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ABSTRACT. We consider a nonlinear Robin problem driven by the p-Laplacian
plus an indefinite potential. The reaction term is of arbitrary growth and only
conditions near zero are imposed. Using critical point theory together with
suitable truncation and perturbation techniques and comparison principles, we
show that the problem admits a sequence of distinct smooth nodal solutions
converging to zero in C(Q).

1. Introduction. Let Q C RY be a bounded domain with a C2-boundary 9. In
this paper we study the following nonlinear Robin problem
—Apu(z) +&(2)|u(2) [P ?u(z) = f(z,u(2)) in Q,
u

el P—2, _ (1)
an, + B(2)|ulP~*u = 0 on IN.

In this problem, A, denotes the p-Laplace differential operator defined by
Ayu = div (|DuP2Du) for all u € WHP(Q), 1 < p < c0.

The potential function £ € L*°(Q) is indefinite (that is, sign changing) and the
reaction term f(z,x) is a Carathéodory function (that is, for all z € R, the mapping
z +— f(z,) is measurable and for almost all z € Q, x — f(z,z) is continuous). We
do not impose any global polynomial growth condition on f(z,-). All the conditions
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on f(z,-) concern its behaviour near zero. In the boundary condition, 387“ denotes
D
the generalized normal derivative defined by extension of the map

CY(QY) > uws |DulP~*(Du,n)g~,

with n(-) being the outward unit normal on 9. The boundary coefficient § €
C%(99) (with 0 < a < 1) satisfies 3(z) > 0 for all z € 9. When 8 = 0, we have
the usual Neumann problem.

Using variational methods, together with suitable truncation and perturbation
techniques and comparison principles, and an abstract result of Kajikiya [5], we
show that the problem admits an infinity of smooth nodal (that is, sign changing)
solutions converging to zero in C(2). Our starting point is the recent work of
Papageorgiou and Radulescu [9], where the authors produced an infinity of nodal
solutions for a nonlinear Robin problem with zero potential (that is, £ = 0) and
a reaction term of arbitrary growth. They assumed that the reaction term f(z,x)
is a Carathéodory function and there exists 7 > 0 such that for almost all z € ,
J(2,)|[=n.n is odd and f(z,m) <0 < f(z,—n) (the second inequality follows from
the first inequality and the oddness of f(z,:)). Moreover, they assumed that for
almost all z € Q, f(z,-) exhibits a concave (that is, a strictly (p — 1)-superlinear)
term near zero. So, f(z,-) has zeros of constant sign and it presents a kind of
oscillatory behaviour near zero. In the present work we introduce in the equation an
indefinite potential term £(z)|z|P~2z and we remove the requirement that f(z,n) <
0 for almost all z € 2. We point out that this was a very convenient hypothesis,
since the constant function @ = 1 > 0 provided an upper solution for the problem
and ¥ = —n < 0 a lower solution. With them, the analysis of problem (1) was
significantly simplified. The absence of this condition in the present work, changes
the geometry of the problem and so we need a different approach. We should
mention that in Papageorgiou and R&dulescu [9], the differential operator is more
general and is nonhomogeneous. It is an interesting open problem whether our
present work can be extended to equations driven by nonhomogeneous differential
operators, as in [9].

Wang [13] was the first to produce an infinity of solutions for problems with
a reaction of arbitrary growth. He used cut-off techniques to study semilinear
Dirichlet problems with zero potential driven by the Laplacian. More recently, Li
and Wang [6] produced infinitely many nodal solutions for semilinear Schrodinger
equations. We also refer to our recent papers [11, 12], which deal with the qualitative
analysis of nonlinear Robin problems.

2. Mathematical background. In the analysis of problem (1) we will use the
Sobolev space W1P(Q), the Banach space C'(Q) and the “boundary” Lebesgue
spaces L*(09), 1 < s < +o0.

We denote by || - || the norm of the Sobolev space W1P(Q) defined by

lull = [Jlull2+ [ Dull2] ™ for all u € WHP(Q).
The Banach space C'*(Q) is an ordered Banach space with positive (order) cone
C, ={uecC'Q):u(z) >0forall z € Q}.
This cone contains the open set

Dy ={ueCy:u(z)>0forall z € Q}.
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Also, let Dy C C, be defined by
R )
Dy ={ueCi:u(z)>0forall z€Q, a—Z\agmml(o) < 0if 9 Nut(0) # 0}.

Evidently, D, C C'(Q) is open and D, C D, .

On 99 we consider the (VN — 1)-dimensional Hausdorff (surface) measure o(-).
Using this measure, we can define in the usual way the boundary Lebesgue spaces
L5(09), 1 < s < oo. From the theory of Sobolev spaces, we know that there exists
a unique continuous linear map 7o : WP(Q) — LP(0R), known an the “trace
operator”, such that

Yo(u) = ulaq for all u € WHP(Q) N CH(Q).

So, the trace operator assigns “boundary values” to every Sobolev function. The

trace operator is compact into L*(9) for all s € [1, (Nillzp) if p < N and into

N
L#(09) for all s > 1 if N < p. Moreover, we have

Lp : 7P L1
keryp = Wy "(Q) and imyy = W#7(0Q) (= + — =1).
p p
In the sequel, for the sake of notational simplicity, we will drop the use of operator
~o. All restrictions of Sobolev functions on 02, are understood in the sense of traces.

Given hy, he € L*®(£), we write that hy < hg if and only if for every compact
set K C Q, we can find € = ¢(K) > 0 such that

hi(z) 4+ € < ha(z) for almost all z € K.

We see that, if hi, he € C(2) and hy(z) < hao(z) for all z € Q, then hy < ho.
The next strong comparison theorem can be found in Fragnelli, Mugnai and
Papageorgiou [3].

Proposition 1. Assume that £ ki, ho € L™(Q), £(z) > 0, for almost all z € Q,
hy < ha, u € CHQ), u#0,ve Dy, u<v and that they satisfy

(1) —Apu(z)+ 5§z)|u(z)|p’2u(z) = hy(z) for almost all z € Q;
(ii) — Apv(2) +£(2)v(2)P~t = ha(2) for almost all z € Q; and
(iii) 9%|oq < 0.

Thenv —u € ﬁ+.

As we have already mentioned in the introduction, the sequence of nodal solutions
will be generated by using an abstract result of Kajikiya [5], which is essentially
an extension of the symmetric mountain pass theorem (see also Wang [13]). Recall
that, if X is a Banach space and ¢ € C'(X,R), we say that ¢ satisfies the “Palais-
Smale condition” (“PS-condition”, for short), if the following holds:

“Every sequence {uy, },>1 € X such that {¢(u)}n>1 € R is bounded and

@' (un) = 0in X* as n — oo,
admits a strongly convergent subsequence”.

Theorem 2.1. Let X be a Banach space and suppose that ¢ € C1(X,R) satisfies
the PS-condition, is even and bounded below, ¢(0) = 0, and for every n € N there
exist an n-dimensional subspace V,, of X and p, > 0 such that

suplp(u) :u €V, NIB,, ] <0,

where 0B, ={u e X : ||u|| = p,}.
Then there exists a sequence {uy}n>1 € X such that
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o (i) ¢'(un) =0 for alln € N (that is, u, is a critical point of ¢); and
o (ii) w(uy) <0 for alln € N and u, — 0 in X.

In what follows, we denote by A : W'P(Q) — W1P(Q)* the nonlinear map
defined by

(A(u),h) = / | Du|P~2(Du, Dh)gndz for all u,h € WHP(Q).
Q

It is well-known (see, for example, Gasinski and Papageorgiou [4]), that A()
is monotone continuous and of type (S), (that is, if u, — u in WHP(Q) and
lim sup(A(u,), u, — u) <0, then u,, — u in WHP(Q)).

n— 00

For z € R, we set 2% = max{+x,0}. Then, given u € WP(Q), we can define
ut () = u(-)*
We know that u* € W'P(Q), |u| = vt +u~, and u = ut —u~.
Finally, if X is a Banach space and ¢ € C1(X,R), then
Ky,={ue X:¢(u)=0}

is the critical set of .

3. Infinitely many nodal solutions. In this section we prove our main result,
namely the existence of a whole sequence of distinct nodal solutions {u,, },>1 which
converge to zero in C*(Q).

Our hypotheses on the data of problem (1) are the following:

H(): €€ L(Q).

H(B): B e C%(00Q) with a € (0,1) and S(z) > 0 for all z € .

H(f): f: Q2 xR — R is a Carathéodory function such that for almost all z €
Q, f(2,0) =0, f(z-) is odd on [—n,n] with n > 0 and the following conditions
hold:

(i) there exists a, € L>(Q) such that

|f(z,2)|] < ay(z) for almost all z € Q, all || < n;
Y i S(E2T)
(ii) }313% [c]P—2z —

(iii) there exists ¥ > 0 such that for almost all z € € the function

x> f(z,2) + 0]z’

400 uniformly for almost all z € €2; and

is nondecreasing on [—7), 7].

Given U € (0,]|€]|s]) and r > p, using hypotheses H(f) above, we can find
c1 = c1(9,r) > 0 such that

f(z,2)x > 0|z|P — c1|z|" for almost all z € Q, all |z < 7. (2)
Let ¥ € (0,4) and introduce the following Carathéodory function
9P~ eyt ifx<—n
k(z,z) =< d)z|P 2z —cqlo|" 22 if —p<az<np (3)
InP~L — et ifn <z

We consider the following auxiliary Robin problem:
~Au(2) + [Ells ()PP u(2) = bz, u(2)) in
371; + B(2)|u|P~2u = 0 on 9. (4)
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Proposition 2. If hypotheses H(&), H(B) hold, then problem (/) admits a unique
positive solution @ € [0,n] N Dy and since problem (4) is odd, v = —a € [-n,0] N
(=Dy) is the unique negative solution of (4).

Proof. First, we establish the existence of a positive solution.
To this end, let {y > ||¢||oc and consider the following Carathéodory function

. —k(z,m) = o™it <
k(z,2) =< k(z,2) +&lz|P~2%2 if —n<a<n (5)
]4;(2;777)—1—507]7’_1 if n < .

We set K (z, ) = Iy k(z, s)ds and consider the C*-functional ¢, : WhP(Q) — R
defined by

I} :1 py L 3 P 1 Py 2 +
dot) = SDul+ 5 [ €l + o] luPaz < [ B@Nulrder — [ Rizutya:

for all u € WHP(Q).
From (5) it is clear that v is coercive. Also, using the Sobolev embedding
theorem and the compactness of the trace map, we see that v is sequentially

weakly lower semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find
@ € WHP(Q) such that

by (@) = inf [y (u) : w e WH(@)] (6)

Hypothesis H(f)(ii) implies that given any p > 0, we can find § = d(u) > 0 such
that

F(z,xz) > %|x|p for almost all z € Q, all |z < 4. (7)

Let 47 be the LP-normalized positive principal eigenfunction of the operator
—A, + &I with Robin boundary condition, corresponding to the first eigenvalue
A1 € R. From Papageorgiou and Radulescu [8] we know that 47 € Dy and of
course, |41 ||, = 1. So, we can choose a small ¢ € (0,1) such that

tiy(z) € (0,0] for all z € Q. (8)

‘We have

N Por. N
Yy (th) < % [/\1 +& — /z} (use (7), (8) and recall that ||Gq]], = 1).

We choose p > A+ éo and obtain
Wy (tin) <0,
= ¥4(a) <0=1v4(0) (see (6)),
a # 0.

4

= (A(@).h) + / [1Elloe + ol alP~2ahdz + /8 B ahdo =

k(z, @ )hdz for all h € W'P(1). (9)
Q
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Choosing h = —a~ € WHP(Q) in (9), we have
[[Da~ |[) + cal|a™[[5 < 0 for some ¢z > 0
(recall that € > 0 and use hypothesis H(B))
= @>0, a#0.
Also, in (9) we choose h = (@ —n)T € WHP(Q). Then

(A(@), (@—mn)") + / [1€lloo + Eola?~" (@ — ) *dz + (z)a"~" (@ —n)*do
Q oN

- /Q k(2. m) + oY@ — n)*dz (see (5))

- /Q [0+ €™ — eV — n)*d= (see (3))

< [ 1€l + €0 = can )@ = ) (rcall that 0 < 0 < [¢])
Q

<(A(m), (@—n)")+ /Q[Hﬁl\oo + &P (@ —n)Tdz + ()@~ (@ —n)"do

a0
(note that A(n) = 0 and use hypothesis H(3))
= (A@) = Aln). =) + [ (1€l +l@ = )@= ) s <0,
=4 < 7 (recall that & > 0).
So, we have proved that
@€ [0,n) ={uec WP (Q):0< u(z) <n for almost all z € Q}. (10)
It follows from (5), (9) and (10) that

(A(@), h) +/Q ||£||Ooap_1hdz+/89 8~ hde = | k(e )b

for all h € WhP(Q),
= —Ayu(z) + ||€]|eo@(2)P™! = k(2,1(2)) for almost all z € Q,
;:p + B(2)aP~" = 0 on 99 (see Papageorgiou and Radulescu [8]). (11)
By virtue of (11) and Papageorgiou and Radulescu [10], we have
u € L™(Q).
So, we can apply Theorem 2 of Lieberman [7] and infer that
€ Cy\{0}.
It follows from (3), (5), (10) and (11) that
Ai(2) < [||€]oo + c1]]@]|25P]a(2)P~t for almost all z € Q2
= @€ Dy, thatis, @ € [0,n]N Dy
by the nonlinear maximum principle (see Gasinski and Papageorgiou [4, p. 738]).
The uniqueness of this positive solution of problem (4) follows from Theorem 1

of Diaz and Saa [1].
Since problem (4) is odd (note that k(z,-) is odd, see (3)), it follows that

8= —ii € [-n,0] N (~D3)
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is the unique negative solution of (4). O

Using the two constant sign solutions of problem (4) produced by Proposition
2, we introduce the following truncation-perturbation of the reaction term f(z,-)

(recall that & > 11€]]00)

R f(z,0(2)) + éo\ﬂ(z)|p_217(z) ifx <o(z
Few) = Fzw) + bolaa it 5(2)
f(z,a(2)) + &ot(2)P ! if a(z)

z) <a <a(2) (12)
z) < z.

This is a Carathéodory function. We also consider the positive and negative
truncations of f(z,-), that is, the Carathéodory functions

fe(z,2) = f(z;l:xi) for all (z,7) € 2 x R.

We set F(z,2) = [o f(z,8)ds, Fi(z,2) = [ fi(2,5)ds and consider the C'-
functionals ¢, ¢4 : WHP(Q) — R defined by

B(u) = %IIDUIlﬁ + ; /Q (€(2) + &ollulPdz + }9 /8 B o - /Q F(zu)dz,

D *1 u 1 z o lulPdz 1 2)|uPdo — (2, u)dz
wi(U)—pllD ||§+p/ﬂ[§( )+ &ollulPd +p/mﬁ( )ulPd /QFi(, )d

for all u € W'P(Q).
From (12) and since éo > 0, we get the following proposition.
Proposition 3. If hypotheses H(§), H(B), H(f) hold, then ¢ is even and coercive.
From this proposition, we infer the following corollary.

Corollary 1. If hypotheses H(E), H(B), H(f) hold, then the functional  is bounded
below and satisfies the PS-condition.

Also, we have this proposition.

Proposition 4. If hypotheses H (), H(B), H(f) hold, then Kz C C'(2) and there
exists M > 0 such that

—~M <u(z) <M forall z€Q, allu € K.
Proof. The inclusion Ks C C1(Q) follows from the nonlinear regularity theory (see
Papageorgiou and Radulescu [10] and Lieberman [7]).
From (12), hypothesis H(f)(¢) and the fact that {o > ||£||eo, We see that we can
find M > 0 such that

|f(z,2)| < [€(2) 4+ &) MP™! for almost all z € Q, all z € R. (13)
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Suppose that u € K. Then for all h € WHP(Q), we have

(A(w), h) + /Q[f(z) + éo}|u|p72uhdz + /{m B(2)|uP~2uhdo

Il
S~

f(z, u)hdz
Q

IN

IA
S— 55—

|f(z,w)||h|dz

((2) + &) MP ! |h|dz (see (13))

< / [£(2) +50]Mp71|h|dz —l—/ B(z)MP~|h|do (see hypothesis H(B)).  (14)
Q 90

In (14) we choose h = (u — M)* € W1P(Q). Then

(A(u), (u— M)*) + / [€(2) + &oJur (u— M)z + [ Bz)uP (u— M)tdo
Q o0

< (A, (=M ) [l b ) et [ BN M) o

= (A(u) — A(M), (u = M)*) + /9[5(2) +&o)(u ™t = MP ) (u— M)Tdz <0

(note that A(M) = 0 and see hypothesis H(3))
=u < M.

In a similar fashion, we can show that

—M <u,
= w€[-M,MNCQ) for all u € K.

We choose ¥ > U such that for almost all z € ), the functions
x> f(z,2) + Volz[P %z and z — (9 4+ Do) |z[P 22 — ¢1|z|" 2w (15)
are nondecreasing on [—M, M] (see hypothesis H(f)(#ii)).

Proposition 5. If hypotheses H(E), H(B), H(f) hold, then @ < wu for all u €
K \{0} and v <0 for allv e K;_\{0}.

Proof. As before the nonlinear regularity theory and the nonlinear maximum prin-
ciple imply that

Ks, € Dy U{0} and K3 C (—D4) U{0}. (16)
Let u € Ky, ,u # 0. Let t* > 0 be the biggest real number such that

t*4 < u (see Filippakis and Papageorgiou [2, Lemma 3.6]). (17)
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Suppose that ¢* € (0,1). Then for Jy = & + ¥y we have

Ap(t°a)(2) + [€(2) + Do)(t7a@) ()7

=(t")" [ Apa(z) + [€(2) + Dola(z)" "]
<) [=Apa(z) + [|I€]loo + doJa(z)P ]
=(t*)P k(2 1]( )) + Joii(z)P~"](see Proposition 2)
=P [Da(z)P — eriu(z)" "t 4 Do@i(2)PY] (see Proposition 2 and (3))

<Y a) (2)P — e () (2)" 7 + Do(t* @) (2)P~ for almost all z € Q (18)
(recall that t* < 1,r > p).

Let O = {z € Q:u(z) <u(z)} and Qs ={z € Q:a(2) < u(z)}.
For almost all z € 1, we have
F(zu(2) + 9ou(2)P~ =f(z,u(2)) + Jou(z)P~* (see (12) and (16))
>u(2)P " — cpu(z) "t + dou(z)P !
(see (2) and recall that ¥ < 9)
>O(t*a) (2)P 1 — er(tra)(2) "+ do(tra) ()P (19)

For the last inequality we have used relation (17) in combination with the monoto-
nicity of the mapping z — (9 + 9o)|z|P~22 — c1]2|" 2z, see (15).
For almost all z € Q5, we have

F(zu(2)) + 9ou(2)P~t > f(z,u(z)) + doi(2)P " (since z € Q)
=f(z,0(2)) + Dotu(2)P" (see (12))
> f(z,t70(2)) + Do (t*@) ()7
(recall that we have assumed t* < 1)
SO a) (2)P 71 — ey (8°0) (2)" 7 + Do (@) (2)P (20)
(see (2), (15) and recall that ¥ < ¥).
Returning to (18) and using (19) and (20) we see that
— Dy (t*@)(2) + [€(2) + Do) (") ()7
<f(z,u(2)) + dou(z)P~*
= — Ayu(z) + [€(2) + DoJu(2)P! for almost all z € Q (recall that u € Kg, ). (21)
We introduce the following functions
h(2) = (9 + D) (t*a) ()" = er (@) (),
ha(z) = (9 + Do) (") ()" — ex (@) (2)" 7,
ha(2) = f(z,u(2)) + dou(z)P~".
Evidently hi,hy € C1(Q) and hz € L*°(f2) (see Proposition 4 and (12)). We
have
hi(z) < ha(z) for all z € Q (recall that ¥ < ),
= hy < ha. (22)
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Also, we have
he < hs (see (2)),
= hy < hs (see (22)).
By virtue of (21) we can use Proposition 1 (the strong comparison principle) and
have
u — t*ﬂ S D+,
which contradicts the maximality of t* > 0 (recall that D, C C(Q) is open). So,
we have
1<t
= a<uforalue Ky, (see (17)).
In a similar fashion we show that
v<vforallve K;_.
O
Proposition 6. If hypotheses H(€), H(B), H(f) hold and V C W1P(Q) is a nontri-
vial finite dimensional subspace, then we can find py > 0 such that
sup[p(u) : u € V, Jull = pv] < 0.
Proof. Since V is finite dimensional, all norms are equivalent. Hence, we can find
py > 0 such that
u eV, ||lul| < pv = |u(z)| <0 for almost all z € . (23)

Then for u € V with ||u]| = py, we have

R 1 1 A 1
blu) = 2 [IDully + /Q £62) + &olulPdz + /8 B o - /Q F(zu)dz.

Clearly, we can always have

Q Q
So, by (7), (12), (23), we have

A 1 11€]] oo 1/ %
u) <=||Dul|f + —=——||u|p + - B(2)|ulPdo — =||ul?
P(u) < l1Dullp + = =l + 2 - (2)]u| Pl

o€ <O,min {min U, min(—@)}) (recall that u € Dy, v € —D.).

1
<—[es — peq]||u||P for some e5,¢q4 >0
p
(here we have used the fact that on V' all norms are equivalent).
Choosing 1 > E—Z, we see that

¢(u) < 0 for all u € V such that [[u|| = py.

Now we are ready for the main result of this work.

Theorem 3.1. If hypotheses H(&),H(B), H(f) hold, then problem (1) admits a
sequence of distinct nodal solutions

{tn}n>1 € CHQ) such that u,, — 0 on C*(Q).
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Proof. Corollary 1 and Proposition 6 permit us to use Theorem 2.1. So, we can
find {uy}n>1 € WHP(Q) such that

uy, € Ky for all n € N and u, — 0 in WHP(Q). (24)

From (23) and Proposition 4 we have that u, € C1(Q) for all n € N. Moreover,
Proposition 3 together with Theorem 2.1 (see also [7]) imply that we can find
o’ €(0,1) and ¢5 > 0 such that

up € CH () and [unllcr.or @) < ¢ for all n € N. (25)

Exploiting the compact embedding of C1(Q) into C'(Q), we can infer from (24)
and (25) that
U, — 0in C*(Q) as n — co.
So, we can find ng € N such that
Uy, € [0, 4] for all n > ny.

Since , @ are not solutions of (1) (see (2), (3) and recall that ¥ < ), on ac-
count of Proposition 5 and (12), we see that {u,}n>n, € C*(Q) (by the nonlinear
regularity theory) are nodal solutions of problem (1). O
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