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A mon Maitre, avec reconnaissance

Abstract. We report on some recent existence and uniqueness results for el-
liptic equations subject to Dirichlet boundary condition and involving a sin-
gular nonlinearity. We take into account the following types of problems: (i)
singular problems with sublinear nonlinearity and two parameters; (ii) com-
bined effects of asymptotically linear and singular nonlinearities in bifurcation
problems; (iii) bifurcation for a class of singular elliptic problems with sub-
quadratic convection term. In some concrete situations we also establish the
asymptotic behaviour of the solution around the bifurcation point. Our anal-
ysis relies on the maximum principle for elliptic equations combined with
adequate estimates.
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1. Motivation and Previous Results

I will report on some results contained in our recent papers [3, 7, 8, 9, 10, 11] that
are closely related to the study of some problems on blow-up boundary solutions.
More precisely, consider the elementary example

Au=uP in Q,
u >0 in €,
u=-+oo on 0N,

Partially supported by Grant 12/2004 with the Romanian Academy.



2 Vicentiu Radulescu

where Q ¢ R¥ is a smooth bounded domain and p > 1. Then the function v = u=*

satisfies )
—Av=202"P - Z|Vo> inQ,
v
v>0 in Q, (1.1)
v=20 on 0.

The above equation contains both singular nonlinearities (like v~ or v27P if p > 2)
and a convection term (denoted by |Vv|?). These nonlinearities make more difficult
to handle problems like (1.1). Our purpose in this paper is to give an overview on
some old and new results in this direction. We recall the pioneering paper [5] that
contains one of the first existence results for singular elliptic problems. In fact, it
is proved in [5] that the boundary value problem

—Au—u"%=—u in €,
u >0 in Q,
u=20 on 0f)

has a solution, for any a > 0. Let us now consider the problem

—Au—u"*= P inQ,
u>0 in Q, (1.2)
u =0 on 0f,

where A > 0 and a,p € (0,1). In [4] it is proved that problem (1.2) has at least
one solution for all A > 0 and 0 < p < 1. Moreover, if p > 1, then there exists \*
such that problem (1.2) has a solution for A € [0, \*) and no solution for A > A\*.
In [4] it is also proved a related non—existence result. More exactly, the problem

—Autu*=u inQ,
u>0 in €,
u=20 on 0f)

has no solution, provided that 0 < o < 1 and A; > 1 (that is, if © is “small”),
where \; denotes the first eigenvalue of (—A) in H}(Q).

Problems related to multiplicity and uniqueness become difficult even in sim-
ple cases. In [16] it is studied the existence of radial symmetric solutions to the
problem

Au+A(wP —u™*) =0 in By,
u>0 in By,
u=0 on 0By,

where o > 0,0 < p < 1, A > 0, and B is the unit ball in RV, Using a bifurcation
theorem of Crandall and Rabinowitz, it has been shown in [16] that there exists
A1 > Ag > 0 such that the above problem has no solutions for A < Ag, exactly one
solution for A = Ag or A > A{, and two solutions for A\g < A < Ay.

Our purpose in this survey paper is to present various existence, and non—
existence results for several classes of singular elliptic problems. We also take into
account bifurcation nonlinear problems and establish the precise rate decay of the
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solution in some concrete situations. We intend to reflect the “competition” be-
tween different quantities, such as: sublinear or superlinear nonlinearities, singular
nonlinear terms (like =%, for a > 0), convection nonlinearities (like |Vul|?, with
0 < ¢ < 2), as well as sign—changing potentials.

2. A Singular Problem with Sublinear Nonlinearity

Consider the following boundary value problem with two parameters:
—Aut K(2)g(u) = Mf(z,u) + ph(z) in 9,
u>0 in Q, (2.1)
u =0 on 0f,

where Q is a smooth bounded domain in RN (N > 2), K,h € C%7(Q), with h > 0
on , and ), u are positive real numbers. We suppose that f : Qx [0, 00) — [0, 00)
is a Holder continuous function which is positive on Q x (0,00). We also assume
that f is non—decreasing with respect to the second variable and is sublinear, that
is,

(f1) the mapping (0,00) 3 s — m is non-increasing for all = € Q;
s
(f2) lim fl@:s) =+oo and lim f(5) =0, uniformly for x € .
s|0 S §—00 S

We assume that g € C%7(0,00) is a non-negative and non-increasing func-
tion. A fundamental role in our analysis will be played by the numbers
K* := max K (z), K, = min K(z).
rEQ z€Q
Our first theorem is a non—existence result and it concerns nonlinearities with
strong blow-up rate at the origin (like =%, with o > 1).

Theorem 2.1. Assume that K, > 0 and f satisfies (f1)—(f2). If fol g(s)ds = +o0,
then problem (2.1) has no classical solution, for any A, pu > 0.

Next, we assume that the growth of the nonlinearity is described by the
following conditions:

(91) lig}g(S) = +00;

(92) there exist C, §p > 0 and a € (0,1) such that g(s) < Cs™?, for all
ERS (0, 50)

The above conditions (g1) and (g2) are fulfilled by singular nonlinearities
like g(u) = u=%, with « € (0, 1). Obviously, hypothesis (¢g2) implies the following
Keller-Osserman type condition around the origin:

—1/2

(43) /01 (/Otg(s)ds> dt < o,

As proved by Bénilan, Brezis and Crandall [1], condition (¢3) is equivalent
to the property of compact support, that is, for every h € L*(R™) with compact
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support, there exists a unique u € Wl’l(RN ) with compact support such that
Au € LY(RY) and —Au + g(u) = h, a.e. in RY. That it is why it is natural to try
to find solutions in the class

E={uecC*Q)NnC@); Auc L'(Q)).

In the case where the potential K (x) has a constant sign, the following results
hold.

Theorem 2.2. Assume that K, > 0, f satisfies (f1) — (f2), and g satisfies (g1) —
(g2). Then there exists Ay, s > 0 such that:

— problem (2.1) has at least one solution in & either if A > Ay or if p > .

— problem (2.1) has no solution in € if X < A and p < fix.

Moreover, if either X\ > A\, or if p > ., then problem (2.1) has a mazimal
solution in € which is increasing with respect to A and p.

A

I

At least one solution

[T RIS TR IS

No solution

(0,0) Ax A
FicURE 1. The dependence on A and p in Theorem 2.2

At this stage we are not able to describe the behaviour in the following cases:
(i) [A=As and 0 < p < ] and (ii) [0 < A < Ai and p = p.]. We conjecture that
existence or non—existence results can be established in conjunction with a more
precise description of the decay rate of the potential coefficients and nonlinearities.

Theorem 2.3. Assume that K* <0, f satisfies conditions (f1)—(f2) and g satisfies
(91) — (92). Then problem (2.1) has a unique solution uy , in &, for any A, pn > 0.
Moreover, uy,,, is increasing with respect to A and p.

The following result give partial answers in the case where the potential K ()
changes sign.
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Theorem 2.4. Assume that K* > 0 > K,, f satisfies (f1) — (f2) and g verifies
(91)—(g2). Then there exist Ay and p. > 0 such that problem (2.1) has at least one
solution uy , € &, provided that either A > X, or pu > .. Moreover, for A > X, or
M [y, U, 98 TnCTeasing with respect to A and p.

The proofs of the above results rely on the sub— and super—solution method
for elliptic equations combined with adequate comparison principles. We refer to
[8] for complete details and additional results.

A natural question is to see what happens if assumption (f1) holds true, but
if lims_, o0 f(2,5)/s is not zero. We give in what follows a precise description in
the case where K < 0. More exactly, we consider the problem

— Au= Af(u) + a(x)g(u) in O,
u> 0 in Q, (2.2)
u=20 on 0f),

where a € C%7(Q), a >0, a Z0 in Q, and
(

£ 1im 2% e (0,00).

s—oo S
Let Ay be the first Dirichlet eigenvalue of (—A) in Q and A\* := A;/m. Set
a, :=min, g a(r) and d(x) := dist (z, 09Q).

Theorem 2.5. Assume that conditions (f1), (f3), (g1), and (g2) are fulfilled. Then
the following hold.

(i) If A > X*, then problem (2.2) has no solutions in &.

(ii) If ax > 0 (resp. a. = 0) then problem (2.2) has a unique solution uy € & for
all —0o < A < A* (resp. 0 < A < A\*) with the properties:
(iil) wy is strictly increasing with respect to \;
(ii2) there exist two positive constants c1, ca > 0 depending on A such that
c1d(z) < u(x) < cad(x), for all x €
(ii3) limy = uy = +00, uniformly on compact subsets of 1.

Proof. The first part of the proof relies on standard arguments based on the maxi-
mum principle (see [3] for details). The most interesting part of the proof concerns
(ii3) and, due to the special character of our problem, we will be able to show
that, in this case, L?~boundedness implies Hi~boundedness! We refer to [14] for
a related problem and further results.

Let uy € £ be the unique solution of (2.2) for 0 < A < A*. We prove that

)\l}n}\l u) = +00, uniformly on compact subsets of ). Suppose the contrary. Since

(ux)o<r<r+ i a sequence of nonnegative super—harmonic functions in  then, by
Theorem 4.1.9 in [12], there exists a subsequence of (ux)x<a~ [still denoted by
(ux)r<r+] which is convergent in LL ().

We first prove that (uy)a<x+ is bounded in L?(2). We argue by contradiction.
Suppose that (uy)x<x is not bounded in L?(£2). Thus, passing eventually at a
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subsequence we have uy = M (\)wy, where
M) = ||uxllr2) — 00 as A /A and wy € L2(Q), [|wallr2@) = 1. (2.3)

Using (f1), (¢2) and the monotonicity assumption on g, we deduce the exis-
tence of A, B, C, D > 0 (A > m) such that

f)y<At+ B, gt)<Ct >+ D, forallt>O0. (2.4)
This implies

ﬁ (Af(ux) +a(z)g(uy)) — 0 in L () as A 7 A*

that is,
—Awy — 0 in L} () as A /' \*. (2.5)
By Green’s first identity, we have

/VwA-qudx:—/qﬁAw,\dx:—/ oAwydr Yo e C(Q). (2.6)
Q Q Supp ¢

Using (2.5) we derive that

/ o Awy dzx| < / |o||Awy| dx
Supp ¢ Supp ¢ (2.7)
< @l z / |Awy|dx — 0 as A /.
Supp ¢
Combining (2.6) and (2.7), we arrive at
Vwy -Veodr —0 as A 7 A", Vo e C5°(Q). (2.8)
Q

By definition, the sequence (wy)p<a<x+ is bounded in L?((2).
We claim that (wy )<= is bounded in Hg (€2). Indeed, using (2.4) and Hélder’s
inequality, we have

-1
‘/Q‘VU))\F:—/QU))\AU})\:W‘/QH))\AUA

:E%SlﬁMmfwn+a@MWﬂwﬂ

A HaHoo —a
SW/QU))\(AuA—&-B)—I—M(A)/QwA(CUA + D)

C o AB+ |a]eD
:)\A/w2—|—7‘|aH /w1 a+7/w
o N M) Jo M) g )

llallC AB + [lallc D
M () M(X)
From the above estimates, it is easy to see that (wy)a<x+ is bounded in H} (), so
the claim is proved. Then, there exists w € H} () such that (up to a subsequence)

wy — w weaklyin Hj(Q) as A/ \* (2.9)

< NA+ |Q(+e)/2 4

|Q|1/2,
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and, since H}(Q) is compactly embedded in L?(€2),
wy — w  strongly in  L*(Q) as A /' \*. (2.10)
On the one hand, by (2.3) and (2.10), we derive that ||w| ;2(q) = 1. Furthermore,
using (2.8) and (2.9), we infer that
/Vw-V¢dx=O, for all ¢ € C§° ().
Q

Since w € H}(2), using the above relation and the definition of HZ (), we get
w = 0. This contradiction shows that (uy)y<x+ is bounded in L?(2). As above for
wy, we can derive that uy is bounded in Hg (). So, there exists u* € H}(Q2) such
that, up to a subsequence,

uy — u*  weakly in HJ(Q2) as A 7 \*,
uy — u* strongly in L?(Q) as A / \*, (2.11)
uy — u* a.e.in Qas A\ 7 \*.

Now we can proceed to obtain a contradiction. Multiplying by ¢ in (2.2)
and integrating over {2 we have

—/ ©1 Auy = )\/ fur)er +/ a(x)g(ux)pr, forall 0 <A< A, (2.12)
Q Q Q

On the other hand, by (f1) it follows that f(uy) > muy in Q, for all 0 < A < A\*.
Combining this with (2.12) we obtain

A / u Py > )\m/ UNP1 +/ a(z)g(ur)pr, forall 0 <A <A (2.13)
Q Q Q

Notice that by (g1), (2.11) and the monotonicity of u) with respect to A we can
apply the Lebesgue convergence theorem to find

/G@mewxﬁ/awﬂwwﬂx%A/Ay
Q Q

Passing to the limit in (2.13) as A A*, and using (2.11), we obtain

M/M%ZM/W%+/M@WWW
Q Q Q

Hence / a(x)g(u*)p1 = 0, which is a contradiction. Therefore )\h/n)} uy = +00,
0 .

uniformly on compact subsets of 2. This concludes the proof. O

3. Bifurcation and Asymptotics for a Singular Elliptic Equation
with Convection Term
Problems of this type arise in the study of non-Newtonian fluids, boundary layer

phenomena for viscous fluids, chemical heterogeneous catalysts, cellular automata
and interacting particle systems with self-organized criticality, as well as in the
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theory of Van der Waals interactions in thin films spreading on solid surfaces (see,
e.g., 2, 6, 15]).
We are concerned in this section with singular elliptic problems of the fol-
lowing type
—Au = g(u) + A|\Vul|P + pf(x,u) in £,
u>0 in Q, (3.1)
u=20 on 01},

where Q ¢ RN (N > 2) is a bounded domain with smooth boundary, 0 < p < 2,
and A\, g > 0. We suppose that f : Q x [0,00) — [0,00) is a Holder continuous
function which is non—decreasing with respect to the second variable and is positive
on O x (0,00). We assume that g : (0,00) — (0, 00) is a Hélder continuous function
which is non-increasing and limg\ o g(s) = +oo. As in the previous section, we
denote by A; the first eigenvalue of (—A) in Hg(2). By the monotony of g, there
exists a 1= lim,_, o, g(s) € [0, 00).
The next result concerns the case A\=1and 1 <p < 2.

Theorem 3.1. Assume A\ =1 and 1 < p < 2. Then the following properties hold
true.

(i) If p=2 and a > Ay, then problem (3.1) has no solutions.

(i) If either [p =2 anda < A\1] orif 1 < p < 2, then there exists u* > 0 such
that problem (3.1) has at least one classical solution for p < p* and no solutions
exist if > p*.

In what follows the asymptotic behaviour of the nonlinear smooth term
f(z,u) will play a decisive role. We impose the following assumptions:

(f4) there exists ¢ > 0 such that f(z,s) > cs for all (z,5) € Q x [0, 00);
(f5) the mapping (0,00) 3 s — f(z,s)/s is non—decreasing for all = € ;
(f6) the mapping (0,00) > s — f(x,5)/s is non-increasing for all x € §;
(f7) limg_o f(x,8)/s =0, uniformly for = € Q.

We first consider the case A\=1and 0 <p < 1.

Theorem 3.2. Assume X\ =1 and 0 < p < 1. Then the following properties hold
true.

(1) If f satisfies either (f4) or (f5), then there exists u* > 0 such that
problem (3.1) has at least one classical solution for p < p* and no solutions exist
if > pt.

(ii) If0<p<1 and f satisfies (f6) — (f7), then problem (3.1) has at least
one solution for all p > 0.

We now analyze the case p = 1. Our framework is related to the sublinear
case, described by assumptions (f6) and (f7).

Theorem 3.3. Assume p =1 and f satisfies assumptions (f6) and (f7). Then the
following properties hold true.

(i) If0 <p <1, then problem (3.1) has at least one classical solution for all
A>0.
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(i) If1 <p <2, then there exists \* € (0,00] such that problem (3.1) has at
least one classical solution for A < X\* and no solution exists if A > X\*. Moreover,
if 1 <p <2, then \* is finite.

Related to the above result we raise the following open problem: if p = 1 and
w=1,is \* a finite number?

Theorem 3.3 shows the importance of the convection term A|Vu|P in the
singular problem (3.1). Indeed, according to Theorem 2.3 and for any u > 0, the
boundary value problem

—Au =u"" + A\VulP + pu®  in Q,
u>0 in Q, (3.2)
u =0 on 02

has a unique solution, provided that A = 0 and «, 8 € (0,1). Theorem 3.3 shows
that if A is not necessarily 0, then the following situations may occur : (i) problem
(3.2) has solutions if p € (0,1) and for all A > 0; (ii) if p € (1,2) then there exists
A* > 0 such that problem (3.2) has a solution for any A < A* and no solution
exists if A > A*.

We give in what follows a complete description in the special case f = 1 and
p = 2. More precisely, we consider the problem

—Au=g(u) +AVul> +u inQ,
u>0 in Q, (3.3)
u=20 on 0N.

A key role in this case will be played by the asymptotic behaviour of the singular
term g. In the statement of the next result we remark some similarities with
Theorem 2.5.

Theorem 3.4. The following properties hold true.
(i) Problem (3.3) has solution if and only if Ma + p) < A1.

(i) Assume p > 0 is fived, g is decreasing and let \* := A\1/(a + w). Then
problem (3.3) has a unique solution uy for all X < \* and the sequence (uy)x< -
is increasing with respect to \. Moreover, if limsup,\ 5 5%g(s) < +o0, for some
a € (0,1), then the sequence of solutions (uy)o<x<x+ has the following properties:

(iil) for all0 < XA < \* there exist two positive constants ¢1, co depending
on A such that ¢ d(x) < uy < cod(x) in €

(ii2) uy € CH1=(Q) N C%(Q);

(ii3) uy — 400 as A 7 X*, uniformly on compact subsets of Q.

We refer to [10] for complete proofs and further details.
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4. An Elliptic Problem with Strong Singular Nonlinearity and
Convection Term

We study the boundary value problem

—Au = p(z)g(u) + q(z)|Vul|* in Q,
u>0 in €, (4.1)
u=0 on 01,

where Q C RY (N > 2) is a smooth bounded domain, 0 < a < 1 and ¢ € C%*(Q),
q > 0 in Q. The potential p € C*(Q) satisfies

c1d(z)? < |p(z)| < cad(x)®,  forall z € Q, (4.2)

where c1, co > 0, and 3 is a real number. This assumption shows that the potential
p(z) can admit a singular boundary behaviour (corresponding to 5 < 0).
Throughout this section we suppose that g € C*(0, 00) is a positive decreasing
function such that limg o g(s) = +oo. The blow—up rate of g at the origin is
described by the following assumption:
(g4) there exists v > max{1, 8 + 1} such that lims\ ¢ s7g(s) € (0, 00).
Observe that the stronger decay of the singular nonlinearity g around the
origin [described by our assumption (g4)] implies that g does not obey the Keller—
Osserman type condition (g3).
From (4.2) we deduce that p does not vanish in 2. Our first result concerns
the case p < 0 in .

Theorem 4.1. Assume that g satisfies (g4), p is negative in €, and condition (4.2)
is fulfilled. Then problem (4.1) has no classical solutions.

Proof. Let ¢1 be the normalized positive eigenfunction corresponding to the first
eigenvalue Ay of (—A) in H}(Q). Then A\; > 0, p; € C%(Q), and

Cird(z) < ¢p1(z) < Cad(z), x€Q, (4.3)

for some positive constants C; and Cs. From (4.2) and (4.3) it follows that there
exist 71,72 > 0 such that

o1 (x)? < |p(z)| < mopr(z)?,  forall z € Q. (4.4)
Fix C > 0 such that [|g|2,C*~! < A; and define v : [0,00) — [0,00) by
(s) = 5%/(s?> + C). Then 1) attains its maximum at 5§ = [Ca/(2 — a)]l/Q. Hence

aa/2(2 _ a)(?—a)/Q
201-a/2 ’

An elementary computation shows that

for all s > 0.

P(s) <9(5) =

¢ < 0212 4 C’“/Q, for all s > 0. (4.5)
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Arguing by contradiction, let us assume that problem (4.1) has a classical
solution U. Consider the perturbed problem
—Au=p(x)g(u+e)+AVu*+B inQ,
u>0 in Q, (4.6)
u=~0 on 0,

where € > 0, and A = ||¢||cC%?>~ 1, B = ||q/loocC*?. By virtue of (4.5) it follows
that U is a sub-solution of (4.6). Set v = A" — 1. Then problem (4.6) becomes

—Av = Ap(z)(v+ 1)9(% n(v+1) +e) +ABu+1) inQ,

v>0 in €, (4-7)
v=20 on 0.

We first remark that V = e4Y — 1 is a sub-solution of (4.7). On the other hand,
since AB < A1, we conclude that there exists w € C?(Q) such that

—Aw=AB(w+1) inQ,

w >0 in Q, (4.8)
w=20 on 0f).
Moreover, the maximum principle yields
capr Sw<cp2  in Q, (4.9)

for some positive constants ¢; and ¢y > 0. It is clear that w is a super-solution of
(4.7). We claim that V' < w. To this aim, it suffices to prove that U < W in ,
where W = A=  In(w + 1) verifies

—~AW = AlVW*+ B  in Q,

W >0 in Q,

W =0 on 0f).

Assuming the contrary, we get that max_ 5(U — W) > 0 is achieved in some
point xg € Q. Then V(U — W)(zo) = 0 and
0 < =AU = W)(z0) = p(x0)g(U(x0)) + q(0)|VU|*(z0) — A\VWF(IO) - B <0,
which is a contradiction. Hence U < W in , that is, V' < w in Q. By the sub
and super-solution method we deduce that there exists v. € C%(Q) a solution of
problem (4.7) such that

V<v.<w in Q. (4.10)

Now we proceed to get our contradiction. Integrating in (4.7) and taking into

account the fact that p is negative, we deduce

1
— | Avdz— A p(a:)g(z In(v. +1) + 6) dx < AB | (w+ 1)dz.
Q Q Q

Using monotonicity of g and the fact that In(v.+1) < v, in ©, the above inequality
yields

ov,

a0 On

ds — A/ p(x)g(% + 5)dx < AB(||w]|s +1)]€] < 4.
Q
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Since dve /On < 0 on 0N, the above relation implies

—/Qp(w)g(%a +6)dm < M,

where M = B(||w]|s + 1)|€2|. Now, relations (4.10) and (4.11) imply

Og—/ﬂp(x)g(%—i—s)deM.

Therefore, for any compact subset w CC £ we have

0< —/wp(x)g(% +5)dm < M.

Passing to the limit as € \, 0 in the above inequality, it follows that

- / p(x)g (%) dr < M, for all w CC Q.

This yields
w
— [ plx)gl— )dz < M.
| e (%)

(4.11)

(4.12)

On the other hand, the hypothesis (g4) combined with (4.9) implies g(w/A) >
cop; | in Q, for some ¢g > 0. The last inequality together with (4.4) and (4.12)
produces cfQ go’lgﬁ’dx < M, where 8 — v < —1. But, by a result of Lazer and
McKenna (see [13]), [, 1 *dz < 400 if and only if s < 1. This contradiction shows
that problem (4.1) has no classical solutions and the proof is now complete. O

The situation changes radically in the case where p is positive in €2, as estab-

lished in the next result.

Theorem 4.2. Assume that g satisfies (g4) and the potential p(x) is positive and

fulfills (4.2). Then the following properties hold true.
(i) If B < =2, then problem (4.1) has no classical solutions.

(ii) If B8 > —2, then problem (4.1) has a unique solution u which, moreover,

has the following properties:
(iill) there exist M, m > 0 such that

m d(z) P ) < () < M d(x) PP/ for all z € Q;

(ii2) if B > max{0,v — 3}, then u is in H}(Q);
(ii3) if 28 <~ — 3, then u does not belong to HL(Q).

We refer to [11] for the proof of Theorem 4.2, as well as for a result concerning

the entire solutions of problem (4.1).
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