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s€(0,1), p > 2, pf = Np/(N —ps) is the fractional critical Sobolev exponent, and
A is a positive parameter. The main result establishes the existence of nontrivial
solutions in the case of high perturbations of the logarithmic nonlinearity (large
values of ). The features of this paper are the following: (i) the presence of a
logarithmic nonlinearity; (ii) the lack of compactness due to the critical term;
(iii) our analysis includes the degenerate case, which corresponds to the Kirchhoff
term M vanishing at zero.
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1. Introduction and the main result

Consider the following fractional p-Kirchhoff equations with logarithmic and critical nonlinearity:

M([u]f ) (=A)su = M| ?uln |ul® + |u\p;72u in {2,

S,p

(1.1)
u=0 in RV \ 12,
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where 2 C RY is a bounded domain with Lipschitz boundary, N > sp with s € (0,1), p > 2, pt =
Np/(N —ps) is the fractional critical Sobolev exponent, po < ¢ < p¥ and o will be given by condition (Ms),

o [ @ —up
[u]S,p—//RZN i — gV dxdy.

xT

A is a positive parameter, and

Here, (—A); is the fractional p-Laplace operator which, up to a normalization constant, is defined as

(—A)SQO(I') =9 lim “p(x) — @(y)|p72(90(‘r) _ (P(y))

dy, xRN
=0t JRN\B. (2) o — g VP ’ 7

for all ¢ € C§°(RY). Henceforward, B.(x) denotes the open ball of RY centered at + € RY with radius
€ > 0. The Kirchhoff function M : Rar — Rar is assumed to be continuous, nondecreasing and satisfying

(M7) For any 7 > 0, there exists mg = mo(7) > 0 such that M(t) > mg for all ¢t > 7.
(My) There exists o € [1,p*/p) such that oM (t) > M(t)t for all t > 0, where M (t) = [

o M(s)ds.
(M3) There exists my > 0 such that M(t) > m t°~! for all t € R* and M(0) = 0.

An example is given by M(t) = a + bt°~! for t € R}, where a € R}, b € R} and a + b > 0. When M is of
this type, problem (1.1) is said to be non-degenerate if a > 0, while it is called degenerate if a = 0.

Clearly, assumptions (M7)—(Ms) cover the degenerate case. It is worth mentioning that the degenerate
case is rather interesting and is treated in well-known papers in Kirchhoff theory, see [1]. In [2], condition
(M3) was applied to investigate the existence of entire solutions for the stationary Kirchhoff type equations
driven by the fractional p-Laplace operator in RY. In the literature on degenerate Kirchhoff problems,
the transverse oscillations of a stretched string, with nonlocal flexural rigidity, depend continuously on the
Sobolev deflection norm of u via M (]|ul|?). From a physical point of view, the fact that M (0) = 0 means
that the base tension of the string is zero, a very realistic model. Non-degenerate Kirchhoff-type problems
are treated in [3] while the degenerate case is considered in [4-6]. We also refer to [7] for logarithmic Hartree
problems. There are very few papers that deal with the existence and multiplicity of solutions for fractional
problems involving logarithmic nonlinearity. Xiang, Hu and Yang [8] considered the following Kirchhoff
problems in the non-degenerate case:

s,P P

M ([P ) (=A)su = h(z)|u|® 2uln |u] + Aju|"*u  z€ 0,
u=0 r € RN\ 0,

where s € (0,1), 1 < p < N/s, £ is a bounded domain in R with Lipschitz boundary, ¢ € (1,p?) and
h is a sign-changing function. When X is sufficiently small (that is, low perturbations), they obtained two
nonnegative local least energy solutions by using Nehari manifold analysis. However, to the best of our
knowledge, there are no results concerning the existence of solutions for fractional p-Kirchhoff equations
with logarithmic and critical nonlinearity in the degenerate case.

Our main result establishes the existence of solutions in the case of high perturbations of the logarithmic
nonlinearity.

Theorem 1.1. Let the conditions (My)—-(Ms) be satisfied. Then there exists \* > 0 such that for any A > \*
problem (1.1) has a nontrivial solution.

Finally, we point out the lack of compactness of Sobolev embedding due to the presence of the critical
nonlinearity. That is why we use the Concentration—compactness principle to prove that the (P.S). condition
holds. In addition, we would like to stress that the extension from the case p = 2 to the case 1 < p <
is not trivial. We believe that this paper is the first contribution to study the existence of solutions for the
fractional p-Kirchhoff equations with logarithmic and critical nonlinearity in the degenerate case.

2



S. Liang, H.L. Pu and V.D. Rddulescu Applied Mathematics Letters 116 (2021) 107027

2. Auxiliary results and proof of Theorem 1.1

Let S, denote the best constant for the compact embedding W3 (2) — L"(£2) (p < r < p%), hence
Sylul, < ||ul for all u € WP(R). If S is the best constant for the embedding WP () < LPs(£2), then

ffR2N Ju(x) |N-?-J3L dxdy
S = inf .
UGWS’IJ(Q)\{O} (f |’LL|pS d(l}) ps
2

For each A > 0, we define the C'-functional 7y : W3"?(§2) — R by

1~ 2\ A 1 *
Ia(u) = =M ([u]’s’p) + = / |u|?dx — f/ |u|? In \u|2dx — —*/ |ul’s dx.
’ qa Jo q.Jo Ps Jo

(2.1)

p
—1 2 1 2

Since po < g < pk, we have lim;_,¢ Mlp%ltl =0 and lim;_, ‘thll%‘tl =0 for all r € (q,p%). Then for

any € > 0, there exists C; > 0 such that
19 It < eltP7t +Ct (2.2)

On the one hand, the Vitali convergence theorem yields

nh_{rolo/ |t | In iy, [P — / [ul? In |ul*dz. (2.3)

Q

On the other hand, since u,, — w in L(2), we have

lim / |un|qd:c—>/ |u|?dx. (2.4)

n—oo

In order to prove the Palais—Smale condition, we use the fractional version of Lions’ Concentration—
compactness principle [9] in the framework of fractional Sobolev spaces, see [10, Theorem 2.5].

Lemma 2.1. Assume that hypotheses (My)—(Ms) hold. Then the functional Jy satisfies the (PS). condition
Py
force <0, (% - pi*) (m15’9)p§—p9> .

Proof. If inf,>q |ju,|| = 0, then there exists a subsequence of {w,}, still denoted by {u,}, such that
up, — 0 in WP(£2) as n — oo. Thus, we assume that d := inf,>1 ||u,|| > 0. Let {u,},, be a (PS). sequence.
Then Jx(u,) — ¢ and J{(u,) — 0 as n — oo. It follows from (M) and (Ms) that

¢+ o(1)[tnl] = T (tn) — gm’(un),um

1 1 2
> ( - ) my ||lu|P7 + —2/ |u|?dx + ( - ) / |u[P* dz
po g - Jo

> (1 _ 1> ma||ul|P°. (2.5)

po q
Thus, by 2 < p < po, we deduce that {uy,}, is bounded in W ({2). Passing to the limit in (2.5) we obtain
¢ > 0. So, up to a subsequence, u, — u in Wy*(£2). We claim that

/ | |P dz — / lufP*dz  as n — 0. (2.6)
o Q

loc(‘Q) or v = |u|ps + Zje/l 53¢juj7 as
n — oo, where A is a countable set, {v;}; C [0,00), {z;}; C 2. Take ¢ € C5°(£2) such that 0 < ¢ < 1;
3
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r—x

¢ =11in B(z;,p), ¢(x) =0in 2\ B(z;,2p). For any p > 0, define qb% = (;5( , where j € A. It follows
that {u,¢?}, is bounded in W (£2) since {un}, is bounded in WP (£2). Then (T3 (un), und}) — 0, which

implies

[un () — un(y)|" % (y) .
Un s,p //R2N |N+ps £ d d +Ai([“”}sp) Lp(“na“n‘lsjp)

:)\/ 1|65 In [ dx+/ [l ¢ d + 0, (1), (2.7)
(9] 2

where

Jy — lun () — un(y)|p_2(un(x) — un(y))un () (d)(x) — Qﬁ%(y))
unvun(b ) - //RZN L dﬂ?dy

N
|z —y| VP

_ P i _

asn — oo and [ qbf;d,u — u({z;}) as p— 0. Note that the Holder inequality implies

M () L] < 0 [ ) =0 60) — 650 )

N
|z —y| VP

1/p
|un(2 I”W( )= 5wl
<o f[, e ) 23)

With the same arguments as in the proof of Lemma 3.4 in [11], we have

It is easy to verify that

dxdy

N |un (2 IPW( ) — o (y)l"
t i ff e w0 29
It follows that
})%JE&M([%]QP) Ly (tn, und)) = 0. (2.10)

Note that by (M3), we have

(2 fun< )P () (& fun< e o\
unsP //Rzzv ‘Nﬂ’s ’ d dy = m (//Rzzv |N+ps ‘ dxdy)

Letting p — 0 in (2.7) and using the standard theory of Radon measures, we conclude that v; > my N?-

*

Ps
Using [10, Theorem 2.5] we have that v; = 0 or (mS%)?s—7? < v, for all j € A. Let us assume that

*

Ps
(mqS9)#s—7% <, for some jo € A. Thus, it follows that

c = lim (jA(un) — ;(J)’\(un)7un>> > (1 — 1*>/ |un|P§d$
n— o0 2

q Ps

1 1 , * 1 1 1 1 —Ps
> ( - ) / G0 |un|"* da > ( - ) Vio > ( - ) (mqS%) =77,
q Ps 2 q Ps q Ds

This is impossible. Then A = (), and hence (2.6) holds.
Now, we are ready to show that {u,} converges strongly to u in WP (£2) as n — oco. Indeed, using (2.3),
the weak lower semicontinuity of the norm and the Brezis-Lieb lemma [12], we obtain

on(1) = T (n)tin = M ([unl?,) [unl?, — /Q o 10 fi i — /Q [P dz
> M ([u]?,) [un —ul?, + M ([u]?,) [u]? —)\/ |u|Q1n|u\2dx—/Q|u|P3 du

4
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> mo[un, — b, + M ([u]é”p) [ul? , — )\/ |u|? In |u|2dx - / \u|p: dx
Q Q
> mol|un — ull? + T (u)u + on(1),

since Jy(u) = 0. Thus, {u,} converges strongly to u in W;*(£2). This completes the proof. [
Lemma 2.2. The functional Jx has a mountain pass geometry.

Proof. From (M3), (2.2) and Sobolev embedding inequality, we have

A A R ,
Taw) > T ufpe - 75/ (P dz — 705/ fuf" dr — 7/ luf?* da
pbo q Jo q n Ps Jo
m )\ )\ 1 *
> ( - acl) ull?” — 2C.Callul — L oyjulP

po q q Ps

where C1, Cy and C3 are some positive constants. Choose € > 0 such that (% — %601) > 0. Since 7, p; > p,
there exists p, @ > 0 such that Jy(u) > « for |ju|| = p and A > 0. We first observe that

279 — qriln|7|*> <2 for all T € (0, 00). (2.11)
On the other hand, by integrating (Mxz), we obtain

M(s) < M (s0)

——=57 = Cps? forall s> s9>0. (2.12)
S0

Let v € W5P(2) with v # 0. Thus J,(tv) < %t”"”u”p" + %m‘ — p%tp:Mﬁ;;. By pi > £, we deduce that
Ia(tor) < 0 and to||v|| > p for ¢y large enough. Set w = tov. This completes the proof. O

Next, we claim that

*

11 i
¢y = inf max ) < (=—— ) (mS%)ri-»o. 2.13
= inf e 0 (0) < (5= o) (i) (2.13)
Assuming that (2.13) holds true, then Lemmas 2.1, 2.2 and the mountain pass theorem give the existence
of nontrivial critical points of Jy. To prove (2.13), we choose vy € WyP(£2) such that [jvp] = 1 and
lim¢ o0 Ja(tvo) = —00. Then sup,>q Jx(tvo) = Jx(tavo) for some £y > 0. Hence ) satisfies
M () = AA|tAvo|qln|tAvo|2dx+t§S /Q|UO|P5 da. (2.14)

Furthermore, by (2.12), (2.14) and (M), we obtain 0Cot}” > oM (ty) > M (2) % > tf\: Jo |vo|p: dzx, hence
{tx}x is bounded since £ < p;.

We claim that t, — 0 as A — oo. Arguing by contradiction, we can assume that there exists t5 > 0
and a sequence A, with A\, — oo such that t),, — to as n — oo. By Lebesgue’s dominated convergence
theorem, we have lim, o [, [tx,v0|" In[ta, vo’dz — [, [tovo|? In [tove|°dz as n — oo. It follows that
A [ [tovo| ! In [tovo|°dz — oo as n — oo. Hence, (2.14) implies that M (£})#] = oo which is absurd.
Therefore, ty — 0 as A\, — oo. Furthermore, we deduce from (2.14) that limy_, )\fQ [txvo|? In |t,\v0|2d33 =
0 and limy_o A [, [tavo|’dz = 0. From this, £y — 0 as A — oo and the definition of Jx, we get
im0 (SUp;>0 Ja(tvo)) = im0 Ja(Eavo) = 0. Then there exists A, > 0 such that for any A > X,, we

have sup;>q Jx(tvo) < (l

Ps
i 1% (m189)P3-r8 | If we take w = Ty, with T large enough to verify Jy(w) < 0,
then we obtain ¢y < max;c(o,1) Ix(7(t)) by taking v(t) = tTvg. Therefore, our claim (2.13) holds true for A
large enough. The proof of Theorem 1.1 is now complete. [
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