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Abstract This paper is concerned with the existence and multiplicity of solutions for a
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1 Introduction

In this paper, we study the following nonlocal elliptic system

1
M, (/ —|Au|1’<x)dx) A (|Au|p(x)_2Au) — Fu(x,u,v) in©Q,
Q

px)
1 ) ) . (1.1)
—M; —|Av|9dx A(|Av|q Av) = Fy(x,u,v) inQ,
Qq(x)
u=v=Au=Av=0 on 0%2,

where  is a bounded domain in RN with smooth boundary 9%, p, ¢ € C(RQ), p, ¢ > 1in
Q, and M, M, are continuous functions. The function F satisfies Carathéodory conditions
and is of class C! in u, v € R. The functions F,, F, represent source forces, while M, M,
are Kirchhoff dissipative terms.

For simplicity reasons, in the present paper we reduce to the case where M| = M, =: M.
Notice that the results we establish in what follows remain valid for M; # M, by adding
some slight changes.

Boundary value problems like (1.1) model several physical and biological systems where
u and v describe a process depending on the average of itself, as for example, population
densities. We refer the reader, for instance, to Alves and Figueiredo [1], Autuori and Pucci
[5-7], Autuori et al. [8], Molica Bisci and Radulescu [22], Molica Bisci et al. [23], Ridulescu
[25], Radulescu and Repovs [26], and Vasconcellos [27].

Problem (1.1) is called a nonlocal problem because of the presence of the term M, which
implies that the equation in (1.1) is no longer a pointwise identity. This provokes some
mathematical difficulties which make the study of such a problem particularly interesting.
Nonlocal differential equations are also called Kirchhoft-type equations because Kirchhoff
[17] has investigated an equation of the form

2 ) 92u
dx =0, (1.2)

32u £0 E L
pem 7 T o 9x2
ot h 2L Jy x
where E is the Young modulus of the material, p is the mass density, L is the length of
the string, s is the area of the cross-section, and pg is the initial tension. Equation (1.2)

extends the classical D’ Alembert’s wave equation, by considering the effect of the changing
in the length of the string during the vibration. A distinguished feature of Eq. (1.2) is that the

du
0x

du

B ‘2 dx, which depends on the average

. . . L
equation contains a nonlocal coefficient 2 + £ [ |

ﬁ fOL |% : dx, and hence the equation is no longer a pointwise identity.

We point out that the Kirchhoff model takes into account the length changes of the string
produced by transverse vibrations. We refer to Bernstein [10] and Pohozaev [24] as pioneer-
ing papers dedicated to Kirchhoff equations. However, Eq. (1.2) received much attention only
after the paper by Lions [21], where an abstract framework to the problem was proposed.
D’ Ancona and Spagnolo [13] considered Kirchhoff’s equation as a quasi-linear hyperbolic
Cauchy problem that describes the transverse oscillations of a stretched string. For com-
pleteness we refer the reader to some recent interesting results obtained by Autuori and
Pucci in [5-7] studying Kirchhoff equations by using different approaches. We also recall
that nonhomogeneous p(x)-Kirchhoff operators have been used in the last decades to model
various phenomena, see [16,32] and the references therein. Indeed, recently, there has been an
increasing interest in studying systems involving somehow nonhomogeneous p(x)-Laplace
operators, motivated by the image restoration problem, by the modeling of electro-rheological
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Nonlocal fourth-order Kirchhoff systems 209

fluids (sometimes referred to as smart fluids), as well as the thermo-convective flows of non-
Newtonian fluids: details and further references can be found in [4].

The investigation of existence and multiplicity of solutions for problems with p(x)-
biharmonic operators has drawn the attentions of many authors, see [3,14,18,20] for some
recent work on this subject. Motivated by the above references, we establish the existence of
infinitely many low or high energy solutions for system (1.1).

Our paper is organized as follows. We first present some necessary preliminary results
on variable exponent Sobolev spaces. Next, we give the main results about the existence of
weak solutions. The final part of this paper is concerned with the existence of infinitely many
low or high energy solutions.

2 Functional setting

In this section, we recall some definitions and basic properties of the variable exponent
Lebesgue and Sobolev spaces LP@ () and WP (Q), where € is a bounded domain in
RY. Denote

C(Q) = {h(x); h(x) € C(Q), h(x) > 1, forall x e Q).
For any € C, (), we define
ht = max{h(x); x € Q}, h~ = min{h(x); x € Q).

For any p € C,(RQ), we define the variable exponent Lebesgue space

LPO(Q) = ‘u : Q — R; u is a measurable real-valued function and

/ lu()|PPdx < oo] ,
Q

endowed with the Luxemburg norm

u(x)
7

p(x)
lulpeey = lulppw (g = inf > 0; / dx <1¢.
Q

Then (LP%) (), | - [p(x)) is a Banach space, cf. [19].

Proposition 2.1 (Fan and Zhao [15]) The space (L?%) (), | - [p(x)) is separable, uniformly
convex, reflexive and its conjugate space is L% (Q) where q(x) is the conjugate function
of p(x), that is,

Lo
px)  qx)
Foru € LPY(Q) and v € L1%)(Q), we have

/ uvdx
Q

The Sobolev space with variable exponent W52 (Q) is defined as

1 forall x € .

1 1
=< (F + qf) |u|p(x)|v|q(x) = 2|u|p(x)|v|q(x)~

WhPO(Q) = {u € LPY(Q) : D*u € LPY(Q), || < k),
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210 G. A. Afrouzi et al.

glal
G 9 0 o ON
0x) " 0x,...0x

The space W*?™)(Q) equipped with the norm

Il pooy = D, 1D%ulpry.

| <k

where D%y = u, witha = (aq, ..., ay) is amulti-index and || = Z,N=1 o

becomes a separable and reflexive Banach space. For more details, we refer the reader to
[15,29]. Denote for x € Q and k > 1,

o) = 2 if p(x) < N,
+00 if p(x) = N,

Np(x) .
pr(x) = N—Iljcpxm if kp(x) <N,
+00 if kp(x) > N.

Proposition 2.2 (Fan and Zhao [15]) Let p,r € C(Q) such that r(x) < Py (x) for all
x € Q. Then there is a continuous embedding

WhkP@ (@) e LMW ().

If we replace < with <, the embedding is compact.

We denote by Wg P (€2) the closure of C§°(£2) in Wk P (€2). Then the function space
(Wz’p(x)(Q) N W(}’p(x)(Q), lu ||p(x)) is a separable and reflexive Banach space, where

px)
llll pxy = inf ,u>0:/ dx <1y.
Q

Remark 2.3 According to [30], the norm || - ||2, »(x) is equivalent to the norm |A - | ,(y) in the

Au(x)
w

space WP () N Wol’p(x)(Q). Consequently, the norms || - [[2, pcx)s | - | pcxry and [A - | px)
are equivalent.

Consider the functional
¢(u):/ [AulP® dx.
Q

Then we have the following properties (see for example [3, Proposition 3.2]):
if u € WP (@) N Wy "™ (), then

lullpoy <1 (=1 >1) & o) <1(=1; > 1); 2.1)
- +

lullpey > 1= ull2y < $@) <l (2.2)
" _

lullpiy < 1= Nl < $) < flully): (23)

lullpxy = 0 (— 00) & @) — 0 (— 00). 24

Note that the weak solutions of problem (1.1) are considered in the generalized Sobolev
space

X = (W@ @) n Wy " @) x (W0 @ 0wy @)
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Nonlocal fourth-order Kirchhoff systems 211

equipped with the norm
Il G, V)| = max{{lull px), Vllgeo))-

We denote by (u,, v,) — (u,v) and (u,, v,) — (u, v) the weak convergence and strong
convergence of (u,, v,) to (u, v) in X, respectively, denote by ¢; the positive constants. The
dual space X is denoted by X* and || - || stands for its norm. Therefore

I, v) e = 1DV (1, V) |1, pay + 1D2J @, V) [l g ).

where || - [|«, p(x) (respectively || - [l«,q(x)) is the norm of (W2P@® Q)N WLPE (Q))* (respec-
tively (W90 (Q) N W20 (Q))*).

Set
Iy () =/ Lmuv’m dx,
Q p(x)
b =/ A gy,
Q q(x)
I(u,v) = 11 (u) + L(v),
F(u,v) = / F(x,u,v)dx.
Q
Then
I'(u, v)(@, ¥) = D11 (u, v)(@) + D2l (u, v)(¥),
F'(u,v)(@, ) = D1F(u, v)(@) + D2 F (u, v)(¥),
where

D1l (u, v)(g) = / |AulPO"2 AuAg dx = I)(w) (@),
Q
Dol (u, v) () = / |AV[IO2 AvAY dx = I5(v) (),
Q
oF
le(u,v)(fﬂ)Z/ af(x,u,v)wdx,
Q u

oF
Dy F(u, v)(x/f)Z/ af(x,u,v)llfd%
Q v

The Euler—Lagrange functional associated to problem (1.1) is given by

Juw,v)=M (/ Lmuv’(*)dx) +M (/ Lmvri(") dx) —/ F(x,u,v)dx,
Q px) Qq(x) Q

where M (1) = [y M(t)dt. Then J € C'(X, R) and

J'(u,v) (@, ) = Di1J(u, v)(p) + DaJ (u, v)(), (2.5)
where
DiJ(u,v)(9) =M (/ Lmuv’(") dx)/ [AulPP2AuAp dx — D1 F(u, v) (@),
Q p(x) Q
1 ) -2
DyJ(u,v)(¥) =M (/ — | A7V dx) / [AV|T ™= AvAY dx — Dy F(u, v)(Y).
Q q(x) Q

Hereafter, F'(x, s, t) and M (¢) are always supposed to verify the following assumption:
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(M) There exist mo > m; > 0and 8 > o > 1 such that for all t € RT, mt*~! <

(M)
(Fy)

(F2)

(F3)

(Fy)
(Fs)

M(t) < motP1,
Forallt e R*, M(t) > M(t)t.
Forall (x, 5, 1) € Q x R2, we assume

FGeos, 0] < e (1 151719 4 1120 1|20 g0

where ¢ is a positive constant, (o7(x), 02(x), 03(x), 04(x)) € C+ (£2)* such that
2 2 _

o:(x) 24()6) <1 in Q.

1) (x) q, (x)

There are M > 0, 6; > Bpt, 6, > Bg™ such that for all x €  and all (s, 1) € R?
with [s|0 + |#|?2 > 2M, we have

o1(x) < p5(x), o2(x) < q5(x),

0 < F( t)<S BF( t)+18F( 0
< rx,s1) = ——WSs, - W, 8, 1),
01 0s 6, Ot

where 8 comes from (M) above.

F(x,s,1) = o(s|®?" +1¢/%¢") as (s, 1) — (0, 0) uniformly with respect to x € <,
where o comes from (M).

F(x,—s,—t) = —F(x,s,t) forallx € Qand (s, 1) € R2.

We have

F(x,s,0) > (s +[£]2%) as (s, 1) — (0, 0),

where (y1(x), y2(x)) € (C4+(Q))? such that y (x) < p}(x), y2(x) < g5 (x), p™ <
Y < )/1+ < Bp.qt < Y, = y; < Bq~ for ae. x € 2, where  comes from
(My).

Lemma 2.4 (El Amrouss et al. [3]) We have the following assertions:

(1) I} is a bounded homeomorphism and strictly monotone operator.
(2) I is a mapping of type (S4), namely

up, —~u and limsup I{(u,,)(u,, —u) <0, implies u, — u.
n——+00o

Since X is a reflexive and separable Banach space, then X* is too. There exist (see [31])
{ej} C X and {ef} C X* such that

and

X =span{e; : j=1,2,...}, X* :span{e}’f:jz 1,2,...},

<e,»,e*>—[1 A

A N

where (-, -) denote the duality product between X and X*. We define

k 00
X;=spanfe;}), i =EPX;. zZ=EPx;
j=1 j=k

A central role in our arguments will be played by the fountain theorem, which is due to
Bartsch [9]. This result is nicely presented in Willem [28] by using the quantitative defor-
mation lemma. We also point out that the dual version of the fountain theorem is due to
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Nonlocal fourth-order Kirchhoff systems 213

Bartsch and Willem, see [28]. Both the fountain theorem and its dual form are effective tools
for studying the existence of infinitely many large or small energy solutions. It should be
noted that the Palais—Smale condition plays an important role for these theorems and their
applications.

Lemma 2.5 (Fountain Theorem, see [28]). Assume

(A1) X is a Banach space, J € C 1 (X, R) is an even functional.
Suppose that for every k € N, there exist py > rr > 0 such that

(A2) inf{J(u) :u € Zg, |u|| = ry} - +o0 as k — +oo.

(A3) max{J(u) :u € Yy, ull = p} <0.

(A4) J satisfies the Palais—Smale condition for every ¢ > 0.

Then J has an unbounded sequence of critical points.

Lemma 2.6 (Dual Fountain Theorem, see [28)). Assume (Al) is satisfied and there is kg > 0
so that, for each k > ko, there exist py > ry > 0 such that

B ax =inf{J (W) :u € Zy, |lull = pi} = 0.

B2) by = max{J(u) :u € Yy, |lu|l =rr} <O.

B3) dy =inf{J(u) :u € Z, |lull < px} — 0ask — +oo.
(B4) J satisfies the (P S) condition for every ¢ € [d,, 0).

Then J has a sequence of negative critical values converging to Q.

For every a > 1, u, v € L*(S2), we define

|, v)]q := max{lulq, [v]a}.

Set
a := max{o1(x), 02(x), 203(x), 204(x)}, (2.6)
xe
b := min{o (x), 02(x), 203(x), 204(x)}. (2.7)
xef

Then we have the following result.

Lemma 2.7 [14] Denote

B = sup{|(u, v)[a: I(u, V)| =1, (u,v) € Zi}, (2.8)
Ok = sup{|(u, vV)[p; I, V)| =1, (u,v) € Z}. 2.9

Then limy— o0 B = limg— o0 O = 0.

We conclude this preliminary section by recalling the definition of the localized Palais—
Smale condition, which was introduced by Brezis and Nirenberg [12].

Definition 2.8 We say that J satisfies the (P S)} condition (with respect to (Y,)), if any

sequence {u,;} C X such thatn; — +00, uy; € Yy, J(un;) — c and (J|y”j)r(u,,j) — 0,
contain a subsequence converging to a critical point of J.
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214 G. A. Afrouzi et al.

3 Existence results in a non-symmetric setting
In this section we establish two existence results under general hypotheses on the potential
F.
Theorem 3.1 Assume that M satisfies (M) and
[F(e,s, 0] < es(L+Is 4+ [P,

where oy, By are two constants with 1 < o1 < minfap™,aq”}, 1 < 1 < min{ap™, ag~}
[a comes from (My)]. Then problem (1.1) has a nontrivial weak solution.
Proof In view of (M), the functional J is weakly lower semi-continuous. In the following,

we wiﬂprove that J is coercive, that is, J (u, v) — 400 as || (u, v)|| = +00. From (M) we
have M (t) > %t“. For (u, v) € X such that ||(u, v)|| = +00, we obtain

J(u,v):/\?(/ —|Au|"<x>dx)+M(/ |Av|q(")dx) /F(x,u,v)dx
o px) Q q(x)
> (/ |Au|”(x)dx) + 0 (/ |Av|q(x)dx) —63/ ™ dx
a \Jg px) a \Jaqx) Q

—q/wﬁw—qm

ap~
a(p +)a flu ”p(x) + a(q +)oc ”v”q(x) C4||u||p(x) CSHU“q(x) c31€2,
where |2| denote the measure of 2. Without loss of generality, we may assume ||u]| () >
lvllger-
If [|v]lgx) > 1 we have

J(u,v) > a(p +)a flu ”p(x) a(q +)a lv ”q(x) C4||”||p(x) CSHU”q(x) —c3|R2.
If [|v]lgx) < 1 we have
mi ap”
J(u,v) > a(pt)e ”u”p(x) C4||”||p(x) C6.

By the assumptions on «; and B, we deduce the coercivity of J and hence J attains its
minimum on X, which yields a solution of problem (1.1). O

Lemma 3.2 Let (uy, v,) be a Palais—Smale sequence for the Euler—Lagrange functional J.
If conditions (M1), M2), (F2) are satisfied, then (u,, v,) is bounded.

Proof Let (uy,v,) be a Palais—Smale sequence for the functional J. This means that
J (uy, v,) is bounded and || J' (uy, vy)|l« — 0asn — +oo. Thus, there is a positive constant
c7 such that

c7 = J(uy, vp)

=M —|Au PO ax ) + M —— AU, |19 dx F(x,un,v,,)dx
Q P( ) QQ( )

> M(/ | Aup P9 dix / AU P dx / tn 8F(x Uy, vp) dx
Q P(x) o px ) Q 01 du

OF
M (/ oA |q(“‘)dx)/ o B [P dx / ;” Sy, v) dx — s,
Q qx Q qx Q
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where cg is some positive constant. Therefore

c7 = J(up, vy)

11
> (———)M( / VNI dx) / | Auy [P dx — Dﬂ(un,vn)(un)
pt 6 Q p( x)
+ L M / —— A, 9V dx / |Av, |9 dx — i1)21(u Un) (vp) — 3
q* 92 2 q(x) ! 62 B

mi nmi
> | Auy [P dx +7 |Av |‘1(“‘)dx
(p+)“ e (/ (gH)e!
- *”DIJ(Mn» V) I+, p(x)””n I — *ZHDZJ(unv vn)”*,q(x)””n” — C8.

Now, we suppose that the sequence (u,, v,) is not bounded. Without loss of generality, we
may assume ”“n ”p(x) > ”vn ”q(x)-
Therefore, for n large enough that [|u, || »x) > 1, we obtain

> nmi 1 1
Sy = W F - 91 ||Mn||p(x)

1 1
— | —IID1J (up, Un)”*,p + — D2 J (up, Un)”*,q ||un||p(x)~
01 &)
But this cannot hold true since p™ > p~ > 1. Hence, (u,, v,) is bounded. ]

Lemma 3.3 Let (u,, v,) be a bounded Palais—Smale sequence for the Euler—Lagrange func-
tional J. If conditions (M1), (My), (F1), (F2) are satisfied, then (u,,, v,) contains a convergent
subsequence.

Proof Let (uy, v,) be a bounded Palais—Smale sequence for J. Then there is a subsequence
still denoted by (u,,, v,) which converges weakly in X. Without loss of generality, we assume
that (u,, v,) — (u, v), then J' (u,, v,) (U, — u, v, — v) — 0. We obtain

J/(”na V) Uy — u, vy — V)

=M (/ —— | Auy [P dx)/ | A PO Auy (Auy — Au) dx
Q p(x )

+M(/ ——|Av, |‘1(x)dx)/ [AV, 9972 Av, (Avy, — Av) dx
Q q(x)

oF oF
— | — O, up, v)(uy —u)dx —/ —(x, up, vy) (v, —v)dx — 0.
Q Ju Q 0V

On the other hand, let 61(x) and 6> (x) be two continuous and positive functions on Q such
that for all x € Q

203(x) +01(x)  204(x) + 02(x)

=1.
p5(x) g5 (x)
Using the Young inequality, we obtain
a3(t)/}2<A) 04(1)(12()6)
|s|<73(x)|t|a4(x) < |s|230FA@ 4 |¢| 204030 = |S|05(X) + |t|o6(x)
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216 G. A. Afrouzi et al.

03(x) p3 (x) 04(x)g5 (x)
203(x)+01(x) 204(x)+02(x) 12
obtain 05 (x), 07(x) € C+(2) with 06(x) < p3(x), 07(x) < g5 (x) in  such that

where o5(x) := < p3(x) and o6 (x) = < ¢5(x). From (Fy), we

[F(x,s,1)] < co(l+[s|76) 4 |¢]77)),

From this inequality, Propositions (2.1) and (2.2), we deduce that

oFr
/ Ot vty — ) dx — 0

Q ou
and
oF
—(x, Uy, Un)(vn — U) dx — 0.
Q ov
Therefore
1
M (/ ilAunlp(x)dx)/ |Aun P72 Ay (Auy — Au)dx — 0,
Q p(x) Q

1
M (/ —|Avn|q(x)dx)/ [Av |72 Av, (Av, — Av)dx — 0.
Qq(x) Q

Since (u,, v,) is bounded in X, passing to a subsequence, if necessary, we may assume that
when n — 400

1
/ ﬁlAunlp(x)dx -1 >0
Q px

and

1
/ﬁMU,,l"(x)dx—)t] > 0.
Qqx

If to = 0 = ¢4 then (u,, v,) converges strongly to (0, 0) and the proof is finished. Otherwise,
since the function M is continuous, when n — +o0o we find

1
M (/ — | Auy PO dx) — M(tp)
Q p(x)

M (/ Lmvnv’m a’x) = M®).
Q q(x)

Thus, by (My), for sufficiently large n, we have

and

1 @)
O<co<M —— | Au,|P* dx ) < cio, (3.1)
Q p(x)
1
O<c <M (/ —— A, |9 dx) <cp. (3.2)
Qq(x)

From (3.1) and (3.2), we deduce that

/ [Aun P72 Auy (Auy — Au)dx — 0,
Q

/ AV, 9972 Av, (Av, — Av) dx — 0.
Q
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Nonlocal fourth-order Kirchhoff systems 217

Using Lemma 2.4, we have u,, — uin WZ’P(X)(Q)ﬂWl’p(X)(Q) and v, — vin W29 Q)N

wh q(X)(Q) which implies that (&, v,) — (4, v) in X. ]

Theorem 3.4 Assume that M satisfies M), (M2) and F verifies (F1) — (F3) and

(F¢) oy ,205 >aptandoy 20, >aq™.
Then problem (1.1) has a nontrivial weak solution.
Proof Let us show that J satisfies the conditions of mountain pass theorem (see [2,28]). As
pointed out by Brezis and Browder [11], the mountain pass theorem ‘“extends ideas already
present in Poincaré and Birkhoft”

By Lemmas (3.2) and (3.3), J satisfies Palais—Smale condition in X.

For || (u, v)|| < 1, using the Young inequality, the fact 2}?8)) + 2[;4((;)) <1inQ, Proposition
2 2
2.2 and (2.3), we obtain

1 1 20, 20,
u|P3O) ||+ gy < f/ ul>3® gy + f/ v24 W gy < ¢ ull 2+ v A ).
/Q| | [v] =5 Q| | 2 Q| | ez | Null,i + 10l

Since ap™ < pi(x) and ag™ < g5 (x), we deduce WP (Q) N Wol’p(x)(fz) < LT (Q)
and W24 (Q) N Wol‘q(x)(Q) < L%4" (). Then there exist c14, ¢15 > 0 such that

1,

litlgpt < crallullpey for ue WP @) nwy " (@),
1,

Wlag+ < cislvllge for ve W20 @) N w, 7™ (@),

.
where | - |, denote the norm on L" (2). Let € > 0 be small enough such that ec‘le < M(mﬁ

and ec(d ’ < . By the assumptions (F;) and (F3), we have

mi
2a(gt)*
IF(x,5,0)] < e(sl?" +121%7) 4 c(€)(Is|7® + [1]720) 4 [5]730) |72y

forall (x, s, 1) € Q x R2. In view of (M;) and the above inequality, for || (u, v)|| sufficiently
small, noting Proposition 2.2, we have

o
T, v) > 1 (/ — | Au|P® dx) +m (/ — | AI® dx)
o p(x) a \Jogx)
—6/ |u|°‘P dx — /|v|°‘q dx

_C(e)/ |u|(71(x)_|_|v|0'2(x)+|M|U3(x)|v|04(x)) dx

ap™ agt
€Cyy IIMIIP(X) +— ectd vl

2(p +)o¢ lu ”p(x) pre +)o¢ llv ”q(x) q(x)

— (o) (nunpm I, +ensllulog, + c13||v||q(x))

mi
= ( =l ulshy + 5 e II24) — c(e) (nunpm+||v||q(x)+c13||u||p(x)

+C12||U||q(x))
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Since 0, ,205 > ap’ and 0, ,20, > ag™, there exist r > 0 and § > 0 such that
J(u,v) > 8 > 0 forevery (u, v) € X satisfying ||(u, v)|| = r.
On the other hand, our assumption (F) implies the following assertion: for every x € 2,
s, t € R, the inequality
Flx,s,0) = cios|™ + 111 = 1) (3.3)

holds, see [14]. For (&, v) € X\{(0,0)} and 7 > 1, by (M) we have

~ 1 - 1
J(tu, 1v) = M(/ (|tA»7|”(") dx) +M (/ —— |t A1 dx)
Q px) Q q(x)
—/ F(x,tu,tv)dx
Q
my B ;
<—= (/ —— [t AP dx) —c16/ |tit|" dx
B \Ja px)
B
+ 2 (/ It AT dx) —cm/ 151% dx — c1
B \Jaqx)
Bp™* p(x) 6
< —t | A dx) —016t / |u|”" dx
ﬂ(p )5 (/
L[ﬁq (/ |A§|q(x) dx)ﬁ —Cl6[02/ m@z dx — ¢
,3( )P Q Q

— —00, as t— +0oo,

dueto 6y > BpT and 6, > Bq™. Since J(0,0) = 0, considering Lemmas 3.2 and 3.3, we
conclude that J satisfies the conditions of mountain pass lemma. So J admits at least one
nontrivial critical point. o

4 Infinitely many low or high energy solutions

In this section we establish two multiplicity results, provided that the potential F' has a suitable
symmetry. The first property shows the existence of a sequence of high energy solutions while
the second result deals with the existence of a sequence of solutions with negative energies
that converge to zero (that is, small energy solutions).

Theorem 4.1 Assume that M satisfies (M), (M2) and F fulfills hypotheses (F1), (F2), (F4),
and (Fg). Then problem (1.1) has a sequence of weak solutions (fuy) such that J (fuy) —
400 as k — oo.

Theorem 4.2 Assume that M satisfies M), (My) and F fulfills hypotheses (Fy), (F2)— (Fs),
and

(F7) ap® > o[ ,20;5 andag™ > o, , 20, .

Then problem (1.1) has a sequence of weak solutions (£vy) such that J (£vg) < 0, J(Fvg) —
0ask — oo.

Proof of Theorem 4.1 According to (F4) and Lemmas 3.2 and 3.3, J is an even functional
and satisfies the Palais—Smale condition. We prove that if & is large enough, then there exist
px > rr > 0 such that (Ay) and (Aj3) are fulfilled. Thus, the assertion of conclusion can be
obtained from fountain theorem.
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(Az) : For any (ug, vg) € Zg, llukllpy = 1, llvkllgey = 1 and || (ug, vi)ll = rg (re will be
specified below), we have

J(Hkavk)=M(/ L|Auk|p(x)dx) —|—[l7[(/ |Avk|q(x)dx)
o P(x) q(x)

—/ F(x,uy, vp)dx
Q

ni «
> |Auk|p(x)dx) + (/ IAvk|q(x)dx)
a(p*)“ (/ a(@h)* Uq

_p / (14 a1 4 gl 4 59
Q

mi Gy) o2 (&)
v +)a [ k||P(x) g ||Uk||q(x) Cl|uk|gl(x) = c1lvel ) )
o3 (1) )
— cisluly ) — crsloelory) — 112,
where S{‘, Sé‘, n’f, n’2‘ € Q. Therefore
J (ug, vi)
mi min{ap~,aq”) o160 o2 (&)
> Up, v ’ —Cllu —C1|v,
T Py +)a}||( ko vl 1ukla 1|vkla
205(n) )
— ciglugla”’ sloele ™ — epQ

> il
~ max{a(pH), a(g)?}
k k k
— 1 Bell i, vi) D282 — 18 Brell (ur, v )73 — 15 (Bl (uge, vg) )24
—c1|Q

i g~ k
Il (g, vk)”mm{otp g~} 1 Bl (ux, vk)”)ol(gl)

> i
~ max{a(pt), a(gt)}

i “Laq” b
Il G, ) ™24 10 B2 (g, v |1 — 1192,

where a, b are defined in (2.6) and (2.7). At this stage, we fix r¢ as follows:

mi a—minf{ap~,aq”}
o= 5 — 400 as k — +oo.
2c19 max{a(p™)*, algT)*} By

Consequently, if || (ug, vr)|| = rx then

mi
) 2 e (p), 2@ )
as k — 4+o0.

J (ug., Il Gk, v ™27 — 01 ]Q| — o0

(A3) : From (F,), we have F(x, s, 1) > c16(|s|? + [£]%2 — 1) forevery x € Q and s, f € R.
Therefore, for any (u, v) € Y; with [|[(u,v)| = 1 and | < px = fx with fxy — 400, using
(M1) we have

@ Springer



220 G. A. Afrouzi et al.

J(tyu, tyv)

- M (/ Lm(tku)v’(") dx) +M (/ —|A(zku)|q<x> dx)
Q p(x) q(x)

—/ F(x, tyu, tyv) dx
Q

B
my mj
A P 4 ) (/ A () 4 )
= B (/Q p(x )| (tel ¥) B \Uaqx )| (tw)l !

—016/ [tul ldx—Cm/ [trv] 2dx+620

< ,B(p )ﬂ 17 (/ |Au|p(")dx) — cuetf /|u|0' dx

+5(q2)ﬁ’k (/ |Au|q<x)dx) — cet! /|v|2dx+020

By 6, > Bp*, 6, > Bg* and dim Y; < oo, we deduce that J(uy,vy) — —o0 as
| (txu, txv)|| — oo for (1, v) € Yi. The conclusion of Theorem 4.1 is reached by the
fountain theorem. O

Proof of Theorem 4.2 From (F4), we know that J satisfies (A1), the assertion of conclusion
can be obtained from the dual fountain theorem.

(B1): For any (ug, vi) € Zg, llukllpiy < 1, llvkllgy < 1 and [[(ug, vo) |l = pr (ox will be
specified below), we have

J (ug, vk)

Z a(p +)a flu k”p(x) (g +)oz ”vk”q(x)

5 5 %) %)
— @I = @l — @l lp ) — e luelgett),

+ + + +
oap op oaq aq
€Ciy lluk ”p(x) — €Cy5 ”Uk”q(x)

where €5, &, 4, 7k € Q. Therefore

J (ug, vg)
mi max{apt, g™} o1 (Eh) o2 (&)
> Ug, v ’ —c(€)|uy c(€)|vk
> max{ot(p+)“,ot(q+)°‘}||( ks Vi)l (€)lurl, —c(€)|vkl,
2 k k
—c@luely* ™ = el
mi

k
e, v X290 e e) (O | g, vp) )7 ES

= maxla(p ), ag )
— () Ol e, v N — c(€) Bl ke v DD — (&) Bkl ., vg) )2

mi
— 0160 | (uge, vi)|1°. 4.1)

> max{ap™,aq™t}
~ max{a(pt)*, a(gt)*}

Il ke, vl

i
Choose py = (2cz1 max{a(p)?, oz(q*)“}@,fml_]) maxiapTaqt1b Then

mi max{otp ,agt}
J(ug, v
U0 2 5 el alg))
nmi max{oep,aqT} 0

T 2max{a(ph), ag )}k
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Since ap™ > o1(x), 203(x) and ag™ > o2(x), 204(x), we have p — 0 as k — +oo.
(B2) : For (u,v) € Yi, ||(u,v)|| =1and 0 < #x < pr < 1, using (Fy), (F5) we obtain

J(tyu, trv)

B
my mj
s A P(X)d) 7(/7 A q(X)d)
=5 (/qu"k )+ g g AT

—cz/ |teu |1 dx—cz/ |tkv|V2(x) dx
Q

M2 pp~ @) " n@)
< |[Au|P™ dx —c2t |u| dx
= Bp)p (/
my
+ﬁ( )ﬂtk (/ |Av|q(x)dx) —czt /|u|”2(x)dx
q

Conditions yf < Bp~ and y2+ < Pg~ imply that there exists ry € (0, px) such that
J(tyu, trv) < 0 when f; = rr. Hence, we deduce that

by = max J(u,v) <O0.
(u,v)eYg, [|(u,v)ll=rg

(B3) : Because Y; N Z; # W and ry < pg, we have
dp =inf{J(u) : u € Zg, |lull < pr} < bp = max{J(u) :u € Y, |lull =r} <O0.

From (4.1), for (u’,v') € Zg, |/, V)| = 1,0 <t < pr and (u, v) = (tu’, tv'), we have

mi
max{a(p™), a(gt)*}

max{ap™,aq™t}

Ju,v) =J@u', tv) >

- CzltbQI? > —Czltbe,

hence, d; — 0, that is, (B3) is satisfied.

Finally, we verify the (PS); condition. Suppose (up;, vs;) C X such that nj — o0,
(Un;, V) € Ya; and (len ) (Unjs vp;) = 0. Similar to the process in the proof of Lemma
3.2, we deduce the boundedness of ||(u, i Un j)|| Going if necessary to a subsequence, we
can assume (u,,,, Un; ) — (u,v)in X. As X = Un; Yy;, we can choose (unj, vnj) such that
(un , U, ) — (u, v). Hence

lim J’ (Un;js V) Wn; — U, Up; — V)
nj—>+00

_ R L . i r r
_nl_lffl T (i, o) n; =ty O, vnj)+njl_1)nloo1(un,.,vn,~)(u,,j U, v, =)

_ / - o
—njlggoo(lenj)(un_,-,vn,-)(un,- Up ;s Unj = Uy

=0.

Similar to the process of verifying the Palais—Smale condition in the proof of Lemma 3.3, we
conclude u,; — u in W25 (Q) N Wol’p(x)(ﬂ), and v,; — vin W45 (Q) N Wol’q(x)(fz),
which implies that (Unj, vn;) = (u, v) in X. Furthermore, we have J’(u,,j, Un;) = J (u, v).
Let us prove that J'(u, v) = 0. Taking (wy, a),’() € Y, notice that when n; > k we have
I, v)(wr, @) = (', v) = I (unj, vn)) @k, 03) + I (W, vn;) (@, @;)
= (J' (. v) = T (n;, va )@k @) + Iy, ) n s vnp) (@, @}).

@ Springer



222 G. A. Afrouzi et al.

Going to the limit we obtain
J' (u, v)(wp, wp) =0, forall (wg, wp) € Yx,

s0 J'(u, v) = 0, this show that J satisfies the (P S)* condition for every ¢ € R. The conclusion
of Theorem 4.2 is reached by the dual fountain theorem. O
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Lemma 3.2 Let (u,, v,) be a Palais—Smale sequence for the Euler—Lagrange functional J.
Assume that conditions (M1), (F>) are satisfied and

mi10y (p) N > amy, mibr(g ) > ams. (0.1)

Then the sequence (u,, vy,) is bounded.

In the proof of Lemma 3.2, by hypotheses (0.1), (M) and (F>), we can write for n large
enough

aF
c7 > J(up, vy) > @(/ —|Au, I”(’“)dX) —/ B 27 (%t vg) dx
o Q px) 01 ou

@ OF
o / A 7Y dx —/ U 0% e uy, vy) dix — cg,
a \Jqo qx) 0, dv

where cg is a positive constant. Therefore

c7 = J(up, vy)

a—1
> @</ 7|Au 1P dx ) _m (/ |Au, Ip(x)dx) /|Au 1P dx
a \Jq px) o1 \Ja p(x)

1
+ aDlj(una V) ()

a—1
+ 2L (/ —|Av, |4<*>dx) - (/ LA, dx) / | Ava [P dx
o \Jg q) 0 \Ja q(x) Q

1
+ *DZJ(”nv vn)(vn) —C8
0>

o o
> (ﬂ _ Ll) (/ |Aun|l7(x) dx) + (@ _ my 1) (/ |AU,1|q(X)dx)
a O (pT)e- Q a  O(g)* Q

1 1
- EHDI‘I(M}'[; vn)”*,p(x)”un I — é”DZJ(Mna Un)“*,q(x)llvn” —C8

Now, we suppose that the sequence (u,, v,) is not bounded. Without loss of generality, we
may assume |[u |l px) > IVnllg(x)- Therefore, for n large enough so that [lu, ||y > 1, we

obtain
mj m3 ap”
€7 = (; - W) lnllyy)

1 1
- (a”l)lj(unv vn)”*,p + é“DZJ(un» Un)”*,q) ””n||p(x)~

But this cannot hold since ap™ > p~ > 1. Hence, (u,, v,) is bounded.

Theorem 3.1 and Lemma 3.3 remain unchanged. However, Theorems 3.4, 4.1, 4.2 and
Lemmas 3.2, 3.3 need to be stated without assumption (M>). Hypothesis (0.1) should be also
added in the statement of Theorems 3.4 and 4.1. The proofs of Theorems 3.4 , 4.1 and 4.2
are similar to the original proofs, but replacing 8 by «.
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