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We study the reaction-diffusion system

ut —diAu=a— (b+ 1Du+ f(u)v in Q x (0,7),

v — doAv = bu — f(u)v in Q x (0,7),
u(z,0) =uo(z), v(r,0) =wvo(x) on ,
8—u(:t,t):8—u(1‘,t):0 on 9Q x (0,T).
ov ov

Here Q is a smooth and bounded domain in RY (N > 1), a,b,d1,d2 > 0 and f €
C']0,00) is a non-decreasing function. The case f(u) = u? corresponds to the standard
Brusselator model for autocatalytic oscillating chemical reactions. Our analysis points
out the crucial role played by the nonlinearity f in the existence of Turing patterns.
More precisely, we show that if f has a sublinear growth then no Turing patterns occur,
while if f has a superlinear growth then existence of such patterns is strongly related to
the inter-dependence between the parameters a, b and the diffusion coefficients di, da.

Keywords: Turing patterns; reaction-diffusion system; Brusselator model; stability;
steady-state solutions.
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1. Introduction

Many physical, chemical, biological, environmental and even sociological processes
are driven by reaction-diffusion systems. These are multi-component models involv-
ing two different mechanisms: on one hand, there is diffusion, a random particle
movement, and on the other hand, there are chemical, biological or sociological
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reactions representing instantaneous interactions, which depend on the state vari-
ables themselves and possibly also explicitly on the particles’ position.

In the early fifties, Turing [24], a British mathematician, proposed a model that
accounts for pattern formation in morphogenesis. Turing [24] suggested that under
certain conditions, chemicals can react and diffuse in such a way to produce steady-
state heterogeneous spatial patterns of chemical or morphogen concentrations. He
showed that a system of two reacting and diffusing chemicals could give rise to
spatial patterns from initial near-homogeneity. The idea behind Turing’s model is
the existence of a low-range diffusing activator and a wide-range diffusing inhibitor.
The activator production is inhibited by the presence of inhibitors and enhanced
by the presence of the activator. In contrast, the inhibitor is not self-enhancing,
that is, its production is not linked to the presence of other inhibitors, but to the
presence of activators. Turing systems show a very rich behavior from the pattern
formation point of view, varying from spots to stripes and from lamellar to chaotic
structures.

Lately, many Turing-type models described by coupled systems of reaction-
diffusion equations have been used for generating patterns in both organic and
inorganic systems.

In this paper, we shall be concerned with Turing patterns in a general Brussela-
tor model for autocatalytic oscillating chemical reactions. An autocatalytic reaction
is one in which a species acts to increase the rate of its producing reaction. In many
autocatalytic systems complex dynamics are seen, including multiple steady-states
and periodic orbits. The study of oscillating reactions has only been the subject of
interest for the last fifty years, starting with the Belousov—Zhabotinsky chemical
reactions.

There is now a large number of real and hypothetical systems that provide
insight into the complex behavior of autocatalytic systems. Among them we men-
tion Brusselator model [19], Gray—Scott model [8], Lengyel-Epstein model [12],
Oregonator model [6], Schnakenberg model [21], Sel’klov model [22].

In this paper we shall consider the system

ug —diAu=a— (b+ 1Du+ f(u)v inQx (0,7),

vy — doAv = bu — f(u)v in 2 x (0,7,

u(z,0) = uo(x), v(z,0)=wvo(xr) on, (1)
ou ou

E(x,t) = E(x,t) =0 on 98 x (0,7,

where Q C RY (N > 1) is a smooth and bounded domain, a,b, d,ds are positive
constants and f € C1(0,00) N C[0, ) is non-negative and non-decreasing function
such that f > 0 in (0,00). The initial data wg, vy are non-negative continuous
functions in . The case f(s) = s? in system (1) corresponds to the Brusselator
model introduced by Prigogine and Lefever [19] in 1968. It consists on the following
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four intermediate reaction steps
A—-X, B+X—-Y+D, 2X+Y —-3X, X-—FE.

The global reaction is A+ B — D + E and corresponds to the transformation of
input products A and B into output products D and E. The unknowns wu, v in
system (1) represent the concentrations of two intermediary reactants having the
diffusion rates dy,ds > 0 while a, b > 0 are fixed concentrations. The Brusselator
system has been extensively investigated in the last decades from both analytical
and numerical point of view (see, for instance, [1, 4, 5, 7, 10, 11, 16, 18, 25, 27]).

The analysis in this paper reveals the fact that the dynamics of the evolution
system (1) and its associated steady-state is strongly related to the behavior of the
nonlinearity f. Throughout this paper, we shall assume that f satisfies one of the
following hypotheses:

either f is sublinear, that is,

(f1) the mapping (0,00) > s — fgs)

of f has a superlinear character, namely,
(f2) the mapping (0,00) 3 s — (%) is non-decreasing.

S

is non-increasing;

A particular attention will be paid to the steady-states to (1), that is,
solutions of

—diAu=a— (b+ Du+ f(uw)v in Q,

—doAv =bu — f(u)v in Q, 2)
ou Ov
% = 5 =0 on J .

It is easily seen that there exists a unique uniform steady-state of (2), namely

(u,v) = (a, %) . 3)

In this paper, we shall investigate the asymptotic stability of the above constant
solution. In particular, we shall see that if f has a sublinear growth, then the
constant solution (u, v) defined by (3) is uniformly asymptotically stable. Moreover,
in the sublinear case on f we prove that (3) is the unique solution of system (2),
so there are no Turing patterns in this case. In turn, if f satisfies (f2), the analysis
of (2) is more involved. The existence of Turing patterns (and implicitly of non-
constant solutions to (2)) is strongly dependent on the diffusion coefficients dy, do
and on the parameters a, b. The most important issue in the study of steady-state
solutions are the a priori estimates. Using a similar approach to that in [7], we
are able to find precise upper and lower bounds for solutions to (2) in terms of
a,b,dy,dy for any dimension N > 1. This allows us to extend the study of the
standard Brusselator system started in [4, 7, 18]. As a consequence, we are able to
provide existence results in terms of a, b, d; and ds in case where f has a superlinear
growth.



664 M. Ghergu € V. Radulescu

The outline of the paper is as follows. Section 2 is devoted to time-dependent
solutions of (1). The main ingredient in proving the existence of such solutions
if the invariant region method in the spirit of [23] (see also [26]) combined with a
priori estimates. Then, uniform stability of the constant solution (3) is investigated.
In Sec. 3, we discuss the existence and non-existence of non-constant solutions to
the steady-state system (2). Here, we point out the role played by each parameter
a,b,d; and dy > 0.

2. The Evolution System (1)
2.1. Ezistence of global solutions

In this part, we establish the existence of global solutions to (1). Our first result
result concerns the case where f is sublinear.

Theorem 2.1. Assume that f satisfies (f1) and lims_.o f(s)/s = 0. Then, for any
a,b,dy,ds > 0 and any non-negative continuous functions ug, vo, the system (1) has
at least one global solution.

Proof. The proof relies on the invariant region method (see, e.g., [23, 26]). To this
aim, we rewrite the system (1) is the vectorial form

m:(% i)Aw+ﬂw)mQx@am (4)

where w = (u,v)T and

FW”:(G_%Jfﬁ$fw”)-

We claim that the rectangle ¥ := [0,¢1] x [0,¢2] is an invariant region for
(4) provided ¢1,co > 0 are large enough. In view of (f1) we can choose ¢; >
max {2a, ||ug||L=} such that

b+1/2)cq
f(e)

> [|vol[ e~

and define

We also write X as
Y={w=(u,v)T €C(Q)NCQ):Gi(w) <0,1<i<4},
where

Gi(w)=—u, Ga(w)=u—c1, G3(w)=—-v, G4(w)=v—ca.
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It is obviously that the initial data (ug,vo) belongs to the interior of ¥. If w =
(u,v)T € 9%, by the definition of ¢; and ¢z we have

VG- F,_, =—a— f(0)v <0,

VGy-F,_, =a—(b+1ei+ fler)v<a—(b+1)er + fler)ea = a — %1 <0,
VGs - F,_, = —bu<0,

VGy-F,_., =bu—flu)v=u (b - %) <u <b— %011)02) < 0.

By [23, Theorem 14.13] it follows that ¥ is invariant for (4). Thus, there exists a
global solution of (4). |

Next, we turn our attention to the case where f is superlinear. For the standard
Brusselator model, that is, f(u) = u?, the existence of global solution to (1) was
obtained by Rothe [20]. Here, the existence of global solution to (1) is derived for
more general nonlinearities f under the restriction d; = do and the initial data wug
is strictly positive in .

Theorem 2.2. Assume that diy = do > 0, the initial data ug, vy are continuous
function in Q such that ug > 0, vo > 0 in Q and the nonlinearity f satisfies (£2)
and limg_.o f(s)/s = 0. Then, for any a,b > 0, the system (1) has a global solution.

Proof. With the change of variable we can assume d; = dy = 1. For € > 0 small
enough we consider the related problem

u—Au=a— b+ 1)u+ f(u)v in Q x (0, 00),

vy — Av =bu — f(u)v in  x (0, 00),

u(x,0) = uo(x), v(x,0) =wvo(x)+e on L, (5)
%(m,t):%(x,t)zo on 90 x (0,00),

By standard parabolic arguments, there exists a classical solution (u®, u¢) of (5)
in a maximal interval (0,7%,.). We claim that T, = oo. First, by (5) we have
that U® satisfies

up —Au+ b+ 1)u*>a>0 inQx(0,T5,,)-

’ max

Since ug > 0 in €, there exists a constant k& > 0 independent of € such that

u® >k in Qx (0,75 ) (6)

Since lims_, f(s)/s = 0, we can choose k > 0 small enough such that

v0+1<% in Q. (7)
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The function v satisfies
v§ — Av® =buf — f(u)v® in Qx (0,T5,,),

? max

ve(x,0) = vo(z) + ¢ on (8)
ov® .
E(w,t)—() on J x (O7Tmax)'

Using (6) and that fact that f satisfies (f2), we can easily deduce that the interval
% = [0,0k/ f (k)]

is an invariant region for Eq. (8). This means that

v(x,t) < % =const. in Q x (0,T5,.). 9)

Adding the first two equations in (5), we have

1 bk
u+ut) — Al +ut)+ —(u 4+ u') <a+ ——~ inQx(0,T5,)-
(0 ) = A+ ) + (0 4 ) < ok o (0,75

By maximum principle we deduce that u® +v¢ < M in Q x (0,75, ), for some

’ max

constant M > 0 independent of €. Therefore, for € > 0 small enough, u®, u® satisfy

e<uf, v <M inQx(0,T5,,)

’ max

This yields T

cax = 00, so u® and v° exist globally. Also by standard parabolic

arguments and up to a subsequence, u® and v converge to some functions v and v
which are global solutions to (1). This finishes the proof of Theorem 2.2. O

2.2. Stability of the uniform steady-state
The linearization of (4) at wo = (a,ab/f(a))T is

di 0
Wy = (01 d ) Aw + VF(wo) - w4 O(||lw — wo|?). (10)
2

Denote by
O=po <pr <pg < <pin<--

the eigenvalues of —A with homogeneous Neumann boundary condition. For any
k > 0 we also denote by e(uy) the multiplicity of py. Consider
— — OJu v
X=qw= (0 Q) —=—= 0 11
{w (u,v) € C* () x CH(Q) 5 = By Oon@} (11)
and decompose
X =P X, (12)

k>0

where X}, denotes the eigenspace corresponding to ug, £ > 0.
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Theorem 2.3. Assume that
baf'(a)
f(a)

and the first eigenvalue 1 of the Dirichlet operator subject to homogeneous Neu-
mann condition satisfies

fla) >

—b-1 (13)

1 (baf'(a) f(a)
M1>d—1< f(a) —b—l)—g. (14)

Then the steady-state wq is uniformly asymptotically stable.
Proof. Define £: X — C(Q) x C(Q) by

bas'(a)

. di A+ (@) —-b—1 f(a)
' baf'(@) o
b @) d2A — f(a)

Then Xy, is invariant for £ and & is an eigenvalue of £ on Xy, if and only if £ is an
eigenvalue of the matrix

baf'(a)

—d _b—
. 1HE + ) 1 f(a)
b— bc;f(a()a) —dopir — f(a)
The determinant and trace of A are
det(Ay) = pr |didapr + di f(a) — do (bc;];()a) —-b— 1)} + f(a),
- (15)
Tr(Ay) = ‘}J;Cf)“) “b—1— f(a) — (d1 + da)pus.

Remark that for any k£ > 0 we have
det(Ak) >0 > Tr(Ak).

Denote by §,j and &, the two eigenvalues of Ay, k > 0.
If f,iﬂ &, are complex numbers, then by (14) we have

Re(§) = Re(&g) = 5Tr(4y)

< % (b‘}ia()“) —bh-1-— f(a)) <.
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If &F, &, are real numbers, then by (14) we have

2 — €
o ocer AT Ve ;Ak) 4det(Ay)
_ 2det(Ay)
Te(4y) — /Tr(Ay) — Adet(Ay)
det(Ayg)
S TI‘(Ak)
< 0.

Since pi — oo as k — oo, from the above estimate we deduce f,j — —o0 as k — oo.

Hence, in both the above cases we can find § > 0 such that the spectrum of £
lies in the region {z € C: Re(z) < —d}. By [9, Theorem 5.1.1], we obtain that wyg
is asymptotically uniformly stable for (4). This ends the proof. O

If f satisfies (f1) then b“;cf(;(;) —b—1< 0 so that both conditions (13) and (14)

are satisfied. In this case we obtain.

Corollary 2.4. If f satisfies (f1) then wq is uniformly asymptotically stable.

2.3. Diffusion-driven instability

In this part, we point out that under certain conditions on the parameters a and
b, the uniform steady-state (uo,vo) defined by (3) can be linearly stable in the
absence of diffusion but unstable in the presence of diffusion. This is the well-known
phenomenon of diffusion-driven instability emphasized by Turing in his pioneering
work [24].

Let us consider the spatially homogeneous system corresponding to (1):

Mo G+ Du S, >0,
dt
o (16)
E:bu—f(u)v, t>0,
We have the following result.
Theorem 2.5. Assume that
/
flay> 2@y oy (17)

fla)
Then, there exist d*, D* > 0 such that for all

0<di <d* and ds > D",

the steady-state wo = (a,ba/f(a))? is uniformly asymptotically stable for the sys-
tem (16) and instable for the system (1), that is, Turing instabilities occur.

Remark that (17) does not hold if f satisfies (f1).
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Proof. Using the same approach as in Theorem 2.3 we have that wq is uniformly
asymptotically stable for (16) provided (17) holds. Also by (17) we can choose
D* > 0 large enough such that

baf'(a) )
D* —b—1) > f(a).
M1 ( (@) fla)
Using (15), for all d; > D* we have

baf'(a)
f(a)

. - _ X . '
dlllgodet(Al) < fla) —mD < b 1) <0

Therefore we can find d* > 0 such that

det(A;) <0 forall 0 <dy <d*, do > D"

This implies that Ay, and so the operator £, has at least one positive eigenvalue.
By [9, Corollary 5.1.1] it follows that wg is uniformly asymptotically instable. This
finishes the proof. |

3. Steady-State Solutions

In this section, we shall be concerned with steady-state solutions to (1). Basic to
our subsequent analysis is the following result which is due to Lou and Ni (see [13,
Proposition 2.2] or [14, Lemma 2.1]).

Lemma 3.1. Let g € C1(Q x R).
(1) Ifw e C*(Q) N CH Q) satisfies

Aw + g(z,w) >0 in g—wgo on 01,
n
and w(xo) = maxgw, then g(xo, w(xo)) > 0.
(2) Ifw e C*(Q) N CHQ) satisfies
Aw + g(z,w) <0 in Q, g_:ZO on 09,

and w(xo) = ming w, then g(xo,w(xo)) < 0.

Using the above result, we first derive that if f satisfies (f1) then (2) has no
non-constant solutions. More precisely we have.

Theorem 3.2. Assume that f satisfies (f1). Then, (u,v) = (a, f%g)) is the unique
solution of system (2).

Proof. Let (u,v) be a classical solution of (2). Let also z1 (respectively, x2) be a
maximum point of u (respectively, v) and 3 (respectively, z4) be a minimum point
of u (respectively, v) in Q. Using Lemma 3.1(i) in the first equation of (2) we have

b+ Du(xr) < a+ f(u(zr))v(xr). (18)
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Now, Lemma 3.1(i) applied to the second equation in (2) yields
bu(wz) > f(u(w2))v(z2),

that is, v(z2) < bf(uj(z; 57- By virtue of (f1) we next derive

vx vx u<x2) u(xl)
) =) =SV R = Tt e

Therefore (18) and (19) imply (b + 1)u(z1) < a + bu(z1), that is,

u<u(r;) <a in . (20)

On the other hand, Lemma 3.1(ii) applied to the second equation of (2) leads us to

v(zg) > b &((96;4)) Again by (f1) it follows that

u(xy) u(xs)
vlea) 2 v(ea) 2 bR a5 2 VG )

Next, Lemma 3.1(ii) applied to the first equation in (2) yields
b+ Du(xs) > a+ f(u(zs))v(xs) > a+ bu(xs),

which implies

u>u(rs) >a in . (22)
Now (20) and (22) produce u = a in  and by (2) we also have v = ab/f(a). This
ends the proof. O

When f satisfies (f2) the analysis of the steady-state system (2) is more delicate.
In some cases, depending of the parameters a, b, d;,ds we obtain the existence of
non-constant solutions to (1). We start this study with the following crucial result
that provides a priori estimates for solutions to (2).

Theorem 3.3. Assume that f satisfies (£2). Then, any solution (u,v) of (2)
satisfies

a4 Suﬁa—kﬁ- ab in €, (23)
b+1 dy b+1)f a
b+1
and
ab <wv< ab P in Q. (24)
o ()
(b+1)f a+j—2- ab - b+1
1
(b+Uf<b+1>

Proof. Consider first a minimum point zg € Q of u. By Lemma 3.1(ii) it follows

a — (b+ Du(zo) + f(u(xo))v(xo) <0
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which implies u(xo) > a/(b+ 1). Hence

u in €. (25)

a
>
“b+1
At maximum point of v we have bu — f(u)v > 0, that is, v < bu/ f(u). By virtue of
(f2) and (25) we deduce

v < ab in Q. (26)

CG+f (b%l)

Let w = dju 4 dov. Adding the first two relations in (2) we have

—Aw=a—u in €, 8—w:0 on 0N).
v

Let now z1 € Q be a maximum point of w. According to Lemma 3.1(i) we have
a —u(z1) > 0, that is, u(x1) < a. By virtue of (26), for all z € Q we have

diu(z) < w(zr) <w(xr) < dra+ds - ab o in Q.
b+1 —
b+ 1)f (b T 1)
This yields
w<at 2 ab in Q. (27)

“ by (ﬁ)

We have proved that u satisfies (23). Again by Lemma 3.1(ii), at minimum points
of v we have bu — f(u)v < 0, which yields v > bu/f(u). Combining this inequality
with (27) we obtain the first estimate in (24). This concludes our proof. m|

From the estimates (23) and (24) in Theorem 3.3 we derive the following:

Proposition 3.4. Assume that f satisfies (f2) and let a,b,D1,Ds > 0 be fized.
Then, there exist two positive constants Cy,Cs > 0 depending on a,b, D1, Doy such
that for all

di > Dy, 0<dz < Do,
any solution (u,v) of (2) satisfies
CL<u,v<Cy inQ.
Furthermore, by standard elliptic arguments and Theorem 3.3 we now obtain:

Proposition 3.5. Assume that [ satisfies (f2) and let a,b, D1, Dy > 0 be fixed.
Then, for any positive integer k > 1 there exists a constant

C= C(a,b,DhDg,k‘,N,Q) >0
such that for all
di > Dy, 0<dz < Do,



672 M. Ghergu € V. Radulescu

any solution (u,v) of (2) satisfies
HUHck(ﬁ) + ||UHck(ﬁ) <C.
In particular, any solution of (2) belongs to C°°(Q) x C>=(1Q).
Theorem 3.6. (i) Let a,b,d2 > 0 be fized. There exists D = D(a,b,d2) > 0 such
that system (2) has no non-constant solutions for all dy > D.

(ii) Let a,dy,da > 0 be fized. There exists B = B(a,dy,d2) > 0 such that system
(2) has no non-constant solutions for all 0 < b < B.

Proof. (i) Remark first that if (u,v) is a solution of (2), then, integrating the two
equations in (2) over 2 and adding them up we have

/ u(x)dr = alQ|. (28)
Q

Lemma 3.7. Let a,b,dy > 0 be fized and let {5,} C (0,00) be such that 6, — o0
as n — 00. If (un,v,) is a solution of (2) with di = d,, then

Uy, Uy ) — aa—b in C%(Q 2(Q) asn —
(i) = (0 ) in C@) x C*@ . (20)

Proof. By Proposition 3.5, the sequence {(u,,v,)} is bounded in C3(Q) x C3(Q).
Hence, passing to a subsequence if necessary, {(un, v, )} converges in C?(Q) x C?(Q)
to some (u,v) € C%(Q) x C%(Q). We divide by 6, in the corresponding equation to
Uy, and then we pass to the limit with n — co. We obtain that (u,v) satisfies

—Au=0 in Q,

—doAv =bu— f(u)v in Q, (30)
ou  Ov

5 = 5 =0 on 89

Also, u,, and u satisfy (28). Now, the first equation in (30) together with du/dv = 0
on 0 € implies that w is constant. Combining this fact with (28) it follows that v = a.
Thus, from (30), v satisfies
0
—dsAv =ab— f(a)v in Q, a—z =0 on 99.
Multiplying the above equality with ab — f(a)v and then integrating over 2 we
obtain

d> 2de = — [ (ab— f(a)v)’dx
osm/ﬂwwb—ﬂa)vndaz— /(b F(a)o)?dz <.

Q

Hence v = % and the proof follows. O

We first introduce the function spaces

H(Q) = {w € W2(Q) : g—f = 0}7 L3(Q) = {w € L*(Q): /Qw = 0} :
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Thus, letting w = u — a, by (28) and the standard elliptic regularity, system (2)
is equivalent to

—Aw=90(a— (b+1)(w+a)+ f(w+a)v) in
—doAv =bw+a) — f(w+ a)v in (31)
we HAQ)NL3Q), ve HAQ),
where § = 1/d;. Define
F R x (H2(Q) N LJ(Q) x HA(Q) — Li(2) x L*(K),
by
Aw+6Pla— (b+ 1) (w+a) + f(w+ a)v)
F,w,v) = ,
doAv + b(w + a) — f(w + a)v
where P : L?(2) — L3(f) is the projection operator from L?*(Q) onto LZ(Q),
namely,

1
P(z) =2z — —/ z(x)dx, for all z € LQ(Q).
Q[ Jg

Now (31) is equivalent to

F(d,w,v) = 0. (32)
Indeed, if F(d, w,v) = 0, then

doAv+b(w +a) — flw+a)v =0 inQ, veH(Q).
It is easy to see that the above relations imply b(w +a) — f(w+a)v € L3(Q). Since
w € LE(), this yields
a— (b+1)(w+a)+ flw+a)v € L§(Q),
so that
Pla—(b+1)(w+a)+ flw+a)w) =a— (b+1)(w+a)+ f(w+ a).

Therefore (31) is satisfied.

With the same method as in the proof of Lemma 3.7 we have that the equation
F(0,w,v) = 0 has the unique solution (w,v) = (0,ab/f(a)). Next it is easy to see
that

D(1y,0)F(0,0,ab/ f(a)) : (HZ(Q) N L§(R)) x HI(Q) — L§($2) x L*(Q),
is given by
A 0
D (,0)F(0,0,ab/ f(a)) = ,f(@) —af'(a)
f(a)

Thus D(y,,)F(0,0,ab/f(a)) is invertible and we are in the frame of the Implicit
Function Theorem. It follows that there exists dg, > 0 such that (0,0, ab/f(a)) is

do A — f(a)
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the unique solution of

. ab
F(b,w,v) =0 1in [0,d0] X B, <0, f(a)) ,
where B, (0, %) denotes the open ball in (H2(Q2) N L3(Q)) x H2(2) centered at
(0,ab/ f(a)) and having the radius r > 0.
Let now {d,} be a sequence of positive real numbers such that 4, — oo as
n — oo and let (uy,,v,) be an arbitrary solution of (2) for a, b, ds fixed and dy = &,,.
Letting w,, = u,, — a, it follows that

F (%ﬂun,vn) =0.

According to Lemma 3.7 we have

b
f(a)

This means that for n > 1 large enough there holds (1/6,,wn,,v,) € (0,d0) X

B,(0, ‘Z—Z)) which yields (w,,,v,) = (0, %) Hence, for d; = 1/6,, small enough,

system (2) has only the constant solution (a, %) The proof of (ii) is similar. O

(W, vy) — (0, ) in C%(Q) x C%(Q) as n — oo.

3.1. Existence results

Let X be the space defined in (11) and let
Xt ={(u,v) € X : u,v>0in C(Q)}.
We write the system (2) in the form
~Aw =G(w), weX", (33)

where
gwy=| "

It is more convenient to write (33) in the form
F(w)=0, weXT, (34)
where
Fw)=w—(I-A)7"(G(w) +w), weXT. (35)
Let wo = (a,ab/f(a))” be the uniform steady state solution of (2). Then

VF(wo)=T—(1—-A)" I+ A),
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where
1 (af'(a) = fla) f(a)
A = VG (wy) = dq (b fla) 1) dq
' _baf'(a) — f(a) ~ fla)
d2 f(a) d2

If VF(wy) is invertible, by [15, Theorem 2.8.1] the index of F at wq is
given by
index(F,wo) = (—1)7, (36)
where 7 denotes the number of the negative eigenvalues of VF(wg). On the other
hand, using the decomposition (12) we have that X; is an invariant space under
VF(wp) and £ € Ris an eigenvalue of VF(wg) in X; if and only if £ is an eigenvalue
of (u; +1)71(u;I — A). Therefore, V.F(wq) is invertible if and only if for any i > 0
the matrix (u;I — A) is invertible.
Let us define
H(a,b,dy,ds, p) = det(ul — A). (37)

Then, if (u;I — A) is invertible for any ¢ > 0, with the same arguments as in [17]
we have

v= > elw). (38)

i>0,
H(a,b,dy,dz2,p:)<0

A straightforward computation yields

Hiosb gy =g - (OO DI0 ), So)

2
af’(a) — f(a) da
R R <1+ ,/d—Qf(a)> , (39)

then the equation H(p) = 0 has two positive solutions p*(a, b, d;,ds) given by

pE(a,b,dy,dy) = %(G(a,b,dhdg) + \/0(a,b,dy,d2)? — 4f(a)/(d1dy)),

If

where

_abf'(a) = (b+1)f(a)  [la)
H(a,b,dl,dg) = dlf(a) - dg .

With the same method as in [17] (see also [7, 18]) we have the following result.

Theorem 3.8. Assume that condition (39) holds and there exist i > j > 0 such
that

(1) pi <pt(a,b,di,da) < pivr and py < p~(a,b,dr, d2) < prji1;
(i) Dhejy1 ek is odd.

Then (2) has at least one non-constant solution.
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Proof. The proof uses some topological degree arguments (see [2, 3]). By
Theorem 3.6(i) we can fix D > d; such that

(a) system (2) with diffusion coefficients D and ds has no non-constant solutions;
(b) H(a,b,D,ds, ) > 0 for all > 0.

Further, by Proposition 3.4 one can find C7,Cy > 0 depending on a, b, dy, ds such
that for any d > dj, any solution (u,v) of (2) with diffusion coefficients d and ds
satisfies

Cy <u,v<Cy in Q.

Set
M ={(u,v) € C(Q) x C(Q) : C1 < u,v < Cy in N},
and define
U:[0,1] x M — C(Q) x C(Q),
by

u+ (% + di) (a— (b4 Du+ f(u)v)
U(t,w) = (—A+1I)7! !
v+ i(bu — f(u)v)
do

It is easy to see that solving (2) is equivalent to find a fixed point of ¥(1,-) in M.
Further, from the definition of M and Proposition 3.4, we have that ¥(¢,-) has no
fixed points in OM for all 0 < ¢ < 1. Therefore, the Leray—Schauder topological
degree deg(I — U(t,-), M,0) is well defined.

Using (35) we have I — ¥(1,-) = F. Thus, if (2) has no other solutions except
the constant one wq, then by (36) and (38) we have

deg(I — U(1,-), M, 0) = index(F, wo) = (—1)k=ser <) — 1. (40)

On the other hand, from the invariance of the Leray—Schauder degree at the homo-
topy we deduce

deg(I — W(1,-), M,0) = deg(I — ¥(0,-), M,0). (41)

Remark that by our choice of D, we have that wq is the only fixed point of ¥(0, -).
Furthermore by (b) above we have

deg(I —¥(0,-), M,0) = index(I — ¥(-,0),wq) = 1. (42)
Now, from (40)—(42) we reach a contradiction. Therefore, there exists a non-
constant solution of (2). This ends the proof. O

Corollary 3.9. Let a,b,da > 0 be fized. Assume that
abf'(a) > (b+1)f(a) (43)

and all the eigenvalues p; have odd multiplicity. Then, there exists a sequence
of intervals {(kn,K,)} with 0 < k, < K, < kn—1 — 0 (as n — 00) such
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that the steady-state system (2) has al least one non-constant solution for all
dl € UnZl(ka”)'

Proof. In view of (43), condition (39) holds for small values of d; > 0. Also for
a,b,ds > 0 fixed we have

f(a)?
abf'(a) = (b+1)f(a))

wt(a,b,dy,dy) — o0 as dy — 0.

w (a,b,dy,do) — 0 as d; — 0.
2

Therefore we can find a sequence of intervals {(k,, K,,)}» such that

Z e(p;) is odd (44)
i>0,
= (a,b,dy,d2)<pi<pt (a,b,d1,d2)

for all di € U, (kn, K»). Therefore, conditions (i) and (ii) in Theorem 3.8 are
fulfilled. O

Corollary 3.10. Let a,b,d; > 0 be fized. Assume that (43) holds and
Z e(p;) s odd. (45)

i>0,
o abf/ (@)= (b+1)f(a)
O<hi <=—"70a)

Then there exists D > 0 such that the steady-state system (2) has at least one
non-constant solution for any de > D.

Proof. By virtue of (43), for any dy > 0 large enough condition (39) holds. Also
for any a, b, d; fixed we have

abf’(a) — (b+1)f(a)

B +
0<p (a,b,di,d2) < p"(a,b,di,dz) < dif(a)

and

abf'(a) — (b+1)f(a)
d1f(a)

Therefore, for dy > 0 large, condition (45) implies (i) and (ii) in Theorem 3.8. This

concludes the proof. O

/in(avbad17d2) - 07 /J/+(a7bad17d2) i

as do — 00.

Corollary 3.11. Let a,dy,dy > 0 be fized. Assume that af’(a) > f(a) and all
the eigenvalues p; have odd multiplicity. Then, there exists a sequence of intervals
{(bn, Bn)} with 0 < b, < By, < bpg1 — 00 (as n — o0) such that the steady-state
system (2) has at least one non-constant solution for all b € Up>1(by, By).

Proof. We proceed similarly. Since af’(a) > f(a), for large values of b condition
(39) is fulfilled. Also for a,dy,ds > 0 fixed we have

p(a,b,di,dy) — 0, wpt(a,b,di,dy) — o0 asb— oc.
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Hence, we can find a sequence of non-overlapping intervals {(b,, By)} such that
bn — 00 as n — oo and (44) holds for all b € U, > (bn, Bn). |

If f(s) = s™, m > 1, then condition (43) is independent of a. We obtain
Corollary 3.12. Let f(s) = s™, m > 1. Assume that b(m —1) > 1 and

Z e(p;) s odd. (46)
i>0,
0<pi<(b(m—1)—1)/d;

Then there exists A > 0 such that the steady-state system (2) has at least one
non-constant solution for any 0 < a < A.

Proof. It is easy to see that (39) holds for small values of a > 0. As before

0< p(a,b,dy,ds) < p*(a,b,dy,do) < %
and
p(a,b,dy,dy) — 0, pt(a,b,dy,ds) — % as a — 0.
Therefore, for a > 0 small, condition (46) implies (i) and (ii) in Theorem 3.8. This
ends the proof. O
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