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1. Introduction and Main Results
1.1. Introduction

We consider the three-dimensional (3D) incompressible stationary magnetohydro-
dynamics (MHD) equations:
—VvAv+v-Vv+VP=(H-V)H+ [,
-V)v, (1.1)

V-v=0, V-H=0,

o~ o~

—-vAH+ (v-V)H =

where x € Q := RT xR?, v := (v1, v2, v3) denotes the 3D velocity field of the fluid, P
stands for the pressure in the fluid, H := (H;, H2, Hs) is the magnetic field, and v >
0 denotes the viscosity constant and the magnetic diffusion constant, respectively.
The vector field f¥ is an external force and f|.co0 = 0. The divergence free
condition in second equations of problem (L) guarantees the incompressibility of
the fluid. The pressure takes the form

P=-A"'div(v-Vv - (H-V)H). (1.2)

We supplement the 3D incompressible stationary MHD equations (II]) with the
boundary condition

v(2)|zean =0, H(z)|zean =0, (1.3)
that is, in z1 direction
Ui($)|:nl:0 = 07 Hi(:r)|:61:0 = 07 1= 172737

lim wv;(x) =0, linﬂ& H;(z) =0,
x1—+00

x1—+00
and the vanishing boundary condition in Z := (z2, z3) direction

lim  w(x) =0, lim H;(z)=0, i=1,2,3.
|Z|—+o00 2] —+o0
It is easy to check that the solutions of the 3D incompressible stationary MHD
equations ([LI) admit the scaling invariant property. More precisely, if (v, H, P) is
an arbitrary solution of problem (III), then for any constant A > 0, the functions

via(z) = Av(Az), Hy(z) = \H(A\z), Py(z) = *P(\z),

are also solutions of the 3D incompressible stationary MHD equations (ITJ).

The incompressible MHD equations describe the dynamics of electrically con-
ducting fluids arising in plasmas or some other physical phenomena. These equa-
tions are a combination of the Navier—Stokes equations of fluid dynamics and the
Maxwell equations of electromagnetism. An interesting problem in fluid mechanics
is the study of the zero-viscosity limit in the presence of a boundary with certain
boundary conditions, such as the non-slip boundary condition and the Dirichlet
boundary condition. Toward this direction, for the unsteady equations and in the
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absence of the boundary, it has been proved that the Navier—Stokes equations con-
verge to the Euler equations in various functional settings; see [11,[3,[20, 36 [41]. How-
ever, in the presence of the boundary, the inviscid limit problem will become very
complicated due to the appearance of the boundary layer. Masmoudi and Rous-
set [29] introduced the conormal functional space to justify the limit from the
incompressible Navier—Stokes equations to the incompressible Euler equations for
the Navier slip boundary condition. We refer to [I7,[I8B0] for more results on this
boundary condition. For the non-slip boundary condition, Sammartino and Caflisch
[37,[38] proved the inviscid limit of the incompressible Navier—Stokes equations for
well-prepared data with analytic regularity in the half-space. Wang et al. [45] devel-
oped an energy method for the inviscid limit problem in the analytic setting to deal
with the inviscid limit problem in general domains. Nguyen and Nguyen [33] gave
a direct proof of the inviscid limit for general analytic data without having to
construct Prandtl’s boundary layer correctors. Very recently, Kukavica et al. [21]
obtained the inviscid limit for the Navier—Stokes equations in a half space, and
they only required that the initial datum is analytic only close to the boundary
of the domain. Meanwhile, it has Sobolev regularity in the complement. Recently,
Liu et al. [20] established the well-posedness theory for the MHD boundary layer.
Next, they justified [27] the high Reynolds numbers limit for the MHD system with
Prandt]l boundary layer expansion with no-slip boundary condition. We refer to
[6] 2834135, 43, [42],[44] [46] and references therein for more relevant results.

For the 2D stationary equations, Iyer [19] considered the validity of the Prandtl
boundary layer theory for steady incompressible Navier—Stokes flows over a rotating
disk. Guo and Nguyen [15] constructed general boundary layer expansions to the
steady Navier—Stokes equations in a half plane, subject to a positive Dirichlet datum
for the horizontal velocity. Gerard-Varet and Maekawa [13] gave the inviscid limit
problem in Sobolev regularity (H!-regularity) for a nontrivial class of steady 2D
Navier—Stokes flows with no-slip boundary condition. Recently, Li et al. [22] showed
the vanishing viscosity limit for homogeneous axisymmetric no-swirl solutions of
stationary Navier—Stokes equations.

The question of finite time singularity/global regularity for 3D incompressible
Navier—Stokes equations is the most important open problem in mathematical fluid
mechanics [9]. Thus, this question is also a natural important problem for the 3D
incompressible MHD equations. Sermange and Temam [40] established the local
well-posedness of classical solutions for fully viscous MHD equations, in which the
global well-posedness is also proved in two dimensions. Fefferman et al. [10] proved
a local existence result for the MHD equations (I]) taking arbitrary initial data in
H*(RY) with s > d/2 for d = 2,3. Chemin et al. [5] obtained the local existence of
solutions to the viscous, non-resistive MHD equations with initial data (vg, Hg) in
the Besov space Bil(R") X Bi;l(R") with n = 2,3. Fefferman et al. [11] improved
the initial data (vo, Hp) € H¥~1T¢(R") xH*(R") for s > d/2 and 0 < ¢ < 1. Next, Li
et al. 23] improved these results in homogeneous Besov spaces. For global existence
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results, Lin et al. [24] established the global well-posedness of a 2D incompressible
MHD system with smooth initial data close to some nontrivial steady state. We
also refer to Lin and Zhang [25] who extended the global well-posedness of a 2D
incompressible MHD system to the 3D case with small initial data. Abidi and Zhang
[2] considered a more general initial data closed to the nontrivial equilibrium state
(23,0). Cai and Lei [4] showed the global well-posedness for the incompressible
MHD system with or without viscosity with the initial data near a constant vector
(Alfvén waves) by means of the ghost weight technique. Their result depends on
the inherent strong null structure of the system, which can ensure the decay in
time of the energy. Deng and Zhang [8] constructed the smooth solutions near the
trivial equilibrium state (es,0) by using the Nash-Moser iteration scheme, where
es is a constant. Yan [50] found a family of stable infinite energy blowup solutions
for 3D incompressible MHD systems. Recently, Yan and Radulescu [52] proved the
existence of global small finite energy solution for the 3D incompressible viscous
MHD systems. To authors’ best knowledge, there are very few results on the 3D
vanishing viscosity limit for the steady MHD equations in the general case.

The problem. An interesting problem to consider is the relationship between the
solution of MHD equations and the solution of Euler equations, that is, the inviscid
limit of MHD equations. When the viscosity goes to zero, a natural problem is
to study the convergence of the steady solution of the 3D incompressible MHD
equations (II) to the solution of the following steady Euler equations with an
external force:

v-Vv+VP=f" ze€l
V-v=0, zeQ, (1.4)
V]zea0 = 0.

More precisely, let (v¥, H”, P¥) and (v¢, P¢) be the solutions of the MHD equations
(1) and the Euler equations ([4)), respectively. Is it true that

(v, H",P") — (v%,0,P¢) asv — 0, in some Sobolev space?

Here, the external force f* is the same with the force given in ([LTJ).
One can check that there exist two functions P¢ and f” such that the following
function is an exact solution of problem (L4):

V(t,!E) = (Ul(fE),’UQ(J]),U?)(J])), Vo e RT x R2,
where
1) 2+ | 2(p+D)
vy (@) = 2la2P T2 e (@ s )
v g (P41 | 2+ | 2004 D)
vae) = 271 (14 p) g — 20p + Daf @D Naf T e (T,

_ _ ( ) ( ) ( )
v3(@) = —(1+p) Mg = 2(p+ Daf "N el (e ),
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1.2. Main results

Let the smooth function (v¢(z), P¢(z)) be a solution of the incompressible 3D
steady Euler equations (L) (see [7L12] for the existence of smooth solutions
of steady 3D Euler equations). Consider the smooth vector function v¢(x) =
(v§(2), v5(x),v5(x)) and assume that

Z Hagiij]Lw(Q) 5 €o, VZ?] = 172737
k=0

(1.5)
V|| a2y S co,

0 v econ =0, 0<I1<s,

for a fixed positive constant cg.
We now state the main result of this paper.

Theorem 1.1. Assume that conditions (L) hold. Then for any fixed constant
s > 1, the steady incompressible MHD equations (LI) with the boundary conditions
(C3) admit a Sobolev regular solution with finite energy (v”, H',PY) € H*(Q)) x
H3(Q) x H*(Q) such that
lim ([lv” = o[ () + 1 H" || () = 0,
and
lim [[PY = P%|| g+ () = 0.
Remark 1.1. Let the parameter \ satisfy 1 < max{r~2,¢o} < A\ < 1. We

will construct the small Sobolev regular solutions of (L) by means of the explicit
representation formula as follows:

VO @) = @) + w0 (w) + 3 B () = v @) + O,

m=1
(1.6)
H (2) = HO (@) + 3 W™ (\z) = O(V),
m=1
where the function (u® (z), H® (2)) satisfies the assumptions
V-u®(tz) =0,
[0 ey Se<vz, for0<v<l, (1.7)

U (2)|e00 =0,
and
V- -HY(t,2) =0,
HO | o) Se<vp, for0<v<l, (1.8)
H (2)|ze00 =0,
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and

105 ul® (@)l Seo <& Vij=1,2,3,

h=0 (1.9)

105" (@)~ Seo <o, Vij=1.2.3,

k=0
where (h™ (Az), w(™ (Az)) (m = 1,2,3,...) is obtained by solving the linearized
problem with the Dirichlet boundary condition in the Sobolev space H*(§2) x H*()
with s > 1 as follows:

El[u(mfl), H(mfl)](h(m% W(m)) _ E(mfl)(x),

LofulmD, H-D)Rm wm) = B (),

V-h'™ =0, v.wm =0

h™ (Az)|zeo0 =0, W™ (Az)|zca0 = 0.

Here, the linear operators £1[u(m=1) HM™ V)L™ wm) and Loulm—1),
H™ V(0™ w(m) are defined in Z3), while ™= (z) and F(m_l)(:zz) denote
the error term. The index s of the Sobolev regularity depends on the higher deriva-
tive estimate of the solution to the linearized equations. By (L.0), one can see
that the solution depends on the initial approximation function (u(® (z), H®)(z)
strongly. Our proof is based on the Nash-Moser iteration scheme, see also
[47,48,[53L[49L 511 [54]. For the general Nash—Moser implicit function theorem, we
refer to the seminal papers by Nash [32], Moser [31] and Hérmander [16].

(1.10)

Remark 1.2. In each approximation step, the approximation function should sat-
isfy the higher order boundary conditions (233)). Let us consider the linear elliptic
equation with an external force:

— Au = f(z), (1.11)

with the non-slip boundary condition. We observe that there exists an external
force f(x) satisfying

O f(@)on =0, 0<1<s,

such that (LII) admits a solution w(z) satisfying
L u(z)|on =0, 0<1<s.

Indeed, choosing the external force of the form
F(@) =2} (p(p — )ay? — 4+ 4(zF +23))e ™™, ¥p>s>1,

which satisfies
O f(@)on =0, 0<1<s,

then by direct computation, the linear elliptic equation admits an exact solution

u*(z) = xfefzgfzg,
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which satisfies the non-slip boundary condition. Moreover, it holds

6iiu*(w)|:ﬂ€8§l =0, V0<I<s.

1.3. Sketch of the proof
We set the solution of the incompressible steady MHD equations (1) by
v (z) = v¥(z) + u(z),
H"(z) = H(z),
P"(z) = P*(x) + P(x),
It follows that
—vAu+ve¢-Vu+u-Vvé+u-Vu+ VP - (H-V)H = ¢*,
—vAH + (v¢(2) + u(z)) - VH — (H- V) (v®(z) +u(z)) =0,

(1.12)
V-u=0, V-u=0,
ulzeoo =0, Hlzeon =0,
where
g" = vAU®,
which satisfies V- ¢ =0 by V- v¢ =0.
The pressure takes the form
P(z) = -A"'V(v¢-Vu+u-Vvé+u-Vu-— (H-V)H). (1.13)

In order to solve the nonlinear problem (I2]), the main difficulty is to find suit-
able dissipative terms, which can cause the time decay of the energy of solutions for
the linearized equations. Assume that we have chosen a suitable initial approxima-
tion function (u(® (), H® (2)). Then we linearize the nonlinear equation around
(u®(2), HO (2)) to get the linearized operator J = (71, J2) defined by

Jiu® HOYL®, wh)
= —vAhY 4+ Ty, (0@ +v¢) - V)Y + (h® . V) (@ + ve)
+ V(Dyo P)hY + V(Dggoy P)w)
—~H? . v)wH — (wH . v)HY),
Fo[u® HO)(hW, wh)
= AW + Ty, [(u© + ve) - V)wD)
+®mY . v)H® - HO . v)hY
— (W(l) .v)(u(O) +v°)],
where D) denotes the Fréchet derivative at the function u®,
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Furthermore, if we set (hY) (Az), w(®) (Az)) with a big constant (for instance, we
can choose \ > u’%), then the linearized operator is changed into

Ji[u®@ HO)(W, wh)
= —vA2AhY + Ty, A (u® +v¢) - V)P + (D ¥)(u@ 4 v*)
+V(Dyo P)hY + V(Do) P)wH — AH? . V)w® — (wD) . 7)HO)],
Fo[u® HO|nW, wh)
= — X2 AW + 1y, A (0@ +v¢) - V)wD + (b . v)yH©O
—AH® . Y)Y — (wh . V) (u® 4 ve)).

Here, we observe that the terms —vA2Ah® + (W™ . V) (u(® 4+v¢) and —vA\2Aw®) +
(h(l) : V)H(O) can be dissipative if we choose a suitable initial approximation func-
tion (u®(z),H®(z)) and a big positive constant A\. We denoted by Iy, the
smoothing operator. Thus, the decay in time of the solution for the linearized
equation

T [uO,HO](h(l),W(l)) - HNIE(O),

Io [uO7 HO](h(l), W(l)) _ HN1E(O)a
v-hM =0, v.wl =0,

is as desired.
Consequently, the Nash—Moser iteration scheme can be used to construct the
solution of (LI2)) as follows:

u®) (z) = u®(z) + i ™ (\z) € H*(Q),

m=1

H™)(z) = HO (2) + i w(™ (\z) € H*(Q),

m=1
where (™ (Az), w(™ (A\z)) is obtained by solving the linearized equations ([I0).

Notations. Throughout this paper, we set  := RT x R? and we denote the usual
norms of the Lebesgue space L2(£2) and of Sobolev space H*(2) by || - ||z and
|| - |z=, respectively. The norm of the Sobolev space H*(R?) := (H*(£2))? is denoted
by || - [[=. The symbol a < b means that there exists a positive constant C' such
that a < Cb. We denote by (a,b,c) the column vector in R3. The letter C' with
subscripts to denote dependencies stands for a positive constant that might change
its value at each occurrence.

This paper is organized as follows. In Sec. 2l we show how to choose suitable
initial approximation functions, which lead to the partial dissipative structure of
the linearized equations. Next, we give the existence of Sobolev solution for the
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linearized equations of first approximation step. In Sec. Bl we establish the general
approximation step for the construction of the Nash—Moser iteration scheme. In
Sec. Ml we give the proof of Theorem [T1]

2. The First Approximation Step
For m = 1,2, ..., by setting N,,, = 2™, we introduce the family Iy, : L? — C> of

smoothing operators (see [39] for more details) such that

T, Ul S N3~ Uz, Vst > 85 >0, (2.1)
2.1
||HNmU—U||H51 §N$752HUHH527 VOSSl §S2.

We now consider the approximation problem of incompressible MHD equations

(CI) as follows:
L1(u,H) := —vAu+v*-Vu+u-Vv¢+u-Vu+VP - (H-V)H - ¢",

(2.2)
Lo(u,H) := —vAH + (v*(z) + u(z)) - VH — (H - V) (v (x) + u(z)),
with the non-slip boundary condition
ulzeoo =0, Hlzeon =0, (2.3)

and the incompressible condition

V-u=0, V-H=0.

2.1. The wnitial approximation function

The general condition of initial approximation functions. We now give an
abstract condition on the initial approximation function. Let s > 1 be a fixed finite
constant and 0 < g9 < ¢ < 1. For any x € ), we choose the initial approximation
functions

u® (z) = (ugo) (x)méo)(x)’ugo) (2)) € H*(Q),
HO (@) = (" (@), B (2), B (@) € H*(©),
where we require
V-ul®(z) =0,
[0 z= < o, (2.4)
8iiu(0) (@)|zeon =0, 0<1<s,
and
v-HO (@) =0,
IHO|| g2+ < eo, (2.5)
L HO (2)],e00 =0, 0<1<s.

—_—  ——
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Moreover, for any fixed s > 1 and z € Q and i,57 = 1,2,3, we also need the
conditions

Z 0% s J z)||Le < €0, (2.6)
and
Z (e )|z~ < eo, (2.7)
and the initial error term
O EO(@)|peon =0, 0L E " (2)lacon =0, 0<1<s,
IEO|m: Seo, [EVNae S e,

where E© and B

EO = £,(u®, H(O))

denote the error term taking the form

= vAu® +v¢. vu® + u® . Vv £ u® . vul® 4 vp"

—HO . v)HO® — g
B = £y, HO)
— —VAHO 4 (v¥(z) + uO(2)) - VHO — (HO . 9)(v(2) + u®()),
with the vector form

E(O) _ (E£0)7 E§0)7 E:)(,O)), E(O) ( +(0) =(0) (0))

El ) E2 ’ EB
2.2. The time decay of the first approximation step
Let A be a positive constant such that

1< max{ufé,co} <i<e

We now construct the first approximation solution of problem (Z2)). This solu-
tion is denoted by (u®(Az), HY (A\z)). The first approximation step between the
initial approximation function and the first approximation solution is denoted by

hY () :=u®PAz) —u @), wO(Oz):=HY\z) - HO (2).

Next, we linearize the nonlinear system ([232) around (u(®, H®)T and we obtain
the linearized operators as follows:

T [u(o),H(O)](h(l),w(l))
= —uX2AhD + Iy, (@ +v©) - V)hD + (0D v)(a® + ve)
+V(Dyo) P)hY + V(Dyyo P)wH = XHO - V)w® — (w) . v)H)],

2150006-10
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Jo[u®, HOYLO, w)
= —vX2Aw + Ty, A (0@ 4+ vo) - V)wD + (b . v)HO
—AH® . 7)Y — (w7 (u® 4 ve)),

(2.9)
where D) denotes the Fréchet derivative on u®,
We now consider the linear system
@ HO)(0Y, wh) =115, E©,
o (2.10)
L@ HOLO, wh) =11, E”, v.n® =0, v.w® =0,
and the boundary condition
hY\z)|peon =0, W (Az)|zesn = 0. (2.11)

The solution of this problem gives the first approximation step of the problem

(C12).
Before we carry out some a priori estimates, we rewrite equations of (ZI0) into
a coupled system as follows:

3 3
—A2ARY Ay, > + )00, b + Ty SR (05, ul” + 0,,05)
1=1

ity
=1

3
+ 11y, 0, (Dyo PYBY + (Do PywV) — ALy, > HV 9, wi)

=1
3
— Iy, Y w0, H” =Ty, B, for j=1,2,3, (2.12)
=1
and
3 3
—un?Aw(Y + Ay, Y (W + 00wl + Ty, Y RV, 1Y
=1 =1

3 3
— My, Z Hi(o)a B Iy, Z wz(l) MO

ZTq 9 II ]

+0,08) =TIN, B, for j = 1,2,3, (2.13)
with the boundary condition (2.I1]), where
0z, (Dyw P)h'Y + (Do P)w™)

— —0,, A7} Z (0, M (00,1 + 00,05) + (B, 1 + O, 05) 0, B

1,j=1

+ 05, wM 0, H + 0, H 0, 0)). (2.14)

2150006-11
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2.3. A priori estimate

We now derive a L2-weighted estimate of the solution for the linear system (212)—

3.

Let ¢(x1) be a function defined in (0,400) such that
0 <k <¢"(21) — (¢ (21))* < +oo, (2.15)
and e~ ?(*1) is bounded in (0, +o0c). The condition IF) implies ¢’ (z1) > k. In

fact, there are many functions satisfying the above conditions. As a simple example,
we consider the function

o(x1) = —In|cos(vrx1)|, 21 2i7r+ﬁ, for i € Z.
2

Lemma 2.1. Let 0 < v < 1. Assume that (LH) holds, and the initial approx-
imation function (u®, H®)) satisfies conditions @A)—-@R). Then the solution

(R (A\z), wD (Ax)) of the linear system @I2)-@I3) satisfies

3
S [ (@b + (0! dx+z / ()2 + (wV))da
3
<ty Y [ (B0 +(E))de. (2.16)

Proof. Multiplying both sides of the six equations in (ZI2)-@2I3) by h§1)6_¢(I1)

and wj(-l)e_‘z’(ml), respectively, integrating over 2, and using the boundary condition

@100, for j =1,2,3, we obtain

Q

3
)\2
V)\2 Z/Z(axihgl))Qefgxxl)d:E —+ VT / (gb”(frl) _ (¢/(I1))2)(h§1))267¢(x1)dx
+ Al_[N1 Z / (O mlhgl))hgl)e,qb(zl)dx

+ 1IN, Z/ 1) Oz, u 0) + Oz, 05 ))hgl)e_‘z’(”“)d:v
+/\HN1/6 u(O)P h( )+(DH(0)P) (1))h§-1)67¢(z1)d$
fAHNIZ/ (H? 0,0 )h Ve o)) gy
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3
=1

il B .17)
Q

and

3
A2
V)\2Z/Q<amiw§_1))2e_¢($l)d$—|— T‘/Q((b//(xl) _ (¢/(w1))2)<w§_1))2€—¢(;@1)d$
=1
3
+AHNIZ/Q((u§0) +06) 0w (D e 0 g
1=1
3
1 0 1) —é(ay
+HNIZ/Q(h§. 00, HO Mo da
1=1
: © 5 1y, (1)
0 D)y (1) = (a1
)\HNI;/Q(Hi 0, B YD =0 gy

3
,HNIZ/Q(wl(l)(azlugo)+azlvje))w](1)€,¢(zl)d$
=1

:HNl/F§O)w§1)e_¢(””l)d:c. (2.18)
Q

We sum up (ZI7)-2I]) from j =1 to j = 3. It follows that

3 3
V)‘2ZZ/Q<<8“h§1))2+(3m,-w§-1))2)€_¢(“)dw

j=11i=1

A2 3 1" ’ 2 (1)\2 (1)\2y —d(w1)
+T;/Q(¢ (1) = (&' (21))7)((h; )" + (w; ') )e da

3

3
+ )\HNl Z Z / ((UEO) + vf)axi hgl))h§1)6,¢(xl)dx
2

Jj=11i=1

3

3
+1In, Z Z / (hz(-l)(ﬁziu§,0) + 3xivj))h§.1)e*¢(xl)dx
Q

j=1i=1
3
Al Z /Q O ((DU(”’P)h(l) + (DHm)P)W(l))hg‘l)e_qﬁ(a)dw
7j=1

3 3
— Ny, ZZ/(Hf())awiw;l))h§_1>e—¢(wl>d$
Q

j=11i=1
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+)\HN1ZZ/ (0 + 0§ )0y, w ; ))wg-l)e_‘z’(”“)dx

Jj=11i=1

*’\HMZZ/ (HO0,, WDy =0 gy

Jj=11:i=1
3 3
*HMZZ/(UJE”(@L u® 4 8,08V e 46D dg
Sime
3
:HNIZ/Q(EJ(-O)hg»l) +F§O)w§l))6_¢(ml)d1’. (2.19)
j=1

In what follows, we estimate each term in equality (ZI9). Note that V-u(®) = 0,
and we have chosen the initial approximation function (u(®, H(O)) satisfying (Z4])—
[23). We integrate by parts and we find

3
ZZ/ (0 +0f) 811h(1) (1)e_¢(11)d:v
— 7122/ ( )+ax )(h( ))2 —6(1) g
1 3
0 e 1 —d(z
+§;/ﬂ¢’<x1><u§ o) () e

3
1
=23 [ el + )0 2.20)
j=17%

By direct computation we obtain

3
ZZ/ B0y, (u +v5)hP e dy

j=1i=1

3
=2 / Oy (u?) + v5) ()2~ d
j=1"9
- ZZ/ WY 0, (Wl + v )M e *@) dr. (2.21)

Jj=1 i#j

Noticing the incompressible condition
v-h =0, v.wl) =0,

2150006-14
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it follows that

3
Z/ (Dyo P)hY + (Dyyo) P)w <1>)h§_1>ef¢<x1>dx

3
= Z / (Dy P)h™Y + (Dgy0) Pyw)a,. hg»l)ef‘zb(xl)d:r
Q

+/ ¢ (21)((Dyioy PYhY + (Dgyo) PywM)n{P e 0@ gy
Q

¢ (1) ((Dyo) PYhY + (Do) P)w )RV e 2@ gz, 2.22
u H 1

Furthermore, from (ZI4]), using the standard Calderén—Zygmund theory and
Young’s inequality, it follows that

/ ¢ (21)((Dyioy PYRY + (Dggio) Pyw )R P e gy
Q

<13 [ a0 W00, 00 + )

i=1 j=1

+ (3'xj (U(O) + vf)axi hgl))h§1)6,¢(xl)dx

3

ZZ/ ¢ (21) A1 (0,0l 00, HY + 05, H 9,0l )R e 90 e

i=1 j=1

SN 18 @)@, +05) + 0, (4 05))| (B2 da
3
1 _b(zy
522/ 16/ (1) (19, (D, Y2 + (B, 0] (B0, BP)2)e 4D i

+ = ZZ/ 16 (20)1(102, H |8, w))?

=1 j=1
0 1 — 1
100, H|(92,08))?)e ) dae, (2.23)
Using Young’s inequality and integrating by parts, we obtain

ZZ/ W8y, (ul” + v M e= ¢ de < 352/ (AV)2e 0G0 qe,  (2.24)

J=1i#j
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and
3 3
ZZ/ 28, (1)) (1)€7¢(11)dx
j=1i=1"%
3 3
< ZZ/(wg(l)azlHl(O))hgl)e_d)(ml)d:E
j=1i=1"7%
3 3
+ ZZ/(wj(-l)HfO))Bmihg-l)e_‘z’(””l)d;g
j=1i=1"%
£ en e
1 1 ) o
S 522/((h( )) +2(w ()) (&cihg ))2)6 #( )dz,
j=1i=1"7%
and

and

_ _Z/ ¢ (0) )( (1))2 7¢(11)dz,

3 3
3 [ @on il + eyl e s
— < Q

3
:Z/%@%ﬁmﬁ%wwx
=7e

+ZZ/“' O v wiVe ¢ dy

J=11i#j
c 3

1 —o(x
52/ (w)2e @ dr,
J:

2150006-16
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and

3
Z/(E](-O)hg-l) +E§O)w§-1))ef¢(zl)d:€
/e

=2 Z/Q ()2 + (B 416" (@)l (hD)? + (i) ]e#@ da,

Next, we substitute (220)—(2Z29) into (ZI9) and we deduce that

(2.29)

3 3 1
AZZ/Q (V)\ = 516/ (@)(10s, (Wl +0)| + [0, (u” +v§)|))
j=1i=1

x ((8 B )2 + (amiwj(-l))2)e_¢(m)d$

xi 'ty

> [ At @) + f)e s
j=1

<y, Z [ E e,
with the coefficients

Ar(t,a) == = (¢" (21) — (&' (21))?) + S (S + )¢ (1) + Dz, (ul

3
S I ) O, (4 05) 0y () 05))

1 /!
L @) - e
Ax(t,2) 1= L (6 (@) = (9/2)) + S + )6 (1) + Oy (o
1 /!
L )] - e
v 2
Aglt,2) 1= Lo (6 (@) = (0 @)) + S + )6 (1) + g (o
1

(0)

(0)

(2.30)

+U1)

+v§)

+vg)

Since the weighted function ¢(z1) satisfies (2I5), the main term of A;(¢,x)

(i=1,2,3) is

/! / 2 1 /!
(@) — (8 @00)) - 516 (@)l

2150006-17
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Thus, noticing that u( ) 4 v§ decays faster in 1 than the function ¢(z1), there is
a suitable constant \ > 1 such that

V)\2 U / 2 1 /!
Autx) 2 (9" (@1) = (¢'(21))7) = 510" (a1)]

A 0 .
= 516/ @) = @) + 05 ] = @)

[\J>/

3 3
— (192, (ut” + 05) | o ) — —ZZ (19, (uf” + v5) | =

10, () + )| L) — cre

245 (¢ (0) — (F(00))?) — 510" (@)| -

By this relation and (ZIH), we deduce that there exists a positive constant C, x .
depending on v, A, € such that

A2 VENZ

——(¢"(21) = (¢ (21))*) —¢ >

Al(tvx) E/ 2

—€2 Cu,)\,e >0,
where x € (0, ). With similar arguments we deduce that

As(t,z), As(t,z) 2 Cune,
and

1
v = 510/ (@0)](100, (0 +05)| + 102, (0 +05)]) 2 Cua.

Therefore, note that e ~?(#1) is a bounded smooth function in (0, +00), we reduce
the inequality [230) into

3 3
S [ (@ + @) mz [+
j=1i=1"9
- +(0)42
0
<ty 3 [ (EO) + (B
e
The proof is now complete -

Furthermore, we derive higher order derivative estimates. For a fixed integer
s > 1, we apply D;j := 0;, (Vk = 1,2,3) to both sides of [2.12). It follows that

3 3
—uNADIRSY + ALy, >t + 06)0s, D3 + Ty, Y DERY 0, (ul” + )

i=1 =1

+ Iy, 8y, D3 ((Dyoy PYhY + (Do) P)w)
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3
~ iy, Y H8, Diw!”

i=1

3
~Iy, > DiwMo, H” = Fj, for j=1,2,3, (2.31)

i=1

and

3 3
—uA2ADzw(Y + Ay, Yt + 0)d,, DiwlV + Ty, Y D3V o, B

7
i=1 i=1

3
~ Ny, Y H"8,,D:h)
1=1

3
~ Iy, Y DiwV o, () +v5) = F;,  for j=1,2,3, (2.32)

i=1

with the boundary condition

DiR(Y (\)|seon = 0,

. (2.33)
Diwj( )(/\x)|meag = 0,
where the integer [ satisfies 1 <[ <'s, and
3
Fj =y, D;E\" — Ay, 3 S D (u” +v§)d,, DAY
S1+52=5,0<s52<s—1 i=1
3
~My, > Y DERI)(D; O, () +05))
$1+52=5,0<s52<s5—11=1
3
+ Ay, > S (0 ) (0., Di*w'V)
S1+52=5,0<s52<s—1 i=1
3
Ty, Y > (DY) 0., D H),
$1+52=5,0<s52<s5—11=1
0 3
F; =Ty, DIEY = ATy, 3 305 + 0§)(0,, D)

S1+52=5,0<s52<s—1 i=1

3
— Ty, 3 S (D) (0., D7 H)

s1+852=5,0<s2<s—1 1=1

2150006-19
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3
+ Ay, Z (D3 H)(8,,D2hY)
s1+52=5,0<52<s—1 1=1

+1Iy, > ST (0., D (ul” + ).

$1452=5,0<s52<s—1 i=1

Next, we derive higher derivative estimates of solutions to problem (Z12)—(ZI3]).

Lemma 2.2. Let 0 < v < 1. Assume that (LX) holds and the initial approx-
imation function (u(®, H®) satisfies conditions @A)-ER). Then the solution

(RY(\x), w (Az)) of the linear system @I2)-@I3) satisfies

3 3
S [0+ (Druf)yas
3 3 s
ZZZ/ (DFED)? 4 (DFEY)?)dwdt | . (2.34)

Proof. This proof is based on an induction argument.

Let s = 1. By 231)-(Z32)), we have

3 3
—uA2ADIY + Ay, Y (W + )0, DS 4 Ty, Y DRV 0y, (u”) 4+ 06)

i=1 i=1

+ Iy, 92, DH(Dyy PYhY 4 (Dygo) P)w))

+)\HNIZD (W +v$)0,,n" + Iy, Zh”Da( +05)

=1 i=1

3 3
~ iy, Y_H"8, DI ~ 1y, Y DlwiV o, H”

i=1 i=1

3
~ NIy, > D0, v

=1
3
~ Iy, Y w0, DI =Ty, DIEY, for j =1,2,3, (2.35)
i=1
and

3 3
—vXNAD Y + Ay, Y () + 06)0,, D}wlt + 11y, > DY 0, H

=1 =1

3
+ ALy, > DHu® + v§) 0w + Ty Zh(l)axlD H

z; W j
=1 =1

2150006-20
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3

~ Ny, Y 18, D!V

i=1

3 3
~ Iy, Y DrwiVo,, () +v%) — Ay, Y DIH 9,k

i=1 i=1

3
~ Iy, Y w0, DI +v¢) =Ty, DYE;, for j=1,2,3,  (2.36)

i=1
with the boundary condition

Dilhg'l)(Ax”zGBQ =0, Djw (>\17)|zeasz =0. (2.37)

Multiplying both sides of (Z38)-(233) by Dilh;l)e_‘z’(”“) and Dilw§-1)e_¢(”“),
respectively, then integrating over 2 by noticing (237), and summing up those
equalities from j = 1 to j = 3, we deduce that

V/\ZZZZ/ (82, DERSD)? 4 (95, DIwV)2)e=#@0) dy

k=1 j=1 i=1

2
V)‘ Z/ " . /(Il))2)((Dilh§1))2+(Dilw§1))2)ef¢(11)dx

+)‘HNIZZ/ O+ 0£) (0, D) h(l))(D h(l)) —¢(@1) g

Jj=11:i=1
1 0 e 1 — Xy
+HNIZZ/ (DM (0, (ul? 4+ 0§))(DERY e ) e
Jj=114i=1
0) 1) Dy —d(x
+)\HNIZZ/ O 4 0) (05, DIV ) (DEwl e ) dee
Jj=11i=1

7HN122/ (D) (@, (1 + 1)) (Dl )e 4@ da

j=11:=1
3

+1Iv, D / Os, D} ((Dyto PYRY + (Dygior PYyw V) DR e
. Q

11

+1y, > Ik =0, (2.38)
k=1

2150006-21
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where
I = )\ZZ/ )+ 09) (00, ) (DR e ) d,
Jj=11i=1
3 3
L= / W (D}, (w4 v5) (DR )e ) da,
j=1i=1
Iy = —AZZ/ H (8,,Dlwi")(DIRD)e=* ) de,
Jj=11:i=1
I = —/\ZZ/D H (89,0 (DIRM e ) e,
Jj=11i=1
3 3
I; = *ZZ/ w0y, DYH Y (DIt )e ¢ dy
j=11:=1 Q
3 3
I=23Y / (DL + 09)) (@, w") (DRl )01 e,
j=1i=1"%
3 3
I; = ZZ/ WY (0., DIHY)(D}w(V e~ da,
j=1i=1"9
Ig := f)\ZZ/ H(O) (02, D; h(l))( ](-1))6_¢(11)d:c,
Jj=11:i=1
Iy = _/\ZZ/ 6m,h 1))(D (1 )) <25(w1)d$7
Jj=11i=1
3 3
Iig = — / wgl)(&“Dil(ug-O) + vj))(Dilw](-l))ef‘ﬁ(xl)d:c,
j=11:=1 Q
5 0
I = Z/((DlE( VDY) + (DIE ) (Dlw))da.
j=1

We now estimate each term in (238). On the one hand, since we have chosen the
initial approximation function (u(®, H®)T satisfying (Z4)—(23X), using the similar

method of getting (220)—([2Z22), we get
ZZ/ O ) (00, DIR) (DR e o) e
=1 i=1

3 3
ZZ/ 21)| + 1) (DY) 2e# @) d, (2.39)
Q

Jj=114i=1

wlm
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3 3
ZZ/Q<D1'1h§1))(3m(u§O) +v§))(D}h§.1))e—¢(w1)dx
- Z/(3zi(U§0) +vf))(Di1hl(-1))267¢(xl)dx
Q
’ ZZ/ e () + ) (DERM ) (DERSY )e =) da

552332/ L) 2em oo g,

j=1i=1

(0) e 1, (1) 1, (1) —¢(z1)
[ @l 0@ D) (Dl e da

j=11i=1

By the incompressible condition, we have

3
Z/aszi (D PYh) + (Dgyo Pyw V) DRV e =90 gy
mi/e

(2.40)

(2.41)

(2.42)

3 3
Sed 2 / |6/ ()| (Dih§)? + (9., DIRSY)? 4 (0, Dl )e = dar

i=1 j=1"%

Moreover, we use Young’s inequality to derive

2150006-23
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3
A
XD /Q<<6%D3w§-”>2 + (D)) e dy
j=1i=1
< A ShS (1)y2 17 (1)y2y —¢(z1)
105 5323 | (@ywi) o+ (DI e o,
j=11i=1
< € SRS (1)y2 13 (D\2y  —(w1)
I5N§ZZ Q<<wl )+ (D;h;7)?)e dx
j=11i=1
3 3
Is ggAZZ/(amwf))?e o(@1) gy
Jj=11i=1 2
<& - (1)\2 1, (D32y —o(a1)
fmgzz Q((hz )"+ (Dijw; ) )e dz,
j=11:=1
A
B S5 303 [ (0D + (Dhuf))e s,
j=1i=1"%
< €A Shs (1)2 1, (D2 —d(x1)
Igwgzz Q((ﬁzihj )* 4+ (Dijw; ) )e d,
j=11i=1
3 3
13
M5 Y [+ Dl o,
j=11i=1
3
1 _
533 [(DIEY)? +(DIEY
j=1
+]¢"(@)|(DERSY)? + (Dfw)?)le? ) da, (2.44)

thus, by noticing the weighted function ¢(x1) satisfying (ZI5]), and using (239)—
244, we reduce the inequality ([238)) into

3 3 3
Cyn Z Z Z /Q((a%D}h;-”V + (amkD%w](-l))2)€_¢(ml)d:c

k=1j=11=1

3 3
JrCV*A’EHNlZZ/((Dilhg-l))Q+(D%w§1))2)67¢(m)d17
Q

j=1i=1
3 3

St 3N [(DIEY + (DIE e

J=1i=1

3

+ey / (hD)? + (wD)2)eoe gy, (2.45)
=Ja
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We observe that the last term in the right-hand side of (Z43]) can be controlled

by using (Z.10). Hence, by noticing e~#(*1) is a bounded smooth function in (0, +o0),
it follows from (2.48]) that

ZZ/ ((D; h(l) (Dl-le(-l))2)ef¢(zl)dx

=1 j=1
3
STv Y [/ (B) + (BY))e ) da
j=1 -9
3
+ Z/((DQEJ(O) + (DYEY)?)e 4 dz | (2.46)

Assume that the 2 <[ < s — 1 derivative case holds, that is,

3 3
ZZ/<<D§h§'1))2+(D§w§-l))2)€_¢($l)d$
i Q

3 3 l
SZZZ/Q((DQ“EJ(O)) + (DFEV)2)e¢eag| . (2.47)

We now prove that the sth derivative case holds. Multiplying both sides of equations

1 _ (1) _ . . .
@31)-@.32) by Djh; e ¢(@1) and Djw; e #(#1)  respectively, then integrating
over € by using the boundary condition (233]), and summing up these equalities
from j =1 to j = 3, we obtain

23S [ (@D ¢ (0, D e

k=1j=1 i=1

2 3
e Z /Q(¢//($1) - (¢/(:v1))2)((th§.1))2 + (waj(_l))2)e—¢(ml)dw

+)‘HN122/ (W 4 08)0,, DR DIAD e g

Jj=11:i=1

+ 1, Z Z/ h(1)5' (O) + v;))thg-l)efdj(zl)d:r

Jj=11:i=1

+HNIZZ / 02, D} (Dyo PYhY + (Dggo Pyw)nl M e @) g
j=1:=1

+AHNIZZ/ () +v§)0, Dywi ) Dsw(V e~ ) dr

j=1:=1
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— NIy, ZZ/ H(O 0y, D} h(l )D; ;1)6_¢(I1)dx

j=1 =1

*HNIZZ/ (DM, (u® +v%) DiwV e d

j=1 =1
3
= Z/(prfé” +F;DiwM)e*@) dz. (2.48)
We notice that

Sy / (D5 (" -+ 01)(0r, D*1V) (D} Sy da

$1+52=5,0<s52<s—1 j=1 1=1

3 3 3
_ Z / D31 (0) + vf))(th§1))267¢(r1)dx + Z Z Z
j=11i=1 $1452=5,0<52<5—2 j=1 1=1
x / (D3 (u® + v8))(92, D32 A ) (DE RS e ¢ . (2.49)
Q

Next, with the same arguments as for obtaining ([245]), we find

MZZZ// (02, D3 AS)2 + (90, Diw))2)e=*@) dadt

k=1j=11i=1

+Cu/\5HleZ// (D3hSD)? + (DywD)?)e= ) dudt

j=1 =1
Sy, Z Z/ / ((D; B +(D; ))Q)e’d)(””l)dxdt
Jj=11i=1
3 s—1 t
“ZZ/ /((Dﬁh;l))2+(Dﬁwj(.l))2)e_¢(”“)dxdt. (2.50)
j=11=0"0 79
Hence, by (24)-(28) and (2.47), the inequality (Z50) can be reduced into
3 3
> / (D7) + (Djw))e 0 da
i=1 j=179
3 3 .
ZZZ/ (DFE™)? + (DFEY)2)e ¢
j=1l1i:=1k

which combining with e~?(*1) being a bounded smooth function in (0, +00) gives
(234). The proof is now complete. O
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2.4. The existence of the first approximation step

Based on above a priori estimates, we are ready to prove the existence of first
approximation step by the classical theory of elliptic equations [14}36].

Proposition 2.1. Let 0 < v < 1. Assume that (L3) holds and the initial approz-
imation function (u®, H") satisfies conditions (@A)~@X). Then the linecarized
system ZI0QN) with the boundary condition 211 admits a Sobolev regular solution

(R (\z), wM (\x)) € H*(Q) x H*(Q),
and
aglv,-h(l)(xﬂxeasz =0, 5‘;1_ w™ (2)|zea0 = 0.
Moreover, this solution satisfies

—=(0)
1B Fre + [l Fre S 1T, B e+ TN, B [ e (2.51)
Proof. Let P the Leray projector onto the space of divergence free functions. We
apply the Leray projector to equations (ZI0), hence
— vA’PAh + N; (bW, wl) = PE,,
B (2.52)
— UA?PAw + No(h™W wV) = PE,
where
Ny (b, wV) := Py, A(u® +v¢) - V)b + (b . ) (u® + ve)
— /\(H(O) V)w — (wh). V)H(O)],
Ng(h(l),w(l)) = Py, [AM(u® 4+ v¢) - V)w) + (h(l) . V)H(O)
~AHO . v)hY — (wh . )@ 4+ vo)].
By 2I0) in LemmaZTland [2.34) in Lemma 2.2, we can get the uniform bound

estimate
+(0)
16O+ WD e S My, B + T, By

From the standard theory of elliptic equations of general order [14.[36], the
linear elliptic equations [Z53) admit a unique weak solution (hV), w1)) € H' x H*
if (E(O),E(O)) € H' x H'. Since the error term (E(O),E(O)) € H® x H® for s > 1,
we obtain the solution (b w) € H* x H*.

Noticing that

0 BV (@)lsean =0, 0L E"” (@)lseon = 0,
it follows that

(9l h(l) (:E)|meag = 0, 8§Eiw(1)($)|meag = 0. O

T
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3. The mth Approximation Step
Let € € (0,1) be a fixed constant. We define
Be = {(u®, w®)  u® g + W Se <1} (3.1)

with the integers 2 <k <m —1and s > 1.
Assume that the mth approximation solution of (Z2]) is denoted by
(™ (A\z), w™ (A\z))T with m =2,3,.... Let

h™ (A\z) := u™ (Az) —u™ Y (\2),
w(™ (\z) := H™ (\z) — H™ Y (\z).

It follows that

u™(A\z) = u®(z +Zh(1 Az),

H™ (\z) = HO (2) + i w(® ().

We linearize the nonlinear system ([232) around (u™=Y(\z), H™ Y (A2))T to
get the following initial value problem:

Ji[ul™=b), H(m—l)](h(fn)7 w(m™)y = 1Iy, EY,
Folum=1 HO=D () wm)y — 1 BV, (3.2)
v - h(™ =0, v . wm™ =0,
with the boundary conditions
h(™ (\2)[geo0 =0, W™ (A\z)|seo0 = 0. (3.3)
The error terms are given by

B = £y [0 (), H™ (M) = Ra (b (), wO™ (Aa)),
(3.4)
Fm-1 _ Lo[u™ Y (\z), H" L (\a)] = R2(h(m)(/\x),w(m)()\w)),

and
Ri (0 (Az), w™ (\z))
= L1 (0™ D 4 0 HD 4wy £ (umD Jme )
- El[u(m_l), H(m—l)](h(m)7 W(m))
= A= - V)h™ 1 (W™ . )w™) 4 v pim),
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Ra(h™ (Aa), w(™ (\2))
= Lo(u™ D 4 W0 HOD 4 w(m)) g, (uim=1 HmD)
— Lo[u™ ) HD) (M) wm)
- )\(*(h(m) . v)w(m) + (W(m) . v)h(m)),

where the approximation pressure takes the form
P™(z) = —Adiv(u™ . vu™ — H™ . v)H™),

which is also the nonlinear term in approximation problem (22) at
(=D (), H D (a)) 7.

The following result establishes how to construct the mth approximation solu-
tion.

Proposition 3.1. Let 0 < v < 1. Assume that (LZ) holds, the ini-
tial approzimation function (uw®, H®) satisfies conditions @A)—ER), and
(um=D(\z), H™ Y (\2))T € Be, and

m—1

>R 3 + 0@ )F) S €%,

i=1

Then the linearized problem B2)) with the boundary condition B3)) admits a
Sobolev regular solution

(R (\z), w'™ (A\z)) € H*(Q) x H*(),

which satisfies

m m (m— —(m 12
1B 3 + lw™ (13 < 1w, B D13 + [Ty, E 1% (3.6)
where the error term satisfies
B are + B lle S A F2NZ (™ 3 + ™ [32.). (3.7)

Proof. By the assumption 377" (J|h®[%. + [w®[%.) < 2 for any s > 1, we
find

s s m—1 s
D o = D ouw)+ 3 3 o)
k=0 k=0 i=1 k=

=Y 0wV (@) + 0@,
k=0
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and
S m—1 s
m—1 0 7
> ok HS ):ZﬁkH() )+ 9% w® (\z)
k=0 k= =1 k=0

=3k B (2) + O(e?),
k=0
Thus, noticing that (u(® (z), H”) (z)) satisfies (ZZ)—-23J), it follows that
m—1
DM, 0w (@)~ <2,
and
>, 5 HY™ (@) e S €2

m T

The (m — 1)th approximation solution is

m—1

(3.8)

(3.9)

u™ V) =u®(z) + Z h (), H™D0z) =HO(2) + 3w ().

i=1

Moreover, we have

V-umY(z) =

[t 582»

ul™ = (z)]pep0 = 0,
and

V- -H™ V() =

[V e S €2,

H" Y (2)[peo0 = 0.

Next, we find the mth approximation solution (u(™ (Az), H™ (Az))T

equivalent to find (h(™ (A\z), w(™ (Az))T such that
u™ (A\z) = u™ Y (Az) + h™ (A\z),
H™ (\z) = H™ Y (\z) + w™ (\z).
Substituting (312) into (Z2), we obtain

(3.10)

(3.11)

, which is

(3.12)

L1(u™ HM) = £, (™D H™Y) 4 £4[(u™D H™ )L™ wl™)

+Rl<h<m>,w<m>>,

L™ HM) = LoD HTY) 4 Lo[(u™ D H™=D))](h™ wl™)

+ RQ (h(m) 5 W(m) )
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Set
51[(u(m—1)7H(m—l))](h(m)’w(m)) = —Ly(um ) HmDy = _pim-b)

Ez[(u(mfl), H(mfl))Kh(m)’ W(m)) _ _£2(u(m71)’ H(mfl)) _ _E(mfl)7

which we supplement with the boundary conditions (B3]).

Since we assume (u(™~1 (\z), H™ Y (\z))T € B., then there is the same struc-
ture between the linear system (ZI0) and the linear system of mth approxima-
tion solutions. Thus, by means of the same proof process as in Proposition 2.1,
we can show that the above problem admits a solution (h™ (A\z), w(™ (Az))T e
H3(Q) x H*(Q). Here, we should use 2]). Furthermore, similar to (2351), we can

use - to derive
B.3)-E.11)
m m m— _(mfl)
D |5 + (W e SHE™ DN + B V3., VE>0,

where one can see the (m — 1)th error term (E(mfl),F(mil))T such that

B D = £y (™) HO D) — Ry (00w,

=(m=1)

E = Lo(u™ D HM D) = Ry(h(™) wm™)),
Furthermore, by (83) and the Calderén—Zygmund theory, it follows that
V1= + B s
= ATy, (b - VR || 4 AT, (w0 - VW ™) 475
+ AT, (W7 T w ™) e
+ ATy, (W™ - VR | e+ ATy, VPO 514
S NN (R + Wt F0).

The proof is now complete. O

4. Proof of Theorem [1.7]

The proof of Theorem [l depends on the existence of Sobolev regular solution
of the nonlinear perturbation equations ([LI2)). In order to complete it, we should
prove that the series Y .-, h”(Az) and S w(Ax) are convergent, and it holds

S hO0a) ~ 0(v), 3w (Aa) ~ O(VD).
=1 =1

For a fixed integer s > 1, let 1 <s=k<ky<kand
E—k k—k

km::E+2—mv kyoo =k, Oém+15:km7km+1:2m+1'

Therefore

ko >k > >kn>knper > (4.1)
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We now prove the existence of a Sobolev regular solution of the nonlinear pertur-
bation equations ([LI2)). This is based on an induction argument. For convenience,
we first deal with the case of zero initial data, that is, ug(z) = Ho(x) = (0,0,0).
Note that Ny, = NJ* with Ny > 1. For all m = 1,2,..., we claim that there exists
a small positive constant ¢ such that

Hh(m)HH’Cm—l + HW(m)HHkmfl <€2m71,
1B s+ B gones <7 (42)
(u™ HHT c B..

For the case of m = 1, we recall the assumptions ([2.4)(2.8) on the initial approx-
imation function (u(® (z), H® (z)). By @31, let 0 < o < A=+ N, ETFP 2 o
5 < 1, hence

1D zsa + 19O lzs0 S 1Bl zso + 1B w0 <.
Moreover, by [B81) and the above estimate, we deduce that

—(1
HED 0 + 1B 00 S 1R1 (07, %) | ko + [IR2(0Y, W) | 7o

SAPENE(IRD 20, + (IWD[20,)

< &2,
and
D o + HD [ gre0 S 1[0 i + O + 18D [0 + WD 1750 S e,
which means that (u®, HY) € B..
Assume that the case of m — 1 holds, that is,
IR ) g+ W | g < 277,
IE D g + 1Bl < 2" (4.3)

(u(mfl) H(mfl))T € B..

)

We now prove that the case of m holds. Using 21]), (8:6) and the second inequality
of ([@3)), we derive

( —

m m m— —(m—1
I s+ WO gty S T, B s+ 1T, B s

Qm m— —=(m—1)
SN (1B D i + | E Il £ )
gm—1 gm—2

< Nome <e , (4.4)
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which combined with (1), (31) and (£I) yields

m —=(m) s m m
IE [ grim + B [ grom S AN (I8 + W™ 300)

S AHEENZFr (B B i )?
< ()\s+2NO)(2+am+1)m+2(2+am+2)(mfl) (”E(m72) ||Hkm+2
—(m—2) 2
+HE ||Hkm+2)2

A

S INENEE R B rra + 1B o )P (45)
We choose a sufficient small positive constant ¢y such that
0 < NF2NSHF(IEO | i + B[ 10) < 2Ndeo < €2
Thus, by ([@3), we have
IET gt + B g < €2,
and
0= tim (1B g + 1B i)

—+oo

gtee

s —k +(0)
5 [)‘ +2N§+k k(||E(O)HH’C+oo + ”E HH’W@o)] — 0.

So, the error term goes to 0 as m — oo, that is,
Tim (| B+ B | i) = 0.
On the other hand, note that N,,, = Nj*, by (A3)-@.4). Therefore
"™ gt + [H | i
S e+ HT D g+ [0 g+ w76
Se+ Nf;l52m71 <e.

This means that (u(™ H™))T e B.. Hence, we conclude that (ZZ) holds.
Therefore, the nonlinear perturbation equations (ILI2)) admits a Sobolev regular
solution

u®)(z) = u®(z) + i h™ (\z) € H3(Q),

m=1

H™)(z) = HO () + i w(m™(\z) € H*(Q),

m=1
from which, one can see that the solution depends on the initial approximation
function. Finally, we use (I2]) and apply the Calderén—Zygmund theory. Thus, for
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RuwlLso < [l

the Riesz operator R, there exists Lso with 1 < sg < oo such that

[Plla- S e

Furthermore, since the initial approximation function (u(o),H(O)) satisfies the
conditions ([24)-(28) and ¢ < /v, in Sobolev space H*, it holds

ul®)(z) ~ O(Vv),
H)(z) ~ O(V),
P(z) ~ O(Vv),
thus, it holds
313%(||v" = Vg + H" || 72 0)) = 0,
and
lim [|P” = P*|| 72 (0) = 0.

This completes the proof.
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