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Abstract
We consider a nonlinear Dirichlet problem driven by
a nonautonomous double-phase differential operator
and with a reaction consisting of a “strongly” singu-
lar term plus a concave perturbation. Using the Nehari
method, we show the existence of a bounded strictly
positive solution.
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1 INTRODUCTION

Let Ω ⊆ ℝ𝑁 be a bounded domain with a Lipschitz boundary 𝜕Ω. In this paper, we study the
following singular double-phase Dirichlet problem:

⎧⎪⎨⎪⎩
−Δ𝛼

𝑝𝑢(𝑧) − Δ𝑞𝑢(𝑧) = 𝜗(𝑧)𝑢(𝑧)−𝜂 + 𝛽(𝑧)𝑢(𝑧)𝜏−1 in Ω,

𝑢|𝜕Ω = 0, 1 < 𝜏 < 𝑞 < 𝑝 < 𝑁, 1 < 𝜂, 𝑢 > 0.
(1)
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For 𝛼 ∈ 𝐿∞(Ω) ⧵ {0} with 𝛼(𝑧) ⩾ 0 for a.a. 𝑧 ∈ Ω and for 𝑟 ∈ (1,∞), we denote by Δ𝛼
𝑟 the

weighted 𝑟-Laplace differential operator defined by

Δ𝛼
𝑟 𝑢 = div

(
𝛼(𝑧)|𝐷𝑢|𝑟−2𝐷𝑢).

Note that when 𝛼(𝑧) ≡ 1 for all 𝑧 ∈ Ω, then we have the standard 𝑟-Laplace differential operator
denoted by Δ𝑟.
The interest in the study of this type of problem is twofold. On the one hand, there are physical

motivations, since the double-phase operator has been applied to describe steady-state solutions
of reaction–diffusion problems in biophysics, plasma physics, and chemical reaction analysis. The
prototype equation for these models can be written in the form

𝑢𝑡 = Δ𝑎
𝑝𝑢(𝑧) + Δ𝑞𝑢 + g(𝑥, 𝑢).

In this framework, the function𝑢 generally stands for a concentration, and the termΔ𝑎
𝑝𝑢(𝑧) + Δ𝑞𝑢

corresponds to the diffusion with coefficient 𝑎(𝑧)|𝐷𝑢|𝑝−2 + |𝐷𝑢|𝑞−2, whereas g(𝑥, 𝑢) represents
the reaction term related to source and loss processes; see Cherfils–Il’yasov [5] and Singer [21]. On
the other hand, such operators provide a valuable framework for explaining the behavior of highly
anisotropicmaterialswhose hardening properties, which are linked to the exponent governing the
propagation of the gradient variable, differ considerably with the point, where the modulating
coefficient 𝑎(𝑧) dictates the geometry of a composite made by two different materials.
In problem (1), the equation is driven by the sumof two such operatorswith different exponents.

So, the differential operator (left-hand side) of problem (1) is not homogeneous. In the operator
Δ𝛼
𝑝, we do not assume that the weight function 𝛼(⋅) is bounded away from zero, that is, we do not

have that ess infΩ 𝛼 > 0. So, the integrand

𝜇(𝑧, 𝑥) = 𝛼(𝑧)𝑥𝑝 + 𝑥𝑞 for all 𝑧 ∈ Ω and for all 𝑥 ⩾ 0

associatedwith the energy functional of the differential operator, exhibits unbalanced growthwith
respect to the 𝑥-variable, namely, we have

𝑥𝑞 ⩽ 𝜇(𝑧, 𝑥) ⩽ 𝑐0[1 + 𝑥𝑝] for 𝑎.𝑎. 𝑧 ∈ Ω, all 𝑥 ⩾ 0, some 𝑐0 > 0.

Such integral functionals arise in the context of problems of mathematical physics (elasticity
theory, fluid dynamics) and of the calculus of variations and were first investigated by Zhikov [24]
and Marcellini [10, 11]. Recently, the interest for such functionals was revived with emphasis on
the regularity properties of minimizers. We refer to the works of Baroni–Colombo–Mingione [1]
andMarcellini [12, 13] and the references therein.We alsomention the survey papers ofMingione–
Rădulescu [14], Papageorgiou [15], and Rădulescu [20].
The double-phase problem (1) is motivated by numerous models arising in mathematical

physics. For instance, we can refer to the following Born–Infeld equation [2] that appears in
electromagnetism:

−div

(
∇𝑢

(1 − 2|∇𝑢|2)1∕2
)

= ℎ(𝑢) in Ω.
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Indeed, by the Taylor formula, we have

(1 − 𝑥)−1∕2 = 1 +
𝑥

2
+

3

2 ⋅ 22
𝑥2 +

5!!

3! ⋅ 23
𝑥3 +⋯ +

(2𝑛 − 3)!!

(𝑛 − 1)!2𝑛−1
𝑥𝑛−1 +⋯ for‖𝑥| < 1.

Taking 𝑥 = 2|∇𝑢|2 and adopting the first-order approximation, we obtain problem (1) for 𝑝 =

4 and 𝑞 = 2. Furthermore, the 𝑛th-order approximation problem is driven by the multiphase
differential operator

−Δ𝑢 − Δ4𝑢 −
3

2
Δ6𝑢 −⋯ −

(2𝑛 − 3)!!

(𝑛 − 1)!
Δ2𝑛𝑢.

We also refer to the following fourth-order relativistic operator:

𝑢 ↦ div

( |∇𝑢|2
(1 − |∇𝑢|4)3∕4 ∇𝑢

)
,

which describes large classes of phenomena arising in relativistic quantummechanics. Again, by
Taylor’s formula, we have

𝑥2(1 − 𝑥4)−3∕4 = 𝑥2 +
3𝑥6

4
+
21𝑥10

32
+⋯ .

This shows that the fourth-order relativistic operator can be approximated by the following
autonomous double-phase operator:

𝑢 ↦ Δ4𝑢 +
3

4
Δ8𝑢.

In the reaction (right-hand side) of (1), we have the combined effects of two terms of different
nature. One term is the singular function 𝑢 ↦ 𝜗(𝑧)𝑢−𝜂 and the other term is the (𝑞 − 1)-sublinear
perturbation 𝑢 ↦ 𝛽(𝑧)𝑢𝜏−1(1 < 𝜏 < 𝑞). The singular term has two special features, which distin-
guish our work here from earlier ones on the subject. The first special feature is that the exponent
𝜂 > 1. This means that the problem has a “strong” singularity. Such problems aremore difficult to
deal with compared to the so-called “weakly” singular problems in which 0 < 𝜂 < 1 and lead to
regular solutions. In the context of purely singular equations (i.e., there is no perturbation term)
driven by the Laplacian, Lazer–McKenna [9] proved that, if 𝜗 ∈ 𝛼(Ω̄), 0 < 𝛼 < 1, 𝜗(𝑧) > 0 for
all 𝑧 ∈ Ω̄ and 1 < 𝜂, then the problem −Δ𝑢(𝑧) = 𝜗(𝑧)𝑢(𝑧)−𝜂 in Ω, 𝑢|𝜕Ω = 0 has a unique solu-
tion that is not in 1

0
(Ω̄) and it belongs to 𝐻1

0
(Ω) if and only if 𝜂 < 3. So, for strongly singular

problems, even in the semilinear case, we do not have regularity of the solutions and this leads
to substantial difficulties in the analysis of the problem. The second special feature of the sin-
gular term is that the coefficient function 𝜗(⋅) need not be bounded. We have 𝜗 ∈ 𝐿1(Ω) and
𝜗(𝑧) > 0 for a.a. 𝑧 ∈ Ω. In the perturbation term 𝑢 ↦ 𝛽(𝑧)𝑢𝜏−1, we have 𝛽 ∈ 𝐿∞(Ω), 𝛽(𝑧) ⩾ 0 for
a.a. 𝑧 ∈ Ω and 1 < 𝜏 < 𝑞. So, the perturbation is strictly (𝑞 − 1)-sublinear as 𝑥 → +∞ (concave
perturbation). Such strongly singular elliptic boundary value problems were studied by Sun [22]
(semilinear problems driven by the Laplace differential operator) and by Sun–Tan [23] (semilinear
Kirchhoff-type equations). Strongly singular double-phase equations with a (𝑝 − 1)-superlinear
perturbation were studied recently by Papageorgiou–Rădulescu–Zhang [17]. No works exist with
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a (𝑝 − 1)-linear perturbation. The recent work of Papageorgiou–Pudełko–Rădulescu [16] can be
helpful in this direction.
Using an approach based on the Nehari method (see Brown–Wu [3] and Brown–Zhang [4]), we

show that problem (1) admits a bounded positive solution 𝑢̂(𝑧) > 0 for a.a. 𝑧 ∈ Ω.

2 MATHEMATICAL BACKGROUND ANDHYPOTHESES

The unbalanced growth of the integrand 𝜇(𝑧, ⋅) implies that the standard Sobolev spaces
are not enough to study (1) and we need to consider generalized Orlicz–Sobolev spaces.
A comprehensive presentation of the theory of these spaces can be found in the book of
Harjulehto–Hästö [7].
Let 𝐿0(Ω) be the space of all measurable functions 𝑢 ∶ Ω → ℝ. As usual, we identify two such

functions that differ on a Lebesgue-null set. Let 𝛼 ∈ 0,1(Ω̄) ⧵ {0} with 𝛼(𝑧) ⩾ 0 for a.a. 𝑧 ∈ Ω,
1 < 𝑞 < 𝑝 < 𝑁 and 𝑝

𝑞
< 1 + 1

𝑁
. The last inequality is standard in Dirichlet, unbalanced double-

phase problems and says that the exponents 𝑝, 𝑞 cannot be far apart and 𝑝 < 𝑞∗ =
𝑁𝑞

𝑁−𝑞
that leads

to useful embeddings of the relevant spaces. With 𝜇(𝑧, 𝑥) = 𝛼(𝑧)𝑥𝑝 + 𝑥𝑞 for all (𝑧, 𝑥) ∈ Ω × ℝ+,
the generalized Orlicz space 𝐿𝜇(Ω) is defined by

𝐿𝜇(Ω) =
{
𝑢 ∈ 𝐿0(Ω) ∶ 𝜌𝜇(𝑢) < ∞

}
,

with 𝜌𝜇(⋅) being the modular function

𝜌𝜇(𝑢) = ∫Ω 𝜇(𝑧, |𝑢|)d𝑧 = ∫Ω[𝛼(𝑧)|𝑢|𝑝 + |𝑢|𝑞]d𝑧.
The functional is continuous, convex, and so, it is also weakly lower semicontinuous. We equip

𝐿𝜇(Ω) with the so-called Luxemburg norm

‖𝑢‖𝜇 = inf
{
𝜆 > 0 ∶ 𝜌𝜇

(
𝑢

𝜆

)
⩽ 1

}
.

Then, 𝐿𝜇(Ω) becomes a separable and uniformly convex Banach space (in particular, then
𝐿𝜇(Ω) is reflexive by the Milman–Pettis theorem, see Papageorgiou–Winkert [19], p. 225).
Next, we can define the generalized Orlicz–Sobolev space𝑊1,𝜇(Ω) by setting

𝑊1,𝜇(Ω) = {𝑢 ∈ 𝐿𝜇(Ω) ∶ |𝐷𝑢| ∈ 𝐿𝜇(Ω)}

where 𝐷𝑢 denotes the weak gradient of 𝑢. We equip this space with the following norm:

‖𝑢‖1,𝜇 = ‖𝑢‖𝜇 + ‖𝐷𝑢‖𝜇,
with ‖𝐷𝑢‖𝜇 = ‖|𝐷𝑢|‖𝜇.

Also, we set 𝑊
1,𝜇
0

(Ω) = ∞
𝑐 (Ω)

‖⋅‖1,𝜇
.
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For this space the Poincare inequality holds (see [7, p. 138]), and so on,𝑊1,𝜇
0

(Ω), we can consider
the following equivalent norm:

‖𝑢‖ = ‖𝐷𝑢‖𝜇 for all 𝑢 ∈ 𝑊
1,𝜇
0

(Ω).

Both spaces𝑊1,𝜇(Ω) and𝑊1,𝜇
0

(Ω) are separable and uniformly convex (thus reflexive).
Moreover, the following embedding results hold.

Proposition 1.

(a) The embeddings 𝐿𝜇(Ω) ↪ 𝐿𝑠(Ω),𝑊1,𝜇
0

(Ω) ↪ 𝑊1,𝑠
0
(Ω) are continuous for all 𝑠 ∈ [1, 𝑞].

(b) The embedding𝑊1,𝜇
0

(Ω) ↪ 𝐿𝑠(Ω) is continuous if 𝑠 ∈ [1, 𝑞∗] and compact if 𝑠 ∈ [1, 𝑞∗).
(c) The embedding 𝐿𝑝(Ω) ↪ 𝐿𝜇(Ω) is continuous.

There is a close relation between the norm ‖ ⋅ ‖ and the modular function 𝜌𝜇(⋅). Let 𝑢 ∈

𝑊
1,𝜇
0

(Ω). Then:

Proposition 2.

(a) ‖𝑢‖ = 𝑡 ⇔ 𝜌𝜇(
𝐷𝑢

𝑡
) = 1;

(b) ‖𝑢‖ < 1 (𝑟𝑒𝑠𝑝. = 1, > 1) ⇔ 𝜌𝜇(𝐷𝑢) < 1 (𝑟𝑒𝑠𝑝. = 1, > 1);

(c) ‖𝑢‖ < 1 ⇒ ‖𝑢‖𝑝 ⩽ 𝜌𝜇(𝐷𝑢) ⩽ ‖𝑢‖𝑞;
(d) ‖𝑢‖ > 1 ⇒ ‖𝑢‖𝑞 ⩽ 𝜌𝜇(𝐷𝑢) ⩽ ‖𝑢‖𝑝;
(e) ‖𝑢‖→ 0 (𝑟𝑒𝑠𝑝. → ∞) ⇔ 𝜌𝜇(𝐷𝑢) → 0 (𝑟𝑒𝑠𝑝. → ∞).

We will also use another modular function 𝜌𝛼(⋅) defined by

𝜌𝛼(𝐷𝑢) = ∫Ω 𝛼(𝑧)|𝐷𝑢|𝑝d𝑧.
This too is continuous convex on𝑊1,𝜇

0
(Ω), hence weakly lower semicontinuous.

Let 𝐴𝛼
𝑝, 𝐴𝑞 ∶ 𝑊

1,𝜇
0

(Ω) → (𝑊
1,𝜇
0

(Ω))∗ be the nonlinear operators defined by

⟨𝐴𝛼
𝑝(𝑢), ℎ⟩ = ∫Ω 𝛼(𝑧)|𝐷𝑢|𝑝−2(𝐷𝑢, 𝐷ℎ)ℝ𝑁d𝑧,

⟨𝐴𝑞(𝑢), ℎ⟩ = ∫Ω |𝐷𝑢|𝑞−2(𝐷𝑢, 𝐷ℎ)ℝ𝑁d𝑧 for all 𝑢, ℎ ∈ 𝑊
1,𝜇
0

(Ω).

These are bounded, continuous, and strictlymonotone (thusmaximalmonotone too) operators.
We set𝑉(𝑢) = 𝐴𝛼

𝑝(𝑢) + 𝐴𝑞(𝑢) for all 𝑢 ∈ 𝑊
1,𝜇
0

(Ω). Evidently,𝑉(⋅) is bounded, continuous, strictly
monotone (thusmaximal monotone too). If 𝜌̂(𝑢) = 1

𝑝
𝜌𝛼(𝐷𝑢) +

1

𝑞
‖𝐷𝑢‖𝑞𝑞 for all 𝑢 ∈ 𝑊

1,𝜇
0

(Ω), then⟨𝜌̂′(𝑢), ℎ⟩ = ⟨𝑉(𝑢), ℎ⟩ for all 𝑢, ℎ ∈ 𝑊
1,𝜇
0

(Ω).
Our hypotheses on the data of problem (1) are the following:

𝐻:
(i) 𝛼 ∈ 0,1(Ω̄) ⧵ {0}, 𝛼(𝑧) ⩾ 0 for all 𝑧 ∈ Ω̄, 1 < 𝜏 < 𝑞 < 𝑝 < 𝑁, 𝑝

𝑞
< 1 + 1

𝑁
;
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(ii) 𝜗 ∈ 𝐿1(Ω), 𝜗(𝑧) > 0 for a.a. 𝑧 ∈ Ω and there exists 𝑢̄ ∈ 𝑊
1,𝜇
0

(Ω) such that
∫Ω 𝜗(𝑧)|𝑢̄|1−𝜂d𝑧 < ∞;

(iii) 𝛽 ∈ 𝐿∞(Ω) ⧵ {0}, 𝛽(𝑧) ⩾ 0 for a.a. 𝑧 ∈ Ω.

3 POSITIVE SOLUTIONS

As we already mentioned in the Introduction, our approach is based on the Nehari method. So,
we introduce the following two sets:

 =

{
𝑢 ∈ 𝑊

1,𝜇
0

(Ω) ∶ 𝜌𝜇(𝐷𝑢) = ∫Ω 𝜗(𝑧)|𝑢|1−𝜂d𝑧 + ∫Ω 𝛽(𝑧)|𝑢|𝜏d𝑧},

 =

{
𝑢 ∈ 𝑊

1,𝜇
0

(Ω) ∶ 𝜌𝜇(𝐷𝑢) ⩾ ∫Ω 𝜗(𝑧)|𝑢|1−𝜂d𝑧 + ∫Ω 𝛽(𝑧)|𝑢|𝜏d𝑧}.

Note that is the Nehari manifold for the problem and ⊆ . Moreover, let 𝜑 ∶ 𝑊
1,𝜇
0

(Ω) →

ℝ be the 1-functional defined by

𝜑(𝑢) =
1

𝑝
𝜌𝛼(𝐷𝑢) +

1

𝑞
‖𝐷𝑢‖𝑞𝑞 + 1

𝜂 − 1 ∫Ω 𝜗(𝑧)|𝑢|1−𝜂d𝑧 − 1

𝜏 ∫Ω 𝛽(𝑧)|𝑢|𝜏d𝑧,
for all 𝑢 ∈ 𝑊

1,𝜇
0

(Ω).

Proposition 3. If hypotheses𝐻 hold and 𝑢 ∈ 𝑊
1,𝜇
0

(Ω) satisfies

∫Ω 𝜗(𝑧)|𝑢|1−𝜂d𝑧 < ∞,

then there exists a unique 𝑡0 > 0 such that

𝑡0𝑢 ∈  , 𝑡𝑢 ∈  for all 𝑡 ⩾ 𝑡0,

𝜑(𝑡0𝑢) ⩽ 𝜑(𝑡𝑢) for all 𝑡 ⩾ 0.

Proof. We consider the fibering function 𝑘𝑢(⋅) corresponding to 𝑢 defined by

𝑘𝑢(𝑡) =
𝑡𝑝

𝑝
𝜌𝛼(𝐷𝑢) +

𝑡𝑞

𝑞
‖𝐷𝑢‖𝑞𝑞 + 𝑡1−𝜂

𝜂 − 1 ∫Ω 𝜗(𝑧)|𝑢|1−𝜂d𝑧 − 𝑡𝜏

𝜏 ∫Ω 𝛽(𝑧)|𝑢|𝜏d𝑧
for all 𝑡 > 0.

Since 1 < 𝜏 < 𝑞 < 𝑝 and 1 < 𝜂, we see that

𝑘𝑢(𝑡) → +∞ as 𝑡 → 0+ and as 𝑡 → +∞.
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So, we can find 𝑡0 > 0 such that

𝑘𝑢(𝑡0) = min
𝑡>0

𝑘𝑢(𝑡). (2)

Clearly, 𝑘𝑢 ∈ 1(0,∞), and so, we have

𝑘′𝑢(𝑡0) = 0,

⇒ 𝑡
𝑝−1
0

𝜌𝛼(𝐷𝑢) + 𝑡
𝑞−1
0

‖𝐷𝑢‖𝑞𝑞 − 𝑡
−𝜂
0 ∫Ω 𝜗(𝑧)|𝑢|1−𝜂d𝑧 − 𝑡𝜏−10 ∫Ω 𝛽(𝑧)|𝑢|𝜏d𝑧 = 0

⇒ 𝑡0𝑢 ∈  .

Note that if 𝑘′𝑢(𝑡) = 0, then

𝑡𝑝−𝜏𝜌𝛼(𝐷𝑢) + 𝑡𝑞−𝜏‖𝐷𝑢‖𝑞𝑞 − 1

𝑡𝜂+𝜏−1 ∫Ω 𝜗(𝑧)|𝑢|1−𝜂d𝑧 = ∫Ω 𝛽(𝑧)|𝑢|𝜏d𝑧.
In this equation, the left-hand side is strictly increasing as a function of 𝑡 > 0, whereas the right-

hand side is independent of 𝑡 > 0 (constant). So, it follows that 𝑡0 > 0must be unique. Moreover,
we have 𝑡𝑢 ∈  for all 𝑡 ⩾ 𝑡0. Finally, from (2), we infer that

𝜑(𝑡0𝑢) ⩽ 𝜑(𝑡𝑢)

for all 𝑡 ⩾ 0. □

Next, we show that the set  is bounded away from the origin (hence so does the Nehari
manifold since ⊆ ).

Proposition 4. If hypotheses𝐻 hold, then there exists 𝜌 > 0 such that ‖𝑢‖ ⩾ 𝜌 for all 𝑢 ∈ .

Proof. We argue by contradiction. So, suppose that we can find {𝑢𝑛}𝑛∈ℕ ⊆  such that

𝑢𝑛 → 0 in 𝑊
1,𝜇
0

(Ω). (3)

Since 𝜂 > 1, we have 𝐿1(Ω) ↪ 𝐿1∕𝜂(Ω) continuously (see Hewitt–Stromberg [8, p. 196]).
Therefore, 𝜗(⋅)1∕𝜂 ∈ 𝐿𝜂(Ω) and for the conjugate exponent of 1

𝜂
∈ (0, 1), we have

(
1

𝜂

)′

=

1

𝜂

1

𝜂
− 1

=
1

1 − 𝜂
< 0. (4)

ApplyingHölder’s inequality for Lebesgue spaceswith exponent in (0,1) (seeHewitt–Stromberg
[8, p. 191]), we have [

∫Ω 𝜗(𝑧)1∕𝜂d𝑧

]𝜂[
∫Ω |𝑢𝑛|d𝑧

]
1−𝜂 ⩽ ∫Ω 𝜗(𝑧)|𝑢𝑛|1−𝜂d𝑧 (5)

for all 𝑛 ∈ ℕ (see (4)).
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Since 𝑢𝑛 ∈ , for all 𝑛 ∈ ℕ, we have

∫Ω 𝜗(𝑧)|𝑢𝑛|1−𝜂d𝑧 ⩽ 𝜌𝜇(𝐷𝑢𝑛) − ∫Ω 𝛽(𝑧)|𝑢𝑛|𝜏d𝑧 for all 𝑛 ∈ ℕ,

⇒ ∫Ω 𝜗(𝑧)|𝑢𝑛|1−𝜂d𝑧 → 0 as 𝑛 → ∞ (see (3)),

⇒

(
∫Ω |𝑢𝑛|d𝑧

)1−𝜂

→ 0 as 𝑛 → ∞ (see (5)). (6)

Since 𝜂 > 1, from (6), we infer that

∫Ω |𝑢𝑛|d𝑧 → +∞ as 𝑛 → ∞. (7)

Moreover, by virtue of Proposition 1, we know that𝑊1,𝜇
0

(Ω) ↪ 𝐿1(Ω) continuously, and from
(3), we have

∫Ω |𝑢𝑛|d𝑧 → 0 as 𝑛 → ∞. (8)

Comparing (7) and (8), we have a contradiction. This proves that there exists 𝜌 > 0 such that‖𝑢‖ ⩾ 𝜌 for all 𝑢 ∈ . □

Proposition 5. If hypotheses𝐻 hold, then 𝜑(⋅) is coercive.

Proof. Let 𝑢 ∈ 𝑊
1,𝜇
0

(Ω) and without any loss of generality, we may assume that ‖𝑢‖ > 1. We have

𝜑(𝑢) =
1

𝑝
𝜌𝛼(𝐷𝑢) +

1

𝑞
‖𝐷𝑢‖𝑞𝑞 + 1

𝜂 − 1 ∫Ω 𝜗(𝑧)|𝑢|1−𝜂d𝑧 − 1

𝜏 ∫Ω 𝛽(𝑧)|𝑢|𝜏d𝑧
⩾

1

𝑝
𝜌𝜇(𝐷𝑢) −

1

𝜏 ∫Ω 𝛽(𝑧)|𝑢|𝜏d𝑧
⩾

1

𝑝
‖𝑢‖𝑝 − 𝑐1‖𝑢‖𝜏 for some 𝑐1 > 0. (see Propositions 1 and 2). (9)

Since 1 < 𝜏 < 𝑞 < 𝑝, from (9), it follows that 𝜑(⋅) is coercive. □

We consider the following minimization problem:

𝑚̂ = inf [𝜑(𝑢) ∶ 𝑢 ∈ ].

Proposition 6. If hypotheses 𝐻 hold, then there exists 𝑢̂ ∈  ∩ 𝐿∞(Ω) such that 𝜑(𝑢) = 𝑚̂ and
𝑢̂(𝑧) > 0 for a.a. 𝑧 ∈ Ω.
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Proof. By the Ekeland variational principle (see Papageorgiou–Winkert [19, p. 564]), we can find
{𝑢𝑛}𝑛∈ℕ ⊆  such that

𝜑(𝑢𝑛) ↓ 𝑚̂ and 𝜑(𝑢𝑛) ⩽ 𝜑(𝑦) +
1

𝑛
‖𝑦 − 𝑢𝑛‖ for all 𝑦 ∈ , all 𝑛 ∈ ℕ. (10)

On account of Proposition 5, we have that {𝑢𝑛}𝑛∈ℕ ⊂ 𝑊
1,𝜇
0

(Ω) is bounded. So, using Proposi-
tion 1, we may assume that

𝑢𝑛
𝑤
RR→ 𝑢̂ in 𝑊

1,𝜇
0

(Ω), 𝑢𝑛 → 𝑢̂ in 𝐿𝜏(Ω). (11)

We will show that

𝑢𝑛 → 𝑢̂ in 𝑊
1,𝜇
0

(Ω). (12)

If (12) is not true, then at least one of the following strict inequalities holds:

𝜌𝛼(𝐷𝑢̂) < lim inf
𝑛→∞

𝜌𝛼(𝐷𝑢𝑛), ‖𝐷𝑢̂‖𝑞𝑞 < lim inf
𝑛→∞

‖𝐷𝑢𝑛‖𝑞𝑞. (13)

Since 𝑢𝑛 ∈  for all 𝑛 ∈ ℕ, we have

∫Ω 𝜗(𝑧)|𝑢𝑛|1−𝜂d𝑧 ⩽ 𝜌𝜇(𝐷𝑢𝑛) − ∫Ω 𝛽(𝑧)|𝑢𝑛|𝜏d𝑧 ⩽ 𝑐2

for some 𝑐2 > 0 and for all 𝑛 ∈ ℕ (see (11)).

Then from (11) and Fatou’s lemma, we obtain

∫Ω 𝜗(𝑧)|𝑢̂|1−𝜂d𝑧 ⩽ 𝑐2,

⇒ |𝑢̂(𝑧)| > 0 for a.a. 𝑧 ∈ Ω (recall 1 < 𝜂).

Note that

𝑚̂ = lim
𝑛→∞

𝜑(𝑢𝑛) (see (10))

= lim inf
𝑛→∞

[
1

𝑝
𝜌𝛼(𝐷𝑢𝑛) +

1

𝑞
‖𝐷𝑢𝑛‖𝑞𝑞 + 1

𝜂 − 1 ∫Ω 𝜗(𝑧)|𝑢𝑛|1−𝜂d𝑧 − 1

𝜏 ∫Ω 𝛽(𝑧)|𝑢𝑛|𝜏d𝑧]
>
1

𝑝
𝜌𝛼(𝐷𝑢̂) +

1

𝑞
‖𝐷𝑢̂‖𝑞𝑞 + 1

𝜂 − 1 ∫Ω 𝜗(𝑧)|𝑢̂|1−𝜂d𝑧 − 1

𝜏 ∫Ω 𝛽(𝑧)|𝑢̂|𝜏d𝑧
(using Fatou′s lemma and (11), (13))

=𝜑(𝑢̂)

⩾𝜑(𝑡0𝑢̂) where 𝑡0 > 0 is such that 𝑡0𝑢̂ ∈  (see Proposition 3)

⩾ inf 𝜑 ⩾ inf 𝜑 = 𝑚̂ (recall ⊆ ), (14)
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which is a contradiction. Therefore, (12) is true and it implies that

𝜌𝜇(𝐷𝑢𝑛) → 𝜌𝜇(𝐷𝑢̂),∫Ω 𝛽(𝑧)|𝑢𝑛|𝜏d𝑧 → ∫Ω 𝛽(𝑧)|𝑢̂|𝜏d𝑧. (15)

Next, let us prove that 𝑢̂ ∈  . We distinguish two cases.
Case 1: {𝑢𝑛}𝑛⩾𝑛0 ⊆  ⧵ with 𝑛0 ∈ ℕ.
Note that 𝜑(𝑢) = 𝜑(|𝑢|) for all 𝑢 ∈ 𝑊

1,𝜇
0

(Ω), and so, we may assume that 𝑢𝑛 ⩾ 0 for all 𝑛 ⩾ 𝑛0.
Since 𝑢𝑛 ∈  ⧵ , for all ℎ ∈ 𝑊

1,𝜇
0

(Ω) with ℎ ⩾ 0 and all 𝑡 > 0, we have

∫Ω 𝜗(𝑧)[𝑢𝑛 + 𝑡ℎ]1−𝜂d𝑧

⩽∫Ω 𝜗(𝑧)𝑢
1−𝜂
𝑛 d𝑧 < 𝜌𝜇(𝐷𝑢𝑛) − ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧 for all 𝑛 ∈ ℕ.

Hence, for 𝑡 ∈ (0, 1) small, we have

∫Ω 𝜗(𝑧)[𝑢𝑛 + 𝑡ℎ]1−𝜂d𝑧 ⩽ 𝜌𝜇(𝐷(𝑢𝑛 + 𝑡ℎ)) − ∫Ω 𝛽(𝑧)[𝑢𝑛 + 𝑡ℎ]𝜏d𝑧,

⇒ 𝑢𝑛 + 𝑡ℎ ∈  for 𝑡 ∈ (0, 1) small.

So, if in (10), we choose 𝑦 = 𝑢𝑛 + 𝑡ℎ ∈ , we obtain

1

1 − 𝜂 ∫Ω 𝜗(𝑧)
[
(𝑢𝑛 + 𝑡ℎ)1−𝜂 − 𝑢

1−𝜂
𝑛

]
d𝑧

⩽ 𝜌̂(𝑢𝑛 + 𝑡ℎ) − 𝜌̂(𝑢𝑛) −
1

𝜏 ∫Ω 𝛽(𝑧)
[
(𝑢𝑛 + 𝑡ℎ)𝜏 − 𝑢𝜏𝑛

]
d𝑧 +

𝑡

𝑛
‖ℎ‖

for all 𝑛 ∈ ℕ, for 𝑡 ∈ (0, 1) small.

Dividing by 𝑡 > 0 and letting 𝑡 → 0+, by Fatou’s lemma, we have

∫Ω 𝜗(𝑧)𝑢
−𝜂
𝑛 ℎd𝑧

= ∫Ω 𝜗(𝑧) lim
𝑡→0+

(
(𝑢𝑛 + th)1−𝜂 − 𝑢

1−𝜂
𝑛

𝑡(1 − 𝜂)

)
d𝑧

⩽ 𝑙
𝑡→0+

∫Ω 𝜗(𝑧)

(
(𝑢𝑛 + th)1−𝜂 − 𝑢

1−𝜂
𝑛

𝑡(1 − 𝜂)

)
d𝑧

⩽ ⟨𝑉(𝑢𝑛), ℎ⟩ − ∫Ω 𝛽(𝑧)𝑢𝜏−1𝑛 ℎd𝑧

for all 𝑛 ∈ ℕand for all ℎ ∈ 𝑊
1,𝜇
0

(Ω) with ℎ ≥ 0.

We pass to the limit as 𝑛 → ∞ and use (12) and Fatou’s lemma. We obtain

∫Ω 𝜗(𝑧)𝑢̂−𝜂ℎd𝑧 ⩽ ⟨𝑉(𝑢̂), ℎ⟩ − ∫Ω 𝛽(𝑧)𝑢̂𝜏−1ℎd𝑧

for all ℎ ∈ 𝑊
1,𝜇
0

(Ω) with ℎ ⩾ 0.
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Choosing ℎ = 𝑢̂ ∈ 𝑊
1,𝜇
0

(Ω), 𝑢̂ ⩾ 0, we obtain

∫Ω 𝜗(𝑧)𝑢̂1−𝜂d𝑧 ⩽ 𝜌𝜇(𝐷𝑢̂) − ∫Ω 𝛽(𝑧)𝑢̂𝜏d𝑧,

⇒ 𝑢̂ ∈ .

From (14), we have

𝑚̂ = 𝜑(𝑢̂) = 𝜑(𝑡0𝑢̂)

⇒ 𝑡0 = 1 and so 𝑢̂ ∈  .

Case 2: At least for a subsequence, we have {𝑢𝑛}𝑛∈ℕ ⊆  .
For 𝑡 > 0 and ℎ ∈ 𝑊

1,𝜇
0

(Ω), ℎ ⩾ 0, we have

∫Ω 𝜗(𝑧)(𝑢𝑛 + 𝑡ℎ)1−𝜂d𝑧

⩽∫Ω 𝜗(𝑧)𝑢
1−𝜂
𝑛 d𝑧 (recall 𝜂 > 1)

= 𝜌𝜇(𝐷𝑢𝑛) − ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧 (since 𝑢𝑛 ∈  )

⩽ 𝑐3 for some 𝑐3 > 0 and for all 𝑛 ∈ ℕ.

Proposition 3 implies that there exists a unique 𝜇̂𝑛(𝑡) > 0 such that

𝜇̂𝑛(𝑡)[𝑢𝑛 + 𝑡ℎ] ∈  . (16)

From the definition of the Nehari manifold and using the Lebesgue dominated convergence
theorem, we have that

𝜇̂𝑛(⋅) is continuous. (17)

Moreover, since by hypothesis 𝑢𝑛 ∈  for all 𝑛 ∈ ℕ, we see that

𝜇̂𝑛(0) = 1 for all 𝑛 ∈ ℕ. (18)

Since 𝜇̂𝑛(𝑡)[𝑢𝑛 + 𝑡ℎ] ∈  (see (16)), from the definition of the Nehari manifold, we have

0 = 𝜇̂𝑛(𝑡)
𝑝𝜌𝛼(𝐷(𝑢𝑛 + 𝑡ℎ)) + 𝜇̂𝑛(𝑡)

𝑞‖𝐷(𝑢𝑛 + 𝑡ℎ)‖𝑞𝑞
− 𝜇̂𝑛(𝑡)

1−𝜂 ∫Ω 𝜗(𝑧)[𝑢𝑛 + 𝑡ℎ]1−𝜂d𝑧 − 𝜇̂𝑛(𝑡)
𝜏 ∫Ω 𝛽(𝑧)(𝑢𝑛 + 𝑡ℎ)𝜏d𝑧 (19)
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In addition, since 𝑢𝑛 ∈  for all 𝑛 ∈ ℕ, we have

0 = 𝜌𝜇(𝐷𝑢𝑛) − ∫Ω 𝜗(𝑧)𝑢
1−𝜂
𝑛 d𝑧 − ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧. (20)

From (19) and (20), and since 𝜇̂𝑛(0) = 1 for all 𝑛 ∈ ℕ (see (18)) and 𝜇̂𝑛(⋅) is continuous for all
𝑛 ∈ ℕ (see (17)), we have that

0 ⩾
[
𝑝(1 + 𝑜(1))𝑝−1𝜌𝛼(𝐷(𝑢𝑛 + 𝑡ℎ)) + 𝑞(1 + 𝑜(1))𝑞−1‖𝐷(𝑢𝑛 + 𝑡ℎ)‖𝑞𝑞
− (1 − 𝜂)(1 + 𝑜(1))−𝜂 ∫Ω 𝜗(𝑧)(𝑢𝑛 + 𝑡ℎ)1−𝜂d𝑧

− 𝜏(1 + 𝑜(1))𝜏−1 ∫Ω 𝛽(𝑧)(𝑢𝑛 + 𝑡ℎ)𝜏d𝑧

]
(𝜇̂𝑛(𝑡) − 1)

+ 𝜌̂(𝑢𝑛 + 𝑡ℎ) − 𝜌̂(𝑢𝑛)

− ∫Ω 𝜗(𝑧)
[
(𝑢𝑛 + 𝑡ℎ)1−𝜂 − 𝑢

1−𝜂
𝑛

]
d𝑧 − ∫Ω 𝛽(𝑧)

[
(𝑢𝑛 + 𝑡ℎ)𝜏 − 𝑢𝜏𝑛

]
d𝑧 (21)

with 𝑜(1) → 0 as 𝑡 → 0+.

In what follows we set

𝛾∗𝑛 = lim
𝑡→0+

𝜇𝑛(𝑡)−1

𝑡
∈ ℝ ∪ {±∞},

if this limit exists and if it does not exist, we simply take a sequence 𝑡𝑚 → 0+ and define

𝛾∗𝑛 = lim
𝑚→∞

𝜇̂𝑛(𝑡𝑚) − 1

𝑡𝑚
∈ ℝ ∪ {±∞}.

So, if we divide (21) by 𝑡 > 0 and let 𝑡 → 0+, then we obtain

0 ⩾

[
𝑝𝜌𝛼(𝐷𝑢𝑛) + 𝑞‖𝐷𝑢𝑛‖𝑞𝑞 + (𝜂 − 1)∫Ω 𝜗(𝑧)𝑢

1−𝜂
𝑛 d𝑧 − 𝜏 ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧

]
𝛾∗𝑛

+ ⟨𝑉(𝑢𝑛), ℎ⟩ − 𝜏 ∫Ω 𝛽(𝑧)𝑢𝜏−1𝑛 ℎd𝑧 (since 1 < 𝜂). (22)

Note that

𝑝𝜌𝛼(𝐷𝑢𝑛) + 𝑞‖𝐷𝑢𝑛‖𝑞𝑞
⩾ 𝑞

[
𝜌𝛼(𝐷𝑢𝑛) + ‖𝐷𝑢𝑛‖𝑞𝑞]

= 𝑞𝜌𝜇(𝐷𝑢𝑛)

= 𝑞

[
∫Ω 𝜗(𝑧)𝑢

1−𝜂
𝑛 d𝑧 + ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧

]
for all 𝑛 ∈ ℕ. (23)
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Also since {𝑢𝑛}𝑛∈ℕ ⊆ 𝑊
1,𝜇
0

(Ω) is bounded, we have

⟨𝑉(𝑢𝑛), ℎ⟩ − 𝜏 ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧 ⩾ −𝑐4‖ℎ‖ for some 𝑐4 > 0 and for all 𝑛 ∈ ℕ. (24)

Returning to (22) and using (23) and (24), we have

0 ⩾ (𝑞 − 𝜏)

[
∫Ω 𝜗(𝑧)𝑢

1−𝜂
𝑛 d𝑧 + ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧

]
𝛾∗𝑛 − 𝑐4‖ℎ‖. (25)

FromProposition 4, we know that the sequence {𝑢𝑛}𝑛∈ℕ ⊆  ⊆  is bounded away from zero.
So, from (25), we deduce that

𝛾∗𝑛 ⩽ 𝑐5 for some 𝑐5 > 0 and for all 𝑛 ∈ ℕ. (26)

From (10) with 𝑦 = 𝜇̂𝑛(𝑡)[𝑢𝑛 + 𝑡ℎ] ∈  (see (16)), we have

𝜑(𝑢𝑛) − 𝜑(𝜇̂𝑛(𝑡)(𝑢𝑛 + 𝑡ℎ))

⩽
1

𝑛
‖𝑢𝑛 − 𝜇̂𝑛(𝑡)(𝑢𝑛 + 𝑡ℎ)‖

⩽
1

𝑛
||𝜇̂𝑛(𝑡) − 1||‖𝑢𝑛‖ + 𝑡

𝑛
𝜇̂𝑛(𝑡)‖ℎ‖. (27)

Using (27) and the fact that 𝑢𝑛 ∈  for all 𝑛 ∈ ℕ, we obtain

𝑡

𝑛
𝜇̂𝑛(𝑡)‖ℎ‖ ⩾

[
−

(
1 +

𝑝

𝜂 − 1

)
(1 + 𝑜(1))𝑝−1𝜌𝛼(𝐷(𝑢𝑛 + 𝑡ℎ))

−

(
1 +

𝑞

𝜂 − 1

)
(1 + 𝑜(1))𝑞−1‖𝐷(𝑢𝑛 + 𝑡ℎ)‖𝑞𝑞

+

(
1 +

𝜏

𝜂 − 1

)
(1 + 𝑜(1))𝜏−1 ∫Ω 𝛽(𝑧)(𝑢𝑛 + 𝑡ℎ)𝜏d𝑧

−
‖𝑢𝑛‖
𝑛

sign(𝜇̂𝑛(𝑡) − 1)

]
(𝜇̂𝑛(𝑡) − 1)

−

[
1

𝑝
+

1

𝜂 − 1

]
(𝜌𝛼(𝐷(𝑢𝑛 + 𝑡ℎ)) − 𝜌𝛼(𝐷𝑢𝑛))

−

[
1

𝑞
+

1

𝜂 − 1

](‖𝐷(𝑢𝑛 + 𝑡ℎ)‖𝑞𝑞 − ‖𝐷𝑢𝑛‖𝑞𝑞)
+

[
1

𝜏
+

1

𝜂 − 1

]
∫Ω 𝛽(𝑧)

[
(𝑢𝑛 + 𝑡ℎ)𝜏 − 𝑢𝜏𝑛

]
d𝑧. (28)
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Note that as 𝑡 → 0+, we have[
−

(
1 +

𝑝

𝜂 − 1

)
(1 + 𝑜(1))𝑝−1𝜌𝛼(𝐷(𝑢𝑛 + 𝑡ℎ))

−

(
1 +

𝑞

𝜂 − 1

)
(1 + 𝑜(1))𝑞−1‖𝐷(𝑢𝑛 + 𝑡ℎ)‖𝑞𝑞

+

(
1 +

𝜏

𝜂 − 1

)
(1 + 𝑜(1))𝜏−1 ∫Ω 𝛽(𝑧)(𝑢𝑛 + 𝑡ℎ)𝜏d𝑧

−
‖𝑢𝑛‖
𝑛

sign(𝜇̂𝑛(𝑡) − 1)

]
→ −

(
1 +

𝑝

𝜂 − 1

)
𝜌𝛼(𝐷𝑢𝑛) −

(
1 +

𝑞

𝜂 − 1

)‖𝐷𝑢𝑛‖𝑞𝑞 +(1 + 𝜏

𝜂 − 1

)
∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧.

But 𝑢𝑛 ∈  and 𝜏 < 𝑞 < 𝑝. Hence,

−

(
1 +

𝑝

𝜂 − 1

)
𝜌𝛼(𝐷𝑢𝑛) −

(
1 +

𝑞

𝜂 − 1

)‖𝐷𝑢𝑛‖𝑞𝑞 +(1 + 𝜏

𝜂 − 1

)
∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧

⩽ −
𝜏

𝜂 − 1

[
𝜌𝛼(𝐷𝑢𝑛) + ‖𝐷𝑢𝑛‖𝑞𝑞 − ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧

]
− ∫Ω 𝜗(𝑧)𝑢

1−𝜂
𝑛 d𝑧

⩽ −
𝜏

𝜂 − 1

[
𝜌𝛼(𝐷𝑢𝑛) + ‖𝐷𝑢𝑛‖𝑞𝑞 − ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧

]
. (29)

We divide (28) by 𝑡 > 0 and let 𝑡 → 0+. We obtain

0 ⩾

[
−

(
1 +

𝑝

𝜂 − 1

)
𝜌𝛼(𝐷𝑢𝑛) −

(
1 +

𝑞

𝜂 − 1

)‖𝐷𝑢𝑛‖𝑞𝑞
+

(
1 +

𝜏

𝜂 − 1

)
∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧

]
𝛾∗𝑛

−

(
1

𝑝
+

1

𝜂 − 1

)⟨𝐴𝛼
𝑝(𝑢𝑛), ℎ⟩ −(1

𝑞
+

1

𝜂 − 1

)⟨𝐴𝑞(𝑢𝑛), ℎ⟩
+

(
1

𝜏
+

1

𝜂 − 1

)
∫Ω 𝛽(𝑧)𝑢𝜏−1𝑛 ℎd𝑧. (30)

Using (29) and the boundedness of {𝑢𝑛}𝑛∈ℕ ⊆ 𝑊
1,𝜇
0

(Ω), from (30), we infer that

𝛾∗𝑛 ⩾ −𝑐6 for some 𝑐6 > 0 and for all 𝑛 ∈ ℕ. (31)

Then, (26) and (31) imply that

||𝛾∗𝑛|| ⩽ 𝑐7 for some 𝑐7 > 0 and for all 𝑛 ∈ ℕ. (32)
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From (27) as before, we have that

1

𝑛
||𝜇̂𝑛(𝑡) − 1||‖𝑢𝑛‖ + 𝑡

𝑛
𝜇̂𝑛(𝑡)‖ℎ‖

⩾ 𝜑(𝑢𝑛) − 𝜑(𝜇̂𝑛(𝑡)(𝑢𝑛 + 𝑡ℎ))

⩾
[
−(1 + 𝑜(1))𝑝−1𝜌𝛼(𝐷(𝑢𝑛 + 𝑡ℎ)) − (1 + 𝑜(1))𝑞−1‖𝐷(𝑢𝑛 + 𝑡ℎ)‖𝑞𝑞
+ (1 + 𝑜(1))−𝜂 ∫Ω 𝜗(𝑧)(𝑢𝑛 + 𝑡ℎ)1−𝜂d𝑧

+ (1 + 𝑜(1))𝜏−1 ∫Ω 𝛽(𝑧)(𝑢𝑛 + 𝑡ℎ)𝜏d𝑧

]
(𝜇̂𝑛(𝑡) − 1)

−
1

𝑝
[𝜌𝛼(𝐷(𝑢𝑛 + 𝑡ℎ)) − 𝜌𝛼(𝐷𝑢𝑛)] −

1

𝑞

[‖𝐷(𝑢𝑛 + 𝑡ℎ)‖𝑞𝑞 − ‖𝐷𝑢𝑛‖𝑞𝑞]
+

1

1 − 𝜂 ∫Ω 𝜗(𝑧)
[
(𝑢𝑛 + 𝑡ℎ)1−𝜂 − 𝑢

1−𝜂
𝑛

]
d𝑧

+
1

𝜏 ∫Ω 𝛽(𝑧)
[
(𝑢𝑛 + 𝑡ℎ)𝜏 − 𝑢𝜏𝑛

]
d𝑧.

We divide by 𝑡 > 0 and then let 𝑡 → 0+. We obtain

1

𝑛
||𝛾∗𝑛||

⩾

[
−𝜌𝛼(𝐷𝑢𝑛) − ‖𝐷𝑢𝑛‖𝑞𝑞 + ∫Ω 𝜗(𝑧)𝑢

1−𝜂
𝑛 d𝑧 + ∫Ω 𝛽(𝑧)𝑢𝜏𝑛d𝑧

]
𝛾∗𝑛

− ⟨𝑉(𝑢𝑛), ℎ⟩ + ∫Ω 𝜗(𝑧)𝑢
−𝜂
𝑛 ℎd𝑧 + ∫Ω 𝛽(𝑧)𝑢𝜏−1𝑛 ℎd𝑧

= − ⟨𝑉(𝑢𝑛), ℎ⟩ + ∫Ω 𝜗(𝑧)𝑢
−𝜂
𝑛 ℎd𝑧 + ∫Ω 𝛽(𝑧)𝑢𝜏−1𝑛 ℎd𝑧

since 𝑢𝑛 ∈  for all 𝑛 ∈ ℕ.

Now, we let 𝑛 → ∞ and use (12) and (32). We have

⟨𝑉(𝑢̂), ℎ⟩ ⩾ ∫Ω 𝜗(𝑧)𝑢̂−𝜂ℎd𝑧 + ∫Ω 𝛽(𝑧)𝑢̂𝜏−1ℎd𝑧 (33)

for all ℎ ∈ 𝑊
1,𝜇
0

(Ω) with ℎ ⩾ 0.

If we choose ℎ = 𝑢̂ ∈ 𝑊
1,𝜇
0

(Ω), we obtain

𝜌𝜇(𝐷𝑢̂) ⩾ ∫Ω 𝜗(𝑧)𝑢̂1−𝜂d𝑧 + ∫Ω 𝛽(𝑧)𝑢̂𝜏d𝑧

⇒ 𝑢̂ ∈ .
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Reasoning as in Case 1 and using (14), we conclude that 𝑢̂ ∈  .
As in Gasiński–Winkert [6, Theorem 3.1], using a Moser iteration argument, we show that 𝑢̂ ∈

𝐿∞(Ω). Finally, Proposition 2.4 of Papageorgiou-Vetro–Vetro [18] implies that 𝑢̂(𝑧) > 0 for a.a.
𝑧 ∈ Ω. □

Next, we show that this minimizer 𝑢̂ ∈  is, in fact, a solution of (1). Hence, is, in fact, a
natural constraint for 𝜑(⋅).

Proposition 7. If hypotheses𝐻 hold and 𝑢̂ ∈  ∩ 𝐿∞(Ω) is the minimizer given by Proposition 6,
then 𝑢̂ is a solution of (1).

Proof. Let ℎ̂ ∈ 𝑊
1,𝜇
0

(Ω) and 𝜀 > 0. We introduce the following subsets of the domain Ω:

Ω𝜀
+ = {𝑧 ∈ Ω ∶ (𝑢̂ + 𝜀ℎ̂)(𝑧) ⩾ 0},

Ω𝜀
− = {𝑧 ∈ Ω ∶ (𝑢̂ + 𝜀ℎ̂)(𝑧) < 0}.

Using the test function (𝑢̂ + 𝜀ℎ̂)+ ∈ 𝑊
1,𝜇
0

(Ω) in (33), we have

0 ⩽ ⟨𝑉(𝑢̂), (𝑢̂ + 𝜀ℎ̂)+⟩ − ∫Ω 𝜗(𝑧)𝑢̂−𝜂(𝑢̂ + 𝜀ℎ̂)+d𝑧 − ∫Ω 𝛽(𝑧)𝑢̂𝜏−1(𝑢̂ + 𝜀ℎ̂)+d𝑧

=∫Ω𝜀
+

𝛼(𝑧)|𝐷𝑢̂|𝑝−2(𝐷𝑢̂, 𝐷(𝑢̂ + 𝜀ℎ̂))ℝ𝑁d𝑧 + ∫Ω𝜀
+

|𝐷𝑢̂|𝑞−2(𝐷𝑢̂, 𝐷(𝑢̂ + 𝜀ℎ̂))ℝ𝑁d𝑧

− ∫Ω𝜀
+

𝜗(𝑧)𝑢̂−𝜂(𝑢̂ + 𝜀ℎ̂)d𝑧 − ∫Ω𝜀
+

𝛽(𝑧)𝑢̂𝜏−1(𝑢̂ + 𝜀ℎ̂)d𝑧

= ⟨𝑉(𝑢̂), (𝑢̂ + 𝜀ℎ̂)⟩ − ∫Ω𝜀
−

𝛼(𝑧)|𝐷𝑢̂|𝑝−2(𝐷𝑢̂, 𝐷(𝑢̂ + 𝜀ℎ̂))ℝ𝑁d𝑧

− ∫Ω𝜀
−

|𝐷𝑢̂|𝑞−2(𝐷𝑢̂, 𝐷(𝑢̂ + 𝜀ℎ̂))ℝ𝑁d𝑧

− ∫Ω 𝜗(𝑧)𝑢̂−𝜂(𝑢̂ + 𝜀ℎ̂)d𝑧 + ∫Ω𝜀
−

𝜗(𝑧)𝑢̂−𝜂(𝑢̂ + 𝜀ℎ̂)d𝑧

− ∫Ω 𝛽(𝑧)𝑢̂𝜏−1(𝑢̂ + 𝜀ℎ̂)d𝑧 + ∫Ω𝜀
−

𝛽(𝑧)𝑢̂𝜏−1(𝑢̂ + 𝜀ℎ̂)d𝑧

⩽ 𝜀

[⟨𝑉(𝑢̂), ℎ̂⟩ − ∫Ω 𝜗(𝑧)𝑢̂−𝜂ℎ̂d𝑧 − ∫Ω 𝛽(𝑧)𝑢̂𝜏−1ℎd𝑧

]

− 𝜀

[
∫Ω𝜀

−

𝛼(𝑧)|𝐷𝑢̂|𝑝−2(𝐷𝑢̂, 𝐷ℎ̂)ℝ𝑁d𝑧 + ∫Ω𝜀
−

|𝐷𝑢̂|𝑞−2(𝐷𝑢̂, 𝐷ℎ̂)ℝ𝑁d𝑧

]

+ 𝜀

[
∫Ω𝜀

−

𝜗(𝑧)𝑢̂−𝜂ℎ̂d𝑧 + ∫Ω𝜀
−

𝛽(𝑧)𝑢̂𝜏−1ℎ̂d𝑧

]
. (34)
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Since 𝑢̂ > 0, we see that

||Ω𝜀
−
||N → as 𝜀 → 0+

(here we denote by |⋅|𝑁 the Lebesgue measure on ℝ𝑁).

So, if divide (34) by 𝜀 > 0 and then let 𝜀 → 0+, we obtain

0 ⩽ ⟨𝑉(𝑢̂), ℎ̂⟩ − ∫Ω 𝜗(𝑧)𝑢̂−𝜂ℎ̂d𝑧 − ∫Ω 𝛽(𝑧)𝑢̂𝜏−1ℎ̂d𝑧.

Since ℎ̂ ∈ 𝑊
1,𝜇
0

(Ω) is arbitrary, we infer that

⟨𝑉(𝑢̂), ℎ⟩ = ∫Ω 𝜗(𝑧)𝑢̂−𝜂ℎd𝑧 + ∫Ω 𝛽(𝑧)𝑢̂𝜏−1ℎd𝑧

for all ℎ ∈ 𝑊
1,𝜇
0

(Ω).

Thus, 𝑢̂ is a positive solution of (1). □

Summarizing we can state the following existence theorem for problem (1).

Theorem 8. If hypotheses 𝐻 hold, then problem (1) has a positive solution 𝑢̂ ∈ 𝑊
1,𝜇
0

(Ω) ∩ 𝐿∞(Ω)

and 𝑢̂(𝑧) > 0 for a.a. 𝑧 ∈ Ω.
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