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Abstract. This work is devoted to study the existence of solutions to nonlocal equations
involving the p-Laplacian. More precisely, we prove the existence of at least one nontrivial weak
solution, and under additional assumptions, the existence of infinitely many weak solutions. In order
to apply mountain pass results, we require rather general assumptions on on the local operator.
Finally, a concrete application is presented.

1. Introduction

The purpose of this paper is to investigate existence and multiplicity properties
for the following class of nonlocal Dirichlet problems:

(o) - {M (/Q |Vu(z)|pd:)s)r—1 Ayu= f(z,u) inQ,

u|aQ = 0.

Here and in the sequel, 2 is a bounded domain in (R, |-|) with smooth boundary 952,
p > 1, and Ayu := div(|Vu[P~?>Vu) denotes the usual p-Laplace operator. Further,
f: QxR — Rand M: [0,+00) — [0, +00) are suitable continuous maps.

Nonlocal boundary value problems like problem (DJJ!\)/L f) model several physical
and biological systems where u describes a process which depend on the average
of itself, as for example, the population density. We refer the reader, for instance,
to Alves and Corréa [1], Alves and Figueiredo [3], Andrade and Ma [5], Chipot
and Lovat [16], Chipot and Rodrigues [17], and Vasconcellos [28]. Problem (Df, () is

called nonlocal because of the presence of the term M ( [, [Vu(2)[? dz), which implies
that the quasilinear partial differential equation in (Dfm f) is no longer a pointwise
identity. This phenomenon creates several mathematical difficulties in the qualitative
analysis of such equations.

Moreover, problem (Dﬁ/l, f) is related to the stationary analogue of the hyperbolic
equation

(1) iy — (a—l—b/ﬁ\Vu(x)de) Au= f(z,u) in Q,
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where A is the usual Laplace operator. Equation (1) is a general version of the
Kirchhoff equation

L
(2) P Uy — (io + % u? dx) Ugy = 0,
presented by Kirchhoff [21]|. This equation is as an extension of the classical d’Alem-
bert’s wave equation by considering the effects of changes in the length of the strings
during the vibrations. The parameters in equation (2) have the following meanings:
E is the Young modulus of the material, p is the mass density, L is the length of the
string, h is the area of cross-section, and F, is the initial tension.

The Kirchhoff’s model takes into account the length changes of the string pro-
duced by transverse vibrations. The early classical studies dedicated to Kirchhoff
equations were given by Bernstein [13] and Pohozaev |25]. However, equation (1)
received much attention only after the paper by Lions [23], where an abstract frame-
work to the problem was proposed. Some related results can be found, for example,
in Arosio and Panizzi |7], Autuori, Colasuonno and Pucci [8], Autuori, Pucci and
Salvatori [12|, Counsin, Frota, Lar’kin and Medeiros [19], and D’Ancona and Spag-
nolo [20]. We also point out that Arosio and Panizzi [7] studied the Cauchy—Dirichlet
problem related to (1) in the Hadamard sense as a special case of an abstract second
order Cauchy problem in a Hilbert space. D’Ancona and Spagnolo [20] considered
Kirchhoff’s equation as a quasi-linear hyperbolic Cauchy problem that describes the
transverse oscillations of a stretched string. Perera and Zhang [24] obtained a non-
trivial solution of (Df, ) (for p = 2) via Yang index and critical groups. Chipot
and Lovat [16] pointed out that this kind of problems models several physical and
biological systems, where u describes a process depending on the average of itself (for
example, population density). We also refer to Colasuonno and Pucci [18|, which cov-
ers for the first time in the literature the degenerate case of the Kirchhoff equation
for the existence of solutions in the elliptic case. In other words, paper [18| includes
the degenerate setting that corresponds to M (0) = 0. For completeness we refer the
reader to some recent interesting results obtained by Autuori and Pucci in [9, 10, 11|
studying Kirchhoff equations by using different approaches.

In our context, problem (Dfm f) is studied exploiting classical variational methods.
More precisely we apply the celebrated mountain pass theorem (briefly MPT) to
this kind of equations motivated by the current literature where the MPT has been
intensively applied to find solutions to quasilinear elliptic equations of p-Laplacian
type.

Technically, this approach is realizable checking that the associated energy func-
tional verifies the usual compactness Palais-Smale condition. Motivated by this fact,
we suppose some restrictions on the behavior of the continuous function M.

More precisely, we assume that there exists a constant mg such that

(CY) 0<mo < M(t), Vt € 0,+00).
In addition to the above hypotheses, we require that
(C2,) there exists ty > 0 such that

M(t) = (M (),

for every t € [ty, +00), where M / )Pt ds.
0
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As proved in Lemma 4.2, in our setting, the potential M has a sublinear growth.
This fact permit to overcome some technical difficulties treating problem (D%, f) due
to the presence of the nonlocal term

M(/Q \vu(x)v’dx).

Specifically, studying p-superlinear problems as in the classical literature for the p-
Laplace operator, we are conduced to assume M nonincreasing.

In the first part of this manuscript, under the previous assumptions, requiring
conditions on the nonlinear part f (among others the Ambrosetti-Rabinowitz re-
lation) we prove the existence of at least one nontrivial weak solution to problem
(D}y.f); see Theorem 4.1. This result is related to [2, Theorem 3| where the authors
studied problem (D3, ;).

We just observe that in our context, on the contrary of the cited result, we do
not require

lim M =0,

t—0 t
uniformly with respect to z € €; see condition (6) in Theorem 4.1. Further, we
assume that condition (C%,) holds true for every t > ty, where #; can be different
from zero.

The second part of this work is devoted to a multiplicity result. In presence of
symmetries (f is assumed to be odd), the existence of infinitely many weak solutions
to problem (DIE\J/L f) is achieved exploiting the Z,-symmetric version of the MPT; see
Theorem 2.2.

The plan of the paper is as follows. Section 2 and 3 are devoted to our abstract
framework and preliminaries. Successively, in Sections 4 and 5 we give the main
results; see Theorems 4.1 and 5.1. Finally, some concrete examples of applications
are presented in the last section (see Example 6.1 and 6.3).

2. Abstract framework

Let VVO1 P(Q), p > 1, be the usual Sobolev space, equipped with the norm

= ( [ (uto ar) v

Further, let W=1%(Q), with 1/p + 1/p’ = 1, be its topological dual and denote the
duality brackets for the pair (W=7 (Q), W, *(Q)) by (-,-). We denote by p* the
critical exponent of the Sobolev embedding W, ?(Q) «— L4(Q). Recall that if p < N
then p* = Np/(N — p) and for every ¢ € [1,p*] there exists a positive constant c,
such that

(3) [ullpa) < cqllull

for every u € Wy*(€). Moreover, when p > N, this inequality holds for any ¢ €
[1,400[, since p* = 4o0.

For the sake of completeness, we recall that a C'-functional ¢: X — R, where X
is a real Banach space with topological dual X*, satisfies the Palais—Smale condition
at level € R (briefly (PS),) when
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(PS),, every sequence {u,} in X such that

o(un,) = p and ¢ (un)]|x+ — 0,
as n — OO, possesses a Convergent subsequence.

We say that ¢ satisfies the Palais-Smale condition (in short (PS)) if (PS), holds for
every u € R.

With the above notations, our main tools are the classical MPT and its Z»-
symmetric version recalled respectively in the next Theorems 2.1 and 2.2. As pointed
out by Brezis and Browder [15], the mountain pass theorem “extends ideas already
present in Poincaré and Birkhoff”.

Theorem 2.1. [4] and [26, Theorem 2.2, p. 7| Let (X, || - ||) be a real Banach
space and let p € C*(X;R) such that ¢(0x) = 0 and satisfying the (PS) condition.
Suppose that

(I,) there exist constant p,a > 0 such that p(u) > « if ||u|| = p,
(Iy) there exists e € X with |le|| > p such that ¢(e) < 0.

Then ¢ possesses a critical value ¢ > «, which can be characterized as

c¢:= inf max u),
yerl uE*y([O,l])SO( )

where
['i={y e C([0,1]; X): v(0) =0 A (1) = e}.

Theorem 2.2. |26, p. 5] Let X be an infinite dimensional real Banach space and
let ¢ € C'(X;R) be even, satisfying the (PS) condition, and ¢(0x) = 0. Suppose
that condition (1) holds in addition to the following:

(15) For each finite dimensional subspace X1 C X, the set

{u e Xy: p(u) >0}
is bounded in X.
Then ¢ has an unbounded sequence of critical values.

We cite the monograph by Kristaly, Radulescu and Varga [22| as general reference
on variational setting adopted in this paper.

3. Notations and preliminaries

Set ®@: W,"(Q) — R the smooth functional defined by
1~
(4) O(u) :=-M (/ |Vu(x)P dx) :
p Q
for all u € VVO1 P(€)), where we recall that
t
W)= [ (s s,
0

for every ¢ € [0,+00). Then the Fréchet derivative ®': WyP(Q) — W17 (Q) is given
by

(® (1), v) = {M < /Q \Vu(x)\pdx>r_l /Q V()P 2Vu(z) - Vo) dz,

for every u,v € Wy(Q).
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Moreover, it is well-known that the operator A: W, ?(Q) — W~ (Q) given by
(A0 = [ Va0 *Vu(s) - Vo(a) da,
Q

for every u,v € VVO1 P(Q), satisfies the (S, ) property. This means that for every
sequence {u,} C Wy*(Q) such that u, — u (weakly) in W,*(Q) and

(5) lim sup(A(uy,), u, —u) <0,

n—oo

then u, — u (strongly) in W, 7(Q).

4. Existence result

Put
Ay(©) = inf { f; %Sf‘dix e W)\ {o}} |

Our first result extends a pioneering property established by Ambrosetti and Rabi-
nowitz [4] under similar assumptions, provided that M =1 and p = 2.

Theorem 4.1. Let us assume that M: [0, +o0c) — [0, +00) is a continuous map
such that condition (C};) and (C%;) hold. Further, require that f: Q x R — R is a
continuous function that verifies:

hy) The subcritical growth condition:
|f(z,t)] <e(1+[t]*7), VzeQ VieR,

where ¢ > 0 and p < q < p*;
hy) The Ambrosetti-Rabinowitz (briefly (AR)) condition: the functional F(z,§)

= fog f(z,t)dt is O-superhomogeneous at infinity, that is, there exists t* > 0
such that

0<0F(z,8) < f(2,6)§ YaeQ Vg >t,

where 6 > p.
We assume that

(6) lim sup 58 <

0 [t T

uniformly for x € Q, where
A <mb AL ().
Then the Dirichlet problem

o) —[M( /Q |vu(z)|de)}p_lApu: fla,u) inQ,
7 ulon = 0,

has at least one nontrivial weak solution in W, ().

For the sake of completeness we recall that a weak solution of problem (D7}, £)is
a function v € W, ?(Q) \ {0} such that

(@ (), v) = / £ (@ u())o(z) d,
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for every v € VVO1 P(Q)). Further we note that, if f: O x R — R is locally Lipschitz,
then every weak solution of problem (D%, f) is classical.

4.1. Some remarks on our assumptions. The validity of the next lemma
will be crucial in the sequel.

Lemma 4.2. Suppose that conditions (Ci;) and (C3%,) hold. Then there are
constants my > 0 and my > 0 such that

(7) M\(t) < myt + ma,
for every t € [0, +00).

Proof. Let t; > ty, where t, appears in hypothesis (C%,). By our assumptions we

easily have
(M)

M(1)
for every t € |t;, +00). Integrating the above relation, we obtain
L [M(s)P M{(t t
/ &ds = log A( ) < log —,
o M(s) M (ty) t1
for every t € Jt;,4+00). Thus

1
<_a
—t

— M(t
M(t) < t( l)t,
1
for every t € ]t;,+00). Hence the growth condition (7) holds taking, for instance,
Mt —
my = () and my := max M (). O
11 t€[0,¢1]
Owing to conditions (C},) and (C%,), by Lemma 4.2 one has the following in-
equalities:
~ omb m m
(Car) —2—ullP < ®(u) < —ull? + ==,
p p p

for every u € W, ().
Remark 4.3. We observe that the (AR) condition implies that
F(x, 7€) > F(z, €)1,

for every z € Q, [£] > ¢, and 7 > 1. Indeed, for 7 = 1, clearly the equality holds.
Otherwise, fix || > t, and define g(x, 7) := F(x, 7§), for every x € Q and 7 €]1, +00).
By (AR) condition it follows that

g'(x,7)

g(z,7)
for every x € Q and 7 > 1. Integrating in |1, 7] it follows that

/T g(s) ds = log 9, 7) > log 7.
1 9(,9) g(z, 1)
In conclusion, since for every z € Q, [£] > t, and 7 > 1 one has
F(x,76) =: g(x,7) > g(x,1)7% = F(x,6)7°.

The claim is verified.

>

Y

N
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4.2. Proof of Theorem 4.1. Under the assumptions of Theorem 4.1, we define
the C''-functional

o(u) = ®(u) — /Q Flz,u(z))dz, ue W,?(Q),

whose critical points are the weak solutions of problem (D%, f). In order to prove our
result, we apply Theorem 2.1 to this functional. In the next three lemmas we shall
verify the mountain pass theorem conditions.

Lemma 4.4. Every Palais-Smale sequence for the functional ¢ is bounded in

Wy ().
Proof. Let {u,} € Wy”(Q) be a Palais-Smale sequence, that is,

(8) p(un) = 1,
for 1 € R and
(9) 1" (un) [l 120 = 0.

We argue by contradiction. So, suppose that the conclusion is not true. Passing to
a subsequence if necessary, we may assume that

|2y || = +o00.
By conditions (C'};) and (C%), it follows that there exists ng € N such that

oy ) ) et | M) a?
o (un) ; [M (|| |)] [p[M(Huu”pﬂp_l ; ]

+/Q [f(x,un(g))un(g:) - F(l',un(x))] .

(1 1
>t (5= 5 )l

(10)

for every n > ng. Thus

p—1(0—D P (' (un), un)
™ (22 2) Il < gt — )

- /un(w)|>t* [f(x’u"(g))un(x) — F(:):,un(x))} dr,

+ M meas (2), Vn > ny,

where “meas (2)” denotes the standard Lebesgue measure of 2 and

M = sup {‘LIH’ )t -

Now, we observe that, the (AR) condition yields

/Iun(x)»* [f(z’un(;f))un(x) - F(:c,un(x))] dz > 0.

F(x,t)‘ cxe Q] < t*}.
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So, we deduce that

(0= o' (tn), tn
ml”! (W) lunll” < lun) — % + M meas (Q),

for every n > ngy. Then, for every n > ng one has

[

0

Cllun||” < {w(un) + 11" (un) [l + M meas (Q)} ,

1 (0— : s .

where C' := mb~! (Q—p) > 0. In conclusion, dividing by ||lu,|| and letting n — oo,
D

we obtain a contradiction. 0J

The above Lemma implies that the C'-functional ¢ verifies the Palais-Smale
condition as proved in the next result.

Lemma 4.5. The functional ¢ satisfies the compactness (PS) condition.

Proof. Take {u,} C W,?(Q) be a Palais-Smale sequence. Thus, by Lemma 4.4,
the sequence {u,} is necessarily bounded in W, (). Since W, ”(Q) is reflexive, we
may extract a subsequence that for simplicity we call again {u,}, such that w, — u
in W,”(Q). We will prove that u, strongly converges to u € W,”(Q). Exploiting
the derivative ¢'(uy,)(u, — u), we obtain

(P (), tn = 1) = (' (), ey — 1) + /Q F @, un () (un — u)(x) da.

Since ||’ (un)|lyy-1» — 0 and the sequence {u, — u} is bounded in W,"(Q),
taking into account that

{6 (), un = )] < 160 () g1 ([t — ]
one has
(' (un), up —u) — 0.
Further, by h;) and taking into account that u,, — u in L(2) we obtain

[ 15t onte) = u(w)] o = 0.

We can conclude (by (C},)) that
(A(up), up —u)y — 0,

as n — o0o. Since the operator A has the (S.) property, in conclusion, u, — u
strongly in W, P(Q). Hence, as claimed, the functional ¢ fulfills condition (PS). O

Lemma 4.6. The functional ¢ has the geometry of the MPT. More precisely:
1. There exists r > 0 such that

f o(u) > 0.

l[ull=r
2. For some uy € W,*(§2) one has
o(Tug) = —00,

as T — +o0.
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Proof. 1. We choose € > 0 small enough, verifying

At+e
)‘l,p(Q)'

By condition (6) there exists §. > 0 such that

(.1
<A
[

p—1
mh >

for every z € Q and |t| < 6.. Hence, one has

A+
p

F(x,§) < 17,

for every [£] < d.. As a consequence of the above inequality, using hypotheses hy),
the Sobolev embedding Wy (Q) < L(Q) and (C)), we can write

p—1 A
pl(u) > 2P _/ - Ju(z) [P dx — 0/ lu(z)|? dx
p u(z)|<s. P u(z)|>62
p—1
™m Ate
> 2 |u||” - ﬁllullp — Clul|?,
p p Lp( )
for a suitable positive constant C'.
Now, set 7 := ||u||” and observe that for > 0 small enough, we have
1 _ Ate )
p—1 q/p
—|my  — r—Cri? >0,
p ( 0 >‘1,p(9>
bearing in mind that ¢ > p. Hence
”i:|r|1£ o(u) > 0.

2. Let us choose an element uy € W,(Q) such that
meas ({x € Q: ug(z) > t.}) > 0.

Being F'(z,&) a #-superhomogeneous function if || > ¢,, for 7 > 1, we obtain
m m
plrun) < HrualP + 22 = [ P, rug(o)) do
p p Q

p
< pr - 7-9/ F(x,uo(x)) dx + ™2 4 M meas (€2),
p o (&) 2t b

where
M = sup {|F(z,8)| : 2 € Q,[¢] <t}
Thus, the (AR) condition implies that
o(Tug) = —00,

as T — +o00. This concludes the proof. O
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5. Infinitely many solutions

In this section, we prove the existence of infinitely many weak solutions for prob-
lem (Dﬁm f) exploiting the Z,-symmetric version of the MPT recalled in Theorem 2.2.
Our main result is the following.

Theorem 5.1. Assume that f: Q x R — R odd with respect to the second
argument and that the conditions of Theorem 4.1 are satisfied. Then problem (Dﬁ/l, )
has infinitely many weak solutions.

Proof. Since the function f is odd in the second argument the functional ¢ is
even. Moreover ¢ verifies that @(OWOLp) = 0 and by Lemmas 4.4 and 4.5, it satisfies

also the (PS) condition. On the other hand by Lemma 4.6, there exist positive
constants p and « such that ¢(u) > « if ||u|| = p. Hence, we need to prove just that
for each finite dimensional subspace X; C W, ”(Q), the set

0

{u e X1: p(u) >0}
is bounded in W, 7(Q).
Indeed, let u € W, ?(Q) arbitrary and denote

Qo :={r € Q: |u(z)| < t.},
as well as

Qs = {x € Q: |Ju(z)| > t.}.
We shall prove that ¢ satisfies the following estimate
(11) p(u) < %HUH” + % - / y(@)u(z)|” dx + &,
Q

where & is a suitable positive constant and v € L*(€2), with v > 0 in 2.
To show the above inequality, let us start observing that by h;), the function F’
satisfies

(12) |F(z, )] < Ci(1+[¢]7), YreQ VEER.
We claim that there exists v € L>(§2), v > 0 in 2, such that
(13) F(z,€) 2 v(2)[€)’, VzeQ Vg >t.

Indeed, since F'is f-superhomogeneous, we have that

F(z,8) > n(2)lgf’, VeeQ Vet
where v, (z) := F(z,t,)/t’. It is easy to see that v, € L>®(Q) and »; > 0 in Q.

In a similar way, it follows that

F(ZL’,&-) > 72(35)‘5‘07 Ve Qv v£ < —ty,
with () := F(z, —t*)/tf. Also in this case v € L*(€2) and 75 > 0 in . Then
(13) holds with

7(z) = max{y(z),72(2)},

for every = € Q.
Now, by condition (12) we conclude that

/Q F(z,u(x))dx > —C1(t + 1) meas ().



Mountain pass solutions for nonlocal equations 589

Further, inequality (13) yields

/Q> F(z,u(x))dx 2/ (@) ()| d.

Q>
Then
o) < T ufp 4 T2 < / Pz, u(z)) dr + / F(x,u<x>>da:)
p p Q< Qs
< @HUHP + G / 7(:)3)|u(z)|9 dzr + C1(t? + 1) meas (02)
p P Qs
< e+ 2 / (@)u@) dz + 5,
p p Q
where

K= (||7||ootf + C1(t? + 1)) meas (Q).

Hence, inequality (11) is proved.
At this point, observe that the functional || - ||,: Wy?(Q) — R defined by

= ([ A(@uto) e ) "

is a norm in W, ”(Q). Since in X; the norms || - || and || - ||, are equivalent (X is
finite dimensional), there exists a positive constant ky, such that

[ull < wx, [l
for every u € Wy*(€2). Consequently, we have that

p
mll‘in

mg
p(u) < [ullf — ||u||3+fﬂ+?,

for every u € X;. Hence
p
1Ry, D 0 ma2
— X )P = Juf)f + e+ —=>0
P ]l = ull5 5 20
for every

u € {u € Xi: p(u) > 0}.

Since 6 > p we conclude that the above set is bounded. The proof is complete. [

Remark 5.2. Note that condition (6) in Theorem 5.1 can be removed if, instead
of Theorem 2.2, we apply the more general Theorem 9.12 contained in Rabinowitz
[26, p. 55].

6. Some examples

In this section € is an open and bounded subset of R3 with smooth boundary
0f). We present two simple applications of our main results taking p = 2. The first
one is a direct consequence of Theorem 4.1.
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Example 6.1. Consider the following nonlocal equation with the Dirichlet bound-
ary condition:

-M (/ \Vu(x)ﬁd:c) Au=u*+u* in Q,
Q

ulon =0,

sin Vu(z)|? dx
M (/ |Vu(x)|2dx) =2+ U V()] )2.
0 1+ ([, [Vu(z)]? d)
Owing to Theorem 4.1, problem (E;) admits one nontrivial classical solution. Indeed,
a direct computation ensures that the continuous function

sin ¢
M) =24+ ——, Vt>0
(t):=2+1"% >0,
satisfies conditions (C'};) and (C%;). Further, the locally Lipschitz continuous func-

tion f : R — R given by

(E1)

where

f(t):=t3+t*, VtecR,
verifies all the hypotheses of Theorems 4.1.

Remark 6.2. We note that in Example 6.1 condition (C?%,) is verified for every
t > ty, where %, is the unique positive solution of the following real equation

t . .
sin s sint
2 ds—t[2+ —— | =0.
/0<+1+s2) s <+1+t2)

In conclusion, the existence of infinitely many solutions for the next elliptic non-
local problem (namely (Es)) can be studied by using Theorem 5.1.

Example 6.3. Consider the following problem in presence of an odd nonlinear-
ity:
—-M (/ \Vu(x)ﬁd:c) Au=uv*+u in Q,
Q

uloq =0,

wz)Pde | = oS (fQ|VU(!E)|2dx)
M(/QW (x)*d ) '_1+1+(f9|vu(x)|2da:)2'

Owing to Theorem 5.1, problem (FE5) admits infinitely many classical solutions.

(E2)

where
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