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Abstract. We consider Robin problems driven by the anisotropic p-Laplace operator and with a logistic reaction. Our
analysis covers superdiffusive, subdiffusive and equidiffusive equations. We examine all three cases, and we prove multiplicity
properties of positive solutions (superdiffusive case) and uniqueness (subdiffusive and equidiffusive cases). The equidiffusive
equation is studied only in the context of isotropic operators. We explain why the more general case cannot be treated.

Mathematics Subject Classification. Primary 35J60; Secondary 35J65, 58E05.

Keywords. Anisotropic p-Laplacian, Logistic reaction, Positive solutions, Multiplicity and uniqueness of positive solutions,

Regularity theory, Maximum principle.

1. Introduction

Let Q C RY be a bounded domain with a C2-boundary 92. In this paper, we study the following nonlinear
Robin problem with variable exponent:

—Apyu(z) + €(2)u(z)PE 1 = Au(2)13) 71 = f(z,u(z)) in - Q,
ou
My (z)

P
+ B(2)uPH =1 =00on 0Q, A >0, u>0. (Py)

A feature of the present paper is that in this problem, the exponent of the differential operator is
variable, namely p :  +— R is log-Hélder continuous and 1 < mingp. We point out that this regularity
assumption is necessary for related Sobolev embeddings (see Diening et al. [4, Section 8.3]); otherwise,
p(-) can be assumed only continuous. We denote by A,,(.) the anisotropic p-Laplacian differential operator
defined by

Ap(z)u = div (‘Du|P(2)—2Du) for all u € Wl,p(z) (Q)

This operator is more difficult to deal with since, in contrast to the isotropic (constant exponent)
case, it is not homogeneous. In the reaction (right-hand side of problem (P))), there is a parametric term
z— Axd®)~1 2 > 0 and a perturbation —f(z, ), with f(-,-) being a Carathéodory function (that is,
for all z € R, z — f(z,2) is measurable and for a.a. z € Q, z — f(z,z) is continuous). We assume that
for a.a. z € Q, f(z,-) is (p+ — 1)-superlinear as © — +o00, with p+ = maxg p. So, the right-hand side of
problem (Py) is a generalized logistic reaction. If f(z,z) = 2"(*)~! with r € C(Q) and py < r_ = mingr,
then we have a usual logistic reaction with variable exponents.

We mention that in the boundary condition, Bfi : denotes the variable exponent conormal derivative
o=

of u. This directional derivative is interpreted using the nonlinear Green’s identity and if u € C*(Q),
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then

ou

p(2)

Lo
on’

_ ‘Du|p(z)*

with n(-) being the outward unit normal on 9f2.

Depending on the relation between the exponents ¢(-) and p(-), we have three types of logistic equa-
tions.

(a) If p4 < g, then the equation is “superdiffusive.”
(b) If g+ < p_, then the equation is “subdiffusive.”
(c) If p(z) = q(z) for all z € O, then the equation is “equidiffusive.”

In this paper, we study cases (a) and (b). Case (¢) is difficult to deal with in the context of anisotropic
equations, because we do not have a satisfactory spectral analysis of the relevant differential operator. The
analysis developed in this paper reveals that cases (a) and (b) are different. More precisely, we show that
for the superdiffusive equation, we have multiple positive solutions and, in fact, we prove a bifurcation-
type result describing the changes in the set of positive solutions as the parameter A > 0 moves. In
contrast, for the subdiffusive equation, we have uniqueness of the positive solution. The equidiffusive
equation is treated only for isotropic problems.

The mathematical analysis of nonlinear problems with variable exponent started after the seminal
contributions of Zhikov [37,38], in relationship with phenomena arising in nonlinear elasticity. In fact,
Zhikov intended to provide models for strongly anisotropic materials in the context of homogenization.
The analysis developed by Zhikov revealed to be important also in the study of duality theory and in the
context of the Lavrentiev phenomenon. In particular, Zhikov considered the following model functionals
in relationship with the Lavrentiev phenomenon:

M(u) = /c(z)|Vu(z)|2dz, 0<1/c(-)e L}(Q), t>1

Q
V() = [ |[Vu(z)[PPdz, 1<p(z)< .
/

The functional M is well known, and there is a loss of ellipticity on the set {z € €; ¢(z) = 0}. This
functional has been studied in the context of degenerate equations involving Muckenhoupt weights. The
functional V has also been the object of intensive interest nowadays, and a huge literature was developed
on it. The energy functional defined by V was used to build models for strongly anisotropic materials.
More precisely, in a material made of different components, the exponent p(z) dictates the geometry of
a composite that changes its hardening exponent according to the point.

In the past, nonlinear logistic equations were investigated only in the framework of equations with
differential operators which have constant exponents. We mention the works of Cardinali et al. [4], Dong
and Chen [7], Filippakis et al. [11], Papageorgiou et al. [19], Papageorgiou et al. [23], Takeuchi [31,32]
(superdiffusive problems), El Manouni et al. [8], Winkert [34] (nonhomogeneous Neumann problems), and
Ambrosetti and Lupo [2], Ambrosetti and Mancini [3], Kamin and Veron [15], D’Agui et al. [5], Papageor-
giou and Papalini [17], Papageorgiou and Scapellato [22], Papageorgiou and Winkert [24], Papageorgiou
and Zhang [25], Radulescu and Repovs [26], Struwe [28,29] (subdiffusive and equidiffusive equations).
Moreover, of the above works only the one by Papageorgiou et al. [23], considers Robin boundary value
problems. To the best of our knowledge, there are no works on anisotropic logistic equations.
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2. Mathematical background

The analysis of problem (Py ), uses Lebesgue and Sobolev spaces with variable exponents. A comprehensive
presentation of these spaces can be found in the books of Diening et al. [6] and Riddulescu and Repovs
[27].

Let M(2) be the space of all Lebesgue measurable functions u : Q@ — R. As always we identify two
such functions which differ only on a Lebesgue-null subset of 2. Also, let £ = {r cC(Q):1< r_}. In

what follows for any r € C'(Q), r_ = ming r, 74 = maxgr. Given r € Iy, the variable exponent Lebesgue
space L"(*)(Q) is defined by

L' Q) ={ue M(Q): /|u|T(Z)dz < 400
Q

This space is equipped with the so-called Luxemburg norm defined by

7(2)
Uy =Iinf ¢ A >0 M dz <1
(=) by

Q

In the sequel, for simplicity we write || Dul|,.) = ||| Dul||,(2)-

Then, L"(*)(Q) is a Banach space, which is separable, reflexive (in fact, uniformly convex). Let 7’ € E,
be defined by '(z) = T(Z()le (that is, % + % — 1 for all z € ©.) Then, we have L") (Q)* = L' (2)(Q)
and we have the following version of Holder’s inequality

1 1
[hunlaz < (2 + 2 ) o il
Q

for all u € L") (Q), h e L") (Q).

If r1, ro € E7 and 71 < rg, then LTZ(Z)(Q) — L”(Z)(Q) continuously.

Using the variable exponent Lebesgue spaces, we can define the corresponding variable exponent
Sobolev spaces. So, if r € Ey, then the variable exponent Sobolev space Wl’T(Z)(Q) is defined by

Wl,r(z)(Q) _ {u c L7(Z)(Q) . |D’LL| € L7(Z)(Q)}u

with Du being the gradient of u(-) in the weak sense. The space W7 (*)(Q) is equipped with the following
norm

”u”l,r(z) = ”uHT(z) + HDUHT(z)

for all uw € WH2)(Q).
In the sequel, for simplicity we write || Dul|,) = [[[Dul||r(.)-
The space W17(2)(Q) is a separable, reflexive (in fact, uniformly convex) Banach space.
Given r € F1, we introduce the following critical exponents:

Nr(z) .
" (2) = {N_T(z) if r(z) <
<r

N _
for all z € Q,
400 if N z

(N-Dr()
W0y = v HrE <N e an.
+0o0 if N <r(z)
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Also, let o(-) denote the (N — 1)-dimensional Hausdorff (surface) measure on Q. If r € C%1(Q) N E4
and ¢ € C(Q) with 1 < ¢g_, then

Wl,r(Z)(Q) N LQ(Z)(Q) continuously if ¢(z) < r*(2),z € Q,
Wl,r(z)(Q) AN LQ(Z)(Q) compactly if ¢(z) < r*(z),z € Q.

Similarly, if 7 € C%1(Q) N E; and ¢ € C(992) with 1 < ming g, then using the anisotropic trace theory
(see [6, Section 12.1]), we have

W) (Q) — L3 (99) continuously if ¢(z) < 7(2), z € Q,
W) (Q) — L3 (99) compactly if ¢(z) < r?(z),z € Q.

The following modular function is very useful in the study of the variable exponent spaces

pr(u) = / lu|"®)dz for all u € L") (Q).
Q

Also, for every u € W' )(Q) we write p,.(Du) = p,.(|Dul).
This modular function is closely related to the Luxemburg norm.

Proposition 1. If r € By and {un,u}, . C L")(Q), then
(a) ”u”'r(z) =0 <= pr (%) =1
(b) llullrzy <1 (resp. =1, > 1) <= pp(u) <1 (resp. =1, > 1);
() Tulleey <1 = ull7f, < prlw) <l
lulleey > 1 =l < pr() <l
(d) |[unllr(z) — 0 <= pr(ua) — 0;
(¢) llunllr(z) = +00 <= pr(ua) — +oo.

Let A,y : WhT2)(Q) — W) (Q)* be the nonlinear operator defined by

(Ayoy(u), h) = / | DufP®)=2(Du, Dh)gn d=
Q
for all u, h € W) (Q).

The next proposition summarizes the main properties of this map (see Gasinski and Papageorgiou
[14] and Réadulescu and Repovs [27, p. 40]).

Proposition 2. The operator A, .y : WhrE(Q) — WL (Q)* is bounded (that is, maps bounded sets to
bounded sets), continuous, monotone (hence mazimal monotone, too) and of type (S)4, that is, it has the
following property:

“If i 5w in WHE)(Q), lim sup(A, 2y (un), un —u) <0, then u, — u in whr@ Q).

n—oo

We will also use the space C’l@). This is an ordered Banach space with positive (order) cone C; =
{ue C'(Q):u(z) >0 for all z € Q}. This cone has a nonempty interior given by

intCy ={ueCy:u(z)>0forall z€Q}.
We will also use the following open cone in C*(Q):

D, = {uECl(Q):u(z) >0 for all z € Q, %

< o} |
u=1(0)NAQ
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Also, if u, v € int C., we set

Rluo)(2) = 1D = Do) (002 D (557 ) )

From Allegretto and Huang [1], we know that
0 < R(u,v)(z) for all z € Q.
Suppose that X is a Banach space and ¢ € C'(X). We set
K, ={u€ X :¢ (u) =0} (the critical set of ¢).
Also, if u € WP(Z)(Q), then [u) = {h € W'PE)(Q) : u < h}.
We say that o(-) satisfies the “C-condition”, if it has the following property:
“Every sequence {un}, .y € X such that {¢(uy)}, oy is bounded,
(1+ [Junllx) ¢ (un) — 0 in X* as n — oo,

admits a strongly convergent subsequence.”

For every u € W17(2)(Q), we define
ut(-) = max {u(-),0}, u (-) = max {—u(-),0} .

We have ut, u= € WhH&)(Q), u = ut —u™, Ju| = ut +u~.
Now let £ € L>(Q), B € L®(0Q), £ >0, 8= 0and £ Z0 or 3 # 0. By 7, : WPE)(Q) > R we
denote the C'-functional defined by

= [ pur®ds + [ED @ as + [ PE e g0
) = [ 1l d+!(ﬂ| d+£( ulra

p( p(z p(2)
Q

for all u € WHPE)(Q).
We have

(pla)sh) = Ay )+ [ €I 2uhdz+ [ ) ul D 2udo
Q o0

for all u € WHP()(Q).
Also, let po : WHP()(Q) — R be the C'-functional defined by

po(u) = pp(Du) + [ E(2)[ulPdz + [ B(z)|ul"?)do
[eonrens]

for all u € WHP()(Q).
Finally, for notational simplicity, throughout the work, by || - || we denote the norm of the anisotropic
Sobolev space WP()(Q). Recall that

ull = [ullpczy + [Dullpcz)
for all u € Wl’p(z)(Q).

Proposition 3. There exist ¢, ¢ > 0 such that

ollul”=if [|u|

é
CollullP* if |lul

)

eflullP* < plu) <
<

< <1
eflull’= < p(u) =1
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Proof. Recall that we have assumed that £ >0, 6> 0and £ Z0 or § # 0.
We first suppose that 3 £ 0. We define

p(2)
do <1

u(2)
A

lullo =inf ¢ A>0: [ B(z)
/

and then, we introduce
lu| = ||ullo + || Dul|,z) for all u € Wl’p(z)(Q).

Evidently, | - | is a norm on W'?()(Q). We will show that |- | and || - || are equivalent norms on
WLP(Z)(Q)_
Since W1P(2)(Q) < LP()(99) continuously, we can find ¢; > 0 such that

|ullo < ei||ul for all w € WHPE)(Q),
= |u| < ¢ofjul for some ¢y > 0, all u € WHPE)(Q). (2)

Next, we show that we can find ¢g > 0 such that

|l pzy < cslul for all u € wire)(Q). (3)
Arguing by contradiction, suppose that (3) is not true. We can find {u,}, oy € W) (Q) such that
| < %uunnp(z) for all n € N. (4)
We can always assume that
ltnlpzy = 1 for all n € N. (5)
Then, from (4), we have
[tn| =0,
= |lunllo — 0, [[Dunl[pey) — 0 as n — oo. (6)

From (5) and (6), it follows that {u,},.y € W1P()(Q) is bounded. So, by passing to a suitable
subsequence if necessary, we may assume that

Uy ~5 win WHPE(Q), uy, — win LPE)(Q). (7)
From (6) and (7), it follows that v = 0. Hence, we have
Uy, — 0 in WHPE(Q),
which contradicts (5). Therefore, (3) is true and so

u] < calu| for some ¢4 > 0, all u € WHPE)(Q). (8)
From (2) and (8), we infer that

|- || and | - | are equivalent norms on W*P(*)((Q). (9)
Now let € # 0 and define

p(z)

@ dz <1

lulls =inf S A >0: [ &(2)
/

We set
[l = |lull« + ||Du||p(z) for all u € Wl’p(z)(Q).
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This is also a norm of W1?(2)(Q) and, as above, we show that
|- and | - |, are equivalent norms on W) (). (10)

Finally, from (9) and (10), we see that we can find ¢, ¢y > 0 such that

. 1 1 . .
Al < Tpo(w) < () < =polw) < colull”™ i fluf < 1
+ —

. 1 1 R .
el < Z=po(w) S W) < Z=polw) < Gollul” i 1 < ul.
+ -

This proof is now complete. O

3. Superdiffusive equation

In this section, we examine superdiffusive anisotropic logistic equations. As we already mentioned in
Introduction, in this case we have multiplicity of positive solutions.

The hypotheses on the data of problem (P,) are the following.

Ha:p,geC¥(Q), 1 <p_ <py <q_ <q(z) <p*(z) forall z € Q, £ € L>®(Q), B € C%*(JQ) with
O0<a<1,£20,6>20and E#£0or B £0.

Remark 1. With these hypotheses, we incorporate in our framework Neumann problems. Just assume
£ =0 (in which case, £ #0).
The hypotheses on the perturbation f(z,z) are the following.
H}: f: QxR — Ris a Carathéodory function such that f(z,0) =0 for a.a. z € Q and
(i) f(z,2) <a(z) (1427371 foraa. z € Q,allz > 0, with a € L=(Q), r € C(Q), q(z) < r(z) < p*(2)
for all z € Q;

(ii) limg 100 I{I(é)x)l = 400 uniformly for a.a. z € Q;

(iil) lim,_,o+ % = 0 uniformly for a.a. z € §; moreover, for every p > 0 there exists m, > 0 such
that f(z,2) > m, for a.a. z € Q, all x > p;

(iv) for every p > 0 and every € > 0, we can find fﬁ > (0 such that for a.a. z € Q and every 0 < A < 6,
the function z — Az9() =1 — f(z, x) + £{2P(*)~1 is nondecreasing on [0, p].

Remark 2. From hypotheses H{(iii), it is clear that f(z,2) > 0 for a.a. z € 2, all x > 0. Also, since we

look for positive solutions and all the above hypotheses concern the positive semiaxis R = [O7 +00), we

may assume without any loss of generality that f(z,2) = 0 for a.a. z € Q, all z < 0. If r € C(Q) with

q(z) < r(2) < p*(2) for all z € Q and f(z,z) = ()"~ for all z € Q, all 2 € R, then hypotheses H}

are satisfied. This choice of f(z,z) corresponds to the classical superdiffusive reaction.

We introduce the following two sets:
£={X>0: problem (Py) has a positive solution}
(this is the set of admissible parameters),
S\ = set of positive solutions of problem (Py)

(this is the solution set of problem (Py)).

First we show the non—emptiness of the set £ and determine the regularity properties of the elements
of Sy. In what follows, F(z, ) fo (z,5)ds.

Proposition 4. If hypotheses H3, HY hold, then £ # 0 and for all X > 0, Sy Cint C';.
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Proof. For every A\ > 0, let ¢y : W'P(3)(Q) + R be the energy (Euler) functional for problem (Py)
defined by

A
oa(u) = vp(u) + /F(z,uﬂdz - / @(Yﬁ)q(z)dz
Q Q 1
for all u € WHP()(Q).
Then, @y € CHWP()(Q)). Hypotheses H3(i), (i) imply that given i > 0 we can find ¢5 = ¢5(n) > 0
such that

f(z,2) =zt~ —cpz"@ =L for aa. 2 € Q, all 2 >0,
=F(z,x) > (L) a(z) _ %zr(z) for a.a. z € Q, all z > 0. (11)
q(z r(z

Therefore, if u € WHP(E)(Q), |lu|| > 1, then

o) > () + (’7 - A) palu) (sce (1))

a+  q-
T . A+ . "
> ¢lJul|P~ (choosing n > —— and using Proposition 3),
q_
= pa(+) is coercive.
In addition, using the anisotropic Sobolev embedding theorem, we see that

©a(+) is sequentially weakly lower semicontinuous.
So, by the Weierstrass-Tonelli theorem, we can find uy € WP(*)(Q) such that
() = min {pr () s u e WO Q)] (12)
Fix u € C4 \ {0}. Then, from hypotheses H3, we see that
ox(u) < cg — Aey for some ¢g = cg(u) > 0, ¢z = cr(u) > 0.

Hence, for A > 0 big we have

ea(u) <0,
=pa(un) <0 =) (0) (see (12)),
=>U)\ 55 0.
From (12), we have
SDIA(U/O =0,
= (y(un), h) = / (A(u;)q@—l - f(z,uj)) hdz for all h € Whr()(Q). (13)
Q

In (13), we use the test function h = —u; € WHP)(Q) and obtain

PO(U;) =0,
= pp(Du, ) < 0andsou, =c>0.
We have

min {c+, P~} E(z)dz+ [ B(z)de | 0.
[«o]
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On account of hypotheses Hf, we see that

Q/E(Z)dz +aé B(z)do > 0.

So, it follows that ¢ = 0 and we infer that uy > 0, u) # 0.

From Winkert and Zacher [35] (see also Proposition 3.1 of Gasinski and Papageorgiou [14]), we have
that uy € L>(£2) and then Theorem 1.3 of Fan [9] (see also Corollary 3.1 of Tan and Fang [33]), implies
that uy € C1 \ {0}.

Hypotheses H§(i), (iii) imply that we can find ¢g > 0 such that

f(z,x2) = —gPE) = "B for aa. 2z € Q, all 2 > 0.
By (13), it follows that
Apaytin < ([[€]loe + o)t} in Q for some g = co([|ux]]) > 0.

Then, from the anisotropic maximum principle of Zhang [36, Theorem 1.2], we have uy € int C.

We have proved that for A > 0 big enough we have A\ € £, hence £ # (). Moreover, the arguments in
the last part of the proof show that Sy Cint C,..

This proof is now complete. O

Let A\, = inf £.
Proposition 5. If hypotheses Hf, HY hold, then A, > 0.

Proof. Suppose A, = 0 and let {\,}neny € £ such that A\, | 0. We can find u,, € Sy, C intC, for all
n € N. On account of hypothesis H3(ii), the sequence {u, }nen € WP()(Q) is bounded and so we may
assume that

Uy > 4 in WHPE(Q), w, — @ in L") (). (14)
We have
(vp(un), h) = / {)\nu%(z)_l — f(z,up)| hdz for all h e WHP(E)(Q), n e N. (15)
Q
We choose h = u,, — @ € WHP(*)(Q), pass to the limit as n — co and use (14). We obtain
1Lm (Apeay(Un), up — ) =0,
= Zn oi @ in WHP()(Q) (see Proposition 2).

Suppose that @& = 0. Then, we may assume that [ju,| <1 and |lu,||4.) <1 for all n € N. We have
puln) < [ [t = £z dz,

!
= py [[unllPT < Anpglun) < Anc™ [Jun||®

for some ¢* > 0,all n € N (recall that WP (Q) — L1=)(Q)),
= B < luall- 7,

a contradiction since py < ¢_. So, 4 # 0 and taking the limit as n — oo in (15), we have

(), h) = —/f(z, @)hdz,
Q
= 0< po(d) = — / f(z,4)udz < 0 (see hypothesis H3(iii)),
Q

a contradiction. Therefore, A\, > 0. O
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Next, we show that £ is connected (an upper half line).
Proposition 6. If hypotheses H3, HY hold, A € £ and n € (\,4+00), then n € £.
Proof. Since A € £, we can find uy € S\ C int Cy. We have
~Apyun 6T = 2P - f ()
< nug\(z)fl —f
We introduce the Carathéodory function g, : 2 x R — R defined by

(2.7) = mua(2) 131 = fzun(z)  if o < ua(2)
gn\2, an(Z)—l _ f(Z,SU) if U)\(Z) <

(z,uy) in Q.

We set G (z,2) = [ gy(2, s)ds and consider the C'-functional v, : WrE)(Q) — R defined by

Uy (u) = vp(u) — /Gn(z, u)dz for all u e WHPE)(Q).
Q

Using (17) and Proposition 3, we see that
e 1, (+) is coercive.

e ¥, (-) is sequentially weakly lower semicontinuous.

Therefore, we can find u, € WLr()(Q) such that
Yy (uy) = min {1/177(11) fu € Wlap(z)(Q)} 7
= W’%(Un), h)y =0 for all h € WLP(Z)(Q)’

= (7, (uy), h) = /gn(z,un)h for all h e WP (Q).
Q
In (18) we choose h = (uy —u,)" € WHP()(Q). Then,

(ptan).(ir = u)) = [ (md 7 = fawn)) (ur = )" d (see (17))

Q
> / (/\u?\('z%l - f(z,u,\)) (ux — uy) " dz (see (16))
Q
= () (ua), (ux — u,) ") (since uy € Sy),
= Uux < Uy.

From (19), (17) and (18), it follows that u, € S, and so n € £.
This proof is now complete.

As a by-product of the above proof, we have the following corollary.

ZAMP

(16)

(17)

(18)

Corollary 7. If hypotheses HY, HY hold, A € £, uy € Sy CintCy and n € (\,+00), then n € £ and we

can find u, € S, Cint C such that uy < .

We can improve this corollary as follows.

Proposition 8. If hypotheses HY, HY hold, A € £, uy € S\ Cint C; and n € (A, +00), then n € £ and we

can find u, € S, Cint Cy such that uy —u, € D,.
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Proof. From Corollary 7, we have that n € £ and there exists u,, € S,, C int Cy such that
Uy < Up. (20)
Let p = |luy||« and ég > 0 be as postulated by hypothesis H(iv). We have

—AMNM+(<@+fﬂ e
=2~ fzun) + €D
< )\uq( DLz up) + "up ~1 (see (20) and hypothesis H{(iv))
< nuq(z) Y — fz,uy) + §”up(z) ! (since n > \)
= Ap(z Uy + (g Z) —|—£77> up (2)— 1 (21)
Since u,, € int C, we have
0 < c* < (n—Auy(z) for all z € Q.

So, using Proposition 2.5 of Papageorgiou et al. [20], we conclude that u, — uy € Dy.
This proof is now complete. O

Next, we show that for A > A, we have multiple positive solutions. More precisely, we will show that
for A > A, problem (Py) has at least a pair of positive solutions.

Proposition 9. If hypotheses HY, HY hold and A > A, then problem (Py) has at least two positive solutions
ug, 4 € int Cy.

Proof. Since A > A, we can find p € (A, A) N £. Then, let u, € Sy € intCL and consider the
Carathéodory function ky : 2 x R — R defined by

u, (2)1 1 — f(z, u,(z if x <wuy,(z
b%m_{AA> Feuu(=) i o < u(2)

22
ApdZ) = (2 x) if u, <. (22)

We set Kx(z,2) = [, kx(z,s)ds and consider the C*-functional T : WP(2)(Q) - R defined by

Ta(u) = yp(u) — / Kx(z,u)dz for all u € WHP()(Q).

As before (see the proof of Proposition 6), via the direct method of the calculus of variations, we can
find ug € WP (Q) such that

Y (uo) = min {T,\(u) Sue WLP<Z><Q)} : (23)
= (T (ug),h) = 0 for all b € WHPE)(Q). (24)

From (24), using h = (u, —ug)" € W'PE)(Q) and (22), we infer that u, < ug (see the proof of
Proposition 6). In fact arguing as in the proof Proposition 8 and using Proposition 2.5 of [20], we obtain

ug — Uy € Dy (25)
From (22), we see that
© () = T>‘|[“u) + dp with dg € R. (26)
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From (26), (25) and (23), it follows that
ug is a local O (€2)-minimizer of ¢y,
= g is a local WP (Q)-minimizer of ¢y
(see Gasiriski and Papageorgiou [14] and Tan and Fang [33]). (27)
On account of hypothesis H3(iii), we can find § > 0 such that

flz,x) > —29) 1 for aa. 2 € Q, all 0 <z <4,

1
— 293" foraa. z€Q, all 0 <z < 6. (28)
q(2)

Let u € C1(Q) with [ullor @) < 6. We can always choose § € (0,1) small so that we also have that
|u|l < 1. Then,

=F(zz) > —

(1) > () — (1 + A)pg(u™) (see (28))

> é||u||er — cyollul|?- for some c19 = c10(N) > 0.
Since p; < q—, we see that by taking § > 0 even smaller if necessary we have
ox(u) > 0 for all u € C*(Q) with 0 < [ullcr @)y < 6,
=u = 0 is a local C*(Q)-minimizer of p,(-),
=u =0 is a local W) (Q)-minimizer of @, () (see [14,21]). (29)
We may assume that
0 = ¢x(0) < @a(uo).

The analysis is similar if the opposite inequality holds, using (29) instead of (27).

It is easy to see that K, C C,. Hence, we may assume that K, is finite (otherwise we already have
whole sequence of distinct positive solutions in int C;. and so we are done). Then, from (27) and Theorem
5.7.6 of Papageorgiou et al. [21, p. 449], we can find p € (0, 1) small such that

0= pa(0) < pa(uo) < inf{pa(u) : [[u—uoll = p} = ma. (30)

Recall that ¢y (-) is coercive (see the proof of Proposition 4). Hence, @y (+) satisfies the C-condition
(see [21, p. 369]). Then, this fact and (30) permit the use of the mountain pass theorem. So, we can find
@ € WHP()(Q) such that

e K, CintCpU{0}, 0=px(uo) < @aluo) <my < (@) (see (30)),
i 0.

This proof is now complete. O

=4 € int C is a second positive solution of problem (Py)

Next, we check the admissibility of the critical parameter \,.
Proposition 10. If hypotheses H, H} hold, then A\, € £.

Proof. Let {\n},cny € (As, +00) and assume that A, | A\.. We can find u, € Sy, € intC,, n € N. On
account of hypotheses H$(ii), we have that {u,}, .y € WP()(Q) is bounded. Then, we can find ¢;; > 0

such that ||up]|ec < ¢11 for all n € N (see Fan [9, Theorem 1.3] and Fukagai and Narukawa [13, Lemma
3.3.]), we can find 6 € (0,1) and ¢15 > 0 such that

u, € CH9(Q), [unllcre@) < c12 for all m € N.
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We know that C19(Q) — C1(Q) compactly. So, by passing to a subsequence if necessary, we may
assume that

Up — Uy in CH(Q). (31)
Suppose that u, = 0. We have

() (1), h) = / (Anug@)*l - f(z,un)> hdz for all h € WhP()(Q). (32)
Q

In (32), we choose h = u,, € W?(*)(Q) and obtain

puln) = Mupa(n) = [ £z )und

Q

o pyy(tm) < Al — / F(z ) undz
Q

(see Proposition 3 and its proof, Proposition 1 and recall that u, = 0),
= p—Cllun [P < Anllunl|*~ (since f > 0),
=p_¢ < Ay lup||7PF for all n € N.
Passing to the limit as n — oo and since p; < ¢_, we have a contradiction (see (31) and recall that

we have assumed that u, = 0). This proves that u, # 0. We pass to the limit as n — oo in (32) and using
(31) we obtain

(vp (), h) = / ()\*uff(z)_l - f(z,u*)> hdz for all h € WP (Q),
Q
=u, € S) CintCy and A\, € £.

This proof is now complete. O

Therefore, we have proved that
£ = [, +00).

So, summarizing the situation for the superdiffusive anisotropic logistic equation, we can state the
following bifurcation-type result, which describes the changes in the set of positive solutions as the
parameter A > 0 varies.

Theorem 11. If hypotheses Hi, H} hold, then there exists A, > 0 such that

(a) for every X\ > A, problem (P\) has at least two positive solutions ug, 4 € int Cy, ug # 4;
(b) for A = A, problem (Py) has at least one positive solution u, € int Cy;
(¢c) for every A € (0, Ay), problem (Py) has no positive solution.

4. Subdiffusive equation

In this section, we examine the subdiffusive equation. As we already mentioned in Introduction, the
situation is different from the superdiffusive case and now we have uniqueness of the positive solution.

The hypotheses on the data of problem (Py) are the following;:

HY :p,qeC(Q),1<q <q <p_,E€C0Q) with0<a<1,£>0,3>0and & Z0 or
B#0.

HY : f:Q xR+ R is a Carathéodory function such that f(z,0) = 0 for a.a. z € Q and



94 Page 14 of 21 N. S. Papageorgiou, V. D. Radulescu and X. Tang ZAMP

(i) 0< f(z,2) <a(z) (1 +2"®71) for aa. 2 € Q, all 2 > 0, with a € L>®(Q) and p(z) < r(z) < p*(2)

for all z € Q;
(ii) limg 400 Ij;(é’)”f)l = 400 uniformly for a.a. z € ;
(iii) lim,_, o+ % = 0 uniformly for a.a. z € ;

f(z@)

a7t is nondecreasing on Ry = (0, +-00).

(iv) for a.a. z € Q, the function z —

Remark 3. As in the superdiffusive case, we may assume that f(z,2) =0 for a.a. z € Q, all z < 0. The
classical subdiffusive perturbation (z)"(*)=! with r € C(Q), p(z) < r(z) < p*(2) for all z € Q satisfies
the above hypotheses.

The next theorem provides a complete picture for the positive solutions of the subdiffusive equation.

Theorem 12. If hypotheses HB, H]f holdL then for every A > 0 problem (Py) admits a unique positive
solution uy € int Cy and uy — 0 in C1(Q) as XA — 0F.

Proof. Let @y : WHP(3)(Q) — R be the energy functional of problem (Py) introduced in the proof of
Proposition 4. We know that ¢, € CY(W'P(2)(Q)). Since we deal with the subdiffusive case, we have
g+ < p_ (see hypotheses HY). This fact in conjunction with hypothesis H?(ii) and Proposition 3, implies
that

©a(+) is coercive.
Also, the anisotropic Sobolev embedding theorem, implies that
©a(+) is sequentially weakly lower semicontinuous.

Therefore, we can find uy € W'P*)(Q) such that
©x(uy) = min {gp,\(u) Tu € Wl’p(z)(Q)} . (33)

On account of hypothesis H?(iii), given ¢ > 0, we can find § = (&) > 0 such that

F(z,2) < ﬁmqu) fora.a. 2 €Q, all0 <z < 0. (34)
Let u € int C and choose t € (0, 1) small such that
tu(z) € (0,4] for all z € Q. (35)
Using (34) and (35), we have that
tP— $9+
oalt) < S pofu) = T2 (= e)py (w) (recall t € (0,1)
- +

Let € € (0, A). Then,
oa(tu) < er3tP~ — c14t9% for some ¢13 > 0 and ¢34 = ¢14(A) > 0.
Since g4 < p_, choosing t € (0,1) even smaller if necessary, we have
Pa(tu) <0,
= @a(un) < 0= px(0) (see (33)),
=uy # 0.

From (33) we have
O\ (ux) =0,
= (7} (ux), h) = / (M@ " — 1z, uf)) hdz for all h e WP)(Q). (36)
Q
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In (36) we use test function h = —uy € W1P()(Q). We obtain

pO(u;\) =0,
= pclluy [[PF <Oif [luy || <1
peelluy [P~ < Oif fluy | > 1

(see the proof of Proposition 3).

Hence, we have uy > 0, uy # 0. Moreover, as before using the anisotropic regularity theory (see Fan
[9]) and the anisotropic maximum principle (see Zhang [36]), we have that uy € int C,..
Next, we show the uniqueness of this positive solution. To this end, we introduce the integral functional

j: LY(Q) — R =R U {+oo} defined by
](u) — ’yP(ul/q+) lf u 2 0’ u]-/Q+ c Wl,p(z) (Q)
+00 otherwise.

Let dom j = {u € L'(Q) : j(u) < +oo} (the effective domain of j(-)). From Theorem 2.2 of Také¢ and
Giacomoni [30], we know that j(-) is convex.
Suppose that vy € WhP(*)(Q) is another positive solution of problem (Py). Again we show that
vy € int C4. Then, Proposition 4.1.22 of Papageorgiou et al. [21, p. 274], implies that
I e () and 2 € L(9).
U Ux
We set h = ul" —vi* € WhP()(Q). Then, for |¢| < 1 small we have
ult +th € domj and v{" + th € dom j.

This fact and the convexity of j(-), imply that j(-) is Gateaux differentiable at u}" and at vj" in the
direction h. A direct calculation using Green’s identity gives

. 1 [ =Apmyun + E()u P!
A ) = = [ —EEEI A b
4+ A uy
1 A q(z)—1 _
— 7/ u}\ q+7{(z’u>\)hdz,
q+ Uy

Q
and

—A p(z)-1
1) (h) = / pA FE@ T

= =)
q+ ult
A B

1 Y q(z)—1 _ ,
S s w— 7{(2 ) s
9+ U
Q

The convexity of j(-) implies that j'(-) is monotone. Therefore,

1 1 1
o< — [ A - hdz
qs uq+*q(2) q+—q(z)
Q A

Ux
1
q+ ugt vyt

= uy = vy (see hypothesis H} (iv)).

This proves the uniqueness of the positive solution uy € int C'y.
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Finally, we determine the asymptotic behavior of uy as A — 0T. So, let A, | 0 and set u,, = uy, €
int C1, n € N be the uniqueness positive solution of problem (py, ). We have

Optan)eh) = [ (a0 = fzn)) bz (37)

Q

for all h € W) (Q), all n € N.
In (37), we choose h = u,, € WP(*)(Q). We obtain

po(un) < Aipg(uy) for all n € N (since f > 0,see HY(i)),
= pié|lunl|P~ < Aipgluy,) for all n € N and for ||u,|| > 1.
Since W1P()(Q) < L1Z)(Q) and ¢, < p_, it follows that
{tn},en € WhP(E)(Q) is bounded.

Then as before, from the anisotropic regularity (see the proof of Proposition 10), we can find 6 € (0, 1)
and c15 > 0 such that

u, € CH(Q), [unllcrem) < c15 for all n € N. (38)

From (38) and the compact embedding of C1¢ () into C* () we see that of at least for a subsequence,
we have

U, — @ in C*(Q) as n — oo. (39)

Passing to the limit as n — oo in (37) and using (39), we obtain

(v (@), h) = — / f(z,4)hdz for all h € WHP()(Q).
o)

Let h = 4 € WP (Q). Then,
pol@) <0 (since f >0, i > 0),
=4 = 0 (see Proposition 3).
So, from (39) we conclude that
uy — 0T as A — 0.

This proof is now complete. O

5. Equidiffusive equation

In the equidiffusive case, we can only deal with the isotropic equation. The reason for this is that in the
anisotropic case, there is no satisfactory spectral analysis of the differential operator. More precisely, if
we set

A1 = inf % cu e WHPE(Q), u£0y,
f WlU"p(Z)dz
Q
then it can happen that A, = 0 even if & Z 0 or 8 # 0 (see Fan [10]). We are not aware of any reasonable
conditions on the exponent p(-) (aside from being constant), which will guarantee that A; > 0. This
prevents us from dealing with the anisotropic equidiffusive equation.
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In contrast, in the isotropic case, if we have that £ #Z 0 or § # 0 (as we have done throughout this
work), then A1 > 0 and the analysis of the equidiffusive equation can proceed without problems. We show
that the situation is similar to the subdiffusive case and we have uniqueness of the positive solution.

The hypotheses on the data of problem (Py) are the following:

HS : q(2) = p(z) = p > 1 for all 2z € Q (isotropic problem), £ € L>(Q), 8 € C%*(9Q) with 0 < o < 1,
E20,6=20and E#£0or §£0.

HS : f : Q2 xR — R is a Carathéodory function such that f(z,0) =0 for a.a. z € Q and

(i) 0< f(z,2) <a(z) (1+2"1) foraa. z € Q, all 2 > 0, with a € L>®(Q2), p < r < p*;
(ii) hm$ﬂ+OO f(pz 2) = +oo uniformly for a.a. z € ;
(iii) lim,_o+ = f(z 2) — ( uniformly for a.a. z € Q;
(iv) for a.a. z c 2, the function = — % is increasing on Ry = (0,400) and for a.a. z € Q and all

x> 0, we have 0 < f(z,x).

Remark 4. Again we can set f(z,2) = 0 for a.a. z € Q. Moreover, the classical perturbation f(z,z) =
f(z) = (27"t (p < r < p*) satisfies the above hypotheses.

Consider the following nonlinear eigenvalue problem.

—Apu(z) + (=) u(z)P~?u(z) = Mu(z)P~?u(z) in Q,

ou (40)
el pP—2, —
n + B(2)|ulP~*u =0 on 0f).

We say that AeRis “eigenvalue” | if for this A problem (40) admits a nontrivial solution 7 € W1P(Q),
known as an “eigenfunction” corresponding to X. We know that under hypotheses H§, problem (40)
admits a smallest eigenvalue A > 0, which is simple, isolated and admits the following variational
characterization

1 —in :YP( ) -u 1,p ”
b f{H 7w W), ¢o}>o, (41)

with 4, (u) = [[Dull + [&(z)|uPdz + f B(2)|ulPdo for all u € WHP(Q) (see Fragnelli et al. [12]). The
O

infimum in (41) is realized on the correspondlng one-dimensional eigenspace, the elements of which have
fixed sign. By 17 we denote the positive, LP-normalized eigenfunction corresponding to A1. The nonlinear
regularity theory and the nonlinear maximum principle, imply that @1 € int C'y. We mention that for
every eigenvalue A > ;\17 the corresponding eigenfunctions are nodal (sign-changing).

The isotropic equidiffusive case is very similar to the subdiffusive case, except that now the infimum of
the admissible parameter \ is A1 > 0. The existence and uniqueness theorem for the isotropic equidiffusive
equation is the following:

Theorem 13. If hypotheses Hf, HY hold, then

(a) for every A > A1 problem (Py\) has a unique positive solution uy € int Cy and uy — 0 in C1(Q) as
A— 0T
(b) for every A € (0, 1] problem (Py) has no positive solution.

Proof. (a) Let A > Ay and let ¢y € C*(W'P(£2)) be the energy functional for problem (Py) (see the proof
of Proposition 4). On account of hypothesis HS(ii), we see that ¢, (-) is coercive. Also, it is sequentially
weakly lower semicontinuous. So, we can find uy € W1?(Q) such that

@x(ur) = min {px(u) :u € Wl’p(Q)} . (42)
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On account of hypothesis H{(iii) given & > 0, we can find § = §(¢) > 0 such that

F(z,2) < %xp foraa.z €, all 0 <z < 6. (43)

Choose t € (0,1) small so that 0 < ti1;(z) < ¢ for all z € Q (recall that @, € int C). Then, using (43)
we have

. AN .
ea(tay) < " (/\1 +e— )\) (recall [y ]|, = 1).

Since A > Ay, we choose € € (0, A — A\;) and have

gO,\(tﬁl) <0,
:>gp>\(u,\) <0= (p)\(O) (see (42)),
= U 7& 0.

From (42) we have (¢} (uy),h) = 0 for all h € W'P(Q) and by choosing h = —uy € W1P(Q), we see that
ux = 0, uy # 0. From Proposition 2.10 of Papageorgiou and Radulescu [18], we know that uy € L>(Q).
Then, Theorem 2 of Lieberman [16] implies that uy € C \ {0}. Finally, the nonlinear maximum principle
implies that uy € int Cy.

Next we check the uniqueness of uy. So, suppose that vy € W1P(Q) is another positive solution of
problem (Py). Again, we have vy € int C.. We have

Q
_ oy
:/(Aug = f(zu)) (- Az
Q )
_ v}
:/(—APUA+§(Z)u§ 1) (u)\— pil)dz
u
o A
P
:/|Du>\|p_2 <DU)\,D (’LL)\ — U)‘1>> dZ-"-/ﬁ —U)\
uy
/f —vY)dz (using Green’s identity)

| Dusl? — [ Dus + /R(v,\,ux)dz + /g(z)(ug —oP)dz

/ () — })d (44)

(usmg the nonlinear Picone’s identity, see Allegretto and Huang [18]).
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Interchanging the roles of uy and vy in the above argument, we obtain

/ (A— M) (08 — )
UX

Q

— | DuslZ — [Dus |2 + / Rux, v3)dz + / (=)W — ub)dz
Q Q

/ B, — ) (45)

Adding (44) and (45) and using hypothesis HS (iv) and the fact that R > 0, we obtain uy = vy, which
proves the uniqueness of the positive solution uy € int Cy of problem (Py).

Now let A, | A; and let u, = uy, € int Cy be the unique solution of problem (py, ). As in the proof
of Theorem 12, we have

U, — 0 in CH(Q).
Then, in the limit as n — oo we have
—Api+ E(z)aP~ = MaP — f(z,4) in Q,

46
aa—“+ﬂ() —0 on 99, @ > 0. (46)

If 4 # 0, then from (46) we have

~p (@) |qu /f a)udz < )\1||qu (see hypothesis HS(iv)).

This contradicts (41). Hence, & = 0 and we have
uy — 0in C1(Q) as A — 0.

(b) Suppose 0 < A < Ai. If X is admissible, we can find uy € int C such that

(%'%(uﬂ,h) - Q/ (w;* - f(z,uA)) hdz for all h € WhP(Q).

Let h = uy € WHP(Q). We obtain

A1) = Mlus |2 + / (= un)undz
Q

=0 > (Xl - )\) lunl[? (see hypothesis H (iv)),

a contradiction. So A € (0, A;] is not admissible.
This proof is now complete. O
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