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1 Introduction

Let Q ¢ RN be a bounded domain with a C2-boundary 0Q. In this paper we study the following nonlinear and
nonhomogeneous Dirichlet problem:

—-Apu(z) - Au(2) = f(z,u(z)) inQ(2<p), uloq =0, (1.1)
Here, for r € (1, c0), we denote by A, the r-Laplacian defined by
Ayu = div(|Dul"2Du) forallu € W,"(Q).

When r = 2, we write A, = A (the standard Laplace differential operator). The reaction term f(z, x) is a
Carathéodory function (that is, for all x € R, z — f(z, x) is measurable and for almost all z € Q, x — f(z, x) is
continuous). We assume that for almost all z € Q, f(z, - ) is (p — 1)-sublinear near +co, and asymptotically as
X — +00, the quotient I{((Ii‘)& interacts with the variational part of the spectrum of (-Ap, Wé 'P(Q)) (resonant
problem). Equations driven by the sum of a p-Laplacian and a Laplacian (known as (p, 2)-equations) have
recently been studied in [3, 11, 27, 28, 30, 31, 34, 35]. The aforementioned works, either do not consider
resonant at +co equations (see [3, 11, 34, 35]) or the resonance is with respect to the principal eigenvalue
(see [27, 28, 30, 31]). For p # 2, we do not have a complete knowledge of the spectrum of (-A,, Wé’p(Q)),
the eigenspaces are not linear subspaces of Wé ’P(Q), and the Sobolev space Wé ’P(Q) cannot be expressed as
a direct sum of the eigenspaces. All these negative facts make difficult the study of problems with resonance
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at higher parts of the spectrum. Our present paper is closer to [11, 27]. Compared to [11], we allow resonance
to occur and so we improve their existence theorem. Compared to [27], the resonance is with respect to any
variational eigenvalue of (-Ap, Wé’p (Q)), not only the principal one.

Using tools from Morse theory and variational methods based on the critical point theory, we prove ex-
istence and multiplicity theorems for resonant (p, 2)-equations. We mention that (p, 2)-equations arise in
problems of mathematical physics. The Dirichlet (p, 2)-problem treated in this paper models some phenom-
ena in quantum physics as first pointed out by Benci, Fortunato and Pisani [6]. We refer to the works of Benci,
D’Avenia, Fortunato and Pisani [5] (in quantum physics), and Cherfils and Ilyasov [10] (in plasma physics).
Related results on (p, q)-Laplacian problems are due to Marano, Mosconi and Papageorgiou [21], and Mugnai
and Papageorgiou [24].

In the next section we briefly recall the main mathematical tools which will be used in the sequel.

2 Mathematical Background

Let X be a Banach space and X* its topological dual. By (-, - ) we denote the duality brackets for the dual pair
(X*, X). Also, let ¢ € C*(X, R). We say that ¢ satisfies the “Cerami condition” (the “C-condition” for short) if
the following property holds:

« Every sequence {un}n>1 € X such that {¢(u,)}n=1 € Ris bounded and

(1 + [unlD@' (uy) — 0 inX* asn — oo,

admits a strongly convergent subsequence.
This compactness-type condition on the functional ¢ leads to a deformation theorem from which one derives
the minimax theory of the critical values of ¢. A basic result in this theory is the celebrated “mountain pass
theorem” due to Ambrosetti and Rabinowitz [4]. Here, we state the result in a slightly more general form (see,
for example, [16, p. 648]).

Theorem 2.1. Let X be a Banach space, and assume that ¢ € C L(X, R) satisfies the C-condition, ug, u; € X,
lus —uoll >p >0,
max{@(uo), ¢(u1)} < inf{e) : lu - uoll = p} = my
and
¢ = inf max @(y(t)), whereT ={y € C([0, 1], X) : y(0) = uo, y(1) = us}.
yel 0st<1
Then ¢ > m, and c is a critical value of ¢ (that is, there exists u € X such that ©'(u) =0, pu) = c).

Three Banach spaces will be central in our analysis of problem (1.1). We refer to the Dirichlet Sobolev spaces
WyP (Q) and H}(Q), and the Banach space CA(Q) = {u € C}(Q) : ulsq = 0}.
By Poincaré’s inequality, the norm of Wé’p (Q) can be defined by

lull = |Dull, forallu e WyP(Q).

The space H(l) (Q) is a Hilbert space and again the Poincaré inequality implies that we can choose as inner
product
(u, h) = (Du, Dh)2(qgvy forallu, h € H5(Q).

The corresponding norm is
lullgri () = IDull,  forall u € Hy(Q).

The Banach space C(l) (Q) is an ordered Banach space with positive cone

Cy ={ueCiQ):u(z) = 0forallz € Q}.
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This cone has a nonempty interior given by
. ou
intC, = {u €Cy:u(z)>0forallz € Q, ﬁ|ao < O}.

Here, % is the usual normal derivative defined by g—z = (Du, n)gn, with n(-) being the outward unit normal
on 0Q. Recall that C(l)(ﬁ) is dense in both Wé’p(Q) and Hé(Q).
Given x € R, we set x* = max{+x, 0} and then define u*(-) = u(-)* forall u € Wé’p(Q). We know that

ut e Wé’p(Q), u=u"-u-, |ul=ut+u.

Also, we denote the Lebesgue measure on RN by | - |y, and if g: Q x R — R is a measurable function (for
example, a Carathéodory function), we define the Nemytskii map corresponding to g(-, -) by

Ngw)(-) = g(-,u(-)) forallu e WiP(Q).

We will use the spectra of the operators (-Ap, Wé’p (Q)) and (-A, Hé(Q)). We start with the spectrum of
(-Ap, Wé "P(Q)). So, consider the following nonlinear eigenvalue problem:

~Apu(z) = Au)P2u(z) inQ(1<p <o), ulao = 0. (2.1)

We say thatA € Risan eigenvalue of (-Ap, Wé’p (Q)) if problem (2.1) admits a nontrivial solution & € Wé’p (Q),

known as the eigenfunction corresponding to A. We know that there exists the smallest eigenvalue A; (p) > 0,

which has the following properties:

. ;\1 (p) is isolated in the spectrum &(p) of (-A,, Wcl,’p (Q)); in other words, there exists € > 0 such that
@), i) +€) no(p) = 0. )

o Ai(p) is simple; that is, if &1, it € Wé’p (Q) are eigenfunctions corresponding to A1 (p), then u = £t with
& e R\ {0}.

« We have

IDul

p
lully

Ap) = inf{ ue WP(Q), u+ o}. 2.2)
In (2.2) the infimum is realized on the one-dimensional eigenspace corresponding to A; (p). The above prop-
erties imply that the elements of this eigenspace do not change sign. We point out that the nonlinear reg-
ularity theory (see, for example, [16, p.737]) implies that all eigenfunctions of (-A,, Wé’p (Q)) belong to
C(l)(ﬁ). By i11(p) we denote the positive L?-normalized (that is, ||it1(p)l, = 1) eigenfunction corresponding
to }h (p) > 0. As we have already mentioned, ti1(p) € C; \ {0} and, in fact, the nonlinear maximum principle
(see, for example, [16, p. 738]) implies that i11(p) € int C,. An eigenfunction &t which corresponds to an eigen-
value A # ;11 (p) is nodal (sign changing). Since &(p) is closed and )11 (p) > Oisisolated, the second eigenvalue
A2(p) is well defined by

Aa(p) = minfd € 6(p) : A > A1 (p)}.

For additional eigenvalues, we employ the Ljusternik-Schnirelmann minimax scheme, which gives
the entire nondecreasing sequence of eigenvalues {ﬁk(p)}kgl such that ik(p) — +00. These eigenvalues are
known as “variational eigenvalues” and, depending on the index used in the Ljusternik—Schnirelmann
scheme, we can have various such sequences of variational eigenvalues, which all coincide in the first two
elements A; (p) and ﬁz(p), defined as described above. For the other elements we do not know if their se-
quences coincide. Here, we use the sequence constructed by using the Fadell-Rabinowitz [14] cohomological
index (see [32]). Note that we do not know if the variational eigenvalues exhaust the spectrum G(p). We have
full knowledge of the spectrum if N = 1 (ordinary differential equations) and when p = 2 (linear eigenvalue
problem). In the latter case, we have 6(2) = {;‘k(z)}k;]_ with 0 < 7\1(2) < )12(2) < e < fl,<(2) — +ooas k — oo.
The corresponding eigenspaces, denoted by E(fl;<(2)), are linear spaces, and we have the orthogonal direct
sum decomposition

H}(Q) = P EAk(2)).

k=1
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For all k € N, each E(Ax(2)) is finite dimensional, E(Ax(2)) < C(l)(ﬁ), and has the so-called Unique Con-
tinuation Property (UCP for short), that is, if u € E(flk(Z)) vanishes on a set of positive measure in Q, then
u = 0. For every k € IN, we define

k -
Hy = @E(Ai(zn and  Hyy = @1 E(Ai(2)) = Hy.

We have
HY(Q) = Hy ® Hyy1.

In this case all eigenvalues admit variational characterizations and we have

R Dul?
A1(2) = inf{ ” ”!2 tueHy(Q), u# o}, (2.3)
llulls
. Du|)? _ Du|)? "
A(2) = sup{% tueHg, u+ 0} = inf{% :u€eHy, u+ 0}, k> 2. (2.4)
ull; ull;

Again, the infimum in (2.3) is realized on the one-dimensional eigenspace E (fll (2)), while both the supremum
and the infimum in (2.4) are realized on E(Ax(2)).
As a consequence of the UCP, we have the following convenient inequalities.

Lemma 2.2. (a) If9 € L®(Q) and, fork € N, 9(z) = Ax(2) for almost all z € Q, with 9 £ Ax(2), then there exists

a constant co > 0 such that

1Dul - I 9 dz < —colul® forallu ¢ Hy.
Q

(b) If9 € L*°(Q) and, for k € N, 9(z) < A(2) for almost all z € Q, with 9 # Ak(2), then there exists a constant
c1 > O such that

IDul|3 - J Iz)u? dz = c1|ul®> forallu e Hy.
Q

In what follows, let A, : WyP(Q) — W17 (Q) = WP (Q)* (% + ﬁ =1, 1 < p < 00) be the map defined by

(Ap(u), h) = J|Du|p‘2(Du,Dh)1RN dz forallu,h e Wé’p(Q).
Q

By [23, p. 40], we have the following proposition.

Proposition 2.3. The map Ap: Wé’p(Q) — WLP'(Q) (1 < p < c0) is bounded (that is, it maps bounded sets
to bounded sets), continuous, strictly monotone (hence maximal monotone, too) and of type (S),, that is, if

Up L u in Wcl,’p(Q) and lim sup{A(un), un — u) <0,
n—oo

then u, — nin WP (Q).

Ifp=2,thenA, = A € LHAQ), H1(Q)).
Consider a Carathéodory function fy: Q x R — R such that

Ifo(z, X)| < ao(2)(1 + |x|™" 1) foralmostallz € Qandall x € R,
with ap € L*(R) and 1 < r < p*, where the critical Sobolev exponent is defined by

b= NN—_’; ifp <N,
+00 ifp>=N.
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Let Fo(z, x) = f; fo(z, s) ds and consider the C!-functional ¢g: Wé’p (Q) — R defined by

Po(u) = %IlDulIS + %llDuIl% - JFO(Z, wydz forallu e Wy (Q).
o)
The next proposition is a special case of a more general result by Aizicovici, Papageorgiou and Staicu [2],
see also [26, 29] for similar results in different spaces. All these results are consequences of the nonlinear
regularity theory of Lieberman [20].

Proposition 2.4. Let u € Wé’p (Q) be a local C(l)(())-minimizer of po, that is, there exists po > O such that
®o(Uo) < Po(uo +h) forall h € CL(Q) with IRl ) < po-

Then ug € Cé’“(ﬁ) forsome a € (0, 1) and it is also a local W(l)’p(Q)-minimizer of po, that is, there exists p; > 0
such that
®o(uo) < Poluo +h) forall h € WyP(Q) with || < p;.

Finally, we recall some basic definitions and facts from Morse theory (critical groups), which we will use in
the sequel.
So, let X be a Banach space, ¢ € C (X, R) and ¢ € R. We introduce the following sets:

Ky={ueX:9'(u)=0}, Ki={ueKy:pu=c}, ¢°={ueX:qp<c

Let (Y, Y,) be a topological pair such that Y, € Y; € X and k € Ny. By Hx(Y1, Y,) we denote the kth
relative singular homology group with integer coefficients for the pair (Y1, Y>). Given an isolated u € Kg, the
critical groups of ¢ at u are defined by

Cr(p,u) = Hi(p°nU, o n U\ {u}) forall k € No,

where U is a neighborhood of u such that K, N ¢ n U = {u}. The excision property of singular homology
implies that the above definition of critical groups is independent of the particular choice of the neighbor-
hood U.

Suppose that ¢ satisfies the C-condition and inf ¢(K,) > —co. Let ¢ < inf ¢(K,,). The critical groups of ¢
at infinity are defined by

Cr(p, 00) = Hi(X, ¢€) forall k € Np.

The second deformation theorem (see, for example, [16, p. 628]) implies that this definition is independent
of the choice of the level ¢ < inf ¢(Kj).

In the next section we prove an existence theorem under conditions of resonance both at +co and at zero.

3 Existence of Nontrivial Solutions

The hypotheses on the reaction term f(z, x) are the following.

Hypotheses 3.1. f: Q x R — R is a Carathéodory function with the following properties:
(i) Foreveryp > 0, there exists a, € L*(Q), such that

If(z, x)| < ap(z) foralmostall z € Qandall |x| < p.

(ii) There exists an integer m > 1 such that

lim flz, x)

ol xp2x Am(p) uniformly for almost all z € Q.

(iii) There exists T € (2, p) such that

0 < Bo glminff(z, x)x — pF(z, x)

i
X—+00 |x|T

where F(z, x) = jgf(z, s) ds.

uniformly for almost all z € Q,
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(iv) There exist integer I > 1, with d; # m (d; = dim H)), § > 0 and n € L®(Q) such that

7(1(2) <1n(z) foralmostallze Q, nn# 7[1(2),
n(z)x* < f(z, x)x < Aip1x®  foralmost all z € Q and all |x| < 6,
and for every x # 0 the second inequality is strict on a subset of positive Lebesgue measure.

Remark 3.2. Hypothesis 3.1 (ii) says that asymptotically as x — +co, we have resonance with respect to some
variational eigenvalue of (A, Wé PQ)). Similarly, Hypothesis 3.1 (iv) permits resonance at zero with respect
to the eigenvalue A;,1(2) of (—A, Hé(Q)). So, in a sense, we have a double resonance setting.

Let ¢ : H'(Q) — R be the energy (Euler) functional for problem (1.1) defined by
o) = %llDullg + %llDull% - JF(Z, wydz forallu e Wi (Q).
Q

Proposition 3.3. If Hypotheses 3.1 (i), (ii), (iii) hold, then @ satisfies the C-condition.
Proof. Let {up}ns1 € Wé’p (Q) be a sequence such that

lo(un)| < My forsome M; >0andalln € N, (3.1)

(1 +lual)g'(un) = 0 in WP (Q) = Wy (@) (3.2)
By (3.2), we have
enlhl

(Ap(up), h) + (A(uy), h) - Jf(z, up)h dz| < Tl forallh € Wé’p(Q) with e, — 0*. (3.3)
o n

In (3.3) we choose h = uy, € Wé’p(Q) and obtain
IDul - 1Dunl2 + Jf(z, Uun)undz <€, foralln e N. (3.4)

Q

On the other hand, from (3.1) we have

IDunly + %’nuunug - JpF(z, u,)dz < pM; foralln e N. (3.5)

Q

We add (3.4) and (3.5) and obtain

J[f(z, n)itn — PF(z, n)] dz < My + (1 %’)upunng foralln ¢ N, (3.6)

Q
for some M, > 0. Hypotheses 3.1 (i), (iii) imply that we can find 8; € (0, Bo) and ¢, > 0 such that
B11x|" = ¢2 < f(z, x)x — pF(z,x) foralmostallz € Qandall x € R. (3.7)
Returning to (3.6) and using (3.7), we have (recall that 7 > 2)
lunll? < c3(1 + |Dupll5) foralln e N, (3.8)
for some c3 > 0.
Claim 1. {un}ns1 € Wy (Q) is bounded.

Arguing by contradiction, suppose that the claim is not true. By passing to a subsequence if necessary, we
have
lunll — oo. (3.9)
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Letyy = ”z:”, n € N. Then |y,|| = 1 for all n € N, and so we may assume that
Yoy inWeP(@Q) and  y,—y inLP(Q). (3.10)
From (3.3) we have
(Ap(yn), B) + W(A(yn), h) —i "ﬁfnﬁ;ﬂ < % foralln € N. (3.11)
Hypotheses 3.1 (i), (ii) imply that
Ifz, x)| < c4(1 + |x|P~1) foralmostallz € Qandall x € R, (3.12)
for some ¢, > 0, and hence
{%}m c L' (Q) is bounded. (3.13)

In (3.11) we choose h =y, -y € Wé’p(Q), pass to the limit as n — co and use (3.9), (3.10), (3.13) and
the fact that p > 2. Then limp—,o0 (4, (Vn), ¥n — ¥) = 0, which implies (see Proposition 2.3)

Yo —y inWyPQ) = |yl =1. (3.14)

From (3.8) we have

Cs

C3 C3
Iynl? < -——= + ——
! lun (72

I "u ||T W for all nz Ylo > 1,
n n

IDynl3 <
for some c5 > 0. This yields (see (3.9) and recall that 7 > 2)
yn— 0 inL"(Q)asn — oco.

Thus, y = 0 (see (3.10)), a contradiction to (3.14). This proves the claim.
Because of Claim 1, we may assume that

up S u inWyP(Q) and  u, —u inLP(Q). (3.15)

From (3.12) we see that
{Nf(un)},5; € LP'(Q) is bounded. (3.16)

So, if in (3.3) we choose h =y, -y € Wé’p(Q), pass to the limit as n — oo and use (3.15) and (3.16), then
lim [(Ap(un), un = u) + (A(un), un - u)] = 0,
and since A( - ) is monotone, we have
lim Sup[{Ap (un), Un = u) + (AW), tn — )] < 0.
From (3.15),
liinﬁsolgp (Ap(un), un —u) <0,

which implies (see Proposition 2.3)
u, > u in WHP(Q).

Thus, ¢ satisfies the C-condition. O

We can have two approaches in the proof of the existence theorem. We present both because we believe that
the particular tools used in each of them are of independent interest and can be used in different circum-
stances.

In the first approach we compute directly the critical groups at infinity of the energy functional ¢. Note
that Proposition 3.3 permits this computation.
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Proposition 3.4. If Hypotheses 3.1 (i), (ii), (iii) hold, then Cy (¢, 00) # O.
Proof. LetA e (ﬁm(p), Ams1(p)) \ 6(p) and consider the C2-functional P: Wé’p (Q) — R defined by

Yu) = 1||Du||§ - £||u||§ for all u € Wy? (Q).
p p
We also consider the homotopy h(t, u) defined by
h(t,u) =1 -te(u)+ tp(u) forall (¢, u) € [0, 1] x Wé’p(Q).
Claim 2. There exist 7 € Rand & > 0 such that
h(t,u)<n = (1+|ul)lhl(t, wl. =8 forallte [0, 1].

We argue indirectly. So, suppose that the claim is not true. Since h( -, -) maps bounded sets to bounded sets,
we can find {t;}n>1 € [0, 1] and {up}ns1 S Wé’p(Q) such that

th > t, lunll — oo, h(ty, up) = —oco and 1+ ||un")h:4(tn, up) — 0 in Wﬁl’p,(0)~ (3.17)

From the last convergence in (3.17), we have

(Aplan)s B + (1= ) (A 1) = (L= ) [ funhdz =t [ Ml 2unhdz] < (230 g
Q Q "
forall h € W,*(Q) with e, — 0*.
Lety, = "ll:—:", n € N. Then |y,| = 1 for all n € N, and so we may assume that
Yn—y inWeP@Q) and  y,—y inLP(Q). (3.19)
From (3.18) we have
1-1t, Ny (uyn) ) exllhl
Ay (yn)s )+ —— " CA(yn), By — (1 — ¢ )J—hdz—t JM P2y, hde| <« — U (3.50)
P T 2 M ) Tl n A (1 + NualDllunlP T
foralln € N.
From (3.12) and (3.19), we see that
N, '
{ / (“’1)1} < 17'(Q) is bounded.
llun P n>1
Hence, by passing to a subsequence if necessary and using Hypothesis 3.1 (ii), we obtain (see [15])
Ne(up) - B . ,
”ufT’il 5 APy in L' (Q). (3.21)
n

In (3.20) we choose h =y, -y € Wé’p(Q), pass to the limit as n — co and use (3.17), (3.19), (3.21) and
the fact that 2 < p. Then limp_,00 (4 (Yn), Yn — ¥) = 0, which implies (see Proposition 2.3)

yn—y inWyP(Q) = lyl=1. (3.22)
We return to (3.20), pass to the limit as n — oo and use (3.21) and (3.22). We obtain

(Ap(y), h) = JAtIylp*th dz forallh e Wé’p(Q), with A; = (1 = OAm(p) + tA,
Q

hence
-Apy(2) = Ay (2)|P~2y(z) foralmostall z € Q, yloq = 0. (3.23)

If A¢ ¢ 6(p), then from (3.23) it follows that y = 0, a contradiction (see (3.22)).
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If A¢ € 0(p), thenfor E = {z € Q : y(z) # 0}, we have |E|y > 0. Hence,
|un(z)] - +oco foralmostallz € Q,

and thus

lim inf f(z, un(2))un(2) — pF(z, up(2))

im in @I > Bo >0 foralmostallz € E. (3.24)
n

From (3.24), Hypothesis 3.1 (iii) and Fatou’s lemma, we have

hmmf inf 1" J[f(z Up)un — pF(z, uy)] dz > 0. (3.25)
Yl
E

Note that Hypothesis 3.1 (iii) implies that we can find M3 > 0 such that
f(z, x)x - pF(z,x) >0 foralmostall z € Q and all |x| > M5. (3.26)

Then, in view of (3.26) and Hypothesis 3.1 (i), we have

J[f(z up)un — pF(z, up)l dz

IIu I
1 1
- | ewow-pReuwdze i [ e waun - pFG, ) dz
Qn{luy|>Ms} QN{ly|<Ms}
2 "ut"‘r [f(z, un)un — pF(z, uy)] dz - "uC:"T
Enflun|>Ms5}

> — J[f(z Un)uy — pF(z, up)l dz - 7 foralln e N,
IIunIIT lunl”

for some cg, c; > 0. Hence, by (3.25),

n—-oo  |uy

liminf —— J[f(z Up)uy — pF(z, uy)] dz > 0. (3.27)
Q

From the third convergence in (3.17), we see that we can find ny € IN such that

(1-tp
2

1Dyl + 1Dl — (1~ t) JpF(z, Un) dz — ty J/uu,,v’ dz<-1 forallnzny.  (3.28)

Q Q
In (3.18) we choose h = uy, € Wé’p(Q). Then

DUl — (1~ t)[Dunl2 + (1 - ) jf(z, )ity dz + t J/\Iu,,lp dz<en forallneN.  (3.29)
Q Q

Since €, — 0", by choosing ny € IN even bigger if necessary, we can get
€n€(0,1) foralln = no. (3.30)
By adding (3.28) and (3.29), and using (3.30), we have

p
(1~ tn) j[f(z, tn)un = PF(z, )] dz < (1 = ta)(1 = 5 )IDunl.
Q

We may assume that t, # 1 for all n € N. Otherwise, t = 1, and so A; = A ¢ o(p), hence y = 0, a contradiction
to (3.22). Then

1
litn ||TJ [ wn)un = PF(z, un)) dz < (15 ) ez IDYal} foralln e .
Q
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Since p > T > 2, it follows from (3.17) and (3.22) that

lim sup I[f(z, Un)uy — pF(z, uy)dz <0,
n—.oo
Q

which contradicts (3.27). This proves the claim.
In fact, the above argument with minor changes shows that for every t € [0, 1], h(t, -) satisfies the C-
condition. So, [9, Theorem 5.1.12] (see also [19, Proposition 3.2]) implies that

Cr(h(0,-),0) = Cx(h(1,-),00) forall k € Ng,

and therefore
Cr(p, 0) = Cx(, 00) forall k € No.

Since A ¢ 6(p), we have Ky = {0}, and so Cx(y, 0o) = Cx(3, 0) for all k € No. Hence,
Ci(p, 00) = Cx(,0) forall k € No.

But by [32, Proposition 1.1], we have C,, (1, 0) # 0. So, Cim (¢, c0) # 0. O

In the second approach, we avoid the computation of the critical groups of ¢ at infinity. Instead we use the
following result which is essentially due to Perera [32, Lemma 4.1], here adapted to our setting.

Proposition 3.5. If Hypotheses 3.1 (i), (ii), (iii) hold, then there exist r > 0 and ¢ € C l(Wé’p (Q)) such that
(W) iflull<r,
powy = {2 )
Y) if lul =27,
Ky, = Ky and Cy(@o, c0) # 0.
Proof. Let 1 € C2(Wy*(Q)) be as in the proof of Proposition 3.4. Also let 7: Wy*(Q) — R be the C-

functional defined by

T(u) = | F(z,u)dz - %llullg - %llDull% forallu ¢ WP (Q).

[ E—

Evidently, we have
o) = Yu) - t(w) forallu e WyP(Q). (3.31)

Since A ¢ 6(p), the functional i satisfies the C-condition, and so
= inf{Iy’ Wl : w e WyP(Q), Jull = 1} > 0.

We have
' (W) = Apw) - AlulP2u,

hence the (p — 1)-homogeneity of 1’ (-) implies that
inf{l' @l : u e WyP(Q), lul =1} =" u>0 (r>0). (3.32)

Since A > im(p) and p > 2, it follows that

T'(u) -

TS Tt 33
From (3.31) we have
o' W) =y'(u)-1'(u) forallue Wé’p(Q).
Hence, using (3.32) and (3.33),
©'(u)>0 and ¢'(u)+7'(u)>0 forall|ul>r. (3.34)
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Let £: R, — [0, 1] be a C'-function such that |£'(¢)| < 1 forall t > 0 and
0 ifte[0,1],
§(t) = ) (3.35)
1 ift>2.
We define

f[ull?

r_P)T(u) forall u € WP (Q).

o) = p(u) + &(

Evidently, ¢o € C 1(Wé’p (Q)) and from (3.34) and (3.35), it follows that
. < )

o= { T, o

Moreover, by (3.36), it is clear that
Ci(@o, ) = Cx(¥, 00) forall k € Ny,
and, since Ky, = {0} and A ¢ 6(p), we have
Ci(po, ) = Cr(¥,0) forall k € N.

Thus, Ci (o, 00) # 0, see [32, Proposition 1.1]. O

Next, we turn our attention to the critical groups of ¢ at the origin. To compute them we only need a subcritical
growth on f(z, - ) and the behavior of f(z, - ) near zero. So, we introduce the following weaker set of hypotheses
on f(z, x).

Hypotheses 3.6. f: Q x R — R is a Carathéodory function with the following properties:
(i) Iftz,x)] < a(z)@ + |x|™1) for almost all z € Q and all x € R, with a € L®(Q),, p <1 < p*.
(ii) There existl € N, 6§ > 0 and np € L*(Q) such that

A2) € n(z) foralmostallze Q,n # A2),
)1(z)x2 < flz, x)x < ;\1+1(2)x2 for almost all z € Q and all |x| < 6,
and for every x # 0, the second inequality is strict on a set of positive Lebesgue measure.

Proposition 3.7. If Hypotheses 3.6 hold and the functional ¢ satisfies the C-condition, then Ci(g, 0) = 8i,4,Z
for all k € No with d; = dim H;.

Proof. We consider the C2-functional 1]): H(l)(Q) — R defined by

Y(u) = %IIDuII% - J’F(Z, u)dz forallu e Hy(Q).
Q

Weset i) = l])|Wé,p(Q) (recall that p > 2).
Claim 3. Cy (¥, 0) = 8,q,Z for all k € No.

To prove this claim, let 9 € (11(2), fll+1(2)) and consider the C2-functional 7: Hé(Q) — R defined by
T(u) = %IlDull% - guung forall u € H3(Q).
We also consider the homotopy h(t, u) defined by
h(t,u) =(1- t)l])(u) +tt(u) forall (¢, u) € [0,1] x Hé(Q).

First consider ¢ € (0, 1]. Letu € C}(Q) with lullc ) < 6, where § > Oisasin Hypothesis 3.6 (ii). Let (-, - Jo
denote the duality brackets for the pair (H~1(Q), Hé(Q)). Then we have

(hl,(t, u), vy = (1 = @' (W), v)o + t{T' (), v)o forallv e HL(Q). (3.37)
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Recall that 1
H = PEMQ2), Hii=H = P EA(2)

k=1 k>l+1

and consider the orthogonal direct sum decomposition
HY(Q) = H & Hyy1q.
So, every u € Hé(Q) admits a unique sum decomposition
u=i+i, withiieH, it € Hyq.
In (3.37) we choose v = &t — . Exploiting the orthogonality of the component spaces, we have

), & - u)o = D3 - |Dall3 - Jf(z, u)(u - ) dz. (3.38)
Q

Hypothesis 3.6 (ii) implies that
flz, x)

X

n(z) < <An1(2) foralmostallz € Qandall O < |x| < 8, (3.39)

and the second inequality is, for every x # 0, strict on a set of positive Lebesgue measure. Set y = &t — 1. Then,

using (3.39), we have

3 SRS N
o = Sy = B0 {Al+1(2)(u #2) ifuy >0,

u n(z)(@? - u?) ifuy <0
< A1) - n(z)u®  for almostall z € Q. (3.40)

Returning to (3.38) and using (3.40), we obtain (see Hypothesis 3.6 (ii) and (2.4))

' W), & - w)o = DAl - A )13 - IDal3 - A)lals3] > o. (3.41)
Also, using Lemma 2.2, for some c9 > 0, we have

(t'(w), - w)o = IDall3 - lal3 - UDul3 - Slal3] = collull®. (3.42)
So, if we use (3.41) and (3.42) in (3.37), then
(h!(t,u), &t — 1) > tcollul> >0 forallt € (0, 1].
Standard regularity theory implies that
Knet,) € C(Q) forall t € [0, 1].

Therefore, we infer that for all ¢ € (0, 1], u = O is isolated in Kpt,.).
We have h(0,-) = l])( -). Next, we show that O € Kli; s isolated. Arguing by contradiction, suppose that we
could find {un}n=1 € HA(Q) such that

up —» 0 inHYQ) and  §'(up)=0 foralln e No. (3.43)
From the equation in (3.43), we have
~Aupn(2) = f(z, up(z)) foralmostall z € Q, Unloq =0, neN. (3.44)

From (3.44) and standard regularity theory (see, for example, [16, pp. 737-738]), we can find a € (0, 1) and
c10 > O such that
Up € Cé’“(ﬁ) and ||un||C(1),a@ <cyo forallneN. (3.45)
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Exploiting the compact embedding of Cé’“(ﬁ) into C(Q) and using (3.45) and (3.43), we obtain
up — 0 in CH(Q).
Therefore, we can find ng € N such that
lun(2)| <6 foralln>ngpandallz e Q,
hence (see Hypothesis 3.6 (ii))
)1(.z)un(z)2 < flz, up(2))up(z) < /A11+1(2)u,,(z)2 for almost all z € Q and all n > nyg.
Then from (3.45) and the previous argument, we have
F(z, un(2)) (it — in)(2) < A1 (2)itn(2)? = N(2)itn(z)>  for almostall z € Q and all n > no. (3.46)
From (3.44) we have

(Aup), v) = If(z, up)vdz forallv e Hy(Q).
Q

Choosing v = i, — ii, € Hcl)(Q) and using the orthogonality of the component spaces and (3.46), we obtain

j (Duty, Dity — Dity)gy dz = | Dity|2 — [ Dty = jf(z, ) (it — 1) dz < j[il+l(z)ai n(@i2] dz.
Q Q Q

Hence, by (2.4) and Lemma 2.2 (a),

0 < ID@nl3 = A1 (2)12nll3 < 1D@A 13 — J N(2)ity dz < —cuallin|®  forall n > no,
0

for some c11 > 0. Therefore,
i,=0 and i, € EAn1(2) foralln e N.
Then u, = i, for all n > ng, and the UCP implies that
un(z) # 0 foralmostall z € Q and all n > ng. (3.47)

From (3.44) and (3.47) we have (see Hypothesis 3.6 (ii))

A1 () llunl? = jf(z, Un)Un dz < Ap1(2)llunll3  foralln > no,
Q

a contradiction. Therefore, O € Klz) isisolated and we can conclude that 0 € Kp,.) is isolated forall ¢ € [0, 1].
So, [12, Theorem 5.2] implies that

Cx(, 0) = Ci(,0) forall k € No,
and thus (see [23, Theorem 6.51])
Cx(1),0) = 8.q,2 forall k € No.
Since Wé’p(Q) is dense in Hé(Q), it follows that (see [25] and [8, p. 14])
Cr(1, 0) = Cx(,0) forall k € No,

and thus
Cx(,0) = 6x,q,2 forall k € Ny. (3.48)
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We have 1
lp(u) —pu)| < Ellullp (3.49)

and
(@' W) - '), v)| < crallulP v forallv e Hy(Q),

for some c1; > 0, which implies
o' W) = ' @l < crallulPt. (3.50)

Then (3.49), (3.50) and the C!-continuity of the critical groups (see [12, Theorem 5.1]), imply that
Ci(p,0) = Cx(¥,0) forall k € Ny,

and hence (see (3.48))
Cx(9,0) = 6,42 forall k € No.

This completes the proof. O
Now we are ready for the existence theorem.
Theorem 3.8. If Hypotheses 3.1 hold, then problem (1.1) admits a nontrivial solution ug € C(l)(ﬁ).

Proof. As we have already mentioned, we can use two approaches.
In the first, we use Proposition 3.4 and have that Cp,(¢, co) # 0. So, there exists ug € Wé’p (Q) such that

up € K, and Cu(,uo) # 0. (3.51)
On the other hand, from Proposition 3.7, we have
Cr(p,0) = 6k,q,Z forall k € No. (3.52)

Recalling that d; # m (see Hypothesis 3.1 (iv)) and comparing (3.51) and (3.52), we see that ug # O.
In the second approach, we use Proposition 3.5. According to that result, we have C,, (¢, co) # 0. So, we
can find ug € Wé’p(Q) such that
uo € Ky, and Cp(o, uo) # 0. (3.53)

Note that ¢ol5, = @3, (see Proposition 3.5). So,
Cx(9o,0) = Cx(p,0) forall k € Ny,

and thus (see Proposition 3.7)
Cx(po, 0) = 6k,q,Z forall k € Np. (3.54)

Again, since d; + m, from (3.53) and (3.54), it follows that (see Proposition 3.5)
up#0 and ug € K.

So, with both approaches we produced a nontrivial critical point ug of the functional ¢. Then uy is a
nontrivial solution of (1.1). Invoking [18, Theorem 7.1], we have ug € L*(Q). So, we apply [20, Theorem 1]
and conclude that ug € C1(Q). O

4 Multiple Nontrivial Solutions

In this section we strengthen the conclusions on the reaction term f(z, x) and prove a multiplicity theorem.
More precisely, the new conditions on f(z, x) are the following.
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Hypotheses 4.1. f: Q x R — R is a Carathéodory function with the following properties:
(i) Foreveryp > 0, there exists a, € L>(Q), such that

If(z, x)| < ap(z) foralmostall z € Qandall |x| < p.

(ii) There exists an integer m > 1 such that

lim flz, x)

x—+o0 |x|P~2x

= ;lm(p) uniformly for almost all z € Q.

(iii) There exists T € (2, p) such that

flz, x)x — pF(z, x)
x|

0<fo< l)i(m +inf uniformly for almost all z € Q,
—*00

where F(z, x) = Igf(z, s) ds.
(iv) There exist functions w, € W-P(Q) n C(Q) and constants ¢, € R such that
w_(z)<c_<0<c,<w,(z) forallzeQ,
flz,w,(2)) <0< f(z,w_(z)) foralmostallz e Q,
Ap(w_) + A(W_) SO < Ap(wy) + A(wy)  in WP/ (Q) = WP (Q)*.
(v) There exist an integer I > 1 with d; # m (d; = dim H)), § > 0 and 1 € L*°(Q) such that

;\1(2) <1n(z) foralmostallze Q,n # 7[1(2),
11(z)x2 < flz, x)x < Ap1(2)x2  foralmostall z € Q and all |x| < 6,
and for x # 0, the second inequality is strict on a set of positive Lebesgue measure.

(vi) For every p > 0, there exists E’p > 0 such that for almost all z € Q, the function z — f(z, x) + gplxlp‘zx is
nondecreasing on [-p, p].

Remark 4.2. We see that in comparison to the Hypotheses 3.1, we have added Hypotheses 4.1 (iv), (vi). So,
the problem remains resonant at both +co and at zero. Hypothesis 3.1 (iv) is satisfied if, for example, we can
find c_ < 0 < ¢, such that

flz,cy) <0< f(z,c.) foralmostallz € Q.

Therefore, this hypothesis implies that near zero f(z, - ) exhibits an oscillatory behavior.
First, we produce two constant sign solutions.

Proposition 4.3. If Hypotheses 4.1 (i), (iv), (v), (vi) hold, then problem (1.1) admits two nontrivial smooth so-
lutions of constant sign:

up €intC,, with ug(z) < wy(z) forall z € 5,

Vo € —intC,, withw_(2) <vo(z) forall z € Q.

Proof. First, we produce the positive solution.
We introduce the following Carathéodory function:

0 ifx <0,
filz, %) = f(z, x) if0 < x <wi(2), (4.1)

flz,wi(2)) ifwi(z) <x.
We set F,(z, x) = j; f+(z, s) ds and consider the C*-functional @, : Wé’p (Q) — R defined by

1 1 )
@) = IDulf; + S 1Du} - jF+(z, wdz forallu e WP(Q).
Q
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From (4.1) it is clear that ¢, is coercive. Also, using the Sobolev embedding theorem, we see that ¢, is se-
quentially weakly lower semicontinuous. So, by the Weierstrass theorem, we can find ug € Wé P (Q) such that
@+ (o) = Inf{(, () : u e WP (Q)}. (4.2)

From (4.2) we have @' (uo) = 0, and hence

(Ap(uo), h) + (A(uo), h) = Jf+(z, Ug)hdz forallh e Wé’p(Q). (4.3)
Q

In (4.3) we first choose h = —u € W(l,’p(Q). Then | Duglly + IDugll3 = 0 (see (4.1)), and thus ug > 0. Also, in
(4.3) we choose h = (ug - wy)* € Wé’p(Q). Then, by (4.1) and Hypothesis 4.1 (iv),

j|Duo|P-2<Duo, D(uo - o) e dz + j(Duo, D(uo - W) )gy dz
Q Q
= Jf(z, wi)(up —wy)* dz

<

Dee— O

IDW,[P~2(Dw,., D(uo — W,) v dz + j(Dw+, Do — wy) v dz.
Q

Thus,
j(|Du0|p_2Duo —|Dw,[P2Dw,, D(uo - W) )gn dz + ID(uo — w4)* I3 < O,
Q

and hence ug < w,.
So, we have proved that

up € [0,wy]={ye Wé’p(Q) : 0 < y(2) < wy(2) for almost all z € Q}.
Then, on account of (4.1), equation (4.3) becomes

(Ap(uo), h) + (A(uo), h) = Jf(z, ug)hdz forallh e W(l)’p(Q),
Q

which implies
- Apuo(2) — Aug(2) = f(z, up(z)) foralmostall z € Q, Uolog =0, (4.4)

and hence uq € C, (by the nonlinear regularity theory, see [20]).
Since p > 2, given € > 0, we can find 6y € (0, min{§, C.}) (§ > 0 as in Hypothesis 4.1 (v)) such that

1
I—jlyl”J < §|y|2 forally € RN with |y| < 8. (4.5)

Recall that i1, (2) € int C,. So, we can find small ¢ € (0, 1) such that
It ()l cs gy < Bo-

By (4.5), (4.1) and Hypothesis 4.1 (v), since §y < 8§, we have

ooty (2) < £

. 1 N
£1Dis @) - 52 j @) (2)? dz
Q

= t? ;ﬁl(Z)IIfM(Z)II% - % j(n(Z) - A(2)i(2)? dZ)]
Q
<0,

by choosing € > 0 small enough (see Lemma 2.2 (b)). Then ¢ (ug) < 0 = ¢(0) (see (4.2)), and hence ug # O.
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Let p = [uplleo and let Sp > 0 be as postulated by Hypothesis 4.1 (vi). Then, by (4.4), we have
Apuo(2) + Aug(2) < &yuo(z)P~!  foralmost all z € Q. (4.6)
Let V(y) = |y[P~2y + y for all y € RN. Evidently,
div(V(Du)) = Apu +Au  forallu € Wi (Q).

We have V € CL(RY, RM) and

VW) = P21 -85 |
which implies
(VV()E, Orn > 8> forally e RV and all & € RV, (4.7)

Then (4.7), (4.6) and the tangency principle of Pucci and Serrin [33, Theorem 2.5.2] imply that
0 <up(z) forallze Q.
Next, using the boundary point lemma (see [33, Theorem 5.5.1]), we obtain
ug € int C,. (4.8)
Also, Hypothesis 4.1 (iv) implies
Ap(uo) + A(ug) - Np(uo) = 0 < Ap(wy) + A(wy) - Np(wy) in W HP'(Q). (4.9)
So, once more (4.7), (4.9) and the tangency principle of Pucci and Serrin [33, Theorem 2.5.2], imply that
Up(z) < wy(z) forallze Q,
and, by Hypothesis 4.1 (iv), we have
Uo(z) < wy(z) forallz e Q.
Similarly, to produce the negative solution, we introduce the Carathéodory function

flz,w_(2)) ifx<w_(2),
f(z,%) = {f(z,x) ifw_(z2) <x<,0

0 if 0 < x.
We set F_(z, x) = j; f_(z, s) ds and consider the C*-functional ¢_: Wé’p(Q) — R defined by
P-(u) = %MDullg + %||Du||§ - IF_(z, wdz forallu e Wy (Q).
Q

Working with ¢_ and using (4.8), we produce a solution of (1.1), v € Wé’p (Q), such that
vo€—intC,, w_(z)<vpo(z) forallze Q.

This completes the proof. O

In fact, we can show that we have extremal constant sign solutions in the order intervals [0, w, ] and [w_, 0],
that is, we can show that there is a smallest positive solution u, € int C, in [0, w,] and a biggest negative
solution v, € —int C, in [w_, 0O].

Proposition 4.4. If Hypotheses 4.1 (i), (iv), (v), (vi) hold, then problem (1.1) admits a smallest positive solution
u, €intC, in [0, w,] and a biggest negative solution v, € —int C, in [w_, O].
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Proof. First we produce the smallest positive solution in [0, w,]. Let S, be the set of positive solutions of
problem (1.1) in the order interval [0, w, ]. From Proposition 4.3 and its proof, we have

S,#0 and S, c[0,w,]NnintC,.

Invoking [17, Lemma 3.10, p. 178], we infer that we can find {u,}n>1 € S, such thatinf S, = inf>1 up.
We have
Ap(un) + A(un) = Nr(up), O<up<w,forallneN, (4.10)

which implies that {up}n>1 € Wé P (Q) is bounded. So, we may assume that
Up 2 u, in Wé’p(Q) and u, »u, inILP(Q)asn — co. (4.11)
On (4.10) we act with u, — u, € Wé’p(Q), pass to the limit as n — oo and use (4.11). Then
Jim [(Ap(un), un — us) + (A(un), un - u.)] = 0,
and since A is monotone, we have

lim sup[(Ap(un), un — us) + (A(Us), Un — u.)] < 0.
n—-oo

Thus, by (4.11), lim sup,,_,«, (4p(Un), Un — u.) < 0, which implies (see Proposition 2.3)
Uy — u.  in Wy (Q). (4.12)
Passing to the limit as n — co in (4.10) and using (4.12), we obtain
Ap(u.) + A(uy) = Ne(u.), O <u. <wy.
Hence,
-Apu.(z) - Au.(2) = f(z,u.(z)) foralmostallz € Q, Ulpq =0, O< U, <wy.

Then u, € C, (by the nonlinear regularity theory, see [20]) is a nonnegative solution of (1.1). If we can show
that u, # 0, then u, € S, and u, = inf S,.
To this end, we proceed as follows. Hypotheses 4.1 (i), (v) imply that we can find ¢;3 > 0 such that

f(z,x) = n(z)x - c13xP~t  foralmostall z € Q and all 0 < x < w,(z). (4.13)
Let g: Q x R — R be the Carathéodory function defined by

0 ifx <0,
g(z,x) = 1 n(2)x — c13xP71 if0<x < wy(2), (4.14)

N@w.(2) - ciswi (2P ifwy(z) < x.
We consider the auxiliary Dirichlet problem
-Apu(z) - Au(z) = g(z,u(z)) inQ, Ulpq = 0. (4.15)

We claim that this problem has a unique solution i € int C,. First, we show the existence of a nontrivial
solution. So, let ¥, : Wé’p (Q) — R be the energy (Euler) functional for problem (4.15) defined by

Yo (u) = I—l)||Du||§ + %llDull% - J G(z,u)dz forallu e Wy?(Q),
Q

where G(z, x) = _[g g(z, s) ds. Evidently, . is coercive (see (4.14)) and sequentially weakly lower semicon-
tinuous. So, we can find & € Wé’p (Q) such that

. (@) = inf{i, (u) : u € WP (Q)}.
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As in the proof of Proposition 4.3, using Hypothesis 4.1 (v), we have (see (4.14))
(@) <0=1,(0) and € [0, w,],

hence i € Ky, < [0, w,]nintC,.
Next, we show that this solution is unique. For this purpose, we consider the integral functional
j: LY(Q) —» R = RU {+co} defined by

. 1,
i = §||Du1/2||,’; + HIDut?3 ifu >0, ul? e WyP(Q),
+00 otherwise.

By [7, Lemma 4] and [13, Lemma 1], we have that j(-) is convex. Suppose that y € Wé’p (Q) is another non-
trivial solution of (4.15). Then again we have y € [0, w,] nint C,. Let domj = {u € LY (Q) : j(u) < +oco} (the
effective domain of j). For every h € C(l) (Q), we have

> +thedomj and  y?+thedomj for|t| <1 small.

Then we can easily see that j(-) is Gateaux differentiable at &2 and at y2 in the direction h. Moreover, using
the nonlinear Green’s identity (see, for example, [16, p. 211]), we have

A, u — Al
i @) h) = = [~ ha - 1 [tz - evsi-2inaz,
2 u 2
Q Q
g 1(-A,y-Ay 1 o
62 = 5 [ hdz = 5 [In) - e s,
Q Q

see (4.15) and (4.14). The convexity of j(-) implies the monotonicity of j'(-). Hence,

0< J[y”‘2 —uP2)@? -7*)dz = u=7y.
Q

This proves the uniqueness of the nontrivial solution & € [0, w,] Nnint C, of the auxiliary problem (4.15).
Claim4. a<uforallu € S,.

Let u € S, and consider the Carathéodory function k: Q x R — R defined by

0 ifx <0,
k(z,x) = 4 n(z)x — c13xP~1 if 0 < x < u(z), (4.16)

n(2)u(z) - c3u(z)?t ifu(z) < x.
We set K(z, X) = [, k(z, 5) ds and consider the C'-functional i, : Wy”(Q) — R defined by

- 1 1
(1) = IDulf + S 1Dul - jK(z, wdz forallu e WP(Q).
Q

Again, 1])+ is coercive (see (4.16)) and sequentially weakly lower semicontinuous. So, we can find it € Wcl) Q)
such that

¥, (@) = inf{, (u) : u e WP (Q)}. (4.17)

Let t € (0, 1) be small such that ti11(2) < u (see [22, Proposition 2.1] and recall that u € int C,). Then,
by taking t € (0, 1) even smaller if necessary and using Hypothesis 4.1 (v), we have l])+(tﬁ1(2)) < 0, which
implies . (i1) < P, (0) = 0, hence &t # 0. Using (4.13) and the fact that u € S,, we can show that Ky, < [0, u].
From (4.17) we have @ € K{p+ \ {0} ¢ [0, u] \ {0}, which implies (see (4.16) and recall that @ is the unique
solution of (4.15)) &t = ui. Thus,

i<u forallues,.

This proves the claim.
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On account of Claim 4, we have & < u., and so
u, €S, u,=inf§,.
Similarly, if S_ is the set of negative solutions of (1.1) in [w_, 0], then
S_#0 and S_c([w_,0]n(-intC,)

(see Proposition 4.3 and its proof). Reasoning as above, we can show that there exists v, € [w_, 0] N (-int C,)
which is the biggest negative solution of (1.1) in [w_, 0]. O

Using these extremal constant sign solutions of (1.1), we can generate a nodal (that is, sign changing) solu-
tion. To do this, we need a slightly stronger condition on f(z, - ) near zero (see Hypothesis 4.1 (v)). The new
hypotheses on the reaction f(z, x) are the following.

Hypotheses 4.5. The conditions on the Carathéodory function f: Q x R — R are the same as in Hypothe-
ses 4.1, the only difference being that here we have [ > 2.

Proposition 4.6. If Hypotheses 4.5 (i), (iv), (v), (vi) hold, then problem (1.1) admits a nodal solution yq in
[V.., u.] 0 CH(Q).

Proof. Let u, €intC, and v, € —int C, be the two extremal constant sign solutions of (1.1) produced in
Proposition 4.4. Let e: Q x R — R be the Carathéodory function defined by

flz,vi(2)) ifx <v.(2),

e(z,x) = 1f(z,x) ifv.(z) < x < u.(2), (4.18)

flz,u.(z)) ifu.(z)<x.

We set E(z, x) = Ig e(z, s) ds, and consider the C!-functional 7: Wé’p(Q) — R defined by
1 1
T(u) = EllDu||§ + E||Du||§ - JE(Z, u)dz forallu e WyP(Q).
Q

Also, we consider the positive and negative truncations of e(z, - ), namely the Carathéodory functions
ei(z, x) = e(z, £x%).
We set E.(z, x) = j(;( e+ (z, s) ds and consider the C!-functionals 7, : Wé’p(Q) — R defined by

1 1
ra(u) = Dul + 51Dl - JEi(z, wdz forallu e WP(Q).
Q

As before (see the proof of Proposition 4.3), using (4.18), we can show that

K: c[vi,u.], K¢ <[0,u.], K¢ <|[v. 0]
The extremality of u, € int C, and v, € —int C, implies that

Krcve,us], Ke ={0,u.}, Kr ={0,v.}. (4.19)
Claim 5. u, €intC, and v, € —int C, are local minimizers of 7.

The functional 7, is coercive (see (4.18)) and sequentially weakly lower semicontinuous. So, we can find
~ Lp
u. € Wy"(Q) such that

T, (it,) = inf{r, (u) : u € WP (Q)}.

As in the proof of Proposition 4.4 (see the part of the proof after (4.17)), we have 1, (it.) < 0 = 7,(0), hence
i, # 0. Since &, € K¢, = {0, u.}, it follows that &1, = u, € int C, (see (4.19)). Note that 7|¢, = 74|c,, which
implies that u, € intC, is a local C},(ﬁ)-minimizer of 7. Hence, by Proposition 2.4, u. € intC, is a local
Wé’p (Q)-minimizer of 7. Similar arguments apply for v, € —int C,, using this time the functional 7_. This
proves Claim 5.
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We may assume that
T(Vy) < T(Uy).

The reasoning is similar if the opposite inequality holds. Also, we may assume that K; is finite. Indeed, if K
is infinite, then on account of (4.19), we see that we already have an infinity of nodal solutions, which belong
to C(l) (5) (nonlinear regularity theory). Then Claim 5 implies that we can find p € (0, 1) small such that

T(ve) < T(u,) < inf{ru) : lu —u.ll =p} =m,, lve—u.l>p (4.20)

(see the proof of [1, Proposition 29]). The functional 7(-) is coercive (see (4.18)) and so 7(-) satisfies the
C-condition (see [31]). Therefore, from (4.20), we see that we can apply Theorem 2.1 (the mountain pass
theorem). So, we can find y, € Wé’p (Q) such that

Yo € K; and m, < 1(yo). (4.21)
From (4.19), (4.20), (4.21) and the nonlinear regularity theory (see [20]), we infer that
Yo € Ve, u 1N CH(Q), Yo ¢ {vs, Ui}

Also, from [23, Corollary 6.81], we have
Ci(t,y0) # 0. (4.22)

Letf: Q x R — R be the Carathéodory function defined by

flz,w_(2)) ifx<w_(2),
f(z,%) = 1 f(z, x) ifw_(2) < x < wi(2),

flz,wy(2)) ifw,(2)<x.

We set F(t, x) = fg f(z, s) ds and consider the C!-functional ¢ : Wé’p (Q) — R defined by

1 1 ]
@) = —1Dul + SIDul3 - JF(Z, wdz forallu e WP(Q).
Q

From Proposition 3.7, we know that (recall that d; = dim H;)
Cx(9,0) = 6x,q,2 forall k € No. (4.23)

Claim 6. Ci(t,0) = 6y,q,Z for all k € No.

We consider the homotopy h(t, u) defined by
h(t,u) =1 -t)p(u)+tr(u) forall (¢, u) € [0, 1] x Wcl)’p(Q).
Suppose we can find {t;}n>1 € [0, 1] and {un}ns1 € Wé’p(Q) such that
tn — t, U, —» 0 in Wé’p(Q), h! (tn,uy) =0 foralln e N. (4.24)
From the equality in (4.24) we have
Ap(up) +A(up) = (1 - tn)Nf(u,,) + t,N:(u,) foralln e N,
which implies
—Apun(2) - Aup(z) = (1 - t)f (2, un(2)) + tne(z, un(z)) foralmostallz € Q, Unloa = 0. (4.25)
By (4.24), (4.25) and [18, Theorem 7.1] (see also [23, Corollary 8.7]), we can find c14 > 0 such that
lunlleo < c14 foralln € N. (4.26)
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Then, from (4.26) and [20, Theorem 1], we infer that there exist « € (0, 1) and c¢;5 > O such that

uy € Co*(Q), lunllcrag < c15 foralln e N.

Since Cy*(Q) is embedding compactly in C3(Q), it follows that (see (4.24))
u, — 0 in C(Q),
which implies
Up € [Vi,u,] foralln = ng,

and thus (see (4.19)) {un}n=n, < Kz, a contradiction to our hypothesis that K is finite.
So, (4.24) cannot happen and this shows that 0 € Kp,.) is isolated uniformly in ¢ € [0, 1]. Hence, the
homotopy invariance of critical groups, [12, Theorem 5.2], implies that

Cx(h(0,-),0) = Cx(h(1,-),0) forall k € N,
and thus
Cx(p,0) = Cy(1,0) forall k € Ny.

Therefore, by (4.23),
Cx(1,0) = 8k,q,Z forall k € No.

This proves Claim 6.
Since I > 2 (see Hypotheses 4.5), we have d; > 2. So, from Claim 6 and (4.22), it follows that yo # O.
Therefore, yo € [v., u.] N C3(Q) \ {0} is nodal. O

So far we have not used the asymptotic conditions at +oco (that is, Hypotheses 4.5 (ii), (iii)). Next, by using
them, we will generate two more nontrivial smooth solutions of constant sign, for a total of five nontrivial
smooth solutions all with sign information and ordered.

Theorem 4.7. If Hypotheses 4.5 hold, then problem (1.1) admits the following five nontrivial smooth solutions:
Up, it € int C,, U—1ug e Cy\{0},
Vo,V € —int C,, vo -1V e Cy\ {0},
Yo € [Vo, uo] N C(Q)  (nodal).
Proof. Propositions 4.3 and 4.6 provide the following three nontrivial smooth solutions:
Uy € [0, w,] nint C,, with (w, — up)(z) >0 forallz € Q,
Vo € [w_,0]n(-intC,), with (up-w_)(z) >O0forallz e Q,
Yo € [vo, uol N CH(Q) (nodal).

On account of Proposition 4.4, we may assume that ug and vq are extremal constant sign solutions (that is,
Ug = u, and vg = v,).
We consider the Carathéodory function y,: Q x R — R defined by

o) {f(z, Uo(z)) ifx < uo(2), (427

flz, x) ifup(2) < x,
and set ', (z, x) = jg y+(z, s) ds. We consider the C!-functional o, : Wé’p (Q) — R defined by

o.(u) = %||Du||§ + %IIDuII% - J [.(z,u)dz forallue W(l,’p(Q).
Q

Using (4.27), we can easily show that

Ko, < [uo] = {u € WoP(Q) : uo(2) < u(z) for almost all z € Q}. (4.28)
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Note that up € K, . We may assume that
Ko, N [ug, wyil = {uo}. (4.29)
Otherwise, we already have a second positive solution & > ug, it # up, i € Cé(ﬁ). Consider the following

Carathéodory function:

N {y+(z, X) ifx < w,(2), 430)

yi(z Wi (2) ifw,(2) < x.
We set f"+(z, X) = I(;( 7+(z, s) ds and consider the C'-functional 7, : Wé’p (Q) — R defined by
G.(u) = %"Duug + %IIDulI% - J [(z,uydz forallu e W, (Q).
Q

From (4.30) it is clear that G, is coercive. Also, it is sequentially weakly lower semicontinuous. So, we
can find iig € Wé’p(Q) such that

&, (ito) = inf{&, () : u e WP (Q)}. (4.31)
Using (4.30), we can show that (see also (4.28))
Ks, < [uo, wil. (4.32)
Then (4.29), (4.31) and (4.32) imply that
o =uo € [0,w,], (Wy—-up)(z)>0 forallze Q. (4.33)

From (4.30) we see that 0.|[o,w,] = 0+l[o,w,], Which, in view of (4.33), implies that u, is a local C(l)(ﬁ)-
minimizer of 0,. Hence, ug is a local Wé b (Q)-minimizer of o, (see Proposition 2.4).

Because of (4.28), we see that we may assume that Ky, is finite or otherwise we already have infinite
positive and smooth (by the nonlinear regularity theory) solutions of (1.1), all bigger than uy. Hence, we can
find small p € (0, 1) such that

04 (up) < inf{o, (u) : lu —uoll = p} = m;. (4.34)

Reasoning as in the proof of Proposition 3.3, we can establish that
o0, satisfies the C-condition. (4.35)

Note that in this case, due to (4.27), for any Cerami sequence {un}n>1 S Wé’p (Q), we have automatically that
{Unlns1 € WP (Q) is bounded.
Hypotheses 4.5 (i), (ii) imply that we can find 9 > A,,(p) and c1¢ > O such that

F(z,x) < gxp +c1¢ foralmostallz € Qandall x > 0. (4.36)

Since 11 (p) € int C,, we can find ¢ > 1 big such that tu; (p) > ug (see [22, Proposition 2.1]). Then (see (4.36)
and recall that ||it1 (p)ll, = 1)

; L P s are Eini (o2
o(tiuy(p)) < p/l1(p)+ 5 D@1 (p)l5 ’ d+ci7 = ’ [Ai(p) - 9] + 3 D@y (p)l5 + €17, (4.37)

for some c17 > 0. Since 9 > ﬁl(p) and p > 2, from (4.37), it follows that
o(tii1(p)) —» —oo ast — +oo. (4.38)

Then (4.34), (4.35) and (4.38) permit the use of Theorem 2.1 (the mountain pass theorem). So, we can find
~ 1,p
it € Wy"(Q) such that

teKs,, and mj <o (). (4.39)

From (4.27), (4.28), (4.34) and (4.39), it follows that ug < i1, it # ug, and u < int C, is a solution of (1.1).
Similarly, by working with vy € [w_, 0] n(-int C,) on the negative semiaxis as above, we produce
ve-intC,, V< vg, V# vo, asecond negative solution for problem (1.1). O
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