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ABSTRACT. We consider a Neumann boundary value problem driven by
the anisotropic (p, ¢)-Laplacian plus a parametric potential term. The re-
action is “superlinear”. We prove a global (with respect to the parameter)
multiplicity result for positive solutions. Also, we show the existence of
a minimal positive solution and finally, we produce a nodal solution.

1. Introduction

Let Q C RY be a bounded domain with C2-boundary 9€2. In this paper, we
study the following parametric anisotropic Neumann (p, ¢)-equation:

—Apyu — Agyu + AuPH "2y = f(z,u) inQ,

P
(B3) @:O on 00, A € R.
on
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Given r € C(Q) with 1 < minr, we denote by A,z the anisotropic r-Laplace
Q
differential operator defined by
A, zyu = div(|Du["®2Du)  for all u € W) (Q).

In contrast to the isotropic r-Laplacian (that is, if r(-) is constant), the
anisotropic one is not homogeneous and this is a source of difficulties in the
study of anisotropic problems. Equation (P)) is driven by the sum of two such
operators. So, even when the exponents are constant functions (isotropic oper-
ators), the differential operator of the problem is not homogeneous. There is
also a parametric potential term u — A|u|P*)=2u with A\ € R being the param-
eter. Note that A need not be positive and so the differential operator is not
in general coercive. In the reaction (right-hand side of problem (P,)), we have
a Carathéodory function f(z,z) (that is, for all z € R the mapping z — f(z,z)
is measurable and for almost all z € §, the function z — f(z, ) is continuous),
which is (p4 — 1)-superlinear as z — oo (here7 Py = mﬁaxp for p € Co’l(ﬁ)).

However, we do not use the Ambrosetti-Rabinowitz condition (the AR-condition
for short), which is common in the literature when dealing with “superlinear”
problems. Our condition on f(z, -) is less restrictive and incorporates in our
framework, also superlinear nonlinearities with “slower” growth near 4oo.

Our aim is to study the changes in the set of positive solutions as the pa-
rameter A € R moves on the real line. We prove a global multiplicity result
(a bifurcation-type result for large values of the parameter). More precisely, we
show the existence of a critical parameter value A, > —oo such that

e for all A > A, problem (P)) has at least two positive smooth solutions;
e for A = \,, problem (P)) has at least one positive smooth solution;
e for A € (0, \,), problem (P)) has no positive solution.

We also establish that for all A € [\, 00), problem (P,) has a smallest posi-
tive solution. Finally, the extremal constant sign solutions are used to produce
a nodal (sign-changing) solution.

Analogous bifurcation type results describing the changes in the set of posi-
tive solutions for anisotropic Neumann problems were proved by Fan and Deng [4]
and Deng and Wang [1]. They consider problems driven by the p(z)-Laplacian
and impose restrictive positivity and monotonicity conditions on the reaction
f(z, -) and, in addition, they employ the AR-condition to express the superlin-
earity of the reaction. We also mention the recent isotropic work of Papageorgiou
and Zhang [16] with a parametric boundary condition. Finally, further existence
and multiplicity results can be found in [5], [6], [9], [10] and the references therein.
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2. Mathematical background and hypotheses

The analysis of problem (P,) requires the use of function spaces with variable
exponents. A comprehensive presentation of the theory of these spaces can be
found in the book of Diening, Harjulehto, Hasto and Ruzicka [2]. We also refer
to the monograph of Radulescu and Repovs [17] for the basic variational and
topological methods used in the treatment of problems with variable exponent.

Let M () be the vector space of all measurable functions u: @ — R. As
usual, we identify two such functions which differ only on a Lebesgue-null subset

of Q. Given r € C(Q), we define 7_ = minr and r; = maxg7.
)

Consider the set By = {r € C(Q2) : 1 <r_}. Then, for r € Ey, we define the
variable exponent Lebesgue space L"(*)(Q) as follows L™*)(Q) = {u € M(Q) :
pr(u) < oo}, where p,(-) is the modular function defined by

pr(u) = / u"® d.
Q

We equip the space Lr(z)(Q) with the so called “Luxemburg norm” defined by

|||y = inf {19 >0:pp (Z) < 1},

Then LT(Z)(Q) becomes a Banach space which is separable and reflexive (in fact,
uniformly convex). For r € Ey, we define the conjugate variable exponent /(- )
corresponding to r(-) by

() —1

Evidently, ' € E; and 1/r(z) + 1/r'(z) = 1 for all z € Q. We know that
L'@(Q)* = L) (Q) and the following Hélder’s inequality is true

1 1
[tz < (5 + 5 Jlullollollce

for all w € L") () and all v € L™ (*)(Q).
Having the variable exponent Lebesgue spaces, we can define the correspond-

for all z € Q.

ing variable exponent Sobolev spaces. So, if r € Ey, then we define
WhrE(Q) = {u e L"®(Q) : |Du| € L™ (Q)},

with Du being the weak gradient of u(-). We equip this space with the following
norm
HUHLT(Z) = ||u||r(z) + ||Du||r(z) fOI“ all u € Wl’r(z)(ﬂ)

with || Dul|.(.y = [||Dull»(z). It follows that W1(2)(Q) is a Banach space which
is separable and reflexive (in fact, uniformly convex).
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For r € F4 we introduce the corresponding critical Sobolev variable exponent
r*(+) defined by

L(Z) if r(z) < ]\[7 —_
r(z) =4 N —r(2) for all z € Q.
400 it N <r(z),

Suppose that r € C%1(Q) N E; and 7 € C(Q) with 1 < 7_. We have the
following embeddings (anisotropic Sobolev embedding theorem).

PROPOSITION 2.1.
(a) WH)(Q) — L™G)N(Q) continuously if 7(z) < 7*(2) for all z € Q.
(b) WhrG)(Q) — LTEN(Q) compactly if 7(2) < 7*(2) for all z € Q.

If u € WH(2)(Q), then we write p,.(Du) = p,.(|Dul). There is a close relation
between the norm || - ||,y and the modular function p,.(-).

PROPOSITION 2.2. Ifr € By and {un, u}nen € L") (Q), then:
(a) HU’HT(Z) =4 Zf and only Zf pr(u/ﬂ) =1
(b) |lullrzy <1 (resp. =1, > 1) if and only If p,(u) <1 (resp. =1, > 1).
() If lullvisy <1 then lullyf,) < pr(u) < [lully,-
(@) IF ey > 1 then Jullc < prw) < 0l
(e) HU'TLHT(Z) — 0 if and only if p7'(un) — 0.
(£) Nunllr(zy = oo if and only if p,(un) — +00.

Let A,: WH)(Q) — W7(*)(Q)* be the nonlinear operator defined by

(Aufa),h) = [ 1D (Du, Dhja dz
Q

for all u, h € Wl””(z)(Q). This operator has the following properties, see Gasinski
and Papageorgiou [7] and Radulescu and Repovs [17, p. 40].

PROPOSITION 2.3. The operator A,: WH(2)(Q) — W) (Q)* is bounded (that
is, maps bounded sets to bounded sets), continuous, monotone (thus, maximal
monotone, too) and of type (S)+, that is,

“Up S in WHTE(Q) and  limsup(A, (un), un —u) < 0

n—oo

imply that w, — u in WHT(2)(Q)”.

We now recall the Weierstrass—Tonelli theorem, which we will use in the
sequel. For the convenience of the reader we include also the proof.

THEOREM 2.4. If X is a reflexive Banach space and ¢: X — R is sequentially
weakly lower semicontinuous and coercive, then there exists u € X such that

o(u) = inf{p(u) : u € X}.
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PROOF. The coercivity of ¢ implies that for R > 0 big we have
inf ¢ = inf ¢,
Yo= ¢

with Bp = {u € X : |lulx < R}.

On account of the reflexivity of X and the Eberlein-Smulian theorem, Bp is
sequentially weakly compact. Since () is sequentially weakly lower semicon-
tinuous, we conclude that there exists u € X such that ¢(@) = i&f 0. O

On account of the anisotropic regularity theory (see [3, Theorem 1.3] and
[19, Corollary 3.1]), we will also use the Banach space C*(2). This is an ordered
Banach space with positive cone

Ci={uecC'Q):u(z)>0forall z € Q}.
This cone has a nonempty interior given by
intCy, = {ue Cy :u(z) >0 for all z € Q}.

We will also use another open cone in C*(€2), which is defined by
1 ou
Dy =35ueC (Q):u(z)>0forall z€Q, — <0p.
on dQNu—1(0)
Recall that g—z = (Du,n)g~, with n(-) being the outward unit normal on J€.
If hy,hy € M(Q) with hy < ho, then we define:

[h1, ho) = {u e WHEN(Q) 1 hi(2) < u(z) < hao(2) for a.a. z € Q},
[h1) = {u e WY E(Q) : hy(2) < u(z) for a.a. z € Q},
intci(q)[h1, ko] = the interior in C1(Q) of [hy, ho] N C*(Q).

Suppose that X is a Banach space and ¢ € C*(X). We introduce the following
sets

K,={ue X :¢ (u) =0} (the critical set of ¢),
C={rzeX:pu)<ct forallceR.

We say that ¢( - ) satisfies the “C-condition”, if it has the following property:
“Every sequence {uy}nen € X such that {©(un)}neny € R is bounded and
(1 + Jun|l)¢'(un) = 0 in X* admits a strongly convergent subsequence”.

This is a compactness condition of the functional () which compensates
for the fact that the ambient space X is not in general locally compact (being
infinite dimensional). Various techniques have been proposed in the literature
in order to recover the compactness in several circumstances. We refer to Tang
and Cheng [21] who proposed a new approach to restore the compactness of
Palais—Smale sequences and to Tang and Chen [20] who introduced an original
method to recover the compactness of minimizing sequences.
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If Yo CY; C X, then by Hy(Y1,Ys) (for k € Ny), we denote the k" relative
singular homology group with integer coefficients. If v € K, is isolated, then
the k" critical group of ¢ at u is defined by

Crlp,u) = Hi (¢ N U, (¢*NU)\ {u}) forall k € Ny,

with ¢ = ¢(u) and U is a neighbourhood of u such that o°NK,NU = {u}. The
excision property of singular homology implies that this notion is well-defined,
that is, independent of the choice of the isolating neighborhood U (see [14]).

If u e M(Q), we set

ut(2) = max{u(z),0}, u (2) =max{—u(z),0}, forallze Q.
Then, if u € W3)(Q), we know that
uFewtEQ), u=ut—uT, |u=ut—u".

Given a Carathéodory function g: Q@ x R — R, we denote by Ny(-) the corre-
sponding Nemyt’skil operator, that is,

Ng(uw)(-) =g(-,u(-)) forall ue M(Q).

Since a Carathéodory function is jointly measurable, Ng(u) € M ().
By |- |n we denote the Lebesgue measure on RY and by || - || we will denote
the norm of the Sobolev space W1?(*)(Q).
Now we will introduce our hypotheses on the data of problem (P)).
(Ho) p,q € C%1(Q) and 1 < ¢(2) < p(z) for all z € Q.
(Hy) f: 2 xR — R is a Carathéodory function such that f(z,0) = 0 for
almost all z € Q and
(i) |f(z,2)| < a(2)[1 4 2"~ for almost all z € Q, all z > 0, with
a€ L>(Q),reCQ),ps <r(z) <p*(z) for all z €
(ii) if
T
F(z,x) :/ f(z,8)ds
0
then
lim Fzz)

r—+oco P+

= 400 uniformly for a.a. z € €;
(iii) if e(z,2) = f(z,2)x — py F(2,2), then there exists u € L' () such
that
e(z,x) <e(z,y) + u(z) foraa. ze€Q, all0 <z <y;
(iv) there exist 7 € C(Q) and Cp,dy,C > 0 such that
1< <gq-,
Coz™®) 1 < f(z,x) foraa. ze€Q, all 0 < ax <y,

—CazP)~1 < f(z,z) foraa. z€Q, all x>0
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(v) for every p > 0, there exists Ep > 0 such that for almost all z € Q
the function =+ f(z,z) + £,2P(*)~1 is nondecreasing on [0, p).

REMARK 2.5. Since we look for positive solutions and all the above hypotheses
concern the positive semiaxis Ry = [0,00), without any loss of generality we
assume that

(2.1) f(z,2) =0 foraa. z€Q, all x <0.

Hypotheses (H;) (ii), (iii) imply that, for almost all z € 2 the mapping f(z, -)
is (p4+ —r)-superlinear as x — +o00. However, this superlinearity condition is not
expressed using the AR~condition. We recall that the AR-condition (unilateral
version due to (2.1)) says that there exist ¥ > py and M > 0 such that

0 < 9F(z,2) < f(z,x)x fora.a. z€Q, allx > M,
0<ess§%an(-7M).

These conditions imply that there exists C > 0 such that
Ca’ 1 < flz,z) foraa. ze€Q, allz > M.

So, the AR-condition dictates at least (¢ — 1)-polynomial growth for f(z, -).
Hypotheses (H;j) (ii), (iii) are less restrictive and incorporate in our framework
superlinear nonlinearities with “slower” growth as x — 400 (see the example
below). Also we emphasize that in contrast to the previous works [1], [4], we
do not assume that f > 0 neither that f(z, -) is nondecreasing. These are
hypotheses employed by Fan and Deng [4] and Deng and Wang [1]. Moreover,
in the aforementioned works the authors assume the AR-condition for f(z, -).
Finally, note that also in contrast to the previous works, we do not assume that
the parameter \ is strictly positive. Here, A € R and so the differential operator
(left-hand side) of problem (P)) is not in general coercive.

EXAMPLE 2.6. Consider the function

I(zt)T D=1 = Co(at)&-1 if g <1,
2P+ ng + (9 — CA'O):C"(Z)_l ifl<zx

f(Z,J?) =

with 7,9v,m € C(Q), 74 < q_, 1 < 7(2) < ¥(2), 1 < n(z) < p(z) for all z € Q
with Cp > 9 > 0. Then this function satisfies hypotheses (Hy) above but does
not satisfy the hypotheses of [1], [4] (the AR-condition fails and f(z, -) is not
monotone on R} = [0, 00)).

We introduce the following sets

LT ={X € R: problem (P}) has a positive solution},

Sy = the set of positive solutions of (Py).
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3. Positive solutions

We start by showing that £ is nonempty. To this end, let » > 0 and consider
the following auxiliary anisotropic Neumann problem

—Apyu = Dgyu+uPBt =n in Q,

(3.1)
% =0 on 020, u > 0.
on

PROPOSITION 3.1. If hypotheses (Hg) hold, then problem (3.1) has a unique
positive solution u, € int Cy and u, — 0 in C*(Q) as n — 0.

PROOF. Let K,: LP*)(Q) — L” ()(Q) be the nonlinear operator defined by
Ky(u)(-) = |u(-)PC)72u(-)  for all u € LPE) ().

This operator is continuous and strictly monotone, too (see [14, p.117]). Then
we introduce V: WP (Q) — WP(=)(Q)* defined by

V(u) = Ap(u) + Ay(u) + Ky(u) for all u € WHPE(Q).
Then V() is maximal monotone (see [14, p. 135]), strictly monotone and
(V(u),u) > pp(Du) + pp(u) for all u € WHPE(Q) = V(-) is coercive

(see Proposition 2.2). Then Corollary 2.8.7 of [14, p.135] implies that V(-) is
surjective. So, we can find @, € WHP(*)(Q) such that V (u,) = 7.

On account of the strict monotonicity of V(- ), this solution is unique. Taking
duality brackets with —w, € WHP(2)(Q), we obtain

pp(DW,) ) + pp(T, ) < /Qn(—ﬂ;)dz <0 = 1u,>0,a,#0

(see Proposition 2.2 and recall that n > 0).
We have
P
(82 = Ayl ATy + @I =y @, TT =0 on oo

From Winkert and Zacher [22] (see also Papageorgiou, Radulescu and Zhang [15,
Proposition Al]), we have u, € L>°(€2). Then the anisotropic regularity theory
(see Fan [3] and Tan and Fang [19]), we have u,, € C; \ {0}. From (3.2) we have

Apoyliy + Dyoyiy <TH 1 in Q = 7, € int O

(see Papageorgiou, Qin and Radulescu [11, Proposition 4]).

Now, let 7, — 07 and let @, = u,, € intC, for all n € N. The anisotropic
regularity theory (see [3], [19]) implies that there exist o € (0,1) and C; > 0
such that

(3.3) up € CH(Q),  unllgrag < C1 foralln e N.
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The compact embedding of C1:%(2) into C1(€2), implies that at least for a sub-
sequence we have
(3.4) Up, — 1 in C1(Q) as n — oo.

Recall that
Ay(@,) + Ay(Tn) + Kp(@,) =1,  in WHPE)(Q for all n € N,
that is,

(A (), B) + (Aqg(Tn) 2 + /

[, [P 20, hdz = / Nnhdz
Q Q

for all h € W1P(*)(Q). We pass to the limit as n — oo. Because of (3.4) and
Proposition 2.3 we have
Ap(@n) = Ap(@),  Ag(un) = Ag(@) in WHPE(Q)

and

/ U |PA " 2u,hdz — / [ulP*)~%qh dz.

Q Q
Hence in the limit we have

Ay(u)+ Ag(u) + Kp(u) =0 = u=0.
Therefore we obtain (see (3.4))

T, — 0 in C'(Q)asn—0F. O
Using Proposition 3.1, we see that, for € (0,1) small, we have

(3.5) 0<u,(z) <1 forallzeQ.

For such an n € (0,1), let m,, = min%, > 0 (recall that @, € int Cy). Then let
Q

1N () [l

p4+—1
My

(see hypothesis (H;) (i)). We will show that A € £+ and so £ # 0.

(3.6) A= +1>0

PROPOSITION 3.2. If hypotheses Hy, Hy hold, then LT # 0 and S;\r CintCy for
every A € R.

Proor. Let @, € int Cy and X > 0 be as above. We have
(3.7) —Ap(z)ﬂn - Aq(z)ﬂn + )\ﬂ%ﬁz)il
> = DpayTig — Dgayliy + 7“2’;1”—(?)) whr o
my
(see (3.5), (3.6))

>n+ f(z,ay) (see Proposition 3.1)
Zf(zaa’r/) iIl Q
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o~

We introduce the Carathéodory function f(z,x) defined by

f(z,z™) if © <w,(2),
flz1,(2) ifw,(z) <.

(3.8) flz,2) =

We set R
ﬁ(z,x) :/ f(z,s) ds
0
and consider the C'-functional @: W1P(*)(Q) — R defined by

1 1
o(u z/—Dup(Z)dz—&—/—Duq(z)dz
(u) szp(2)| | Q (I(Z)| |
~ 1 ~
—&—)\/—up(z)dz—/Fz,u dz
QP(Z)H 0 (=)

for all u € WHP()(Q). We have
1 ~ ~
o(u) > o [op(Du) + App(u)] — / F(z,u)dz = $(-) is coercive
+ Q
(see (3.8) and Proposition 2.2). Also, using Proposition 2.1 (the anisotropic
Sobolev embedding theorem), we see that @( - ) is sequentially weakly lower semi-

continuous. So, by the Weierstrass-Tonelli theorem, we can find @ € WP()(Q)
such that

(3.9) P(@) = inf {B(u) : u € WHPEH(@)}.
Let u € int Cy and choose t € (0, 1) small such that

(3.10) 0 < tu(z) < min {50,minﬂn} for all z € Q.
Q

Here 69 > 0 is as in hypothesis (H;) (iv) and recall that @, € intC,, so that
minu, > 0. We have
Q

B(tw) < = [p(Dw) + py(Du) + By ()] = 2 )

— T+
(see (3.10), hypothesis (H;) (iv) and recall that ¢ € (0,1))
= (Cot?= — C5t™  for some Cy,C3 > 0.

Recall that 74 < g_ (see hypothesis (H;) (iv)). So, choosing ¢ € (0,1) even
smaller if necessary, we have

Ptu) <0 = () <0=¢(0) (see (3.9))
= u#0.
From (3.9), if ¢’(u) = 0, then

(3.11) (Ap(@), hY + (Ag(@), h) + A / P 2qhdz = / 7z, 0)hdz
Q Q
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for all h € WHP(2)(Q). In (3.11) first we choose h = —u € W'P(). Then we
have

po(DT™) + pg(DT™) + App(@™) =0 (see (3.8), (2.1)) = u >0, u#0.
Next, in (3.11) we choose h = (7 —u,)" € WP(*)(Q2). We have

(A, (@), (T —uy) ™) + (Ag(@), (@ —uy) ™) + A ; PO - w,) "t dz

z/ﬂf(z,ﬂn)(ﬂ —1u,) " dz (see (3.8))
< <Aq(ﬂn)a (ﬁ - En)+> + <Aq(ﬂn)7 (@ - ﬂn)+>
A @G-t dz see (3.
+ A/Q " ( ) d (see (3.7))
=u<q, (see Proposition 2.3).

So, we have proved that
(3.12) uel0,uy), u#o.

From (3.11), (3.12) and (3.8) it follows that & € S} and so A € Lt # 0.
Moreover, as before, the anisotropic regularity theory (see [3], [19]) and the
anisotropic maximum principle (see [11]), imply that S C int C for all A € R.OJ

Next, we show that £ is connected, more precisely £ is an upper half line.

PROPOSITION 3.3. If hypotheses (Hy), (Hy) hold, A € L and A\ < p < oo, then
we Lt

PROOF. Since by hypothesis A € £, we can find uy € S; C int C;. Then we
have

(3.13) — Ap(z)u,\ — Aq(z)uA + uui(z)il
> —Ayeyun = Agyua + Al T = £z, 0)
in . Let ¥ > —p and consider the Carathéodory function k(z, z) defined by

flz,at) +9(xt)p(x)—1 if z < wy(2),

(3.14) k(z,x) =
F(z,un(2)) + Jun(2)PE =1 if uy(2) < 2.
Let K(z,x) = [ k(z,s)ds and consider the C'-functional @, : wir)(Q) - R

defined by
5 1 () 1 &)
Ou(u) = | —=|DulP'*dz+ [ ——|Du|"* dz
Q o q(2)

p(2)
V+p we) g, o w) de
+/Qp(z)|| a /QK<,>d
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for all u € WHP(*)(Q). Since ¥ + p > 0 from (3.14) and Proposition 2.2, we
see that @, () is coercive. Also using Proposition 2.1 (the anisotropic Sobolev
embedding theorem), we infer that @, (-) is sequentially weakly lower semicon-
tinuous. So, we can find u, € WP(*)(Q) such that

(3.15) Puluy) = inf {Bu(u) - ue WHEQ))

As in the proof of Proposition 3.2, via hypothesis (H;) (iv), we show that
Puluy) <0=9,(0) = u, #0.

From (3.15) we have that

(3.16) (@), (uu) )y =0 for all h e Whr()(Q).

As before (see the proof of Proposition 3.2), choosing h = —u, € whr=)(Q)
and h = (u, —uy)T € WP)(Q) in (3.16), we show that

(317) Up € [Ov HA], Uy 7é 0, Up, 7é Ux
(since A < p). From (3.16), (3.17) and (3.14), we deduce that u, € S} C int C
and so u € L. O

An interesting byproduct of the above proof, is the following corollary.

COROLLARY 3.4. If hypotheses (Hy), (Hy) hold, A € LT, uy € Sy and A < p <
00, then p € Lt and we can find u, € S} such that u, < ux.

We can improve the assertion of this corollary as follows.

PROPOSITION 3.5. If hypotheses (Ho), (Hy) hold, A € LF, uy € Sy and X < pu <
00, then p € LY and we can find u,, € S;}" such that uy —u, € Dy.

Proor. From Corollary 3.4 we already know that p € £* and we can find
u,, € S; Cint Cy such that

(3.18) 0 < u, < uy.

Let p = ||uallco and let gp > 0 be as postulated by hypothesis (H;) (v). We
have

(3.19) —AP(Z)U)\ — Aq(z)u)\ + [)\ + gp]“§(2)71 = f<Z7 U)\) + E/JUZ)J\(Z)il
> fz,uu) + gpuﬁ(z)_l (see (3.18) and hypothesis (Hy) (v))

= = Apyup — Dyyuy + {,u + Ep} ufb(z)*l (since u,, € S;F)

= Byttt = Doyt + N Sl 4 (o= Nup

Y

— Apayup — Dgzyup + [N+ Ep]ug<2>—1 (since A < p).
We know that u, €int C. Hence 0 < m, =minu,. We set m, =min{m,, 1} >0.
Q

Then
0<[pu—2A ﬁ%ﬁ*‘l <[u—=2A uﬂ(z)_l for all z € Q.
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Then from (3.19) and Proposition 5 of Papageorgiou, Qin and Radulescu [11],
we infer that uy —u, € D. O

Let A\, = inf £7.
PROPOSITION 3.6. If hypotheses (Hg), (Hy) hold, then A\, > —oc.

ProOOF. Let A > \,. Then on account of Proposition 3.3, we have A € £L*. So,
we can find u € S} C int C and, for all h € WP(*)(Q), we have

(3.20) (A (), BY + (A (), h) + A /Q WO =1h s — /Q F(zwhdz.

In (3.20) we choose h = 1 € W'P(2)(Q). Then

)\/up(z)_ldz:/f(z,u)dzZ—é'/up(z)_l dz
Q Q Q

= (A+@)/up(z)_1d220
Q

= )\—&—620 and so )\2—5.

So, we conclude that A\, > > . O

By imposing a sign condition on f(z, -), we can have that LT C R, =
[0, 4+00], that is, A, > 0.
The new conditions on the reaction f(z,x) are the following.

(H)) f: QxR — Risa Carathéodory function such that f(z,0) = 0 for almost
all z € Q, hypotheses (H}) (i)—(iii), (v) are the same as the corresponding
hypotheses (H;) (i)—(iii), (v) and
(iv) there exist 7 € C(Q) and Cp, dp > 0 such that

1< <gq-,
Coz™ )1 < flz,z) foraa. z€Q, all 0 <x < dy,
and 0 < f(z,x) for a.a. z € Q, all z > 0.

REMARK 3.7. So, the new conditions of f(z, -) require that f(z, ~)|]R+ is non-

negative (it can not change sign). This was the case with the reactions in the
works of Fan and Deng [4] and Deng and Wang [1].

Under the above stronger conditions on the reaction f(z, -) we can show that
the set LT of admissible parameters is a subset of R .

PROPOSITION 3.8. If hypotheses (Hp), (H}) hold, then A, > 0.

PROOF. Let A > A.. We know that A € £+ and so there exists u € Sy C int Cy.
From (3.20) with h = 1 € W'P()(Q), we have

wPA 1 gy = z,u)dz see (HY) (iv
Aoz = [ peads =0 (see () ()

= A>0 andso M\, >0.
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The proof is complete. O

On account of hypotheses (Hy) (i), (iv), we see that we can find Cy > 0 such
that

(3.21) f(z,2) > Cox™@ ™1 — Cua™™®™ for aa. z€Q, all z > 0.

Let 7 > 0 and let Xn = A\ + 7. Evidently, Xn € LT (see Corollary 3.4). The
unilateral growth condition in (3.21) leads to the following auxiliary anisotropic
Neumann problem

_Ap(z)u - Aq(Z)u + X77|U|p(z)71 = COUT(Z)71 — C4UT(Z)71 in Q,

(3.22)
@:0 on 99, u > 0.
on

PROPOSITION 3.9. If hypotheses (Hg) hold, then problem (3.22) has a unique

positive solution u; € int Cy.

PROOF. Let A € ()\*,Xn]. We know that A € L1 (see Proposition 3.3) and so we
can find u € Sy Cint C;. Let 9 > —Xn and consider the Carathéodory function

Co(z )™= — Cy(zt)rG) =1 9(axT)PE)=1if 1 < w(2),

3.23) B(z,x) =
(3:23) Plz) Cou(2)™ =1 — Cyu(2)" A1 4 9u(2)PH =1 if u(z) < .

We set
B(z,x):/ B(z,s)ds
0

and consider the C'-functional ¥: W1P()(Q) — R defined by

1 1
U(u :/—Dup(z)dz+/—Duq(Z)dz
W)= Jo ey P o)

+/ M|u|p(z)dz—/3(z,u)dz
o p(2) Q

for all w € W'PZ)(Q). From (3.23) and since 9 > 73\\” we see that ¥(-)
is coercive. Also it is sequentially weakly lower semicontinuous. So, by the
Weierstrass—Tonelli theorem, we can find u;, € W1r()(Q) such that

(3.24) U(up) = inf {W(u) :ue WHE(Q)}.

Since 74 < q— < py <7r_,if v e€intCy and t € (0,1) is small (at least so that
tv(z) < u(z) for all z € Q), then

U(t) <0 = W(u) <0=0(0) (see (324)) = uf #0.
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From (3.24) we have
(3.25) W'(up) =0 = (Ay(us), h) + (Ag(u)), h)
|

n n
* z)—2, % _ *
un|p( ) unhdZ—/QB(z,un)hdz

+(z9+Xn)/

Q

for all h € W) (Q). In (3.25) first we choose h = —(uj;,)~ € WP (Q). Using
(3.23) we obtain

pp(D(WE) ™) + pa((ul)™) + [0+ Ay] pp((ul) ™) = 0
= u, >0, uy #0 (recall that ¥ > —:\\,7).

Next, in (3.25) we choose (u; —u)* € W1r()(Q). Then we have
(A (= %)+ (g g = )+ (04 3 [ -2

= / [Cou™ @)~ — Cuu @~ 4 9uPE) " (uf —u) ™ (see (3.23))
Q

S/ [f(zu) + 9uP D (uf — u)t dz (see (3.21))
Q
< {Ap(w), (uy; —u)) + (Aq(u), (uy; —u)™)

+ W+ Xn) /Q up(z)’l(u;'; —u)Tdz (since u € Sy and A < Xn)

= u, <wu (see Proposition 2.3).
So, we have proved that
(3.26) uy € [0,u], uy #0.
From (3.25), (3.26) and (3.23) it follows that

u, is a positive solution of problem (3.22).

As before, the anisotropic regularity theory ([3], [19]) and the anisotropic maxi-
mum principle (see [11]), imply that u; € int C.

Next, we show that this positive solution of (3.22) is unique. To this end,
we consider the integral functional j: L'(Q) — R = RU {+o00} defined by

/ L‘Dul/qf |p(z) dz + / i‘Dul/qf |‘1(z) dz
o p(2) o a(2)

Jlu) = ifu>0, ul/i- e Whe()(Q),
+o00 otherwise.
From Theorem 2.2 of Taka¢ and Giacomoni [18], we know that j(-) is convex.

Let domj = {u € L'(Q) : j(u) < oo} (the effective domain of j(-)). Suppose
y, is another positive solution of problem (3.22). Again, we have y; € int C,.
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On account of Proposition 4.1.22 of Papageorgiou, Radulescu and Repovs [14,
p. 274], we have

(3.27) e @) and 2 e L%(Q).
Yn Un

Let h = (uy)?= (y;)? . From (3.27) and for [t| < 1 small, we have
uy) + th € dom j, yr)9 +th € dom j.
n U

Exploiting the convexity of j(-) and using the chain rule, we see that j(-) is
Gateaux differentiable at (u;)?- and at (y;)?- in the direction h. Moreover, via
Green’s identity, we have

- [t
7 ()™ ) (h) = q% /Q _AW(;??)(]— ﬁq(z)yﬁ b
- qi_ /Q [@n)qcom = Calyy)97% = Xn(y;>p(Z>—q] hdz.

The convexity of j(-) implies that j'(-) is monotone. Then

1 1
0< C — hd
—/Q °[<u*>q—7<z> DOl

n
_/904[(@’)“2)_(17 _ (y;)’"(z)‘q*]hdz

_ Xn/ [(ug)P*) 9= — (y2)PP 0] hdz < 0
Q

= u, =y, (recall that 7, <g_ <p-).

*

This proves the uniqueness of the positive solution u; € intC4 of problem
(3.22). O

This unique positive solution of problem (3.22) provides a lower bound for
the elements of Sy locally in A > ..

PROPOSITION 3.10. If hypotheses (Ho), (Hy) hold, n > 0 and A € (A, A, =
A + 1], then uy < wu for all u € Sy.

PROOF. Let u € Sy, ¥ > —X,] and consider the Carathéodory function k(z,x)
defined by

Co(z )™ @)=L — Cy(at) =1 92 t)PE1if o < u(z),

3.28) k(z,z
(3:28) Hlz2) Cou(2)™® =1 — Cyu(2)" @1 4 9u(2)PE -1 if u(z) < .
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We set .
K(z,x) = / k(z,s)ds

0

and consider the C'-functional o: WP(*)(Q) — R defined by

o(u) :/ L|Du\p(z) dz+/ L|Du|q(z) dz
o p(2) 0 q(z)
+/ M|u|p(z) dz — / K(z,u)dz
Q ) Q

p(z

for all u € W'P®3)(Q). From (3.28) and since ¥ > 73\\”, we see that o(-) is
coercive. Also, using the anisotropic Sobolev embedding theorem (see Proposi-
tion 2.1), we see that o(-) is sequentially weakly lower semicontinuous. So, by

the Weierstrass—Tonelli theorem, we can find u, € Wr)(Q) such that
(3.29) o(i;) = min {o(u) : u € W (Q)}.

Since 71 < q— < q(2) < p(z) for all z € €, we see that, if v € intC, and
t € (0,1) is small (at least so that tv < u), we have

o(tv) <0 = o(dy) <0=0(0) (see (3.29)) = u, #0.
From (3.29) we have o’(u;;) = 0, thus, for all h € W'?()(Q),

(3.30) (Ap(up), h) + (Ag()), h) + /Q (19+X7,)|a;|1’<2>*2a;hdz
:/k(z,ﬁ;)hdz.
Q

In (3.30) first we choose h = —(uy)~ € Whr)(Q). Using (3.28), we obtain

A~k — A~k — N ~xy —\ P(2)
pp(D(@S)") + pa(D(@5)") + / 0+ 3 (@) )" dz =0
= Uy >0, Uy #0 (recall that ¥ > —\;).

Next, in (3.30) we choose h = (i), —u)™ € Wr)(Q). We have

(Ap (@), (T — u) ") + (Ag(@y), (@ —u)™) + /9(19 + Ag) (@) PO @ — )t dz

:/ [C’OuT(z)_l — Cqur® 1 4 ﬂup(z)_l] (Uy —u)™dz (see (3.28))
Q

< [ 1w + 00O @ - v (see (3.21))
Q
< (Ap(u), (@ — u)™) + (Ag(u), (@ —u)™)
+ / (9 + Xn)up(z)_l(ﬁf] —u)tdz (since u € Sy, A < Xn)
Q

A~k
= U, <.
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So, we have proved that
(3.31) u, € [0,u], uy #0.
From (3.30), (3.31), (3.28) and Proposition 3.9, we conclude that

~k

U= = uh<u forallue Sy, all Ae (A, X, = A +1). O

REMARK 3.11. This proposition reveals that if hypotheses (H)}) hold, then
A > 0.

Next, we show that for all A > A, we have at least two positive solutions.

PROPOSITION 3.12. If hypotheses (Hy), (H1) hold and X\ > A, then problem
(Py) has at least two positive solutions ug, U € int Cy, ug # «.

PROOF. Let 1, 1 € (As,00) such that A\, <n < X < u. We know that n,u € LT
(see Proposition 3.3). Moreover, on account of Proposition 3.5 we can find
u, € S, ug € Sy and u, € St such that

(3.32) uy —ug € Dy and  wg —uy € Dy = g € inten g [uy, un)-

Let ¥ > —\ and consider the Carathéodory functions g(z,z) and g(z,z) de-
fined by

F(zun(2)) + Duy ()P,
(333) /g\(z7 x) = f(Z, {E) + 19xp(z)—l
(1 (2)) g (2

and

(3.34) oD RACLIC D ()P0 i a < wy(2),
7 flz,z) + 9aP)1 if u,(2) < @

We set

~

G(z,x) = /Ox 9(z,5)ds, G(z,x) = /Oxg(,&s) ds

and consider the C'-functionals 7y, vx: WP(*)(Q) — R defined by

A (u) :/ —|Du|p(z) dz—|—/ (—)|Du|'1(z) dz
Q

e
/Q ?— /qu

Yalu :/—Dup(z)dz—i—/—Du‘I(z)dz
= Jo o o @)

I+ A
+ up(z)dzf/Gz,u dz
|5 B O

for all u € WHP(*)(Q). Using (3.33) and (3.34), we show easily that

(3.35) K5, Cluy,u,]NintCy and K, C [u,)NintCy.



GLOBAL MULTIPLICITY FOR PARAMETRIC ANISOTROPIC NEUMANN (p, q)-EQUATIONS 411

It is clear from (3.33) and (3.34) that

(336) ,y)\’[uuv“n] - ,YA‘[“w“n]-

Then, from (3.35) and (3.36), we see that we may assume that

(3.37) K5, = {uo}.

Otherwise, we already have a second positive solution for problem (P,) and so
we are done. From (3.33) and since ¥ > —\, we see that 7(-) is coercive. Also,
it is sequentially weakly lower semicontinuous. So, 75 (- ) has a global minimizer
on account of (3.37) this global minimizer is up. From (3.32) and (3.36) it
follows that

(3.38) g is a local C'(Q)-minimizer of v, (-)

= g is a local W) (Q)-minimizer of vy (-)

(see [7]). From (3.35) and (3.34), we see that we may assume that K, is
finite, otherwise we already have a sequence of distinct positive smooth solutions
for (P) and so we are done. Then from (3.38) and Theorem 5.7.6 of [14, p. 367],
we see that there exists p € (0,1) small such that

(3.39) Y (uo) < inf {ya(u) : [[u — uol| = p} = my.
Note that if v € int Cy, then on account of hypothesis (H;) (ii), we have
(3.40) a(tu) = —oo  ast — +oo.

CLAIM. 7, (-) satisfies the C-condition.
Consider a sequence {u, }neny € WHP()(Q) such that

(3.41) [y (un)] < Cs for some C5 >0, all n € N,
(3.42) (1 + JJun |DVA(n) = 0 in WHPE(Q)* as n — oo.
From (3.42), we have

(3.43) ‘(Ap(un), By + (Aq (un), B)

- enllhl
+/ 9+ N, [P®) 2unhclz—/gz,un hdz| < ————
Q( )] A (2, un) T+ Jfon]

for all h € W'P()(Q) and with ¢, — 0*. In (3.43) we choose h = —u; €
Wtr)(Q). Then

pp(Du) + py(Duy) + [0 + Npg(uy) < Collu |
for some Cg > 0, allm € N (see (3.34))
(3.44) = {u; }nen € WHPE(Q) is bounded
(see Proposition 2.2 and recall that ¢ > —\).
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To show that {uy, }nen € WHPE)(Q) is bounded, we need to show that {u; },en
C Whr)(Q) is bounded (see (3.44)). Arguing by contradiction, suppose that
at least for a subsequence we have

(3.45) lut || — oo.

Let v, = w}/||w) || for n € N. Then |jv,|| =1, v, > 0 for all n € N. So, we may
assume that

(3.46) vy B v in WHPE(Q), v, s v in LT3(Q), v>0.

Let Qp = {z € Q: v(z) > 0}. First we assume that [Q4 |y > 0 (that is, v # 0).
Then we have

ul — 400 for a.a. z € Q4
Ja +
w%oo for a.a. z € Q4
Un, (z)P+

(see hypothesis (Hy) (ii))
F +
(3.47) = M dz — 400 (by Fatou’s lemma).
o, fun|P+

Note that hypotheses (Hy) (i), (ii) imply that

—C7 < F(z,z) fora.a. z€, all x >0, some C7 > 0.

F + F + F +
/7@“ )dz:/ Pz u,) )dz+/ 7(i’u”>dz
o lut P+ o, |lud]P+ avey lun P+
>/ F(Z u'*') ds — C7|Q|N
Q

o Ml i lIP+

Hence we have

(3.48) o[BG oo (see (347) and (3.45)).

o [lun|P+

On the other hand, from (3.34), (3.42) and (3.44), we can say that, for some
Cs>0andalln €N,

1 1 ,
_Q{/QUP'#P(Z) U”| dz—|—/|+”p+q(z| Un| dz

F +
/l U+ A |n|p<z>dz+/Mdzgcg
Q

|un ||p+—P(2) Hu,fum

implies

Ia +
(3.49) M dz < Cy for some Cg > 0, all n € N.
a [P+

Comparing (3.49) and (3.47), we have a contradiction.
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Next, we assume that |Q4 |y = 0, (that is, v =0). For alln € N, let ¢,, € [0, 1]
be such that

(3.50) Ya(tauyt) = max {75 (tu)) : 0 <t < 1},

For £ > 1, let y,, = £Y/P~v,, for all n € N. Then y,, = 0 in WHP()(Q). Tt follows
that

(3.51) / vEA y?#) dz — 0, / G(z,yn)dz — 0.
o p(2) Q

On account of (3.45), we can find ng € N such that

gl/p,

(3.52)
(=3

€ (0,1] for all n > nyg.

Then, for n > ng, we have

M(tntn)) =(yn)  (see (3.52), (3.50))

:/ %ﬁp(z)/”ﬂDvnP(Z) dz
o p\z

n / m é-p(z)/p_ ”Ug(z) dz — G(Z, yn) dz
o p(2) @

> £ [5(Du) + (04 Np(on)] — [ Glov)d
(recall that & > 1)

(3.53) = (thut) > G0t
2py

for some C1p > 0, all n > ny > ng (see (3.51)).

Since £ > 1 is arbitrary, from (3.53) we infer that

(3.54) Ya(taul) — +oo asn — .

For some C1; > 0 and all n € N (see (3.34), (3.41)) we have
(3.55) (0) =0 and 7y (u)) < Cn.

From (3.54) and (3.55), it follows that we can find ns € N such that

d
t, € (0,1) foralln>mny = 7 a(tuh) =0 (see (3.50))
t=t1

(3.56) = (A(tau)), tyut) =0 for all n >ny (by the chain rule).
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Then, for n > ny, we have

(3.57) VA@nUI)::WA@nUI)**;EKVSUnUI)JmUZ> (see (3.56))

1 1
< [ [ - Liputro
Q p(2> P+

1 1
—|—/ [ - ] |Dut|13) dz
alalz)  ps

1
+ — [g(zvtnu:)(tnuj{) _erG(Zatnu:L_)] dz
P+ Ja

(since t,, € (0,1))

1 1 1 1
g/ [ - }|DU;P<Z> +/ [ - }|Du;q<2> dz
olp(z)  pet alalz)  p+

1
+— [ [9(z,ub)ut — pr Gz, u))]dz + Cra
P+ Ja
for some C12 > 0 (see (H;) (iii) and (3.34))
1
=) — —(A(u)), up) + Ciz < Chs
D+
for some C13 > 0 and all n € N (see (3.41), (3.42), (3.44)).
Comparing (3.57) and (3.54), we have a contradiction. Therefore {u;’ },en C
Wr)(Q) is bounded, hence {uy, }neny € WHP(E)(Q) is bounded (see (3.44)).
We may assume that

(3.58) Up —u  in Wl’p(z)(Q) and wu, —u in Lr(z)(Q).

In (3.43) we choose h = u, —u € W'P)(Q), pass to the limit as n — oo and
use (3.58). Then

lm [(Ap(un), un — ) + (Aq(un), un — u)] =0

n—oo

= limsup [(Ap(un), un — u) + (Aq(u), up —u)] <0

n— oo

(since A,4(-) is monotone)

= limsup(Ay,(un),u, —u) <0 (see (3.58))

n— oo

= u, —uin W) (Q) (see Proposition 2.3).

Therefore v, (- ) satisfies the C-condition and we have proved the Claim. Then
(3.39), (3.40) and the Claim permit the use of the mountain pass theorem. So,
we can find 7 € WHP(*)(Q) such that

ue Ky, Clu,)NintCy (see (3.35))

(3.59)
my < () (see (3.39)).
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From (3.59), (3.34), (3.39), we infer that
ue Sy CintCy and T#wug (for A € (A, +0)). O

We have to determine what happens with the critical parameter A,. We show
that A, is also admissible and so LT = [\, +00).

PROPOSITION 3.13. If hypotheses (Hy), (H}) hold, then A\, € L.

PROOF. Let {A\,}neny € LT be such that A\, | A.. For each n € N, let n €
(As, An). From Proposition 3.3 we know that € £* and so we can find u, €
S;; Cint C4. From Corollary 3.4, we know that we can find u, = uy, € S;\rn -
int Cy with u, —u, € D4.

Consider the energy functional ¢y: W1P()(Q) — R for problem (P)) de-
fined by

1 1
ex(u :/—Dup(z)dz—l—/—Du(I(z)dz
0= P ek

p(z
—|—/ L|u|p(’z) dz—/F(z,u) dz
o p(2) Q

for all u € WHP)(Q). We know that ¢y € C1(WLP(*)(Q)) and from the first
part of this proof (see also the proof of Proposition 3.3), we have

o, (Un) <@, (0)=0 forallneN,

then, for all n € N,

P+ (2) P+ a(2)
(3.60) / ——|Duy|P**) dz +/ ——|Du,|?"* dz
o p(2) 0 q(2)

/\np+
+/7u p(z)dz—/p F(z,uy)dz <0.
o p(2) e Q + (7 un)

On the other hand, since u,, € S;I" for all n € N, we have
@5 (up) =0 forallneN,

then, for all n € N,
(3.61) (D) + pa(Dn) + Mupy(in) = [ )
Q

From (3.60) and (3.61), as in the proof of Proposition 3.12 (see the Claim), via
a contradiction argument, we show that

{tn }nen € WHPE(Q)  is bounded.
We may assume that
(362  weBu. mWIEQ),  wu, i LO(Q),

We know that (¢} (u,),h) =0 forall h € Wr)(Q) and all n € N. Choosing
h = u, — u, € WHP(2)(Q), passing to the limit as n — oo and using (3.62), as
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before (see the proof of Proposition 2.3), exploiting the (S) -property of A,(-)
(see Proposition 2.3), we obtain

lim sup(Ap .y (Un),tn — us) <0,

n— oo

(3.63) = up, = u, in WHPE(Q).

Let p1 > A\, for all n € N. Then p € £ and using Proposition 3.10, we can find
uy, € int Cy such that

(3.64) u; <wu, forallneN = uz < Uy

From (3.63) it follows that

(P\(us),h)y =0 forall h e Wl’p(z)(Q)
= u, €57 andso A\, € LT (see (3.64)).

The proof is now complete. O

So, we have proved that £ = [\, 00).
Summarizing, we can state the following global (with respect to the param-
eter A € R) multiplicity theorem for problem (P)) (a bifurcation-type theorem).

THEOREM 3.14. If hypotheses (Hyp), (Hy) hold, then there exists \. € R such
that:
(a) for all X > A, problem (Py) has at least two positive solutions ug, U €
int Cy, ug # 4;
(b) for X = A, problem (Py) has at least one positive solution u, € int Cy;
(¢) if A < As, problem (Py) has no positive solutions.

4. Minimal positive solution

In this section we show that for every A € LT = [A,, o0), problem (P,) has
a smallest positive solution.

PROPOSITION 4.1. If hypotheses (Hg), (Hy) hold and A € LT = [\, +0c0), then
problem (Py) has a smallest positive solution U} (that is, Wy € Sy and u} < u
for allu € SY7).

PROOF. From Papageorgiou, Raddulescu and Repovs [13, Proposition 7] we know
that S;\r is downward directed (that is, if uy,us € S;\r, then we can find u € S;
such that v < uy, u < ug). Invoking Lemma 3.10 of Hu and Papageorgiou [8,
p.178], we can find {uy, }nen C Sy decreasing such that inf Sy = TILIElg Uy

We have that

(4.1) (5 (un),h) =0 for all h € WHPE)(Q), all n € N.
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Choosing h = u,, € W'P)(Q), we obtain
pp(Dun) + pg(Dun) + App(un)
= /Qf(z,un)un dz < /Q |f(z,un)|ur dz  (since 0 < u,, < wuy for all n € N)
< Cis forsome Ci4 >0, allneN (see hypothesis (H;) (1))
= {tntneny € WHPE)(Q)  is bounded (see Proposition 2.2).
We may assume that
(4.2) U, S5 in WHPE(Q), w, - ay in L'3(Q).

Choosing h = u, — u} € WHP()(Q) in (4.1), passing to the limit as n — oo and
using (4.2) and the (S) -property of A,(-) we obtain u, — @} in W1PZ)(Q)
hence

(4.3) (@' (@}),h) =0 for all h € WHPE)(Q)
(see (4.1)). Also, if u > A, then we have

(4.4) ur, < Uy

(see Proposition 3.10). From (4.3) and (4.4), we infer that

uy €Sy CintCy, @y =infS). O

5. Nodal solutions

In this section we prove the existence of a nodal solution (sign-changing
solution) for problem (Py).

If the conditions on f(z, -) are bilateral (that is, they are valid for all x € R
and not only for > 0 as in (Hy ), then we can have similar results for the negative
solutions of (Py). So, now we impose the following conditions of f(z, -):

(HY) f: @ xR — R is a Carathéodory function such that f(z,0) = 0 for
almost all z € Q and
(i) |f(z,2)| < a(z) [1+ |z["*) 7] for almost all z € Q, all z € R with
a€ L®(Q),reCQ), py <r(z) <p*(z) for all z € Q;
(ii) if
Flea) = [ f(es)ds
0
then
lim Fiz o)
z—Foo P+
(iii) if e(z,2) = f(z,2)x — p+ F(z,2), then there exists u € L1(Q) such
that

= 400 uniformly for a.a. z € ;

e(z,z) <e(z,y)+u(z) foraa zeall0<z<yandy<z<O0;
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(iv) there exist 7 € C(Q) and Cp,dy, C > 0 such
1<y <gq-,
Colz|™™® < f(z,2)x for a.a. z € Q, all |z| < do,
—Clz|P®) < f(z,2)z for a.a. z € Q, all z € R;

(v) for every p > 0, there exists Ep > 0 such that for almost all z € Q
the function

e flz,z)+ gp|x|p(z)_2:v

is nondecreasing on [—p, p].
Let £~ be the set of admissible parameters for negative solutions and let
Sy be the set of negative solutions. Then as in Section 3, we can establish the
existence of a critical parameter value A* > —oo such that

L7 =[\",+400) and 0# S, C—intC; forall Ae L.

We have a global multiplicity result for negative solutions (see Theorem 3.14).
Moreover for every A € ﬁ’ = [A«, +00) there exists a maximal negative solution

AESy CintCy (that is, v3 <o for all v € S}).

We set Ag = max{)\*,)\ }. For every A > Xo the problem has extremal

constant sign solutions
uy €53 CintCy, vy C —int C..

Let A > Xo and ¥ > —A. We introduce the Carathéodory function E(Z,:E)
defined by

F(2552)) +0[552) P 7 5(2) it w < T(2),
(5.1)  k(z,x) =1 f(z,2) + Oz|PP) 2z if v5(z) <z <uj(z),
f(z,05(2)) + vuy ()P 1 if u3(z) < «.

We also consider the positive and negative truncations of E(z, -), namely the
Carathéodory functions

~

(5.2) ky(z,x) = @(z, ).
We set
I?(z,x) = / E(Z,s) ds and I/(\'i(z,x) = / @i(z,s) ds
0 0

and introduce the C'-functionals @y, @y : W) (Q) — R defined by

1
wy(u) = —Dup(z)der/—Duq(z)dz

[ N [ R
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1 1
~+ _ (z) q(z)
wy (u) = | ——|Dul? der/ Du dz
x () /Qp(Z)| | Qq(z)| |
—|—/ L_|—)\|u\p(z) dz— | Ki(z,u)dz,
a p(2) Q

for all u € WHP(*)(Q). Using (5.1) and (5.2), we can show easily that

Ko, C 0,831 NCHO), Ko C0.8INCh K, C [55,000 (<C).
The extremality of U}, v} implies that
(53) Ko, CELBINC'Q), Ky = {035}, K = {0.53).
Working with these functionals, we produce a nodal (sign-changing) solution.

PROPOSITION 5.1. If hypotheses (Hy), (H}) hold and X > Xo, then problem (Py)
admits a nodal solution yo € [0%, 0] N CH(Q).

Proor. First we show that u} € int Cy and v € —int C4 are local minimizers
of the functional @ (-). From (5.1) and (5.2), we see that @) is coercive. Also,
it is sequentially weakly lower semicontinuous. So, we can find uwy € Wl’p(z)(Q)
such that

(5.4) @y (@y) = inf {@] (u) : w € WHPE(Q)].

If u € int Cy and we choose ¢t € (0,1) small so that at least we have tu < u}
(recall that u} € int C). Then on account of hypothesis (HY) (iv) and, since
T4+ < q—, for t € (0,1) even smaller, we have

Wy (tu) <0 = @, (u}) <0=wy(0) (see (5.4))
= uy # 0.
Since uwy € Kwi (see (5.4)), from (5.3) we infer that uwy = u} € intCy. It is
clear from (5.1) and (5.2) that

@|g, =f|o, = @ isalocal C'(Q)-minimizer of wy(-)

= @} is alocal WHP()(Q)-minimizer of wy(-) (see [7]).

Similarly we show that v§ € —int C is a local minimizer of @(-). This time we
work with @, (-). We may assume that

(5.5) Kg, 1is finite.

A
Otherwise, on account of (5.3) and the extremality of u} and v}, we have a whole

sequence of distinct nodal solutions and so we are done. We may assume that

A~

WA(V3) < wx(u3)

The reasoning is similar, if the opposite inequality holds. From the fact that
u} is a local minimizer of wy(-), from (5.5) and by using Theorem 5.7.6 of
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Papageorgiou, Radulescu and Repovs [14, p.449], we can find p € (0,1) small
such that

56 @A) < Dr(@) < inf {@(w) : Ju— T3] = p} = 7a,
175 - a3 > p.

Evidently, the functional @y (- ) is coercive (see (5.1) and recall that 9 > —\). So,
it satisfies the C-condition (see Proposition 5.1.15 of [14, p.369]). Then, using
also (5.6), we see that we can apply the mountain pass theorem and produce
yo € WHP(3)(Q) such that

yo € Kuy CILBINCYQ) (see (5.3)),
BA(T5) < Da(@}) < fon < Balyo)  (see (5.6)).

From the above we see that yo ¢ {u},?}}. From Theorem 6.5.8 of [14, p. 527]
we have

(5.7) C1(wx, y0) # 0.

On the other hand, hypothesis (H;) (iv) and Proposition 3.7 of Papageorgiou
and Radulescu [12], imply that

(5.8) Ok(ﬁ})\,()) =0 for all k£ € Np.

Comparing (5.7) and (5.8), we conclude that

Since yo € [0%,u5] N CH(Q), the extremality of @}, v5 and (5.9) imply that
Yo € C1(Q) is a nodal solution of (Py). O

So, we can state the following multiplicity theorem for our problem.

THEOREM 5.2. If hypotheses (Hy), (HY) hold, then there exists Ao € R such that
(a) for A= Xo, problem (Py) has at least three nontrivial solutions
ug € int Cy, vy € —int C'y,
Yo € [vo, uo) N CH(Q)  nodal.

(b) for all X > 2o, problem (Py) has at least five nontrivial solutions
ug,u € int Cy, up <u, ug # U,
v, 0 € —int Cy, 0 <wy, wvgFTU,
Yo € [vo, o] NCH(Q)  nodal.
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