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Abstract. We consider a perturbed version of the Robin eigenvalue problem for the p-Laplacian. The perturbation is (p —1)-
superlinear. Using the Nehari manifold method, we show that for all parameters A < A1 (= the principal eigenvalue of the
differential operator), there exists a ground-state nodal solution of the problem.
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1. Introduction

Suppose that  C RY is a bounded domain with a C2-boundary d€2. In this paper, we study the following
nonlinear parametric Robin problem:

—Apu+ E(2)|[ulP7?u = AulP~?u + f(z,u) in Q, p
887?,) + B(2)[ulP72u = 0 on 992, X € R. (P3)
In this problem, A, denotes the p-Laplace differential operator defined by
N
Apu = div (|DulP~>Du) = |Dul?"*[|Duf*Au+ (p = 2) D ths g U] for all u € WHP(Q).
ij=1
On the set [Du = 0] of critical points, this operator is degenerate for p > 2 and is singular if

1 < p < 2. The analysis developed in this paper includes the borderline case p = N. In this situation,
the Dirichlet energy [ |Du|Ndx is conformally invariant. The borderline case is important in the theory
Q

of quasi-conformal mappings.

Problem (Py) contains the perturbation u > &(2)|uP~2u with the potential function & € L>(Q),
£(z) = 0 for a.a. z € Q. In the reaction (right-hand side of problem (Py)), we have the combined effects
of a parametric term u — A|u|P~?u and of a Carathéodory perturbation f(z,z). (That is, for all z € R
the mapping z — f(z,x) is measurable and for a.a. z € Q the function = — f(z, ) is continuous.) We
assume that f(z,z) exhibits (p — 1)-superlinear growth as x — +o0.

We can view problem (Py) as a superlinear perturbation of the Robin eigenvalue problem for the
operator u — —Apu + £(2)|u[P~?u. In the boundary condition, 867“? denotes the conormal derivative of u
corresponding to the p-Laplace differential operator. This directional derivative is interpreted using the

Published online: 11 February 2022
) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-022-01679-y&domain=pdf
http://orcid.org/0000-0003-4615-5537

49 Page 2 of 19 N. S. Papageorgiou, V. D. Ridulescu and Y. Zhang ZAMP

nonlinear Green’s identity (see Papageorgiou et al. [13, p. 35]), and if u € C'(Q), then

o = |Du L,
on, on
with n(-) being the outward unit normal on 9Q. The boundary coefficient 3 € C%%(99) with 0 < o < 1
satisfies §(z) > 0 for all z € 9.

The nonlinear Robin boundary condition in problem (Py) is motivated by certain nonlinear patterns
in which the flux across the boundary is not linearly proportional to the density function. A typical
example is Boltzmann’s fourth power law in heat transfer problems, where

ou 4 4
—+o(u*—hy)=0 (6>0

ot~ ) =0 (7>0),

where hg is the surrounding temperature; see Ozisik [10]. Another example is based on the Michaelis—
Menten hypothesis in some biochemical reaction problems where the substrate concentration satisfies the

boundary condition

o
on  1l+au

=0 (a>0),

see Ross [15].
We are looking for ground-state (that is, least energy) nodal (sign-changing) solutions of problem (Py).

Using the Nehari manifold method, we show that if A < M (here A1 is the principal eigenvalue of the

differential operator u — —A,u + £(2)|u[P~?u with Robin boundary condition), then problem (Py) has a

ground-state nodal solution. We prove this result by relaxing the usual Nehari monotonicity hypothesis

which is the following;:

f(z,z)

[w[P—1

(N) “For a.e. z € Q, the quotient function z — is strictly increasing on R_UR, with R_ = (—00,0)

and Ry = (0,400).”

This condition was used by Szulkin and Weth [16] to have uniqueness of the projection on the Nehari
manifold. Instead, in the present paper, we assume that the quotient is simply increasing.

In the past, the problem of the existence of ground-state solutions for such parametric problems
was investigated only in the context of semilinear Dirichlet problems driven by the Laplace differential
operator. We mention the work of Szulkin and Weth [16], who produce a ground-state solution using
the stronger monotonicity condition (N), but they do not show that their ground-state solution is nodal.
Later, Tang [17] obtained a ground-state solution using the relaxed monotonicity condition, but the
ground-state solution need not be nodal. Ground-state nodal solutions under the relaxed monotonicity
hypothesis were obtained recently by Lin and Tang [7]. All the aforementioned works deal with semilinear
equations (that is, p = 2), and the boundary condition is Dirichlet. Ground-state nodal solutions under
the strong Nehari monotonicity condition (see hypothesis (N) above) were obtained by Liu and Dai [8]
(Dirichlet problems) and Gasiriski and Papageorgiou [4] (problems with a nonlinear boundary condition).
In both these works, the reaction is nonparametric and has a different structure. We also mention the
work of Papageorgiou, Radulescu and Repovs [12], who studied problem (Py) when p = 2 (semilinear
equation) looking for positive solutions and proved a bifurcation-type result with critical parameter being
5\1. Finally, we point out that eigenvalue problems with nonlinear Robin boundary condition naturally
arise in the study of reaction—diffusion equation where a distributed absorption competes with a boundary
source; see Lacey et al. [5] for details.

Our main result in this paper is the following theorem. Hypotheses Hy and H; on the data of the
problem can be found in Sect. 2.

Theorem 1. If hypotheses Hy, H1 are fulfilled and A < A1, then the following properties hold true.
(a) Problem (Py) has a ground-state nodal solution u. € C*(Q);
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(b) If, in addition, e(z,x) > 0 for a.a. z € Q, all x # 0, then u, has two nodal domains; here, e(z,x) =
f(z,x)x — pF(Z, x)

2. Mathematical preliminaries and hypotheses

The main space in the analysis of problem (Py) is the Sobolev space W1P(Q2). By || - ||, we denote the
norm of W1?(Q) defined by

lull = (JulZ + [ Dul2)? for all u € WP(€),

Also, we will use the boundary Lebesgue spaces L?(9€2). On 0f2, we consider the (N — 1)-dimensional
Hausdorff (surface) measure o(-). Using this measure, we can define in the usual way the “boundary”
Lebesgue spaces L1(09), 1 < ¢ < +oo. From the theory of Sobolev spaces, we know that there exists a
unique continuous linear operator 4o : WP (Q) — LP(9Q), known as the “trace operator,” such that

Fo(u) = ulaq for all u € WHP(Q) N C(Q).
So, the trace operator extends the notion of boundary values to all Sobolev functions. We know that

this operator is compact into L"(9%2) for r < % if p < N and into L"(99) for 1 < r < +o0 if N < p.

The trace operator is not surjective, and we have
1 1 1
im4y = W P(00) < + - = 1) , ker 4o = Wy P(Q).
p P

We introduce our hypotheses on the potential function &(-) and on the boundary coefficient 3(-).
Hy: £ € L®(Q), £(2) = 0 for a.a. z € Q, B € CO*(0Q) with 0 < a < 1, B(2) = 0 for all z € 9Q and

EZ£0or §£0.
Remark 1. We see that these hypotheses incorporate also the Neumann problem (5 = 0).

In what follows, by v, : WP(Q) — R we denote the C'-functional defined by
() = [Dully + [ &G)upaz+ [ ) updo
Q oQ

for all u € WHP(Q).
Using Lemma 4.11 of Mugnai and Papageorgiou [9] and Proposition 2.4 of Gasiriski and Papageorgiou
[3], we have

collul|? < v, (u) for some co > 0, all u € WHP(Q). (1)

Another way to see this is via a simple contradiction argument. So, suppose that we could find
{tn}nen € WHP(Q) such that for all n € N

1
IDunly+ [ & unPdz + [ B )Nunldo < < funlp
Q [2}9)

By homogeneity, we may assume that [lu,|| =1 for all n € N. So, we may assume that
Up — u in WHP(Q) and u,, — u in LP(Q) and in LP(99Q).

Then, in the limit as n — oo and since the norm in a Banach space is weakly lowers semicontinuous, we
obtain

IDullz + [ €@z + [ BE)uldo <o,
[t ]

= Du(z) =0 a.e. in Q, hence u=c € R.
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/@ e+ [ 5o | <o,

[219]
= ¢ = 0 (see hypothesis Hy).

We have

But then we have
u, — 0 in WHP(Q),

a contradiction to the fact that |ju,| =1 for all n € N.
We consider the nonlinear eigenvalue problem

—Apu+ E(2)|ulP2u = AluP~2u in Q, @)
aaTup + B(2)|u[P~2u = 0 on 9.

We say that A € R is an eigenvalue of the operator u — —Apu+&(2)|u[P~2u with Robin boundary con-
dition, if problem (2) admits a nontrivial solution @ € W?(Q), known as an eigenfunction corresponding
to the eigenvalue \.

By using the Lagrange multiplier rule, we see that problem (2) has a smallest eigenvalue A, which is
characterized variationally by

A = mf{h(ﬁ;) ue WHP(Q), u# 0} : (3)
P

On account of (1), we see that A > 0. Also, this eigenvalue is isolated in the spectrum and simple.
The infimum in (3) is realized on the corresponding one dimensional eigenspace and so the eigenfunctions
corresponding to A; > 0 have fixed sign. By @, we denote the positive, LP-normalized (that is, |41, = 1)
eigenfunction corresponding to A1. The nonlinear regularity theory (see Lieberman [6]) and the nonlinear
maximum principle (see Pucci and Serrin [14]) imply that @; €int C;. = {u € C'(Q) : u(z) >0 for all z€Q}
(the interior of positive (order) cone Cy = {u € C*(Q) : u(z) > 0 for all z € O} of C*(12)). The Ljusternik—

Schnirelmann minimax scheme implies the existence of a whole strictly increasing sequence {)\k of
kEN

eigenvalues of problem (2) such that e — 400, known as “variational eigenvalues.” We do not know if
they exhaust the spectrum of the operator. We know that if A #* A1 is a nonprincipal eigenvalue, then the
corresponding eigenfunctions @ € C1(Q2) (regularity theory) are nodal functions. Details can be found in
Fragnelli et al. [2].

Let Ay, : WHP(Q) — WHP(Q)* be the nonlinear map defined by

(Ap(u), by = / | Du[P~2(Du, Dh)g~dz for all u, h € WHP(Q).

It is well known that this map is bounded (maps bounded sets to bounded sets), continuous, monotone
(thus maximal monotone too) and of type (5)4, that is

“GF u,, — win WHP(Q) and limsup(A, (uy,), u, — u) < 0,

n—oo

then u,, — u in WHP(Q).”
We have

()} = (A, b + [ € uP2ubdz + [ B~ 2ubdo
Q o0

for all u, h € WhHP(Q).



ZAMP Ground-state nodal solutions for superlinear perturbations Page 5 of 19 49

Now, we introduce our hypotheses on the perturbation f(z,z). Recall that

Mo ifp< N
pt =< N l b (the critical Sobolev exponent for p).
4o I N<p
Hy: f: QxR Ris a Carathéodory function such that f(z,0) =0 for a.a. z € Q and
(i) |f(z,2)] < ( ) (1+|z|"1) for aa. z € Q, all z € R, with a € L>=(Q) and p < r < p*;
(ii) if F(z,x) f f(z,5)ds, then lim,_, 4 Flzz) _ 4o uniformly for a.a. z € §;

)

) |g;|p
(iii) limg,—o ‘fl(pziﬁ) = 0 uniformly for a.a. z € Q;
)

v) for a.a. z € Q, the quotient function z — flew ) is increasing on R_UR
E +

Remark 2. If f(z,-) is (p — 1)-superlinear as x — £o0o, then hypothesis H;(ii) is satisfied. Note that we
use the relaxed Nehari monotonicity condition (see hypothesis Hi(iv)).

We will prove our existence theorem first using the strong Nehari monotonicity condition (see (N)),
and then via approximations of the perturbation, we will establish the result for the general case. For
this reason, we introduce the following set of hypotheses:

Hi: f: QxR Ris a Carathéodory function such that f(z,0) =0 for a.a. z € Q, hypotheses Hj (i),
(ii), (iii) are the same as the corresponding hypotheses in H; and

(iv) hypothesis (V) holds.
If u € WHP(Q), then we define u™ = max {#+u, 0} and we have
uFeWwhP(Q), u=ut —u”, Ju|=ut +u.
We denote by | - |y the Lebesgue measure on RY.
Let oy : WHP(Q) — R be the energy (Euler) functional defined by
1

A
oa(u) = Z—?fyp(u) - ;||u||£ - /F(z,u)dz for all u € WHP(Q).

Evidently, ¢y € CH(W1P(Q)). We introduce the following two sets:
N ={ue W"(Q): (p}(u),u) =0, u#0},
— {u e W(Q) : (g (u),ut) = (h(w),u™) = 0, uF £ 0}
We see that Ny C N. The set N is known as the “Nehari manifold” for the functional (). Note
that every nontrivial solution of problem (Py) belongs to the Nehari manifold. Since we look for nodal

solutions, we introduce the Nehari submanifold Ny. Hypotheses Hy, Hj imply that ) = Ny C N (see also
Proposition 5 and Papageorgiou et al. [11]).

3. Ground-state nodal solutions

We define
~ 0 .
= inf ©,.
my 1]{,10 P

We look for an element of Ny which realizes the infimum mg and which is a critical point of . Such
a function will be a ground-state nodal solution of problem (Py).

Proposition 2. If hypotheses Hy, Hy hold, then for all T, t > 0 and all w € WP(Q) we have

1—7P 1—tP
T (u),ut) — .

oa(u) = ea(tu® —tu™) + (DA (u),u™).
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Proof. We have

oxa(u) — oa(Tu® —tu™)

1 A /
= —v,(u) — —||ul|l? — | F(z,u)dz
pvp() pH 15 (2, u)

Q

1 A
— —yp(rut —tu”) + = |lrut —tu” |} Jr/F(z,TuJr —tu”)dz
p p

Q

1 _ A _
=5 (o (u) = yp(ru® —tu”)) — » (el = llru™ —tu|7)

- / (F(z,u) — F(z,7u" —tu™)) dz.

Q

Using the fact that {ut > 0} N {u™ > 0} = 0, we have

1 _
» (1o (u) = (T —tu7))
1 _ _
= D <7p(u+) — Py (uF) 4 (uT) = Py (u ))
1—7P TN ) _
= Yol ) + ———yp(u ).
o )+ ()
Similarly, we have
A -
(g~ lira =t 1)
A 1P — 7P g2 =P — P || |IP
== (llu*llp = 7Pl 15 + [l 1 — 7[lu” 1)
Al —7P) A1 —1tP), _
— I}

-, I} +
Finally, we have

/ (F(z,u) — F(z,7ut —tu™)) dz
Q

= / (F(z,u") + F(z,—u") — F(z,7u%) — F(z,—tu™)) dz.
Q
Let © # 0 and p > 0. Then,
1—pP
p

f(z,x)x + F(z,px) — F(z,x)
1 1
:/f(z,x)xsp_lds—/%F(z,sx)ds

I Iz
1 1

= /f(z,a:)xspflds - /f(z,sz)xds (using the chain rule)

T Iz

ZAMP



ZAMP Ground-state nodal solutions for superlinear perturbations Page 7 of 19 49

:j<ﬂ%@_fVﬁ@>§qmﬂﬂ®

jfp=t (sl2)P~

> 0 (see hypothesis Hy(iv)). (8)
Returning to (7) and using (8), we obtain

/ (F(z,u) — F(z,7ut —tu™)) dz

Q
> [t —u)ds. ©)
P2
Finally, we use (5), (6) and (9) in (4) and obtain
_ 1—7P 1—tP _
ealu) —oa(ru® —tu™) > , (D5 (u), u™) — , (P (u),u”)
This proof is now complete. O

From this proposition, we infer at once the following two useful corollaries.
Corollary 3. If hypotheses Hy, Hy hold and u € Ny, then py(u) = max, >0 @a(Tut —tu™).
Corollary 4. If hypotheses Hy, Hy hold and v € N, then @y (u) = max,>o px(Tu).

Evidently, Corollary 3 implies (} ## Ny C N.
Next, we relate nodal elements of WP(§)) with the Nehari submanifold Ny. In particular, we infer
that Ny # 0.

Proposition 5. If hypotheses Hy, Hy hold, X < M oand u € WLP(Q) with u* # 0, then we can find a
unique pair (Ty, ty,) € R+ X R+ such that T,u™ —t,u~ € Np.

Proof. Let u € W'P(Q) with u* # 0 (nodal function) and consider the corresponding fibering function
Ox(t) = px(tu™) for all t > 0.

Using the chain rule, we see that for all ¢ > 0 the following equivalence holds:
f(z tut)u®
631 =0 = np(ut) ~ Alu”Jp = [ TEEE g (10)
Q

On account of hypothesis Hj (iv) = (), the integral in the right-hand side of (10) is strictly increasing
int>0.
Hypotheses Hj(iv), (iii) imply that given & > 0, we can find ¢; = ¢1(¢) > 0 such that

F(z,x) < |x|p + c1lz|” for a.a. z € Q, all z € R. (11)

Then, we have

+ tr + Ate Dlq, T ||P T
Or(8) = paltu”) = Zap(u?) = — =" |jutly — ext"[uly (see (11))

tP /<
2; 1—(A+¢€ u'll, —at fluT|]; (see .
A A +||p ., T 3

Choosing ¢ € (0, \; — A) (recall that A < A1), we obtain
0x(t) = cot? — cst” for some co, c3 > 0,

= 0, (t) > 0 for all £ > 0 small (since p < 7).
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On the other hypotheses Hj (i), (ii) imply that given n > 0, we can find ¢4 = ¢4(n) > 0 such that

F(z,z) 2 nz|’ — ¢4 for a.a. z € Q, all x € R. (12)
Then, we have
tP AP tP
0(0) = r (1) < ) = 2t g = 2 g 4

for some ¢; > 0 (see (12)).
Recall that 1 > 0 is arbitrary. So, choosing n > 0 large we have

0x(t) < ¢5 — cgt? for some ¢g > 0, all t > 0,
= 0,(t) <0 for all ¢t > 0 big.

We conclude that there exists unique 7, > 0 (see (10)) such that

o _ +
max 0 (t) = Ox(7u) = @a(Tur™).

In a similar fashion, working this time with the fibering function

raA(t) = ea(t(—u")),

we produce a unique t,, > 0 such that

rgagc Iﬁ:)\(t) = KJ,\(tu) = @A(tu(_ui))'

We conclude that
T —tyu” € Np.
This ends the proof of the proposition. O

Using the previous proposition, we can have a minimax characterization of fng\ = infn, px. Let W, =
{ue WhP(Q) : u* # 0} (the nodal elements of the Sobolev space WP (1)).

Proposition 6. If hypotheses Hy, H; hold and \ < 5\1, then fng = inf,ew, max, >0 @r(Tut —tu™).

Proof. Let £\ = infyew, max, ;>0 pr(Tut —tu~) < 400 (since Ny C W,,). We have

< inf T —tu”) (si Ny C W,
&\ < nf 2356"0)‘(7” u”) (since Ng C W,,)

= 1enj\f[ ©x (see Corollary 3)

u 0
=mY. (13)
On the other hand, we have

max oy (Tut —tu")

7,620
> oa(ruut —tyu™)

> ijl\']lf ©x (see Proposition 5)
0

— i,
= &\ =l (14)
From (13) and (14), we conclude that &, = 7. O

Next, we show that M9 is realized on Ny.

Proposition 7. If hypotheses Hy, H] hold and \ < A1, then there exists i € Ny such that p (@) =mY > 0.
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Proof. Let {u,} C Ny be a minimizing sequence. We show that this sequence is bounded in W ().

neN =
Arguing by contradiction, suppose that up to a subsequence, we have ||u,| — +oc. Let v, = ﬁ, n € N.
We have that ||v,|| =1 for all n € N and so we may assume that
vp — v in WHP(Q) and v, — v in L(Q) and LP(99). (15)

Suppose that v = 0. Using (11), we see that for every p > 0 we have

[ Pz <<l + ol
Q

= lim sup/F(z,pvn)dz < 0 (see(15) and recall that v = 0). (16)

Q

With ¢, — 0" and ¢,, = (n € N), we have

llonll

mg +en = oa(un)

> pa(thuy) (see Corollary 4)

= 5 ) Al e

> cop?onlly — [ Plepond:
Q

for some ¢7 > 0, all n € N (see (3) and recall that A < \;),
= mQ = crp? (see (16)).

But p > 0 is arbitrary. Let p — 400 to reach a contradiction. Therefore, v # 0.
Let Q. = {z € Q: v(z) # 0}. We have |Q|ny > 0 and

|un(2)] — 400 as n — oo for a.a. z € Q.

Hypotheses Hj (i), (ii) imply that there exists cg > 0 such that

F(z,x) > —cg fora.a z € Q, all z € R. (17)
We have
RN
[unlP [Jun?
1 A F(z,up)
= —Yp(vn) — —||vn p—/idz
5 (n) = lvnly lanl?
Q
1 F(z,up)
< Y (Un) 7/ dz
p’ [[un [P
Q
F(z,upn
< cg — Mdz for some cg > 0, all n € N,

[[n [P

F(z,u,
=0< ¢y — liminf/wdz

N
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= cg — liminf L(Z’un)dz + L(Z’ un)dz
= [ [P [[un [P

* *

F
< ¢y limint [ FZ2tn)
n—00 [l ||

*

dz (see (16))

F
< c9— /lim inf g| v, [Pdz (by Fatou’s lemma, see(17))

5

= —o0 (see hypothesis H;(ii)),

a contradiction. So, the minimizing sequence {uy,}, .y € No is bounded in W'?(£2). We may assume that

Up —> @ in WHP(Q), u,, — @ in LP(Q) and L7 (09, (18)
uf % oyy and u; %y in WHP(Q), yy, yo = 0.
From (18), it follows that
Up = uf —u, 4=y, +y_ in WHP(Q),
=4t =y, anda” =y_. (19)
Since u,, € Ny (n € N), we have
0= (), 1) = (i) = Nt I - / (e =
From (18), (19) and the sequential weak lower semicontinuity of v,(-), we have
(@) = At | - / (et )itdz <0,
= (ph(a),a") < (20)
Similarly, we show that
(P\(@), —a7) <0 (21)

We have

1
my = lim (px(un)) — = (P (un), un) (since u,, € Ny C N)
n—oo p

n—oo

= lim (;f(z,un)un — F(z,un)> dz

! ) 1 see
Q/ ( Pz )i — F(z,u)) dz (see(18))

p
. 1 .
= pa(@) — ];<80,\(U),U>
N . 1—77 o 1 o
> palmai” —tait”) (oA (@) i) — L% (g (@), )
p p
1
— —{\ (), 7) (see Proposition 2)
p
TP P
> m} — L (ph(a), at) + 2(p\ (@), a) (see Proposition 5)
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(27)
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= (p5(@),a") = (pA(a),a) = 0 (see(20), (21)).

On account of hypotheses Hj(i), (iii), given £ > 0, we can find ¢19 = ¢19(g) > 0 such that
f(z,x)x < elz|P + cro|z|” for a.a. z € Q, all x € R.
Since u, € Ny (n € N), we have
(i) = Mt [ = / fleupyuf e,
= cullui P < e ( s P+ sy [17)
for some c11, ¢12 >0, all n € N (see (23)) and recall that A < 5\1).

Choose € € ( C“) Then,

c13 < |lu)|| for some c13 > 0, all n € N (since p < r).
Then, from (23), (24) and (25), we have

c1a < |Juf ||l for some c14 > 0, all n € N,

= c14 < ||aT||7 (see (18) and recall that y, = a7),
at #0.
In a similar fashion, we show that 4~ # 0. Then, from (22), it follows that
@ € Ny and 8 = @y (a).
It remains to show that m$ > 0. We have
1
mS = @x () = @x () — —ph (), @) (since & € Ng C N, see (26))
p
1 N N
= —f(z,0)u — F(z,4) | dz
2 p
We define e(z,x) = f(z,2)x — pF(z, ).
Claim: For a.a. z € , e(z,-) is strictly increasing on Ry = [0,400) and strictly decreasing on R_ =

(—00,0].

First, we show the claim under the extra condition that for a.a. z € Q, f(z,-) is differentiable. Then,

for x > 0, we have

0< 4 (f(z,x)) (see hypothesis H](iv) = (N))

dr \ zr—1

fai(z7 x)mp—l _ (p B l)xp_Zf(va)
o (I;Q(P_l)
_ e(2,2)
= o ,

= 0<eée,(z,).
In a similar fashion, we show that
el (z,2) <0 for a.a. z € Q, all z < 0.

Therefore, the claim is true if f(z.) is differentiable.
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Next, we drop the differentiability hypothesis on f(z,-). To this end, we consider a mollifier § € C°(R)
such that

+oo
0<60<1, suppf C [0,1], / O(s)ds = 1.
+oo
We set 0-(t) = 16 (L). Then, 6. € C*(R), suppf: C [0,], [ 6-(s)ds = 1. We define

“+ o0 £
folza) = / b.(x — 8)f(z, 5)ds = / 0.(7)f (z, — 7)dr.
s 0

From Evans and Gariepy [1, pp. 122-123], we know that for a.a. z € Q
fg(Z, ) € C?(R)v
f-(z,7) — f(2,2) as € — 0" uniformly on compacta.

For x > u > 0, we have

fe(z,7) . fe(zvu)

zr—1 ur—1

. 0/05(7){152_’u7)_,)_71) <<w;7>?’1 - (u;7>”1> dr

(see hypothesis H](iv) = (N))

1
> éo(z,u) > 0 for all e € (O, 2u> .
Since fc(z,-) is differentiable, from the first part of the proof of the claim we have that

1
0 < é(z,u) <e(z,2) —e(z,u) for all e € <0, 2u> ,

where e.(z,2) = f-(z,2)x — pF.(2,2), F-(z,2) = [ f-(z, s)ds. Passing to the limit as ¢ — 0T, we obtain
0

e(z,u) < e(z,z) foraa. z€Q, all 0 <u < x.
Similarly we show that
e(z,x) < e(z,v) for a.a. z€Q, allv <z <0.

This proves the claim.
Returning to (27) and recalling that e(z,0) = 0 for a.a. z € Q we infer that

my > 0.
Therefore, finally we have
@ € No, 0 < m = @x(a).

This proof is now complete. O
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Remark 3. We indicate an alternative way show that mg > 0. Using a contradiction argument as in
the proof Proposition 7, we can show that ¢,|y is coercive. Since @, is sequentially weakly lower
semicontinuous, invoking the Weierstrass—Tonelli theorem, we can find 4y € N such that ¢y (tig) =
infy ¢y = 7. Since N is a natural constraint for ¢, (see [13]), we have that dg € K,, C C'(Q)
(nonlinear regularity theory). From Corollary 4, we know that ¢y (tg) = max,>o ¢ (7lo) and on account
of hypothesis H/(iii) and since A < Ay, for 7 € (0,1) small we have @y (7o) > 0, hence 0 < iy = @ (fig).
But clearly m) < mg (since Ny C N).

Next, following the arguments of Willem [18, p. 74] and of Szulkin and Weth [16, p. 612], we show
that the Nehari submanifold Ny is a natural constraint (see [13, p. 425]).
Proposition 8. If hypotheses Hy, H] hold, A < M oand @ € Ny is as in Proposition 7, then 4 € K., =
{ue WhP(Q) : o\ (u) = 0} (the critical set of ©)).
Proof. Since u € Ny, we have
{Ph(@™),a") = 0= (pr(-a"),—a"). (28)
For 7, t € R\{1}, we have
pA(rat —ta”) = pA(ra") + pa(t(=a7))
<oa(at) +(-a7)
(see Corollary 3 and Proposition 5)
= @al@) = 3. (29)
Arguing by contradiction, suppose that ¢ (@) # 0. Then, we can find 6 > 0 and n > 0 such that
lu —all < 36 =[5 ()]« = 1> 0.

Consider the parallelogram D = (%, %)2 and the function p(7,t) = 7ut —tu™, 7, t > 0. From (29),
we see that

(= t nq.
e ox(p(r,t)) < my

Using Lemma 2.3 of Willem [18, p. 38], with e =min { mifé, %6}, S=Bs(t)={ucW"(Q): [[u—al|<5},
we can find a deformation A(t,u) such that
h(Lu) = wif u € o3t ([ — 26,08 + 2¢]),
2 ml+e = /- m) —e
b (1L N Bs(@) o
(for every c € R, ¢ = {u € W"P(Q) : pr(u) < c}),
ox(h(1,1)) < @a(u) for all u € WHP(Q).

From these properties of the deformation, we infer that

h(1, ,t><AO. 30
(gggchw(( () ) <y (30)

Let B(r,t) = h(1, u(7,t)) and set
ko(7,t) = ({PA(Ta),a"), (A (tu), —a7))

£1(,0) = (AW 005 (1), (A 807, ), ~5™(r,0) ) for il (1) € D.



49 Page 14 of 19 N. S. Papageorgiou, V. D. Riddulescu and Y. Zhang ZAMP

By 6237 we denote the Brouwer degree. From the proof Proposition 5, we see that
dp(ko, D,0) = 1. (31)

Note that ulap = Blap (see (30)), the definition of £ and the choice of € > 0). So, from the properties
of the Brouwer degree (see [13, p. 178]), we have

CiB(k‘o,D,O) = a?B(klvD’O)v
= dg(ki,D,0) =1 (see (31)),

which contradicts (30).
Therefore, we conclude that 4 € K, . O

So, under the stronger monotonicity hypothesis (N) = Hj(iv), we have proved the existence of a
ground-state nodal solution for problem (Py), when A < A;.

Next, we replace the strong monotonicity condition by the relaxed one H(iv). To be able to treat this
more general situation, let 6 > 0 and consider the following perturbation of f(z,x):

fo(z,2) = f(z,2) + Or|z|" 2.

Then, fp(z, ) is a Carathéodory function which satisfies hypothesis H{. We set Fy(z,z) = [ fo(z,s)ds
0
and consider the C'-functional ¢f : W1P(Q) — R defined by

1 A
PR = p(u) = 5 ul - / Fy(z u)dz
Q

for all u € WHP(Q).
We see that

W5 (u) = px(u) — 0)|ul|” for all u € WHP(Q).
For this functional, we introduce the Nehari manifold

N = {u e WH(Q) : () (), u) = 0, u £ 0}

and the Nehari submanifold
Ng = {u e WHP(Q) : ((¢) (u), ut) = ((¥R) (u),u™) = 0, u™ # 0}

Proposition 9. If hypotheses Hy, H1 hold and \ < A1, then we can find vy > 0 such that

O (u) = vy >0 for allu € N, for all 6 € (0,1].
Proof. Let u € N We have

o (u) = max @4 (tu) (see Corollary 4)

tp T T
= max | & (o 0) = Mull) ~ [ Pz tu)dz - 00l
Q

2 max (Cl5tp — Cthr)
t=0

for some ¢15, ¢16 > 0 (see (11) and let & € (0, ] — \)).
Since r > p, for t € (0,1) small we have
WS (u) = vy > 0 for alluw € N?, 0 € (0,1].

The proof of the proposition is now complete. O
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Now, we are ready to state and prove the main result of this paper, Theorem 1, which establishes the
existence of a ground-state nodal solution under the relaxed monotonicity condition Hi (iv).

3.1. Proof of Theorem 1

(a) Let uw € Ny. We have

px(@) > 4 (1)
> @8 (rgut — tyT~) (see Proposition 5)
>, (m = inf ¢)
N§
> 0 (see Proposition 7). (32)

Now let 6,, — 0T. Using Propositions 7, 8, 9 and (32), we see that we can u,, = ug, € N% (n € N)
such that

A () = 1 = me >0, (33)
(5 (un) = 0 for all n € N,

Claim: The sequence {uy}, .y € WHP(Q) is bounded.
We argue indirectly. So, suppose that the claim is not true. Then, for at least a subsequence, we have

[[un| = +o00.

Let v, = g2, n € N. Then, [lun|l =1 for all n € N and so we may assume that

v, —» v in WHP(Q) and v, — L"(Q) and in LP(99). (34)
Suppose that v = 0. Let k£ > 1. From (33), we have

k

& On On

my = ¥y (un) P ©X (”u”un)
n

(see Corollary 4 and recall that Ni» C N%)

> ¢ (kvn)

kp T T
> 2 () = Mloal) = [ P koa)ds = 6u87 o
Q
kP
> —cir — /F(z,kvn)dz — 0, k" ||vnllr
p

Q
for some ¢17 > 0, all n € N (since A < Ay, [Jon] = 1).

We pass to the limit as n — oco. Since v = 0, from (34) we obtain
kP
my = —ci7 > 0.
p

But k£ > 1 is arbitrary. So, let K — 400 to have a contradiction.
Next, we assume that v # 0. We set Q = {z € Q: v(2) # 0}. Then, |Q|y > 0 and we have |u,(z)| —
+oo for a.a. z € 2. We have
O 0,
0 < My _ P (un)
[unll? [lun|?

1 F(z,up)
< - Un) — ———dz
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F(z,up)
Sas— [ 5 dz
[[un [P
for some c13 > 0, all n € N (see (34)). (35)

Since [Qx > 0 and |u,(z)] — +oo for a.a. z € Q, using hypothesis H (i) and reasoning as in the
proof Proposition 7, we show that
F
/ Flun) g, 4o

[[n[?

So, if in (35) we pass to the limit as n — oo, we have a contradiction. This proves the claim.
On account of the claim, we can say that

Up — uy in WHP(Q) and u,, — u, in L7(R2) and in LP(9Q). (36)
From (33), we have
(ptan)sh) = A [l 2unhdz + [ Feu)hdz+ 0 [ Junl2uhds (37)
Q Q Q

for all h € WHP(Q), all n € N.
In (37) we use the test function h = u,, — u, € W1P(). Passing to the limit as n — oo and using
(36), we obtain

T {4 (), — 1) =0,
= Uy, — Uy 1D W“’(Q)7
= u — ul and u, — uy in WHP(Q). (38)
Since ut € N (n € N), using Proposition 9 and (38), we have
pa(uy) = lim @R (uy) > vo > 0 = px(0)
:uf;«éOandsou*ENo.
Then, we have
ma = pa(us) = m3.
We will show that in fact equality holds. Given € > 0 let y. € Ny such that
palye) <l +e.
For 7, t > 0 we have
oS (Tyd —tyo)

TP .
= (n00) = Al 1) - / F(zoryP)dz — 0,y

Q

tP B ~ - o
2 () = Al 1) = [ P =ty ) = Ol I
Q
On account of hypothesis Hi(ii), we see that we can find M > 1 such that

gpi" (tyd —ty-) <Oforall7, t > M, alln € N. (39)
From Proposition 5, we know that there exist 7,, t, > 0 (n € N) unique such that

Tyt —toys € Ng" for all n € N. (40)
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Since 15" > 0 (see Proposition 7) and @5 (1,5 — t,y=) = m5* > 0 (see (40)). Hence, from (39) we
infer that 7, t,, < M for all n € N. We have

T?Lg +e 2> oalve)
= @in(ys) + Onllyelly

0 1—7f

= Py (Tny: - tny;) +
1-—tP

3

(@5 (we), )

+

<(90§")/(y5), —y_ ) (see Proposition 2)
> e = [ () )
() (e, —v2)

1+ MP 1+ MP
~ Op T
I S Onr |yl II7 —

14+ MP
p

Onrllyz |7
for all n € N (since y. € Np).
We pass to the limit as n — oo and obtain
m‘; +e > my.
Since € > 0 is arbitrary, we let € | 0 and obtain
My = ma,

= My = Thg\7

= u, € Ny, px(us) =m3, u. € K, (see Proposition 8).
The regularity theory of Lieberman [6] implies that u, € C(€).
(b) With the additional assumption that e(z,z) > 0 for a.a. z € Q, all  # 0, we will show that u,

has two nodal domains.
We argue by contradiction. So, suppose that

Uy = Uy + Uy + U3

and 1 = {a; > 0}, Q2 = {0z < 0} are connected open subsets of Q, 21 N Qy = @ and

y A\(Q1UQs) sy O\(QIUQ) ﬂ3’91u92‘ (41)
Let y = 4 + Q. Then, y* = 4y, y~ = —iy. We have
P (ux) = 0 and (@) (ux), 1) = () (us), d2) = 0. (42)
Then,
3 = oa(us)
= poa(us) — %(g@&(u*),uQ (since u, € Ny C N)

1
p

(P\(t3), U3) (see (41), (42))

1
> px (T + tia) + @a(U3) — 5((,0')\(113),12@ (see Corollary 3)

= ox(y) + palts)



49 Page 18 of 19 N. S. Papageorgiou, V. D. Riddulescu and Y. Zhang ZAMP

1
> mS +/§e(z,1l3)dz

> m if ag # 0,

which is a contradiction. Hence, 13 = 0 and we conclude that u, has two nodal domains.
The proof of Theorem 1 is now complete. U
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