Es, 4(un) <o(c)+e.
Let v, := éun Taking into account that v, € S(c) and é — 1, we have
(6.2) 0 (c) < Ba, q(vn) = Ea, q(un) +o(1).
Combining (6.1) and (6.2), one has
og(c) <o(en)+e+o(1).
By reversing the argument we get
o(cn) <o(c)+e+o(l).

Therefore, since € > 0 is arbitrary, we deduce that o (¢,,) = o (¢) as n — 0.

By Lemma 3.1(ii), we deduce that the map ¢ — o (c) is strictly decreasing.

(ii) Similar to the argument of (i), we easily obtain that ¢ — my (c) is a continuous
mapping. Next, let us prove that the function ¢ — my (c) is strictly decreasing. Let
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0 < ¢1 < ¢g. According to Lemma 5.1 and the definition of mg (c), there exists
{un} C Mg (1) such that

1
Es, .q (un) = r?fgiE%,q ((un)t) <myg (c1) + n

Let

Then we have

and

2N _—g(N—2)
Cluwn) = (f) Clw,). Dlw,) = 2.
1
Moreover, by Lemma 5.1, there exists ¢, > 0 such that (wy);, € M, (c2) and

Baa(wa)e,) = max B, ((wn)s):

Hence, we have

mq (c2) < B, q((wWn)s,)

20V ta)
~Buglwde) - 55 ((2) 7 1) B
N(g—2) 2N—q(N-2)
_altn) (CQ> T 1| Clun)
q C1
<mgentr-((2) 7 1) Bl
N(q—2) 2N—q(N—-2)
L e !
q C1

which implies that mg (c2) < mg (c1). We complete the proof.
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