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Abstract
We study the following fractional Navier boundary value problem:

DEDPU)X) + uX)fx,ux) =0, 0<x<1,
limy_o0+ DP~u(x) =0, lime_or D* 1 (DPU)(X) = €,
u(1) =0, DAu(1)=-¢,

where o, B € (1,2], D* and DP stand for the standard Riemann-Liouville fractional
derivatives,and &,¢ > O are such that & + ¢ > 0.

Our purpose is to prove the existence, uniqueness, and global asymptotic behavior
of a positive continuous solution, where f: (0, 1) x [0, 00) — [0, 00) is continuous and
dominated by a function p satisfying appropriate integrability condition.

MSC: 34A08; 34B15; 34B18; 34B27

Keywords: fractional Navier differential equations; positive solutions; Green’s
function; perturbation arguments

1 Introduction
The existence, uniqueness, and global asymptotic behavior of positive continuous solu-
tions related to fractional differential equations have been studied by many researchers.
Many fractional differential equations subject to various boundary conditions have been
addressed; see, for instance, [1-12] and the references therein. It is known that fractional
differential equations serve as a good tool to model many phenomena in various fields
of science and engineering (see [13—24] and references therein for discussions of various
applications).

In [2], the authors proved the existence and uniqueness of a positive solution to the
following fractional boundary value problem:

D"‘u(x) = M(x)(/)(x, M(x))!

lim, 0+ D" () = &,

O<x<l,

u(l)=¢,

(1.1)

where 1 <o <2, &,¢ > 0 are such that £ + ¢ > 0, and ¢(x,s) € C*((0,1) x [0, 00)) satisfies
appropriate conditions. Inspired by the above-mentioned paper, we aim at studying similar
problem in the case of fractional Navier boundary value problem. More precisely, we are
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concerned with the problem

D*(DPu)(x) + u(x)f (x,u(x)) =0, O0<x<l,
lim,_ o+ D u(x) = 0, lim,_, o+ D* 1 (DPu)(x) = £, (1.2)
u(l) =0, DPu(1) = -¢,

where «, 8 € (1,2], and &,¢ > 0 are such that £ + ¢ > 0. The nonlinear term f(x,s) is re-
quired to be a nonnegative continuous function in (0, 1) x [0, 00) dominated by a function
p belonging to the class J, g defined as follows.

Definition 1.1 Let «, 8 € (1,2]. A nonnegative measurable function p on (0,1) belongs to
the class J, g iff

1
/ P21 - ) p(t) dt < oc. (1.3)

0

Next, we introduce the following notation.
(i) B*((0,1)) is the set of nonnegative measurable functions in (0,1).
(i) Let X be a metric space, we denote by C(X) (resp. C*(X)) the set of continuous
(resp. nonnegative continuous) functions in X.
(iii) Fory € (1,2], Co-,([0,1]) = {w € C((0,1]) : & — x* 7 w(x) € C([0,1])}.
(iv) For y € (1,2], G, (#,s) is the Green function of the operator u — —D" u, with

boundary data lim,_, o+ D” u(x) = u(1) = 0. From [8], Lemma 7, we have

G,(x,s) = %}/) (xy_z(l —s)r - ((x - s)*)y_l), (1.4)

where x* = max(x, 0).

Proposition 1.2 (see [8]) Let 1<y <2 and ¢ € B*((0,1)). Then we have
(i) For (x,s) €(0,1] x [0,1],

(y -1
I'(y)

H(x,s) < Gy(x,s) < %}/)H(x,s), 1.5)
where H(x,s) := x7~2(1 — 5)?~2(1 — max(x, s)).

(ii) The function x — G, @(x) := fol G, (%, s)p(s) ds belongs to Cy_,,([0,1]) if and only if
fol(l —5)"p(s)ds < 0.

(ili) If the map s — (1-s)" g(s) € C((0,1)) N L'((0,1)), then G, ¢ belongs to
Cy-,([0,1]), and it is the unique solution of the problem

D’u(x) = —p(x), O<x<l,

lim,_, o+ D?Tu(x) = u(1) = 0.

Throughout this paper, for «, 8 € (1,2], let G(x, s) be the Green function of the operator
u — D*(DPu) with Navier boundary conditions lim,_ o+ D?Lu(x) = lim,_.o+ D* (D u)(x) =
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u(1) = DPu(1) = 0. Then we have

1
G(x,s):/ Gp(x, £)Gy(t,s) dt. (1.6)
0

For a given function p in B*((0,1)), we put

1
= sup /0 wp(t)dt, 1.7)

Ky =
i’ x,5€(0,1) G(x,s)

and we will prove that «,, < oo if and only if p € J, p.
From here on, let &, ¢ be two nonnegative constants such that & + ¢ > 0, and 6(x) be the
unique solution of the problem

D*DPu)(x) =0, O<x<l,
lim,_, o+ D?u(x) = 0, lim,_, o+ D* 1 (DPu)(x) = £, (1.8)
u(l) =0, DPu(1) = -¢.

We can easily verify that, for x € (0,1], 0(x) = £h;(x) + ¢ ha(x), where

1
hl(x)=f Gﬁ(x,t)Ga(t,O)dt
0

_ 1 p2(1 1
T @-Da+p-1)" (1 x)+r(a+,3)x

P2 (x4 — 1) (1.9)
and

1
hz(x):/o Gplx, )t 2 dt = Fr(a_l)

(@+p- l)xﬂ_2 (1=4%). (110

Note that from (1.5), (1.9), and (1.10) it follows that there exists a constant ¢ > 0 such
that, for each x € (0,1],

%xﬂ'z(l —x) <0(x) <exP2(1-x). (1.11)

To state our existence results, a combination of the following hypotheses are required.

(A1) fisin C*((0,1) x [0, 00)).
(Az) There exists p € Jup N C*((0,1)) with «, < % such that, for each x € (0,1),

the map s — s(p(x) — f(x,50(x))) is nondecreasing on [0,1].
(As3) For each x € (0,1), the function s — sf(x,s) is nondecreasing on [0, 00).

Our main results are the following.

Theorem 1.3 Under conditions (A;)-(Az), problem (1.2) admits a solution u € Co_g([0,1])
such that

cof(x) <ulx) <0kx), 0<x<l, (1.12)

where ¢y € (0,1).
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Moreover, this solution is unique if hypothesis (As) is also satisfied.

Corollary 1.4 Let o, 8 € (1,2], and h be a nonnegative function in C*([0,00)) such that
the map s — o(s) = sh(s) is nondecreasing on [0,00). Let g € C*((0,1)) and assume that the
function g(x) := q(x) maxo<;<p(x) 0’ (t) belongs to Jy g. Then for A € [0, %), the problem

q

D¥(DPu)(x) + Ag(x)u(x)h(u(x)) =0, 0<x<1,
lim,_, o+ D u(x) = 0, lim,_, o+ D* 1 (DPu)(x) = £, (1.13)
u(l) =0, DPu(l) = -¢,

admits a unique solution u € C,_g([0,1]) such that
(I-2kz)0(x) <ulx) <6(x), O0<x<L

Our paper is organized as follows. In Section 2, we establish some properties of G(x,s).
In particular, we prove the existence of a constant ¢ > 0 such that, for all x,¢,s € (0,1),

(x,£)G(t,s)

1 G
21— < <ctP2(1-p)~.
c ( )= G(x,s) =¢ ( )

This implies that k,, < oo ifand only if p € Jy,. In Section 3, for a given function p € J, g

with k, < %, we construct the Green function H(x, s) of the operator u — D*(DPu) + p(x)u

with boundary conditions lim,_, o+ D u(x) = lim,_, o+ D*1(DPu)(x) = u(1) = DPu(1) = 0,
and we derive some of its properties including the following:

(1 -k,)G(x,s) < H(x,s) < G(x,s) forall (x,5) € (0,1] x [0,1]
and
Wo = W,p+ W,(pWoe) = Wyp + W(pW,p) foreec B*((O,l)),

where W and W), are defined by

1 1
Wo(x) :=/ G(x,s)p(s)ds and  W,e(x) :=/ H(x,s)p(s)ds, xe€(0,1].
0 0
Exploiting these results, we prove our main results by means of a perturbation argument.

2 Estimates on the Green function
We recall the definition of the Riemann-Liouville derivative.

Definition 2.1 (see [17, 22, 23]) The Riemann-Liouville derivative of fractional order
y >0 of a function g is defined as

. 1 i g ¥ _v-1
e o (4) [ e ds

wheren-1<y<nelN.
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Next, we prove some properties of G(x,s).

Proposition 2.2 Let «, B € (1,2]. Then there exist two constants m > 0 and M > 0 such
that, for all (x,s) € (0,1] x [0,1], we have

maP2(1 - x)(1 - ) < Glx,s) < MxP2(1 — x)(1 - 5)*L. (2.1)

Proof Using (1.6) and (1.5), we have
1
G(x,s) = f Gp(x, )Gy (t,s) dt
0

1
< %ﬁ)/o -1 Got,5) dt

x21-x) !
P
— (B Jo
= MxP2(1 - x)(1 —5)*L.

1-8)Pf 221 -5 de

On the other hand, using again (1.6), (1.5), and the inequality 1 — max(x,s) > (1-x)(1-s),
we get

1
G(x,s) =/0 Gp(x, )Gy (t,s) dt

_B-De-1 [
L) Tl Jo
= mxP 21— x)1 -s)*L. O

K21 -x)A - )PP 21 —s)dt

Using Proposition 2.2, we deduce the following.

Corollary 2.3 Let «, B € (1,2]. Then there exists a constant ¢ > 0 such that, for all x,t,s €
(0,1), we have

- G(x, t)G(t,s)

1
P21 - )™
c ( )= G(x,s)

<21 -1)”. (2.2)

Proposition 2.4 Let o, 8 € (1,2], and p be a function in B*((0,1)).
(i) There exists a constant ¢ > 0 such that

1 1
% / P21 -t)*p()dt <k, < c/ 721 - 1) p(t) dt, (2.3)
0 0

where K, is given by (1.7).
In particular,

ky<oo ifandonlyif pe Jup. (2.4)
(ii) Forx € (0,1], we have
W(0p)(x) < Kp0(x), (2.5)

where 0(x) := El(x) + L ha(x), and hy and hy are given respectively in (1.9) and (1.10).
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Proof Let p be a function in B*((0,1)).
(i) Inequalities in (2.3) follow immediately from (2.2) and (1.7).
(ii) Since 0(x) :=&hy(x) + ¢ hy(x), it suffices to prove (2.5) for ki and h;. To this end,
observe that from (1.6) it follows that, for each x,s € (0,1),

G(s,r)  G(s,0)  h(s)
S0 Gor)  G0) @)

So by Fatou’s lemma and (1.7) we deduce that

G(s,1)
G(x,r)

1 1
/ G(x,s) () p(s)ds < liminf / G(x,s)
0 r—0 0

o) p(s)ds < iy,

that is,
W (hip)(x) < kphi(x) forx € (0,1].

Similarly, we prove that W (/yp)(x) < k,h,(x) by observing that

Gls,r)  Is)
G W)

This ends the proof. O

Corollary 2.5 Let a,f € (1,2] and ¢ € B*((0,1)). Then x — We(x) € Co_5([0,1]) if and
only iffol(l —5)*Lo(s) ds < oo.

Proof The assertion follows from (2.1) and the dominated convergence theorem. O

Proposition 2.6 Let o, € (1,2] and ¢ € B*((0,1)) be such that s — (1 — 5)*1¢(s) €
C((0,1)) N LY((0,1)). Then W is the unique nonnegative solution in C_g([0,1]) of

D*(DPu)(x) = p(x), O<x<1,
lim,_, o+ D u(x) = lim,_, o+ D* Y (DPu)(x) = u(1) = DPu(1) = 0.

Proof Let ¢ € B*((0,1)). From (1.6) and the Fubini-Tonelli theorem we obtain
1
o) - [ Gats0GLp(0dr 2.6)
0

where Go(t) = fol Gy (t,5)p(s) ds.
Since the function s — (1-5)*"¢p(s) € C((0,1)) N L}((0,1)), we deduce by Proposition 1.2
that G, ¢ is the unique solution in C,_4([0,1]) of

D*v(x) = —p(x), O<x<l,

2.7)
lim,_, o+ D*v(x) = v(1) = 0.
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On the other hand, by using (1.5) we deduce that

1 1 1 1
_pB-1 I _\B-1 a-201 _ a-1
/0 Q-1 Gup(t)dt < ) /0 1-x) (/0 tF (1 —9)""p(s) ds) dt

e
T (-l (ax+B-1)

1
/ (1-35)*"To(s)ds < co.
0

Hence, the function ¢ — (1 — £)/1G,¢(t) € C((0,1)) N L}((0,1)). Therefore, using (2.6)
and Proposition 1.2, we deduce that W¢ is the unique solution in C,_g([0,1]) of

DPu(x) = -Gup(x), 0<x<l, 2.8)
lim, o+ D u(x) = u(1) = 0.
Combining (2.7) and (2.8), we obtain the required result. O
3 Proofs of main results
Let «, 8 € (1,2]. For (x,s) € (0,1] x [0,1], put Hy(x,s) = G(x,s) and
1
9= [ G OH PO ds, =1 (31)
0
Now, let H : (0,1] x [0,1] — R be defined by
o0
Hx,5)= Y _(<1)"Hy(x,5), (3.2)

n=0

provided that the series converges.

Lemma 3.1 Let o, B € (1,2] and m,M > 0 be as in (2.1). Let p € Jy p with k, < 1. Then on
(0,1] x [0,1], we have
(i) Hu(x,5) <) G(x,s) for each n € N.
So, H(x,s) is well defined in (0,1] x [0,1].
(ii) ForeachneN,

l,,xﬁ’z(l —x)(1-8)* <H,(x,s) < r,,xﬁ’z(l —x)(1 -9, (3.3)

where

n

1 n 1
Ly=m"! (/ P21 -1)*p(t) dt) and 1, =M" </ P21 -t p(t) dt) .
0 0

(iii) H,.1(x,8) = fol H,(x, £)G(¢,s)p(t) dt for each n € N.
(iv) [y Hx, )Gt s)p(e)dt = [, G, YH(t, s)p(0) dt.

Proof By simple induction we prove (i), (ii), and (iii).
(iv) By Lemma 3.1(i) we have

0 < H,(x,t)G(¢,s)p(t) < K;G(x, t)G(t,s)p(t) forn>0andallx,t,se(0,1].
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Therefore, the series ano fol H,(x,t)G(t,s)p(t) dt converges.
So by applying the dominated convergence theorem we deduce that

1 o 1
/ Hix, )G s)p)dt =y / (=1)"H,(x, ) G(t, 8)p(t) dt
0 'm0 Y0
SRS
=y / (=1)"G(x, )H, (¢, 8)p(t) dt
n=0 0

1
_ / Glx, £YH(2, s)p(t) dt. O
0

Proposition 3.2 Let o, € (1,2] and p € Jyp with k, < 1. Then the function (x,s) —
x> PH(x,s) € C([0,1] x [0,1]).

Proof Clearly, the function (x,s) — x*?Hy(x,s) € C([0,1] x [0,1]).

Assume that the function (x,s) — x>#H,_(x,s) € C([0,1] x [0,1]).
Using Lemma 3.1(i) and (2.1), we have, for all (x,s,£) € [0,1] x [0,1] x (0,1],

P Gx, OH, (8, 9)p(t) < k)% Gl 1) G, 5)p(0)
=M (L-x)A -0 A= 1)1 -5)""p(e)
< M1 - ().
So by (3.1) and the dominated convergence theorem we conclude that the function
(x,5) = x> PH,(x,s) € C([0,1] x [0,1]).
From Lemma 3.1(i) and (2.1) we deduce that

x2PH,(x,5) < Kl’;xz’ﬁ G(x,s) < M/c;f. (3.4)

Therefore, the series ano(—l)”xz‘ﬂHn(x,s) is uniformly convergent on [0,1] x [0,1],
and so the function (x,s) — x> #H(x,s) € C([0,1] x [0,1]). a

Lemma 3.3 Let o, 8 € (1,2] and p € Jop with k, < % Then for (x,s) € (0,1] x [0,1], we

have
(1 -kp)G(x,8) < H(x,s) < G(x,5). (3.5)
Proof Letp € Jup with k, < % By Lemma 3.1(i) we deduce that

1
1-

[ Hx,5)] <Y ()" Glx, ) = —Glx,9). (3.6)
n=0 p

Now, from the expression of H we have

H(x,5) = G,5) = Y _(-1)"Hyu (). (3.7)

n=0
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Since the series ano fol G(x,t)H,(t, s)p(t) dt converges, we conclude by (3.7) and (3.1)
that

00 1
H(x,s) = G(x,s) — Z(—l)”/o G(x,t)H,(t,s)p(t) dt

=0

=

1 o0
- Glx,s) - /0 G(x, 1) (;(—1)"11,,@,5))10@) dt,
namely,
H(x,s) = G(x,s) — W(p?—[(~,s))(x). (3.8)

On the other hand, since

W (pH(-15))(x) <

W (pG(-5)) (x)

1-«,
1
= Hl(x)s) S KP G(x,S), (39)
1-«, 1-x,
we deduce that
1-2
H(x,5) > G, 5) — —2—G(x,5) = ——L Glx,5) > 0.
1-x, 1-«,

Hence, H(x,s) < G(x,s), and by (3.8) we have
Hx,s) = G(x,8) - W(pG(-5))(*) = (1 - k,)G(x,5). O

Corollary 3.4 Leto,B € (1,2] and p € Jy g with k, < %
Let ¢ € B*((0,1)). Then

1
W, € Co_4([0,1])  if and only if f (1-5)*"p(s)ds < co.
0

Proof The assertion follows from Proposition 3.2, (3.5), and (2.1). a

Lemma 3.5 Leta,f € (1,2] and p € Jy p with k, < %
Let h € B*((0,1)). Then we have, for x € (0,1],

Wh(x) = Wyh(x) + W,(pWh)(x) = W,h(x) + W (pW,h)(x). (3.10)
In particular, if W (ph) < 00, then
(I-Wop)) I+ W(p)h=(I+W(p))(I-W,(p)h=h. (3.11)
Proof Let (x,5) € (0,1] x [0,1]. Then by (3.8) we have

G(x,s) = H(x,s) + W(pH(9))(%).
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Let i € B*((0,1)). Using the Fubini theorem, we obtain
1
Wh(x) = /o (H(x, s) + W(p?—l(~,s))(x))h(s) ds
= Wyh(x) + W(pW,h)(x).

Using Lemma 3.1(iv) and again the Fubini theorem, we have

1 pl 1 pl
f / Hx, t)G(t,s)p(t)h(s) dt ds = / / G(x, £)H(¢t, s)p(t)h(s) dt ds,
o Jo 0o Jo
that is,
W,(pWh)(x) = W(pW,h)(x).
So
Whi(x) = Wyh(x) + W(pW,h)(x) = Wyh(x) + W,(pWh)(x). O
Proposition 3.6 Let o, € (1,2] and p € Jop N C((0,1)) with k, < 1. Let ¢ € B*((0,1))

be such that s — (1 — s)*'¢(s) € C((0,1)) N L'((0,1)). Then Wyp € Cop([0,1]), and it is
the unique nonnegative solution of the problem

D*(DPu)(x) + p(x)u(x) = p(x), 0<x<1,

(3.12)
limy_ o+ D u(x) = lim,_ o D* Y (DPu)(x) = u(1) = DPu(1) = 0,
satisfying

1-k,)Wo <u<Wep. (3.13)

Proof By Corollary 3.4 the function x — p(x) W,¢(x) € C((0,1)).

Using (3.10) and (2.1), we have that there exists ¢ > 0 such that

1
Wo0x) < Wo(x) < M/ 21— x)(1 - 5)*Lo(s)ds = cxP2(1 - x). (3.14)
0

Therefore,

1 1
f 1 -s)*"p(s) Wop(s)ds < cf sP72(1 - 5)%p(s) ds < oco.
0 0

Hence, by Proposition 2.6 the function u = W,p = Wo - W(pW,¢) satisfies the equation

D*(DPu)(x) = p(x) — p(x)u(x), 0<x<1,
lim,_, o+ DA 1u(x) = lim,_, o+ D* Y (DPu)(x) = u(1) = DPu(1) = 0.

By integration of inequalities (3.5) we obtain (3.13).
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Let us prove the uniqueness. Let v € C,_g([0,1]) be another solution of problem (3.12)
satisfying v < Wo.

Put 7:= v + W(pv). Since the function s — (1 — s)*"p(s)v(s) € C((0,1)) N L}((0,1)), then
by Proposition 2.6 it follows that

D¥(DPP)(x) = p(x), O0<x<1,
lim,_, o+ D?719(x) = lim,_, o+ D*1(D#P)(x) = ¥(1) = DP¥(1) = 0.

From the uniqueness in Proposition 2.6 we conclude that
vi=v+ Wpv) = We.

So
I+ W) ((v-u)) =T+ Wp))(v-u)),

where (v — u)* = max(v — u,0) and (v — u)” = max(z —v,0).
From (3.13), (3.14), (1.11), and (2.5), there exists a constant ¢ > 0, such that

W (plv - ul) < 2eW (p0) < 2¢k,0 < 0c.

Therefore, u = v by Lemma 3.5. O

Proof of Theorem 1.3 Consider £ > 0 and ¢ > 0 with & + ¢ > 0. Let «, 8 € (1,2] and
P € Jap N C((0,1)) be such that (A,) is satisfied.
Let

S:= {ueB*((O,l)):(l—Kp)G 51459},

where 0(x) := Eh1(x) + £ ha(x), and /1 and &, are defined respectively by (1.9) and (1.10).
Define the operator F on S by

Fu=0-W,(po)+ Wp((p —f(~,u))u).
By (3.10) and (2.5) we have

W,(p8) < W(pb) <k,0 <6. (3.15)
Using (Aj), we get

0<f(hu)<p forallues. (3.16)
Next, we prove that S C S. Indeed, using (3.16) and (3.15), we have, for u € S,

Fu<60-W,(p0)+ W,(pu) <6
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and

Fu=>6-W,(pb)
> (1-«p)0.
Observe that, by (A;), F becomes nondecreasing on S.

Define the sequence {v,} by vo = (1 — «,)6 and v,,; = Fv, for n € N. Since FS C S, we

have v; = Fvy > vy, and by the monotonicity of 7 we deduce that

Using (A;)-(A2) and the dominated convergence theorem, we deduce that the sequence

{v.} converges to a function u € S satisfying
u= (1= Wy(p)6 + Wp((p—f(,u)u),

that is,
(I- Wy(p)u = (I - Wy(p))0 — W, (uf (-, u)),

and by (3.15) we have W (pu) < W(pf) < 6 < oo. Therefore, by Lemma 3.5 we deduce that
u=0- W(uf(-, u)). (3.17)

We claim that u is a solution.
Indeed, from (3.16) and (1.11), there exists a constant ¢ > 0 such that

1- s)"‘_lu(s)f(s, u(s)) < (1- $)*0(s)p(s) < csP2(1 - 5)p(s). (3.18)

So, by Proposition 2.6 the function W (uf (-, u)) € C,_g([0,1]). This implies by (3.17) that
u € Cy_g([0,1]).

Now, since the function s — (1 — s)*~Lu(s)f (s, u(s)) € C((0,1)) N L}((0,1)), we deduce by
Proposition 2.6 that u is a solution.

It remains to prove the uniqueness. Let v be another solution in C,_g([0,1]) to problem
(1.2) satisfying (1.12). Since v < 6, we deduce by (3.18) that

0< V(s)f(s, v(s)) <0(s)p(s) < csP2(1 = s)pls).

This implies that s — (1 —s)*2w(s)f (s, v(s)) € C((0,1)) N L}((0,1)). Let ¥ := v+ W(vf (-, v)).
By Proposition 2.6, we have

DY(DPY)(x) =0, O<x<l,
lim,_, o+ D 19(x) = 0, lim,_, o+ D*1(DPV)(x) = £,
(1) =0, DFY(1) = —¢.
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Hence,
v=0-W(vf(,v). (3.19)
Let w: (0,1) — R be defined by

A EE it v(2)  u(2),
w(z) =

0 if v(z) = u(z).
By (A3), w € B*((0,1)) and from (3.17) and (3.19) we deduce that
(1 + W(a)~)) ((V - u)*) = (1 + W(a)~)) ((V - u)f),

where (v — #)* = max(v — ,0) and (v — #)” = max(z —v,0).
From (A;) we have w < p. So by using (1.12) and (2.5) we obtain

W (wlv - ul) <2W(ph) < 2k,0 < co.
Hence, u = v by (3.11). O

Proof of Corollary 1.4 The statement follows from Theorem 1.3 with f(x,£) = Ag(x)h(t),
o(2) = th(t) and p(x) := Aq(x) maxo<s<g() 0'(£). O

Example 3.7 Leto >0, v >0, and g € C*((0,1)) be such that
1
f t(ﬁ—Z)(1+J+v)(1 _ t)a+a+vq(t) dt < oo.
0

Let o(¢) = "' In(1 + ¢") and g(¢) := q(t) maxo<s<o(r) 0'(s). Since § € Ty, then for & > 0,
>0with& +¢>0and A € [0, %)’ the problem

K,

Qi

D*(DPu)(x) + Ag(x)u®* (%) In(1 + u¥(x)) =0, O0<x<1,
lim,_ o+ D u(x) = 0, lim,_, o+ D* 1 (DPu)(x) = £,
u(1) =0, DPu(l) = —¢,

has a unique solution u € C;_g([0,1]) such that

(I —2o)0(x) <u(x) <0(x) forxe(0,1].
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