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Abstract: We consider a nonlinear Dirichlet problem driven by the p-Laplace differential operator with
a reaction which has a subcritical growth restriction only from above. We prove two multiplicity theorems
producing three nontrivial solutions, two of constant sign and the third nodal. The two multiplicity theorems
differ on the geometry near the origin. In the semilinear case (that is, p = 2), using Morse theory (critical
groups), we produce a second nodal solution for a total of four nontrivial solutions. As an illustration, we
show that our results incorporate and significantly extend the multiplicity results existing for a class of
parametric, coercive Dirichlet problems.
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1 Introduction

Let Q ¢ RN be a bounded domain with a C?-boundary 0Q. In this paper, we study the following nonlinear
Dirichlet problem:

(1.1)

-Dpu(z) = flz,u(z)) inQ,
u=0 on 0Q.

Here, A, denotes the p-Laplace differential operator defined by
Apu = div(|DulP~>Du) forallu e Wé’p(Q), 1<p<co.

Usually such problems are examined under the assumption that the reaction f(z, - ) exhibits subcritical
growth from above and below. In contrast, we assume here that f(z, -) is subcritical only from above, while
from below no growth restriction is imposed on f(z, - ). In this setting, we prove a multiplicity theorem pro-
ducing at least three nontrivial solutions, two of constant sign (one positive and one negative) and the third
nodal (that is, sign-changing). Our multiplicity result compares with those proved by Liu and Liu [14], Liu [15]
and Papageorgiou and Papageorgiou [17] who proved three solutions theorems for certain classes of coer-
cive p-Laplacian equations. We also refer to Papageorgiou, Radulescu and Repovs [19, 20] for multiplicity
properties in the context of Robin problems with superlinear reaction and super-diffusive mixed problems.
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320 —— N.S.Papageorgiou et al., Nonlinear Dirichlet problems with unilateral growth DE GRUYTER

In all the aforementioned works, the reaction has bilateral subcritical growth and no nodal solutions are
produced. In addition, in the present work, for the semilinear problem (p = 2), using Morse theory (critical
groups), we produce a second nodal solution, for a total of four nontrivial solutions. Finally, we mention
the works of Villegas [23] and Filippakis, Gasinski and Papageorgiou [8] who proved existence theorems
for unilaterally restricted scalar problems (that is, N = 1). Villegas [23] studied semilinear (that is, p = 2)
Neumann problems and Filippakis, Gasinski and Papageorgiou [8] considered nonlinear (thatis, 1 < p < c0)
periodic problems with a nonsmooth potential.

2 Mathematical background

Let X be a Banach space, let X* be its topological dual and let (-, -) denote the duality brackets for the pair
(X*, X). We say that a function ¢ € C!(X) satisfies the Palais—Smale condition (PS-condition, for short), if the
following property holds.

Property 1. Every sequence {up}n>1 € X such that {¢(u,)}n>1 € X is bounded and
@' (up) - 0 inX*asn — oo,
admits a strongly convergent subsequence.

This is a compactness-type condition on the functional ¢, which leads to a deformation theorem from which
one can derive the minimax theory of the critical values of ¢. A basic result in this theory is the so-called
“mountain pass theorem”, due to Ambrosetti and Rabinowitz [4].

Theorem 2.1. Assume that X is a Banach space, ¢ € C1(X) and it satisfies the PS-condition, uo, u; € X,
luy —uol >p >0,

max{p(uo), p(u1)} < inf{e) : lu - uoll = p} = m,
and ¢ = infyer maxo<i<1 @(y(t)), where = {y € C([0, 1], X) : y(0) = uo, y(1) = us}. Thenc > my and cis a crit-
ical value of ¢.

In the study of problem (1.1), we will use the Sobolev space Wé P(Q) (when p = 2, we will write H(l)(Q)) and
the ordered Banach space C3(Q) = {u € C'(Q) : uloq= 0}, with the order cone

Cy={ueCiQ):u(z)=0forallz € Q}.

This cone has a nonempty interior given by
. ou
intC, = {u €Cy:u(z)>0forallz € Q, 3n < OonaQ}.

Here we denote the outward unit normal on 0Q by n(-).
Let fo : Q x R — R be a Carathéodory function such that

Ifo(z, x)| < a(z)(1 + |x|""!) foralmostallz € Qandallx € R,

with a € L*°(Q) and
N|
P ifp <N,
1<r<p*=4N-p (the critical Sobolev exponent).

+00 ifp>N

We set Fo(z, x) = jg fo(z, s) ds and consider the C!-functional ¢ : Wé’p (Q) — R defined by

Po(u) = %llDullg - jFo(z, u(z))dz forallu e Wy (Q).
Q

From Garcia Azorero, Manfredi and Peral Alonso [10], we recall the following result.
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DE GRUYTER N.S. Papageorgiou et al., Nonlinear Dirichlet problems with unilateral growth =— 321

Proposition 2.2. Assume that ug € Wé’p (Q) is a local C(l)(ﬁ)-minimizer of po, that is, there exists py > 0 such
that
@o(up) < @o(up + h) forallh e C(l)(Q) with "h”Cé(ﬁ) < Po.

Thenug € C(l,"x(ﬁ)forsomea € (0, 1) and ug is also a local Wé’p(Q)-minimizerof(po, that is, there exists p; > 0
such that
Po(uo) < Po(uo +h)  forall h € WyP(Q) with |l < p;.

Hereafter, we denote the norm of the Sobolev space Wé "P(Q) by || - || By the Poincaré inequality we have
lull = |Dull, forallu e Wé’p(Q).

We will also use some basic facts about the spectrum of (-A,, Wé’p (Q)). So, we consider the following
nonlinear eigenvalue problem:

—Apu(z) = Au@P2u(z) inQ,  ulp=0. (2.1)

We say that Aisan eigenvalue of (-Ap, W(l) PQ))if problem (2.1) admits a nontrivial solution &t € Wé P(Q),
which is an eigenfunction corresponding to the eigenvalue A. We know that there is a smallest eigenvalue

A1 > 0 which is simple, isolated and admits the following variational characterization:

1Dul}

p
l[ullp

Ao = inf ue Wy(@), utol. 2.2)

The infimum in (2.2) is realized on the corresponding one-dimensional eigenspace (recall that fll >0
is simple). It is clear from (2.2) that the elements of this eigenspace do not change sign. Let ii; be the
LP-normalized, positive eigenfunction corresponding to A; > 0. From the nonlinear regularity theory and
the nonlinear maximum principle (see, for example, [11, pp.737-738]), we have ii; € int C,. From the
Ljusternik—-Schnirelmann minimax scheme we can obtain a whole strictly increasing sequence {ﬁk}kzl of
eigenvalues such that ik — +c0. We do not know if this sequence exhausts the spectrum of (-Ap, Wé’p (Q)).
This is the case if p = 2 (linear eigenvalue problem) or N = 1 (scalar eigenvalue problem). Since 7[1 isisolated,
the second eigenvalue A3 > A; is well-defined by

A5 =inf{A : A > A;, Ais an eigenvalue of (-A,, Wy? (Q))}.

We know that ;\’2* = ;12, that is, the second eigenvalue and the second Ljusternik—-Schnirelmann eigenvalue
coincide. For A, we have the following minimax characterization due to Cuesta, de Figueiredo and Gossez [6].

Proposition 2.3. We have
A; = inf max [Dy(0)Ih,
jel —1st<1

where
[={pecC(-1,1], M) : p(-1) = -1y, y(1) = i1}

with
M=wyP(@Q)noBY and oBY = {ueLP(Q): |ul, = 1}.

As we already said, in the case p = 2 (linear eigenvalue problem), the spectrum of (-A, H(l)(Q)) consists of
a sequence {A;}xs1 of eigenvalues such that Ay — +oo as k — +co. We denote the corresponding eigenspace
by E(Ax). We have

Hy(Q) = P E(Ay).

k>1
In this case, we have nice variational characterizations for all the eigenvalues. Namely, we have

IDull3

2
lfull

A = inf{ cue HYQ), u# o} (see (2.2)), 2.3)
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and for k > 2,

5 IDull3 = IDul2 S
Ak = inf{—2 cueH= @E(An), u# O} = sup{—2 tueHp= @E(/\n), U+ 0}. (2.4)
llull3 >k llull n=1

Both the infimum and the supremum in (2.4) are realized on the corresponding eigenspace E (ﬁk). Every
such space has the so-called “unique continuation property” (UCP for short), which means that if u € E(Ay)
and u vanishes on a set of positive measure, then u = 0. Note that by standard regularity theory, E (A cC (1) Q)
and E(Ay) is finite-dimensional. Invoking (2.3), (2.4) and the UCP, we have the following property.

Proposition 2.4. (a) If & € L*°(Q) with é(z) > ﬁk for almost all z € Q with strict inequality on a set of positive
measure, then
k
IDull3 - j &z)u? dz < ~¢lul’*  forallu € Hy = P E(Ay).
Q n=1

(b) Ifé € L®(Q) with&(z) < flk foralmost all z € Q with strict inequality on a set of positive measure, then there
exists ¢ > O such that
IDul} - [ gz’ dz > cful? - forallu < D EG.

) nxk

In what follows, we denote by
A WEP(Q) - WP Q) = WiP Q) (1 AL 1)
b p
the nonlinear map corresponding to the p-Laplace differential operator and defined by
(Au), V) = leulp"z(Du, Dv)pvdz forallu,v e WEP(Q). (2.5)
)

From Papageorgiou and Kyritsi [18, p. 314], we have the following proposition.

Proposition 2.5. The operator A : Wé’p (Q) - W-LP'(Q) defined by (2.5) is continuous, strictly monotone
(hence maximal monotone, too) and of type (S),, that is,
Uy S u in Wcl)’p(Q) and lim sup{A(uy), un — u) <0,
n—oo

implyin
plying ‘ L
up — u in Wy (Q)

As before, let X be a Banach space, let ¢ € C 1(X) and let ¢ € R. We introduce the following sets:
Ky={ueX:9'(u)=0}, Ki={ueKy:pu=c}, ¢°={ueX:pu<c}

Let (Y, Y,) be a topological pair such that Y, ¢ Y; ¢ X, and let k be a nonnegative integer. We denote by
Hy (Y1, Y;) the kth-relative singular homology group of the topological pair (Y7, Y,) with integer coefficients.
The critical groups of ¢ at an isolated u € Ki, are defined by

Cr(p,u) = H(pnU, N U\ {u}) forallk,

with U being a neighborhood of u such that K, n ¢ n U = {u}. The excision property of singular homology
implies that the above definition of critical groups is independent of the choice of the neighborhood U of u.
Suppose that ¢ satisfies the PS-condition and —co < inf ¢(Ky). Let ¢ < inf ¢ (K,). The critical groups of ¢
at infinity are defined by
Cr(e, 00) = Hy(X, ¢¢) forall k.

The second deformation theorem (see, for example, [11, p. 628]) implies that the above definition of
critical groups at infinity is independent of the choice of the level ¢ < inf ¢ (Kj).
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Suppose that ¢ € C!(X) satisfies the PS-condition and K|, is finite. We define

M(t,u) = z rank C (¢, u)tk forallt € R, u € Ky,
k=0

P(t,c0) = )" rank Cx(¢, co)t* forallt e R.
k=0

The Morse relation says that

Y M(t,u) = P(t, c0) + (1 + )Q(t), (2.6)

uek,

where Q(t) = Y0 Bk tk is a formal series in ¢ € R with nonnegative integer coefficients.
Finally, if x € R, we set x* = max{+x, 0}. Then for u € Wé’p(Q) we set u*(-) = u(-)*. We know that

ut e Wé’p(Q), u=u"-u-, |ul=ut+u.
Also, if h : QO x R — R is a measurable function (for example, a Carathéodory function), then we define
Np)(-) = h(-,u(-)) forallu e Wy*(Q)

(the Nemytskii map corresponding to h). Note that z — Np(u)(z) is measurable. We denote by |- |y the
Lebesgue measure on RV,

3 The nonlinear equation (1 < p < 00)

In this section, we deal with the general equation (1.1) and prove two multiplicity theorems producing three
nontrivial solutions, all with sign information. The two multiplicity theorems differ in the geometry near the
origin. In the first one, the reaction is (p — 1)-sublinear near zero, while in the second it is (p — 1)-superlinear
(we have the presence of a concave term).

For the first multiplicity theorem, we start with the following hypotheses on the reaction f(z, x). Using
them, we will generate two nontrivial constant sign solutions.

(Hy): f: @ x R — R is a measurable function such that for almost all z € Q one has f(z,0) = 0, f(z, ) is
locally a-Ho6lder continuous with a € (0, 1] and local Holder constant k € L*®°(Q), and the following asser-
tions hold:

(i) Foreveryp > 0, there exists a, € L™(Q) such that

If(z,x)| < ap(z) foralmostallz € Qandall|x| <p.
(ii) One has

lim sup fiz, )

<& <A; uniformly for almost all z € Q.
imsup [ pay <6 <M Y

(iii) There exists a function n € L>(Q) such that (z) > fll for almost all z € Q, the inequality is strict on a set
of positive measure and

lim inf fz, ) > 1n(z) uniformly for almost all z € Q.
x—0 |x|P—2x

(iv) There exists Mo > O such that for almost all z € Q,

Z, X . .
X+ ft p’ 1) is nondecreasing on [Mg, +00),
-
Z, X . . .
fiz, 2) is nonincreasing on (-oco, —Mp].
|x[P=2x
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Remark 3.1. We stress that the above conditions do not impose any global growth condition from below on
the reaction f(z, - ).

Hypothesis (H) (ii) implies that we can find &; € (¢, A1) and M > M, such that
flz,x)x < & |x|P for almost all z € Q and all |x| > M. (3.1)
Also, let B € L*°(Q), such that
B(z) = ay(z) + 1 for almost all z € Q (see hypothesis (H;) (i)). (3.2)
Let {ty}n>1 € [1, +00) and assume that t, — +co. We define
) - {fll(tnﬁl(z))”‘l ifz € {taity > M},
71 B(2) if z € {tnit; < M}.

Evidently, h, € L*°(Q) forall n > 1. Recall that i1; € int C,. Hence {t,i1; < M} | 6 asn — oo. So, for every
r € [1, co) we have

n 3 .p-1
" tﬁ_l Ay “r — 0 asn — oo. (3.3)
On the other hand, by [7, p. 477] we know that
hy 3 ~p-1 hy 3 ~p-1
l' tﬁ,’fl - A o “tpj - A “00 asr — co, foreveryn > 1. (3.4)

Then from (3.4) we see that, given € > 0, we can find rg = ro(€) € N such that

|-

e _;115,11’*1“00 < ||tg—"1 - 7l1ﬂf71||r + g forall r > ro. (3.5)

Fix r > ro. From (3.3) we see that we can find ng = ng(€) € N such that

-t

€
tﬁ_l <5 forall n > ng. (3.6)

For the fixed r > rg, using (3.6) in (3.5), we obtain

h s . p_

|| tpill - Al 1|| <e foralln = no,
[oe]
n
which implies

h s p
tp—fl A4 inL®(Q)asn - co. (3.7)
n

Then for every n > 1 we consider the following auxiliary Dirichlet problem
-Apun(z) = hp(z) inQ, Unloa= 0.

This problem has a unique solution uy € Wé P(Q), up > 0. The nonlinear regularity theory and the non-
linear maximum principle (see [11, pp. 737-738]) imply that u, € int C, foralln > 1.Letv,, = ';—: foralln > 1.
We have

—Apvn(z) = M in Q, Vnloq= 0.

tﬁ_l
From [11, p. 738] we know that we can find 6 € (0, 1) and M; > O such that

vaeCy’(@Q) and |vallgog <M;  foralln>1. (3.8)
0

Exploiting the compact embedding of Cé’e(ﬁ) into Ccl, (Q) and using (3.7), we can infer from (3.8) that
vy — fl;  in Ch(Q)asn — oo. (3.9)
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Hence, by (3.9) we can find n; € N such that
Evn(2)P L <A ()Pt forallz € Q, n > ny, (3.10)

and if t,11(z) > M, then t,v,(z) > M for all n > n;.
Also, by (3.9) and our hypothesis on f(z, - ) we can find n, € N such that

If(z, 11(2)) - f(z, V(@) < lklloollits —vnl, <1 forallz € Q, n > n,. (3.11)

Let ng = max{ny, n,}. Then for n > ny we have the following assertions:
o Ifz e {tyit; > M}, then

~Dp(taVn)(2) = At (tnn(2)P 7 2 E(taVvn(2)P ! = f(z, tava(2)) (see (3.1) and (3.10)),

which implies ~Apv,(2) > f(z, va(2)) (see hypotheses (H1) (iv) and recall that ¢, > 1).
o Ifz e {tyit; < M}, then

=

(2)

-1

—Apvn(z) = =B(z) = flz, 11(2)) + 1 = f(z, va(2)) (see(3.2)and (3.11)).

P

So, fixing n > ng and setting it = v,, € int C,, we have
- Api(2) = f(z, u(z)) foralmostall z € Q. (3.12)
In a similar fashion, we produce v € —int C, such that
- Ap¥(2) < f(z,¥(z)) foralmostall z € Q. (3.13)
Now, we are ready to produce nontrivial constant sign solutions for problem (1.1).

Proposition 3.2. Assume that hypotheses (H;) hold. Then problem (1.1) admits at least two constant sign
solutions
Up € [0,u]nintC, and vge[v,0]Nn(-intC,),

where

[0,a]={ue Wé’p(Q) : 0 < u(z) < u(z) for almost all z € Q},
[7,0] = {u € WyP(Q) : ¥(2) < u(z) < 0 for almost all z € Q}.

Proof. First, we produce the positive solution. To this end, we consider the following truncation of f(z, - ):

0 ifx <0,
filz, x) = f(z, x) if0<x <u(z), (3.14)

flz,u(z)) ifu(z) < x.

This is a Carathéodory function. We set
X
Fuz0 = [F(z.5)ds
0

and consider the C!-functional @, : Wé’p (Q) — R defined by

1 .
$+(u) = S 1Dulf - jF+(z, uz)dz forallu € WP(Q).
b Q
From (3.14) it is clear that ¢ is coercive. Also, using the Sobolev embedding theorem, we can easily
check that ¢, is sequentially weakly lower semicontinuous. So, by the Weierstrass theorem, we can find
uo € Wy (Q) such that

@+ (uo) = inf{(p, () : u € WP (Q)} = .. (3.15)
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By virtue of hypothesis (H;) (iii), given € > 0, we can find 6§ = §(¢) > O such that
F(z,x) > %(n(z) —¢€)x? foralmostallz € Qandall x € [0, §]. (3.16)

Here,

F(z,x) = Jf(z, s)ds.
0

Since 1, € int C,, we can find ¢ € (0, 1) small enough so that tit,(z) € [0, §] forall z € Q. We have
Pt p tP .
¢4 (tg) < ;Mlluﬂlp - ; J n(z)ir; dz + ;e (recall that [li1 ]|, = 1 and see (3.16))

= %[ J(ﬁl -nz)ad dz + e]. (3.17)
Q

Note that
§o = J(YI(Z) -\ dz > 0.
Q
So, if we choose € € (0, &), then from (3.17) we see that ¢, (ti11) < 0, which implies (see (3.15))

¢+ (uo) <0 = @.(0),

and hence ug # 0.
From (3.15) we have @', (u¢) = 0, implying

A(uo) = N; (uo). (3.18)

On (3.18) we first act with —u; € Wé’p(Q).We obtain | Dug |} = 0 (see (3.14)), implying uo > Oand ug # O.
Then we act on (3.18) with (ug — )" € Wé’p(Q). We have

(A(uo), (o - )"y = jﬂ(z, o) (o - )" dz
Q

= Jf(z, W(ug - )t dz (see (3.14))
)
< (A), (up —)*) (see (3.12)),

implying
(IDuolP~2Dug - |Da|P~2Dut, Dug — Dit)gy dz < O.
{ug>u}
This implies [{ug > ét}|y = 0, and hence ug < .
So, we have proved that
up € [0,u] and wug # 0. (3.19)

Then (3.18) becomes A(uo) = Nf(uo) (see (3.14) and (3.19)), implying
- Apuo(2) = f(z, ug(z)) foralmostallz € Q, Ugloq= 0. (3.20)

The nonlinear regularity theory (see [11, pp. 737-738]) now implies that ugp € C; \ {0}. Let p = [uollco-
Hypotheses (H;) (i) and (iii) imply that we can find Ep > 0 such that

flz, x) + %”pxp‘l >0 foralmostallz € Qandallx € [0, p]. (3.21)

Then from (3.20) and (3.21) we have Apup(2) < :fpuo(z)lf’*1 for almost all z € Q, implying ug € int C; by
the nonlinear maximum principle (see [10, p. 738]).
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Similarly, for the negative solution we introduce the truncation

flz,v(2)) ifx <¥(2),
foz,x)=4fz,x)  ifv(z)<x<0,
0 if 0 < x.

This is a Carathéodory function. We set
X
F (z,x) = Jf,(z, s)ds
0

and consider the C*-functional ¢_ : Wé’p (Q) — R defined by

P-(u) = %llDullg - IF_(Z, u(z))dz forallu e Wy (Q).

Working with ¢_ as above, via the direct method and using (3.13), we produce a negative solution
Vo € [V,0] N (—int Cy).
The proof is now complete. O

In fact, we can produce extremal constant sign solutions, that is, a smallest positive and a biggest negative
solution. These extremal solutions will be helpful in obtaining nodal ones.

Proposition 3.3. Assume that hypotheses (H;) hold. Then problem (1.1) admits a smallest positive solution
u. € int C, and a biggest negative solution v, € —int C,.

Proof. First, we produce the smallest positive solution. Let S, be the set of positive solutions of problem (1.1).
From Proposition 3.2 and its proof we know that S, n [0, it] # #and S, ¢ int C,. By Huand Papageorgiou [12,
p. 178], we know that we can find {u,}n>1 € S; N [0, @] such that

inf S, = inf u,.
n>1
We have
A(up) = Nf(up), up<u  foralln>1, (3.22)
implying that {u,}n>1 € Wé’p (Q) is bounded (see hypothesis (Hy) (i)).
So, we may assume that
U > u, mWyP@Q) and  u, —u, inIP(Q).
On (3.22) we act with u, — u, € Wé’p(Q), pass to the limit as n — oo and use (3.18). Then
lim (A(un), un - U*> = Os
n—.oo
implying
Uy, — U, in Wé’p(Q) (see Proposition 2.5). (3.23)

So, if in (3.22) we pass to the limit as n — oco and use (3.23), then (nonlinear regularity theory, see [10,
p.738]) A(u.) = Nf(u.), implying that u, is a nonnegative solution of (1.1) and u, € C,.
We need to show that u.. # 0. Owing to hypotheses (H;) (i) and (iii), given € > 0, wecanfind¢; = c1(e) > 0
such that
fz, x)x > (n(z) - €)|x|P — c1|x|" foralmostall z € Q and all |x| < p, (3.24)

with r > p and p = max{||it| s, [[V]lco}. We introduce the following Carathéodory functions:
0 ifx <0,
! if0 < x < u(z), (3.25)

(n(z) - euz)’ ' - ciu(z)t ifa(z) < x,

8+(z,x) = { (@) - P! —c1x”
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and
(n(2) - V()P 0(2) - c1|V(2)"*V(z) ifx < ¥(2),
g-(z,x) = {(n(2) - e)Ix|P2x - c1|x|"*x ifr(z) <x<o0,
0 if 0 < x.

We consider the following auxiliary Dirichlet problems:
-Apu(z) = 8+(z,u(z)) inQ,  uloe=0, (3.26)
-Apv(z) =g-(z,v(2)) inQ, Vlpa= 0. (3.27)

Claim 1. Problem (3.26) (resp. problem (3.27)) for € > 0 small admits a unique positive solution it € int C,
(resp. a unique negative solution v € —int C,).

First, we deal with problem (3.26). So, let i), : Wé’p (Q) — R be the C'-functional defined by

W (u) = %"D”"Z - J Gu(z,u(z))dz forallu ¢ WP (Q),
Q

where
X

G+(z,x) = Ig+(z, s)ds.
0
From (3.25) it is clear that 1, is coercive. Also, it is sequentially weakly lower semicontinuous. So, we can

find & € W,P(Q) such that
. (@) = inf{i, (u) : u € WP (Q)}. (3.28)

Let t € (0, 1) be small such that ti1; < @ (recall that &1 € int C, and use [9, Lemma 3.3]). We have

~ tP . Cl rv~ nr tP )
Yo(tiy) < ;/\1 ot laelly - 7 j(n(Z) -e)ir; dz (see(3.25))
Q

» .
= %[ j(/h - () - )it dZ] + C—:trllﬂﬂﬂ.
Q

Note that = fQ(n(z) ~ )i dz > 0. So, choosing € € (0, B), we obtain
. tP t’ .
Y. (tuq) < —Fcz + 7c1||u1||§ for some ¢, > 0.

Since r > p, by choosing t € (0, 1) even smaller if necessary, we obtain Y. (tii1) < 0, which implies
Y, (1) < 0 =1,(0) (see (3.28)), and hence it # 0.
From (3.28) we have ¥’ (i1) = 0, implying

A(t) = Ng, (). (3.29)

On (3.29) we first act with -~ € WP (Q). Then | D" ||} = 0 (see (3.25)), implying & > 0 and & # 0.
Also, we act on (3.29) with (i — i)* € W, (Q). Then

(A@), (@ -w)*y = |[(nz) - )Pt -1t (i - )t dz  (see (3.25))

< | fz,w)@-u)" dz (see (3.24))

0 e, O ——

< (A), (1 —u)*) (see (3.12)),

which implies
j (IDilP2Dii - |DalP~2Da, Dit — Dil)gy dz < 0.
{it>1u}

Therefore, |{it > ti}|y = 0, and hence it < u.
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So, we have proved that
wel0,u] and @ #0. (3.30)

By (3.25) and (3.30), equation (3.29) becomes
A@) = (n(-) - )P — ¢y’ 1,

implying that i is a positive solution of (3.26).
The nonlinear regularity theory and the nonlinear maximum principle (see [11, pp. 737-738]) imply

ueintC,.

Now we show that & is the unique positive solution of (3.26). To this end, let y be another positive
solution of (3.26). As we did for i1, we can show that y € [0, &t] nint C,. Note that we can find c3 > 0 such
that for almost all z € Q the function x — (17(z) + ¢3 - €)x?~! — ¢1x’~! is nondecreasing on [0, p] (recall that
p = max{||i]lc, I7]leo})- Let t > 0 be the biggest positive real such that

ty<ii (see[9, Lemma 3.3]).
Suppose t € (0, 1). We have

~Dp(ty) + 3 (P = T Apy + 3777
= @ + 3 - -y
< (@) -y -ty + c3(ty)Pt (sincer > p, t € (0, 1))
< (M2) - )Pt — cyit’ ! + e3P (since t < it and by the choice of ¢3)
= —Apit + c3P7! (since & € int C, is a solution of (3.26)),
thus implying
it -ty eintC, (see[5, Proposition 2.6]).

This contradicts the maximality of ¢ > 0. Therefore ¢ > 1, and so
y <.

If in the above argument we interchange the roles of y and i1, we also have it < y, implying &t = y.
This proves the uniqueness of the solution i € int C, of problem (3.26).
Similarly, using the C!-functional i_ : W(l)’p (Q) — R defined by

Y_(u) = %MDullg - J G_(z,u(z))dz forallu e Wé’p(Q),
Q

where G_(z, x) = fg g_(z, s) ds and reasoning as above, we show that problem (3.27) has a unique solution
v € —int C,. This proves Claim 1.

Claim2. it <uforallu € S, n [0, u].
Letu € S; n [0, &t] € [0, it] nint C, and consider the Carathéodory function

0 ifx <0,
1 if0<x<u(z), (3.31)

M) - eu@P 1t -cruz)t ifu(z) < x.

ki(z,x) = 1 (n(z) - e)xP~" = c1x"~

Let K, (z, x) = fg k.(z, s) ds and consider the C!-functional o, : Wé’p (Q) - R defined by
_ 1o Lp
o.(u) = EIlDullp - | Ki(z,u(z))dz forallu e Wy (Q).
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From (3.31) we see that o, is coercive. Also, it is sequentially weakly continuous. So, we can find
it. € Wy (Q) such that
0.(it,) = inf{o, (u) : u € WP (Q)}. (3.32)

As in the proof of Claim 1, we can show that for t € (0, 1) small (at least such that tii; < u € int C,) we
have
o.(tity) < 0 =0,(0).

This implies 0, (&1.) < 0 = 0,(0) (see (3.32)), and hence it # 0.
As before, we can check that
Ko, < [0,u] [0, u],

which implies i1, € [0, u] \ {0} (see (3.32)). Therefore, i1, = it € int C, (see Claim 1 and (3.31)), and hence
t<u forallue C,n[O,u].

This proves Claim 2.
Because of Claim 2, we have

t<u, foralln>1,

implying & < u. (see (3.23)), and hence u, # 0.
Hence we have
u, €S, and u, =infS,.

Similarly, if S_ is the set of negative solutions of (1.1), we produce v, € —int C,, the biggest element of S_.
In this case, by Claim 2 we have v < 7 forallv € S_ n [v, 0] with S_ ¢ —int C,. O

As we have already mentioned, we will use these extremal solutions to produce a nodal solution. To do this,
we need to strengthen the condition on f(z, -) near zero. Note that hypothesis (H;) (iii) permits that f(z, -)
near zero is either (p — 1)-linear or (p — 1)-superlinear. We consider both cases and for both we produce nodal
solutions.
First, we deal with the (p — 1)-linear case. We impose the following conditions on the reaction f(z, x).
(Hy): f: @ x R — R is a measurable function such that for almost all z € Q one has f(z,0) = 0, f(z, ) is
locally a-Holder continuous with a € (0, 1] and local Holder constant k € L*°(Q), and the following asser-
tions hold:
(i) Foreveryp > 0, there exists a, € L>(Q), such that

If(z, x)| < ap(z) foralmostallz e Qandall |x| < p.

(ii) One has

lim sup fiz, )

<é< A1 uniformly for almost all z € Q.
x—too |X[P72X

(iii) There exist &, > & > A such that

é < hf(nj(?f (:5;—’_)2( < liI)I(l j(l)lp (:f;—’_g < ¢, uniformly for almost all z € Q.

(iv) There exists Mg > O such that for almost all z € Q,

Z, X . .
X f p’ 1) is nondecreasing on [My, +c0),
-
Z,X) . . .
— f(—’z) is nonincreasing on (—oco, —Mp].
[x[P=2x

Proposition 3.4. If hypotheses (H;) hold, then problem (1.1) admits a nodal solution yy € [V., u.] N C(l)(ﬁ)
(here [v,,u.]={uc Wé’p(Q) 1 V. (2) < u(2) < u.(2) foralmost all z € Q} with u, €intC, and v, € —intC,
being the extremal constant sign solutions produced in Proposition 3.3).
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Proof. We consider the following Carathéodory function

flz,v.(2)) ifx <v.(2),
h(z, x) = { f(z, x) ifv.(z) < x <u.(2), (3.33)

flz,u.(2)) ifu.(z) <x.

We set H(z, x) = _[g h(z, s) ds and consider the C!-functional 8 : Wé’p (Q) — R defined by
Bw) = %IIDullﬁ - J’H(z, u(z))dz forallu e WyP(Q).
Q

We also consider the positive and negative truncations of h(z, - ), namely the Carathéodory functions
hi(z, x) = h(z, £x%).

We set Hy(z, x) = jg h+(z, s) ds and consider the C!-functionals f. : Wé’p(Q) — R defined by

B+(u) = %HDullg - J’HJ_,(Z, u(z))dz forallu e W, (Q).

Claim 3. Kp ¢ [v., u.], K, = {0, u.}and Kg_ = {0, v,.}.

Let u € Kp. Then
A(u) = Ng(u) (3.34)

On (3.34), we first act with (u — u,)* € Wé’p(Q). Then
(A), (u—-u,)") = Jf(z, u)(u—-uy,)tdz (see(3.33))

Q
= (A(u,), (u—u)") (since u, € S,),

which implies
(|DuP~2Du - |Du,|P~2Du.., Du — Du,)g~ dz = 0.
{u>u.}

Therefore, |{u > u*}|y = 0, and hence u < u*.

Similarly, acting on (3.34) with (v. — u)* € Wé’p(Q), we obtain v, < u.So,wehaveu € [v,, u,], implying
Kp < [v., u.l.

In a similar fashion, we show that

Kg, <[0,u,] and Kz ¢ [v.,O].
The extremality of the solutions u, € int C, and v, € —int C, (see Proposition 3.3) implies that
Kg, ={0,u,} and Kp ={0,v.}.

This proves Claim 3.
Claim 4. u, €intC, and v, € —int C, are local minimizers of j.

From (3.33) it is clear that B, is coercive. Also, it is sequentially weakly lower semicontinuous. So, we can
find i1, € Wé’p(Q) such that
Bi(it,) = inf{B, (u) : u € WP (Q)}. (3.35)

As before, by virtue of hypothesis (H,) (iii), we have B, (i1.) < 0 = 8,(0), implying
u, #0. (3.36)
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From (3.35) and Claim 1 we have i1, € Kg, = {0, u,}, implying
U, =u, €intC, (see(3.36)). (3.37)

Note that B¢, = B+Ic,. Then from (3.37) we see that u. is a local C(l) (Q)-minimizer of B, implying that u.
is alocal Wé’p (Q)-minimizer of B (see Proposition 2.2).

We handle v, € —int C, similarly, using this time the functional S_.

This proves Claim 4.

Because of Claim 1, we may assume that Kj is finite (otherwise we already have an infinity of nodal
solutions, see (3.33) and recall the extremality of u, € int C; and of v, € —int C,). Also, without any loss of
generality, we may assume that

B(v.) < B(us).

The reasoning is similar if the opposite inequality holds. Because of Claim 2, we can find p € (0, 1) small
such that (see [1, proof of Proposition 29])

B(v.) < B(us) <inf{B) : lu-u.ll =p}=mp, Ve —u.ll >p. (3.38)

Since B(-) is coercive (see (3.33)), it satisfies the PS-condition. This fact and (3.38) permit the use of Theo-
rem 2.1 (the mountain pass theorem). So, we can find yq € Wé "P(Q) such that

m, < B(yo) and yo € Kg < [V, U] (see Claim 1). (3.39)

From (3.38) and (3.39), it follows that
Yo ¢ {U, Vil

So, if we can show that yq # 0, then y, will be nodal (see (3.39)). By the mountain pass theorem (see
Theorem 2.1), we have

Bo) = ;rg max By(t), (3.40)

with T = {y € C([0, 1], Wé’p(Q)) : y(0) = v, y(1) = u.}. According to (3.40), in order to show the nontrivial-
ity of yo it suffices to construct a path y, € I' such that f],. < 0 = B(0).
To this end, note that hypothesis (H;) (iii) implies that we can find ¢; € (;12, ép) and 6 > O such that

F(z,x) > =& |x|P foralmostall z € Q and all |x| < 6. (3.41)

1
P
Let

OBY = {ueIP(Q): ul, =1}, M=wy"(Q)noBY M.=MnCLQ).

We introduce the following sets of paths:
[={yeC(-1,11, M) : y(-1) = -1, y(1) = i},
T ={y e C(1-1,1], M) : 9(-1) = ~i1y, J(1) = in}.

Claim 5. [ is dense in [ for the C([-1, 1], Wy "* (Q))-topology.
Let j € [. For every n > 1 we consider the multifunction Ty : [-1, 1] — 26@ defined by

{-t} ift=-1,

Tn(t) = {u € C(Q) : lu-y() < %} ifte(-1,1),
{uq} ift =1.

Evidently, T,(-) has nonempty convex values, which are open sets if t € (-1, 1). Also, by Papageorgiou
and Kyritsi [18, pp.458-463], we have that T,(-) is a lower semicontinuous multifunction. So, we can

Brought to you by | National & University Library Ljubljana
Authenticated | dusan.repovs@guest.arnes.si author's copy
Download Date | 3/4/19 11:49 AM



DE GRUYTER N.S. Papageorgiou et al., Nonlinear Dirichlet problems with unilateral growth = 333

apply [16, Theorem 3.1”’] (see also [12, p.97]) and find a continuous map 7, : [-1, 1] — C})(ﬁ) such that
Tn(t) € Typ(t) forall t € [-1, 1] and all n > 1. We have

ITn(t) — YOI < % forallt e [-1,1]andalln > 1, (3.42)
which implies
ITn(O)llp = 7O, uniformlyint e [-1,1]asn — co.
So, for n > 1 big enough, we can define

Tn(t)
ITn(Olp

Yn(t) = forall t € [-1, 1] (recall that y(t) € ang forall t € [-1, 1]).

Then we have

1Vr(6) = YOI < lyn() = Ta (Ol + 1Ta(t) = (Ol

Ita(OI 1
<|1- ||Tn(t)||p|m + H

Also, since |ly(t)l, = 1 forall t € [-1, 1], we can write

forallt € [-1, 1], n > 1 (see (3.42)). (3.43)

11 = lTa(Olpl = NYOllp - ITn(®)lp]
<y = ta(Olp
< cylly(t) — Tn(t)]| forsomecy, >0Oandallte[-1,1],n>1,

which implies

1
rlna}x1|1 = lTa®llp] < C4E foralln > 1 (see (3.42)). (3.44)
—-1<t<
Returning to (3.43) and using (3.44), we obtain
max [[y,(t) -y — 0 asn — oo.
-1<t<1
Evidently, y, € I'. forall n > 1. So, we have proved Claim 5.
Using Claim 5 and Proposition 2.3, given n € (0, &1 — A,), we can find yo € [, such that
IDyo () < A2 +n forall t e [-1,1]. (3.45)

The set yo([-1, 1]) is compact in C(l) (Q).Also, u, €intC,andv, € —int C, (see Proposition 3.3). So, using
also [9, Lemma 3.3], we can find 9 € (0, 1) small such that (see (3.41))

9yo(t) € [vi,u.] forallte[-1,1] and |9y0(t)(z)| <6 forallte[-1,1], z€ Q (3.46)
Let yo = 9yo. Then y, is a path in Wé’p (Q) connecting —9i1, and i1, and we have

Bo(6) = %IlDVo(t)Ilg - jF(z, Jot) dz (see (3.33) and (3.46))
Q

< ! [+ 1 =&yl forall t € [-1, 1] (see (3.41), (3.45) and (3.46))

P
0

N

forall t € [-1, 1] (recall that 0 < i < &1 - 1),

which implies
ﬁlf’0< 0. (3.47)

Next, we produce a path in Wé "’ (Q) connecting 9i1; and u, and along which f is negative.
To this end, let a = S, (u.). From the proof of Claim 4 we know that a < 0, and because of Claim 3, we see
that
K/‘§+ = {u.}. (3.48)
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Applying the second deformation theorem (see, for example, [11, p. 628]), we can find a deformation
h:[0,1] x (B2\ {0}) — B9 such that

h(0,u) =u forall u € g9\ {0}, (3.49)
h(1,u) = u, forall u € B9 \ {0} (see (3.48)), (3.50)
Bi(h(t,u)) < Bi(h,(s,u)) forallt,se[0,1],s<t, andallu e ,82 \ {0}. (3.51)

We define
y+(t) = h(t, 1)t forallt € [0, 1].

Evidently, this is a path in W(l) P(Q) and
y+(0) = i1 (see (3.49) and recall that 9ii; € int C,),
y+(1) =u. (see(3.50) and recall that u, € intC,).
Also, since ¥, (t)(z) > 0 forall z € Qand all ¢ € [0, 1], we have
B+ () = B+(y(t)) < B+(9111) = B(9111) < 0 forallt € [0, 1] (see (3.47) and (3.51)),

which implies
Bly, < 0. (3.52)

In a similar way, we can produce a path y_ in Wé’p (Q) which connects -9u; and v, and such that
Bly_< 0. (3.53)

We concatenate y_, yo, + and generate a path y, € I such that 8|, < 0 (see (3.47), (3.52) and (3.53)).
This implies yo # 0, and hence y, € C(l) (Q) (nonlinear regularity) is a nodal solution of (1.1). O

So, we can state our first multiplicity theorem.
Theorem 3.5. If hypotheses (H,) hold, then problem (1.1) admits at least three nontrivial solutions
up €intC,, Vo € —int C,, Yo € [vo, uo] N C4(Q) nodal.

Next, we change the geometry near the origin by introducing a concave term. So, now the hypotheses on the
reaction f(z, x) are the following.

(H3): f: @ x R — R is a measurable function such that for almost all z € Q one has f(z,0) = 0, f(z,-) is
locally a-Holder continuous with a € (0, 1] and local Hélder constant k € L°°(Q), and the following asser-
tions hold:

(i) Foreveryp > 0, there exists a, € L°(Q), such that

Ifz, x)| < ap(z) foralmostallz € Q andall |x| < p.

(ii) One has

lim sup fz,x) <é< A1 uniformly for almost all z € Q.
X—+00 |X|p_2X

(iii) There exist g € (1, p) and § > O such that
0 < f(z,x)x < qF(z,x) foralmostallz € QandallO < |x| < 6,

0< essQian(-,J_r(S),

where F(z, x) = fgf(z, s) ds.
(iv) There exists Mo > O such that for almostall z € Q,

Z, X . .
X — ft p’ 1) is nondecreasing on [Mg, +00),
-
Z,X) . . .
fiz, 2) is nonincreasing on (-co, —Mg].
|x[P=2x
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Remark 3.6. For example, we can think of a reaction of the form
f(z, x) = ko(2)Ix|72x + fo(z, X),

with 1 < g < 2, kg € L*°(Q) and fy(z, x) being a measurable function such that for almost all z € Q the func-
tion fy(z, -) is locally a-Holder continuous with a € (0, 1) and local Holder constant k € L*°(Q)., and

. folz, x) 5 fo(z, x)
lim su <& <Ay and lim
X—»ioop |x|P—2x & ! x—0 |x|P~2x

=0 uniformly for almost all z € Q.

We are ready to state and prove our second multiplicity theorem.
Theorem 3.7. If hypotheses (H3) hold, then problem (1.1) admits at least three nontrivial solutions
up €intC,, Vo € —int C,, Yo € [vo, up] N C4(Q) nodal.

Proof. The two constant sign solutions come from Proposition 3.2.

Letu, € int C; and v, € —int C, be the two extremal constant sign solutions produced in Proposition 3.3.
Using them and reasoning as in the first part of the proof of Proposition 3.4, via the functional  and the
mountain pass theorem (see Theorem 2.1), we obtain a third solution

Yo € [Va, u.] N CH(Q).
Since yy is a critical point of mountain pass type for the functional 8, we have
C1(B, yo) #0. (3.54)
On the other hand it is well-known that hypothesis (Hs) (iii) implies that
Ck(B,0)=0 forallk >0. (3.55)

Comparing (3.54) and (3.55), we infer that yo # 0. This means that y € [v., u.] n C} (Q) is a nodal solu-
tion of problem (1.1). O

4 The semilinear equation (p = 2)

In this section, we focus on the semilinear equation (that is, p = 2). So, the problem under consideration is
the following:
- Au(z) = f(z,u(z)) inQ, Ulya=0. (4.1)

By improving the regularity on the reaction f(z, - ), we can produce a second nodal solution for a total of
four nontrivial solutions for problem (4.1).

The hypotheses on the reaction f{(z, x) are the following.

(Hz): f: QxR — R is a measurable function such that for almost all z € Q one has that f(z,0) = 0
f(z,-) € CY(R) and the following assertions hold:
(i) Foreveryp > 0, there exists a, € L*°(Q) such that

[fe(z, %) < ap(z) foralmostallz € Qandall x| < p.

(ii) One has

limsup ———= fz, ) <é< A1 uniformly for almostall z € Q.
X—*00 X
(iii) One has
fX(z 0) = 11m f ( 2 %) uniformly for almost all z € Q,
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and there exists an integer m > 2 such that
Am < fi(2,0) < Ay foralmostall z € Q,

with the first inequality being strict on a set of positive measure and for F(z, x) = fg f(z, s) ds we have

F(z,x) < A"é—”xz for almost all z € Q and all x € R.

(iv) There exists Mg > O such that for almost all z € Q,

Z, X . .
X — ft p’ 1) is nondecreasing on [Mg, +00),
-
Z,X) . . .
X fiz, 2) is nonincreasing on (-oo, -Mpy].
|x|P==x

Remark 4.1. The differentiability of f(z, -) and hypothesis (H4) (i) imply that f(z, -) is locally Lipschitz with
locally Lipschitz constant in L*®(Q).,.

From Proposition 3.3 we know that we have extremal constant sign solutions
u, €intC, and v, e-intC,.

Using these extremal constant sign solutions, we consider the functional S : Hé(Q) — R introduced in
the proof of Proposition 3.4 (now p = 2). We have € C>°(H}(Q)) (that is, B is in C'(H}(Q)) with locally
Lipschitz derivative).

Proposition 4.2. If hypotheses (Hy) hold, then C(B, 0) = 6x,a,,Z for all k > 0 with d,, = dim P}, E(A) > 2.

Proof. If in hypothesis (H,) (iii) the inequality f}(z, 0) < /im+1 is also strict on a set (not necessarily the same)
of positive measure, then u = 0 is a nondegenerate critical point of 8, and so from [13] we have

Ck(B,0) = Ok,a,,2 forall k > 0.
So, suppose that f;(z, 0) = Ams1 for almost all z € Q. Using hypothesis (H4) (iii) and (2.4), we have

Am+1

1 N TN oa .
B = SIDul3 - =T ul? = 0 forall u € Hpyy = k@ E(Ay). (4.2)
>m+1
On the other hand, given € > 0, we can find § = 6(¢) > 0 such that
1
F(z,x) > E(f;(z, 0)—e)x*> foralmostallz € Qand all x € [-8, §]. (4.3)

Since Hp, = @,’le E(ik) is finite-dimensional, all norms are equivalent, and so we can find p > 0 small
enough such that if B, = {u € Hy(Q) : |lu| < p}, thenu € Hy, N B, implying

lu(z)l <6 forallze Qandu € [v., u.]. (4.4)

Letu € Hy N Bp. Then we have

Bu) < %llDull% - % jfx’(z, O)u’dz + §||u||§ (see (3.33), (4.3) and (4.4))
Q

Cs — € "
< —ST llull? for some c¢5 > O (see Proposition 2.4).
Choosing € € (0, c5), we infer that
Bu)<0 forallu € Hy N B,. (4.5)
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From (4.2) and (4.5) we see that 8 has local linking at the origin and of course it is locally Lipschitz there.
Therefore,

Cdm(ﬁ’ O) + 0.

Invoking the shifting theorem for C2~° functionals due to Li, Li and Liu [13], we conclude that
Cx(B,0) = 6k,a,Z forall k > 0.

The proof is now complete. O
Now we are ready for our third multiplicity theorem concerning problem (4.1).

Theorem 4.3. If hypotheses (H,) hold, then problem (4.1) admits at least four nontrivial solutions
ug € int C,, Vo € —intC,, Yo,V € intcé@[vo, up] nodal.
Proof. From Proposition 3.2 we already have two nontrivial constant sign solutions
Ug €intC, and vge -intC,.

Moreover, by virtue of Proposition 3.3 we may assume that ug and vq are extremal (that is, ug = u. € int C,
and vg = v, € —int C,). The differentiability of f(z, - ) and hypothesis (H4) (i) imply that if p = max{||itllco, [Vllco}
then we can find ;(p > 0 such that x — f(z, x) + E'px is nondecreasing on [-p, p] for almost all z € Q.

As in the proof of Proposition 3.4, using the functional € C 2‘O(Hé(Q)) and the mountain pass theorem
(see Theorem 2.1), we can find yg € [vg, ug] N C(l)(ﬁ), which is a solution of problem (4.1). We have

~Ayo(2) + &Y0(2) = f(z, o (2)) + &Yo(2)
< fz, uo(2)) + &uo(z)  (since yo < uo)

= —Aup(z) + Epuo(z) for almostall z € Q,

This implies
A(up — yo)(z) < é'p(uo —Yo)(z) foralmostallz € Q,

and hence ug — yo € int C; by the strong maximum principle.
Similarly, we show that yg — vo € int C,. Therefore,

Yo € intcé@[vo, Uol.
Since yy is a critical point of mountain pass type for 8, from [13, Theorem 2.7] we have
Cx(B,yo) = 6k1Z forall k > 0. (4.6)
From Proposition 4.2 we know that
Cx(B,0) = 6k,a,2 forall k > Owithd;, > 2. (4.7)
Comparing (4.6) and (4.7), we infer that yo # 0, and so
Yo € intCé@) [vo, Up] is anodal solution of (4.1).
Recall that ug, v are local minimizers of 8 (see Claim 4 in the proof of Proposition 3.4). Hence we have
Ci(B, un) = Ck(B, vo) = 6x,0Z forall k > 0. (4.8)
Moreover, the coercivity of B(-) (see (3.33)) implies that
Cr(B, ) = 6k 07 forallk > 0. (4.9)
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Suppose that Kg = {0, uo, vo, yo}. Then from (4.6)—(4.9) and the Morse relation (2.6) with t = -1, we have
D% +2(-1)°+ (D! = (-1)°,

implying (-1)4» = 0, a contradiction.

So, there exists y € Kg, y ¢ {0, uo, vo, yo}. Then y € [vo, ug] N C(l)(ﬁ) is nodal (see Claim 3 in the proof of
Proposition 3.4 and use standard regularity theorem). In fact, as we did in the beginning of the proof for y,,
we can show that

ye intcll)@[vo, Up].

The proof is now complete. O

5 A special case

In this section, we consider a special case of problem (1.1) under hypotheses (H;), which we encounter in
the literature.
So, we deal with the following parametric nonlinear Dirichlet problem:

- Apu(z) = Au@)P2u(z) - gz, u(z)) inQ, ulsa=0, A>0. (5.1)

We impose the following conditions on the perturbation g(z, x).

(Hs5): g : Q x R — Ris a measurable function such that for almost all z € Q one has g(z, 0) = 0, g(z, -) is
locally a-Hélder continuous with a € (0, 1] and local Holder constant k € L*°(Q), and the following asser-
tions hold:

(i) Forevery p > 0, there exists a, € L*°(Q), such that

Ig(z, x)| < ap(z) foralmostallz € Q andall |x| < p.
(ii) One has

lim inf £(2, %) >&*>A-A; uniformly for almostall z € Q.
Xx—1to00 |X|P*2x

(iii) There exist &y, &, € R, & < A - A5, such that

. Zy, X
5— < limsup 8 ’2)
x[P2x ~  xoo Ix[P2x

& < liminf £, %)
x—0 |

< &, uniformly for almost all z € Q.

(iv) There exists My > 0 such that for almost all z € Q,

Z,X) . .
— g)((p,_ T ) is nondecreasing on [Mg, +00),
gz, x) . . )
— is nonincreasing on (-co, —Mpg].
|x[P=2x

Setting f(z, x) = A|x|P~%x — g(z, x) and using Theorem 3.5, we can state the following multiplicity theorem
for problem (5.1).

Theorem 5.1. If hypotheses (Hs) hold and A > A,, then problem (5.1) admits at least three nontrivial solutions
ug € int Cy,, Vo € —intC,, Yo € [vo, Up] N C(l)(ﬁ) nodal.
Remark 5.2. This theorem complements the multiplicity result of Papageorgiou and Papageorgiou [17].
In the semilinear case (p = 2), we can say more. So, now the problem under consideration is the following:
- Au(z) = Au(z) - g(z,u(z)) inQ, ulaq= 0, A>0. (5.2)
The hypotheses on the perturbation g(z, x) are the following.
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(He): g: QxR — R is a measurable function such that for almost all z € Q one has that g(z, 0) = 0,
g(z,-) € CY(R) and the following assertions hold:
(i) Foreveryp > 0, there exists a, € L°°(Q), such that

g% (z, X)| < ap(z) foralmostallz € Qandall x| < p.

(ii) One has

lim inf £ %) >&*>A-A; uniformly for almost all z € Q.
X—+00 X
(iii) One has
! 1 g(Z, X) _ .
8,(z,0) = 11rr(1) — - 0 uniformly for almost all z € Q.
X—>

(iv) There exists Mg > O such that for almost all z € Q,

Z,X) . .
X g(p, 1) is nondecreasing on [My, +00),
-
8(z,x) . . .
—— is nonincreasing on (-co, -Mo].
|x[P=2x

Again, setting f(z, x) = Ax — g(z, x) and using Theorem 4.3, we can state the following multiplicity theo-
rem for problem (5.2).

Theorem 5.3. If hypotheses (Hg) hold and A > A, then problem (5.2) has at least four nontrivial solutions
ug € int C,, Vo € —int Cy, Yo,V € intcé@[vo, up] nodal.

Remark 5.4. This theorem complements the multiplicity results of Ambrosetti and Lupo [2], Ambrosetti and
Mancini [3] and Struwe [21, 22], which produce only three solutions and there are no nodal solutions among
them.

Funding: This research was supported by the Slovenian Research Agency grants P1-0292,J1-8131,]J1-7025,
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