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ABSTRACT. We study perturbations of the eigenvalue problem for the negative
Laplacian plus an indefinite and unbounded potential and Robin boundary
condition. First we consider the case of a sublinear perturbation and then of
a superlinear perturbation. For the first case we show that for A < Xl (/):1
being the principal eigenvalue) there is one positive solution which is unique
under additional conditions on the perturbation term. For A > Xl there are
no positive solutions. In the superlinear case, for A < /):1 we have at least two
positive solutions and for A > Xl there are no positive solutions. For both cases
we establish the existence of a minimal positive solution u) and we investigate
the properties of the map A — ).

1. Introduction. Let Q@ C RY be a bounded domain with a C%-boundary 5.
In this paper we study the following semilinear parametric Robin problem with an
indefinite and unbounded potential £(z):

—Au(z) + €(2)u(z) = Au(z) + f(z,u(2)) in 9,

ou (Px)
— +B(z)u=0 on 99, u>0.
on
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In this problem A € R is a parameter and &(+) is a potential function which is
indefinite (that is, £(-) is sign changing) and unbounded from below. We can think
of (Py) as a perturbation of the standard eigenvalue problem for the differential
operator u — —Au + £(z)u with Robin boundary condition. We look for positive
solutions and consider two cases: a sublinear perturbation f(z,-) and a superlinear
perturbation f(z,-). For both cases we determine the dependence of the set of
positive solutions as the parameter A\ € R varies.

We mention that the standard eigenvalue problems for the Robin Laplacian have
recently been studied by D’Agui, Marano & Papageorgiou [4] and by Papageorgiou
& Réadulescu [11]. Additional existence and multiplicity results for parametric Robin
and Neumann problems can be found in the works of Papageorgiou & Radulescu
[12, 13].

Let A\; € R be the principal eigenvalue of the operator u — —Au + &(z)u with
Robin boundary condition. In the sublinear case (that is, when f(z,-) is sublinear
near +00) we show that for A > A1 problem (P») has no positive solution, whereas
for A < Xl problem (Py) has at least one positive solution. In fact, we show that
under an additional monotonicity condition on the quotient = — @ on (0, 400),
this positive solution is unique. In the superlinear case (that is, when f(z,-) is
superlinear near +o00) the situation changes and uniqueness of the solution fails.
In fact, we show that the equation exhibits a kind of bifurcation phenomenon
Namely, for A > X1 problem (P») has no positive solution, whereas for A < A1 it
has at least two positive solutions. For both cases, we show that the problem has a
minimal (that is, smallest) positive solution @) and we determine the monotonicity
and continuity properties of the map A — ).

Our approach is variational, based on the critical point theory, together with
suitable truncation and perturbation techniques. In the next section, for the con-
venience of the reader, we recall the main mathematical tools which will be used in
the sequel.

2. Mathematical background. Let X be a Banach space and X™* be its topo-
logical dual. By (-,-) we denote the duality brackets for the pair (X*, X). Given
¢ € CY(X,R), we say that ¢ satisfies the Cerami condition (the C-condition for
short), if the following is true:

Every sequence {un}n>1 C X such that {¢(un)}n>1 € R is bounded and
(1 + [[un])¢’ (un) = 0 in X* as n — oo,
admits a strongly convergent subsequence.

This compactness-type condition on ¢ replaces the local compactness of the
ambient space X (in most applications X is infinite dimensional and so it is not
locally compact). It leads to a deformation theorem, from which one can derive
the minimax theory of the critical values of ¢. A central result of this theory, is
the so-called mountain pass theorem, which we state here in a slightly more general
version (see, for example, Gasinski & Papageorgiou [6]).

Theorem 2.1. Assume that ¢ € C'(X,R) satisfies the C-condition, ug,u; € X,
l[ur = uoll > p,

max{p(uo), p(u1)} < inflp(u) : lu—uoll = p] =m,
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and ¢ = erelfmrgtagl@(v(t)), where T' = {y € C([0,1], X) : 7(0) = uo, (1) = u1}.

Then ¢ > m, and c is a critical value of .

The analysis of problem (Py) will make use of the Sobolev space H!(Q). This is
a Hilbert space with inner product

(u, h) o) = / uhdz + / (Du, Dh)gn dz for all u,h € H'(Q).
Q Q
The norm corresponding to this inner product, is given by
lull = [lull3 + 1Dul3]""* for all u e H'(€).

In addition, we will also use the Banach spaces C1(Q) and L™(09), 1 < 7 < o0.
The space C'(Q) is an ordered Banach space with order (positive) cone

Cy ={uecC'Q): u(z) >0 for all z€ Q}.
This cone has a nonempty interior, given by
intCy, = {uecCy: u(z) >0 foral z € Q}.

On 09 we consider the (N — 1)-dimensional Hausdorff (surface) measure o(-).
Using this measure we can define the Lebesgue spaces L™ (99Q) (1 < 7 < 00) in the
usual way. The theory of Sobolev spaces says that there exists a unique continuous
linear map 7o : H*(2) — L2(09), known as the trace map, such that

Yo(u) = ulaq for all u € H(Q) N C(Q).

Therefore we can interpret vo(u) as representing the boundary values of u €
H'(Q). From the general theory of Sobolev spaces, we know that

im~yy = H%’Q(GQ) and kervyy = Hj(9).

In addition, we know that 7 (+) is compact from H!({2) into L7(0Q) with 7 €
[1L2052) i N = 3 and 7 € [1,+00) if N = 1,2.

In what follows, for the sake of notational simplicity, we shall drop the use of
the map vp. All restrictions of functions u € H'(Q) on the boundary 052, are
understood in the sense of traces.

Suppose that fp: Q@ x R — R is a Carathéodory function (that is, for all z € R,

z +— f(z,) is measurable and for a.a. z € Q, z — f(z,x) is continuous) which has
subcritical growth in the x € R variable. Hence

|fo(z,2)| < ag(2)(1 4 |z|"7) for a.a. z € Q, all 2 € R,

2N if N >3
i o0 < «_ ) N—2 ! =
with ag € L®(Q)4, 2 <r < 2 {+ N =12
nent). Weset Fy(z,2) = [ fo(z,s) ds and consider the C*-functional ¢q : H'(2) —

R defined by

(the critical Sobolev expo-

1
wo(u) = E'y(u) - / Fo(z,u(2))dz for all u € H*(Q),
Q
where v : H*(2) — R is the C'-functional defined by
y(u) = || Dul|3 —|—/ E(2)u*dz + B(z)u*do for all u € H*(Q).
Q o0

The next result relates local minimizers of ¢y in C*(Q) and in H'(Q), respec-
tively. It is an outgrowth of the regularity theory for such problems (see Wang
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[14]) and a more general version of it (with proof) can be found in Papageorgiou &
Rédulescu [11]. We mention that the first result of this kind for the space H{(2)
(Dirichlet problems) and ¢ = 0, was proved by Brezis & Nirenberg [3]. Our condi-
tions on the potential £(-) and on the boundary coefficient §(-) are:

H(): e L°(Q) withs>Nif N>3and s >1if N=1,2
H(B): B e Wh>(0Q) with 8(z) > 0 for all z € 9Q

Remark. If 8 = 0, then we recover the Neumann problem. Hence our present
paper includes the Neumann problems as a special case.

Proposition 1. Assume that hypotheses H(¢), H(B) hold and ug € HY(Q) is a
local C1(Q)-minimizer, that is, there exists p; > 0 such that ¢o(ug) < @o(ug + h)
for all h € CY(Q) with [hMlci@y < p1- Then ug € (@) for some a € (0,1)
and ug s a local Hl(Q)-mimmizer of o, that is, there exists po > 0 such that
wo(uo) < wo(ug + h) for all h € HY(Q) with ||h]| < po.

Next we recall some basic facts concerning the spectrum of the differential opera-
tor u — —Au+£(2)u with Robin boundary condition. So we consider the following
linear eigenvalue problem

—Au(z) + &(2)u(z) = Xu(z) in

(1)
% + B(z)u =0 on 0.

By an eigenvalue we mean a X € R for which problem (1) has a nontrivial solution
@ € HY(Q), called an eigenfunction corresponding to Y Using the spectral theorem
for compact self-adjoint operators on a Hilbert space, we know that the > spectrum
of (1) consists of a sequence {)\k}k>1 of distinct eigenvalues such that )\k — 400
(see [4, 11]). The first eigenvalue X1 € R has the following properties:

° :\\1 is simple with eigenfunctions of constant sign;
e we have

N |29 e m),u 0] 2)
lull3
The infimum in (2) is realized on the corresponding one dimensional eigenspace.
Let 41 be the L?-normalized (that is, ||@i1]|2 = 1) positive eigenfunction correspond-
ing to A;. If hypotheses H(¢) and H(f) hold, then 4; € C*(Q) (see Wang [14])
and by Harnack’s inequality (see Gasinski & Papageorgiou [6, p. 731]), we have
@1(z) > 0 for all z € Q. Moreover, if in addition we assume that ¢+ € L>®(Q),
then 4; € int Cy (via the strong maximum principle, see for example Gasinski &
Papageorgiou [6, p. 738]).
As a consequence of these properties, we obtain the following simple lemma.

Lemma 2.2. If hypotheses H(&), H() hold, ¥ € L™ (Q), ¥(z) < N fora.a. z€Q
and 9 # A1, then there exists ¢ > 0 such that

J(u) =y(u) — /(zﬁ(z)zf dz > élju|* for all uw € H(Q).

Proof. From the variational characterization of Ay (see (2)), we get that J > 0.
Suppose that the lemma is not true. Exploiting the 2-homogeneity of J(-), we can
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then find {u,},>1 C H'(Q) such that

|lun|| =1 for all n € N and J(u,) | 0 as n — oo. (3)
We may assume that
U, — win H'(Q) and u,, — u in L*(Q) and in L*(99). (4)
It follows from (3) and (4) that
J(u) <0,
() < [ 9 e < Rl o)

= y(u) = A3 (see (2)),
=u = xtuy with x € R.
If x =0, then v =0 and so
[[Dup]l2 — 0 (see (3)),
=u, — 0in HY(Q) (see (4)),

which contradicts the fact that ||u,| =1 for all n € N (see (3)).
Hence x # 0. Then u(z) # 0 for all z € 2 and by (5) we have

IDull3 < A flul3,

which contradicts (2). O
We observe that there exists p > 0 such that
y(u) + pljul|3 > coljul|? for some ¢y > 0, all u € H'(Q) (6)
(see [4, 13)).

To see (6), we argue by contradiction. So, suppose that the inequality is not
true. We can find {u,},>1 C H'(Q2) such that

1
Y(un) + 1 lJunl|3 < = ||un|| for alln € N.
n

Set y, = ﬁ, n € N. Then |ly,|| =1 for all n € N and so we may assume that
n

Yn — y in H'(Q) and y,, — y in L*(Q) and in L*(99).

Exploiting the sequential weak lower semicontinuity of v(-) we see that y = 0 and
n|lyn |3 — 0. Therefore ||y, |2 — 0. Finally we can say that

1
0 < liminfy(yn) < limsupy(yn) < lim [ - nlynllg] =0,
n—oo | N

n—00 n—00
_ . _ . 2 _
= 0= lim (y,) = lim [|Dyy|3 (recall y = 0)
= y, — 0in HY(Q), a contradiction to the fact that [jy,| = 1.

We say that a Banach space X has the Kadec-Klee property if the following is
true:

Up > win X and ||u,|| — |lul| = v, — v in X. (7)

As a consequence of the parallelogram law, we see that every Hilbert space has
the Kadec-Klee property.
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Given r € R, we set 2% = max{4x,0}. Then for every u € H'(Q2) we define
uF () = u(-)*
We know that
ut e HY(Q), u=ut —u™, |[ul =ut +u” for all u € H(Q).

By |- |~ we denote the Lebesgue measure on RV and given a measurable function

h:Q xR — R (for example, a Carathéodory function), we set
Ni(u)(-) = h(-,u(-)) for all u € H*(Q)

(the Nemytskii or superposition map corresponding to the function h).

Given ¢ € C*(X,R) (X a Banach space), we set

K, ={u€ X: ¢ (u) =0} (the critical set of ¢).
Finally, by A € L(H'(Q), H'(Q)*) we denote the linear operator defined by

(A(u), h) = /(Du, Dh)gw~ dz for all u,h € H*(Q).
Q

3. The sublinear case. In this section we examine problem (Py) under the hy-
pothesis that the perturbation term f(z,-) is sublinear near +o0o0. More precisely,
our conditions on the nonlinearity f(z,x) are the following:

Hy: f: QxR — Risa Carathéodory function such that for a.a. z € Q, f(z,0) =0,
f(z,2) >0 for all x > 0 and

(i) for every p > 0, there exists a, € L>°(€)4 such that f(z,z) < a,(z) for a.a.
zeQ,all 0 <z < p;

(ii) HI_P @ = 0 uniformly for a.a. z € §;
T—r1+00

(iii) there exist 6 > 0 and ¢ € (1,2) such that c;z9=t < f(z,2) for a.a. z €
Q,all0 <z <.

Remarks. Since we are looking for positive solutions and all the above hypotheses
concern the positive semiaxis Ry = [0, +00), we may assume without any loss of
generality that f(z,2) =0 for a.a. z € Q, all z < 0. Hypothesis H; (ii) implies that
f(z,-) is sublinear near +o0o. Hypothesis H;(iii) says that there is a concave term
near the origin.

Examples. The following functions satisfy hypotheses H;. For the sake of sim-
plicity we drop the z-dependence

fi(z) =29 forall 2 > 0, with 1 < ¢ < 2,

—z%lnz  ifz€|0,1]
fa(x) = withl<p<s<2 1<qg<2.
57—l ifl<zg

We can improve the properties of the positive solutions of (Py), provided we
strengthen hypothesis H(§).

H(¢): €€ L*(Q) withs>Nif N >3, s>1if N=1,2 and £+ € L™(Q).
We introduce the following two sets:
L ={X €R: problem (Py) admits a positive solution},
S(A) = {the set of positive solutions for problem (Pjy)}.
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We start with a simple but useful observation concerning the solution set S(A).
For this result the precise behavior of f(z, -) near 400 and near 0% are irrelevant. We
only need nonnegativity of f(z,z) and subcritical growth in € R. Under these
very general conditions, the result is also applicable in the superlinear case (see
Section 4). The new hypotheses on the perturbation term f(z,x) are the following:

H: f: QxR — Ris a Carathéodory function such that for a.a. z € €, f(z,0) =0,
f(z,z) >0 for all x > 0 and

f(z,2) <a(z)(142"1) for a.a. z € Q, all 2 > 0,
with a € L>®(Q)4, 2 <r < 2%,

Proposition 2. If hypotheses H(E) (resp. H(E)'), H(B), H hold, then for all
AER, S(A) CCL\{0} (resp. S(A) CintCy) (possibly empty).

Proof. Let v € S(A). Then we have
—Au(z) + &£(2)u(z) = Mu(z) + f(z,u(z)) for a.a. z € Q,

ou
n + B(z)u=0 on 00

(see Papageorgiou & Radulescu [11]).
We introduce the functions

0 if0<u(z)<1

kx(z) = z,u(z
() f(u’(z() Diin—e) if1<u)

and
{ f(zu(2)) + (A = €(2))u(z) if0<u(z) <1
OA(z) = :
0 if 1 < u(z).
Evidently, 95 € L*(Q2) (see hypotheses H(§) and ﬁ[) Also

|Ex(2)] < ca(14+u(2)"2) + (A= £(2)) for a.a. z € Q, some ¢y > 0.

Note that if N > 3 (the cases N = 1,2 are straightforward), then

2 N -2 2
-5 3 -
Since u € H(Q), by the Sobolev embedding theorem, we have
w3 e LNQ),
=k € L%(Q) (see hypothesis H(£)).

(r—2)ﬁ < <2N —2) al (since r < 2*)

*

We rewrite (8) as follows
—Au(z) = kx(2)u(2) + 9x(2) for a.a. z € Q,

ou
n + B(z)u =0 on 0.

By Lemma 5.1 of Wang [14] we have that v € L>°(f2). Using the Calderon-Zygmund
estimates (see Lemma 5.2 of Wang [14]), we obtain u € W?2#(£2). Then the Sobolev
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embedding theorem implies u € C**(Q) with « = 1 — & > 0. Therefore we have
u € Cy \ {0}. Suppose that H(&)" holds. From (8) we obtain

Au(z) < (£(z) — Nu(z) for a.a. z € Q (see hypotheses H)
< (€1 |oo + [A)u(z) for a.a. z € Q (see hypothesis H(£)")
=u € int Cy
(by the strong maximum principle, see [6, p. 738]).

Thus, we have proved that when H (&) holds, then S(A\) C int Cy for all A €
R. 0

Next, we show that for every A > \; problem (P») has no positive solutions (that
is, S(A) = 0 for all A > Aq).

Proposition 3. If hypotheses H(€)', H(B), Hy hold and X > Ay, then S(\) = 0.

Proof. Let A\ > A1 and suppose that S(\) # 0. Let v € S(\). Due to Proposition
4, we know that u € int C'y. Let v € int C'y and consider the function

v

R(v,u)(2) = |Du(2)]? — <Du(z),D <2> (z))RN .

u

From Picone’s identity (see, for example, Motreanu, Motreanu & Papageorgiou [9,
p. 255]), we derive

0 < R(v,u)(z) for a.a. z € Q,

:>O§/R(v,u)dz
Q

02
= || Dv|3 —/ (Du,D <>> dz
Q u RN
2

2
- ||DU||§—/Q(—AU) (”u) dz + BQB(z)u%da

(using Green’s identity, see Gasinski & Papageorgiou [6, p. 210])
2 2
— Dol - [ - gnu (L) as - [ s s [ st
Q u Q u o0
2
< y(v) = AMv||3 (Since f(z7u)v— >0aa. z€ Q) .
u

Let v = @y € intCy. Then 0 < (@) — A = Ay — A < 0 (recall [[dy]2 = 1), a
contradiction. Therefore for all A > A\;, we have S(\) = 0. O

Next, we show that for A < /)\\1 there exist positive solutions.

Proposition 4. If hypotheses H(E)', H(B), Hy hold and X < i, then S(N\) # 0.

Proof. Let u > 0be as in (6) and consider the Carathéodory function gy : QxR — R
defined by

(2,2) = 0 ifxz<0
9a\2 ) = A+ pz+ flz,z) if0<uz.
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We set Ga(z,2) = [; ga(z,5)ds and consider the C'-functional ¢y : H'(Q) — R
defined by

oa(u) = %’y(u) + gHuH% - /Q G(z,u)dz for all u € H'(Q).
Hypotheses H;(i),(ii) imply that given € > 0, we can find ¢35 = c3(g) > 0 such that
F(z,x) < gxz +cg foraa. z€Q, all x > 0. (9)
Using (9), we obtain
Pa() > 31(u) — 1~ esll
> 21(0) — 25l — eslol. (10)

Choosing ¢ € (0,:\\1 — ) (recall A < 3\\1) and using Lemma 2.2, from (10) we obtain

¢
oa(w) 2 Slull® = e[,
= ) is coercive.

Also, invoking the Sobolev embedding theorem and the compactness of the trace
map, we see that ¢, is sequentially weakly lower semicontinuous. Therefore by the
Weierstrass theorem, we can find uy € H({) such that

oa(uy) = inf [pr(u) : we H(Q)]. (11)

Let t € (0,1) be so small that td;(z) € (0,6] for all z € Q (recall that 4; € int C
and note that § > 0 is as in hypothesis Hj (iii)). Then

12 e
ox(tty) < =7(t1) — =X — =41 ||2
(ti) < (i) = g A=l

(see hypothesis Hj(iii) and recall ||td1]]2 = 1)
t? ~ t4
= 5()\1 —A) = E||ﬁ1||g~ (12)
Since ¢ < 2, choosing ¢t € (0,1) even smaller if necessary, from (12) we obtain
pa(tir) <0,
= @a(uyn) < 0= (0) (see (11)), hence uy # 0.

By (11) we have
Splz\(uk> =0,

= (A(u,\),h>+/Qf(z)u,\hdz—i-/8 ﬁ(z)uAhda—i—u/u,\hdz (13)

Q Q

= / gx(z,ux)hdzfor all h € H(Q).
Q

In (13) we choose h = —uy € H'(£2). Then

Y(uy) + plluy ]z =0,
~ eolluy | < 0 (see (6),
=uy >0, uy #0.
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Thus, equation (13) becomes

(A(ur), b} + /Q epunds+ [ aeuhds = /Q (i + £(z, un))h dz

for all h € H*(Q),
= — Aux(2) + &(2)ux(z) = dur(z) + f(z,ux(z)) for a.a. z € Q,
871)\

%Jrﬂ( z)uy = 0 on 9N

(see Papageorgiou & Réadulescu [11]),
=uy € S(A) Cint C (see Proposition 2) and so S(A) # 0 for A < A1

O

In fact, we can show that for every A < Xl problem (P)) has a smallest posi-
tive solution. To this end note that given 7 € ( A?N 1,2*) because of hypotheses
H,(i),(iii), we can find ¢4 (A) > 0 with A — c4(A) bounded on bounded subsets of R
such that

A+ f(z,2) > cz9t —eyg(N)2" ! for aa. z € Q, all z > 0. (14)

This unilateral growth restriction on the reaction term of problem (Py) leads to the
following auxiliary Robin problem:

—Au(z) + £(2)u(z) = cru(2)?t — ea(MNu(2)™ ! in Q,

(A’U,)\)
@+ﬁ( Ju=10 on 99, u > 0.

Proposition 5. If hypotheses H(E)', H(B) hold and A € R, then problem (Auy)
admits a unique positive solution u) € intCly .

Proof. First, we establish the existence of a positive solution for problem (Auy).
So, we introduce the C''-functional v : H(Q) — R defined by

2

By Lemma 2.2, we have

1 A
onl) = ) + S B = Lt g+ S o aitw e 1 (@),

1, o op, 1 cs(A) .
() = 5y(w) + Sl [l + 5y(h) + ==t 7 - ;HWHZ
¢ 1 C4( ) T C1
> Sl IP + 5v(w) + == [luII7 —E||u+||3~ (15)

Since for N > 3, s > N, by the Sobolev embedding theorem, we have u? € LSI(Q)
and so due to Holder’s inequality,

/g 24z

Note that s’ < N’ = 2 (recall that for 1 < 7 < oo, 7/ € (1,+00] and %—l— % =1),
hence 25" < =5 < 7. Therefore

< ll€llsllut 13-

2dz| < es)|ut||? for some c5 > 0.
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Thus we have

Cl|
2 T

lu™I7 -

1 64()\)
> IDut |3+ =2

™1

lut||T — esljut||2 — cllu™||2 for some cg > 0

(recall that ¢ < 7)

1 A
2§||Du+\|§ + () [ut||7 — ez (luT]|? + 1) for some ¢z > 0
T
1 cs(A) —
L1t g+ [ 9 o 2 ] a2 — e (16)

We return to (15), use (16) and recall that y — [[|y[|? + \|Dy||%]1/2 is an equiva-
lent norm on the Sobolev space H*(£2) (see, for example, Gasinski & Papageorgiou
[6, p. 227]). So, from (16) we infer that ¥ (-) is coercive.

The cases N = 1,2 are straightforward because

o if N =1, then H(Q) < C(Q) (compactly);

o if N =2 then H'(Q) — L7(Q) for all 7 € [1,+00) (compactly).

The Sobolev embedding theorem and the compactness of the trace map, imply that

1y is sequentially weakly lower semicontinuous. So, we can find u € H'(f2) such
that

Ya(u)) = inf [Ua(u) : we Hl(Q)] . (17)

As before (see the proof of Proposition 4), exploiting the fact that ¢ < 2 < 7, we
obtain

Pa(ul) < 0= x(0),
=ud #0.
By (17) we have
Yi(u2) =0,
= (A(u), h) +/ E(z)udhdz + ﬁ(z)uihdo—u/(ui)_hdz
Q Elo) Q
= / (w)T)  hdz — c4(A)/((uj)+)T—1hdz for all h € H(Q). (18)
Q Q
In (18) we choose h = —(u})~ € H*(Q). Then
Y(u)7) + pll(u)~ 13 =0,
= &l|(u2)7|I* <0 (see (6)),
=u) >0, ud #0.

Next, we infer from (18) that u) is a positive solution of (Auy). Again, using
Lemmata 5.1 and 5.2 of Wang [14], we infer that u} € C \ {0}. Moreover, we have

Au(2) < ca(MN)ud(2)" 1+ €(2)uld(z) for aa. z € Q,
= A(2) < [ea WA + 1€ o] w2(2) for aa. 2 € €
(see hypothesis H(¢)'),

=u) € int C; (by the strong maximum principle).
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Next, we prove the uniqueness of this positive solution. So let v} € H(Q) be
another positive solution for (Auy). As above, we show that v} € int C,. Let t > 0
be the biggest real number such that tv} < u) (see Marano & Papageorgiou [8,
Proposition 2.1]).

Suppose that 0 < t < 1. Let p = ||u}| ~ and let ép > 0 be such that

et —ey(N)am 4+ épx

is nondecreasing on [0, p]. We have
—A() + (6(2) + &) (twd) =t [~} + (6(2) + )02 ]
=t e (02)77! = s (V@) + 0]
<er(tod) 17 = ea(\) (802) T+ Ep(t02)
(since t € (0,1) and ¢ < 2 < 7)
<er(ud)?™! = eq(ud)H 4+ Epud
(since tv} < ul)

= — Aud + (£(2) + Ep)ud,

= Aug — 1)) < (£(2) + &) (ud — 1) < (167 oo + &) (s — t02)
(see hypothesis H(£)'),
= u) —tw) €int Oy (by the strong maximum principle).
However, this contradicts the maximality of ¢ € (0,1). Hence ¢ > 1 and so we have
v} < uld.
If in the above argument we reverse the roles of u, and v,, we obtain

<ol

P
A
*

u

Sud=v

and this proves the uniqueness of the positive solution of problem (Auy). O
Remark. We can have an alternative proof of the uniqueness based on the Picone

identity. The argument goes as follows. Suppose again that v} € H'(Q) is another
positive solution of (Auy). We have v} € int Cy. Therefore

[ (s — a2 (@22 - (2 a5
- [ (atar ey (- B e
= [ o e (- )

:/Q (Du:,D <u¢ - (fgz»w dz+/gg(z)u¢ <u’\ - (ﬁ)z) dz

A2
afoa (W)
— == d
w [ pene (- 5 a0
(using Green’s identity, see [6, p. 210])

*
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= |[Duzl3 - IIDvﬁIIS+/§2R(v$,ui)d2+/gé(2)((@)2*(vi)Q)dz

+ [ B2)((u2)? = (v2)*)do (19)
o)
(see the proof of Proposition 3).

Interchanging the roles of u) and v in the above argument, we obtain
C1 A\T—2 A2 A2
[ (s — a2 ) (2 - () a:
= D3~ 1D + [ Redodds+ [ €022 - (2P
Q Q
+ [ B)((02) = (u2)?)do. (20)
o0
We add (19) and (20) and use Picone’s identity. We obtain
0< / [R(v},u}) + R(u},v})] dz
Q

~ [ e (s~ omyms ) — @O ()72 = 0272 (@2 - 277)
(21)

T—2

Since the function  — —f5 — c4(X)27 77 is strictly decreasing on (0, +o00) (recall

q <2< 7),it follows from (21) that

u

A A
*_U*'

So, we again get the uniqueness of the positive solution of (Auy).
Note also that since A — ¢4 (_)\) is bounded on bounded sets of R, if B C R is
bounded and ¢4 > ¢4(A) for all A € B, then the unique solution @ € int C'y of

—Au(z) + €(2)u(z) = cru(2)T! — é4u(2)™"1 in Q,

ou
n + B(z)u=0 on 09,

satisfies u < ui for all \ € B.
Using Proposition 5, we can produce a lower bound for the solution set S(\).

Proposition 6. If hypotheses H(E)', H(B), Hy hold and A € L = (—oo,/)\\l), then
u} < for all u € S(N).

Proof. Let u € S(\) and consider the following Carathéodory function
0 ifzx <0
anz,2) =< et —cy(N)a™ 7 + pax if 0 <z <u(z) (22)
cru(2)7 — ea(Nu(2)™ + pu(z)  if u(z) < .
Here p > 0 is as in (6). We set é)\(z,x) = [ 9x(z,s)ds and consider the C?-

functional ¢ : H(Q2) — R defined by

- 1 -
Ya(u) = 5'y(u) + gHuH% - / Ga(z,u)dz for all u € H*(Q).
Q
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Invoking (6) and (22), we see that {Z)\A is coercive. It is also sequentially weakly
lower semicontinuous. Therefore we can find @} € H'(f2) such that

da(@}) = inf [y (u) : ue HH(Q)]. (23)

As before (see the proof of Proposition 4), exploiting the fact that ¢ < 2 < 7, we
can show that

By (23) we have
(@) =0,
:><A(ai),h>+/ 5(z)aihdz+/ ﬁ(z)aihdwru/ ﬁ;\hdz:/g,\(z @ hdz
Q a0 Q Q
(24)
for all h € H*(Q).
In (24) we choose h = — (%))~ € H'(Q) and obtain

(@) 7) + pll (@)~ 3 = 0 (see (22))
= 1| (@2) 7[> < 0 (see (6))
=a) >0, @} #0.

Next, in (24) we choose (@} —u)* € H*(Q). Then

(A(T), (1) —u) /§ u)‘fu+dz+/ﬂ (@} —u)tdo

(crut™! — cy(N)u™ 1) (@) — w)tdz + u/u(ﬂi‘ —u)tdz (see (22))
a

M+ f(z,u) (@) —u)Tdz + u/u(ai —u)tdz (see (14))

— (Aw), (@ — u) /g u’\—u+dz+/ﬁ (@ — w)tdo

+ / pu(i) —u)Tdz, (since u € S(\))

= (@ —u)*) +pll(@ —w*3 <o,
= cofl (@} —u)*|* <0 (see (6)),
= ﬁj} < u.

Therefore we have proved that

Ye[0,u] ={ve HY(Q): 0 <v(z) <wu(z)for a.az e Q}, @} #0. (25)
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By (22) and (25), we see that equation (24) becomes

(z)aihdaz/ [e1 (@)™t — ca(M\)(ud)™ ] dz

(A(@2),h) + | &(z)arhdz +
Q 0

o0
for all h € HY(Q),
A

*

A

¥ =

= @, is a positive solution of (Auy),

= @) = u) € int C (see Proposition 5).

Therefore u} < u for all u € S(\). O
This lower bound leads to the existence of a smallest positive solution for problem

(Py), A€ L= (—00,A1).

Proposition 7. If hypotheses H(€)', H(B), Hy hold and A € L = (foo,xl), then
problem (Py) admits a smallest positive solution 4y € S(A) C intCy.

Proof. As in Filippakis & Papageorgiou [5], we can show that S(X) is downward
directed, that is, if u1,us € S(A), then we can find v € S(A) such that u < wuq,
u < ug. For completeness we sketch a proof. So, given € > 0 consider the function

—€ if s < —¢
Je(s) =4 s if s € [—¢,¢]
€ ifs>e.

Evidently, 9.(-) is Lipschitz and so J.((u; — u2)~) € H*(Q). Moreover, the chain
rule for Sobolev functions implies that

DV ((ur — uz)”) = V2 ((ur — uz) ") D(ug —uz) ™.
Let 1 € C1(Q2)). Then we introduce the test functions

m=V:((u1 —u2) )¢ and n2 = (e —J((y1 —y2)")¥),
which belong to H(Q) N L>°(). We have

(Y (ur),m) = /\/QuldeJr/Qf(Zyul)Thdz,

(Y (u2),m2) = )\/Quzﬁde—F/Qf(z,ug)ngdz.

We add these two equalities and divide by € > 0. Taking into account that

1
- Ve((u1 — u2)7)(2) = X{ui<us}(2) foraa. zeQase— 0"

and
X{ui>u2} = 1- X{uy<us}
we obtain
<7/(“1)»X{u1<u2}¢> + <’Y,(’LL2), X{u12u2}¢> =
A uipdz + A ugtpdz + f(z,ur)pdz + / f(z,u2)dz.
{ur<uz} {u1>u2} {u1<uz} {u1>u2}

So, if @ = min{uy, us}, then @ is an upper solution of (Py) and so by standard
Uy

truncation techniques we can find u € S(\) such that 0 <u <a < w
2
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Then Lemma 3.10 of Hu & Papageorgiou [7, p. 178], implies that there exist
up € S(A), n € N, {u,}n>1 decreasing such that
inf S(A\) = inf wu,.
n>1
For every n € N, we have

(A(un), b + / )unhdz + | B unhdo = / Dn + f(zun)hdz  (26)
" " " rallhe H'(Q).
Evidently, {u,}n>1 € H'(Q2) is bounded and so we may assume that
U — 1y in H(Q) and u, — @y in L*(Q) and in L*(99). (27)

In (26) we pass to the limit as n — oo and use (27). Then

(A(y), h) + /Q €nhdz+ [ B)uhdo = /Q N + f(z, @)k dz
for all h € H'(Q),

= 1, is a solution of (Py).
Due to Proposition 6 we know that
ui < u, for all n € N,
=u) <y (see (27)),
=uy € S(A) Cint Cy and @y = inf S(N).
O
We examine the monotonicity and continuity properties of the map A — @, from
L = (—00, A1) into C*(Q).
Proposition 8. If hypotheses H(¢), H(B), Hy hold, then the map A — 1y is

nondecreasing and left continuous from L = (—oo, A1) into C1(9Q).

Proof. First, we establish the monotonicity of the map A — uy. Solet A < n < Xl
and consider u, € S(n) C int C;. the minimal positive solution of problem (P,). We
introduce the following Carathéodory function

0 ifx <0

ex(z,z) =<¢ A+ pz+ f(z,2) if 0 <o <uy(z) (28)

)z
O+ 1)y () + f (20 (2)) i 1 (2) < .

As always, o > 0 is as in (6). We set Ex(z,2) = [

o ex(z,s)ds and consider the
Cl-functional wy : H'(Q) — R defined by

1
wy(u) = §y(u) + g||u||§ - /Q Ex(z,u)dz for all u € H(Q).

It follows from (6) and (28) that wy(-) is coercive. It is also sequentially weakly
lower semicontinuous. So, we can find %y € H'(Q) such that

w(@y) = inf [wy(u) : u € H'Y(Q)] < 0=w,(0) (29)
(as before since g < 2).
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By (29) we have uy # 0 and

w) (@) =0,

é(A(ﬂ)\),fO+‘/Qf(z)ﬂ)\hdz—l—/896(2)11)\hd0'+u/5;ﬂ)\hd2:/Qe,\(z,ﬁ)\)hdz
(30)
for all h € H*(Q).

As in the proof of Proposition 6, choosing in (30), first h = —a; € H'(Q) and then
(@) — uy)*t € HY(Q), we can show that

iy € [0,y = {ve H' (Q): 0 < v(z) < uy(z) for aa. z € Q}, @y #0. (31)
Then we can infer from (28), (30), (31) that
iy € S(N),
=ty < uy < Uy,
= A+ @y from £ = (—00, A1) into C*(Q) is nondecreasing.

Next, we establish the left continuity of this map. To this end, let A\, — A~
with A € £ = (—o0, A1). Evidently, {uy, }n>1 € H'(Q2) is bounded and increasing.
Therefore we may assume that

Uy, —» Gy in H'(Q) and @y, — @y in L*(Q) and in L?*(99). (32)
We have
(A(Tn, ), b} + / ()an,hdz+ | B(2)an, hdo = / Dwtin, + f(z1i,)] hdz
for all h € H*(Q), all n € N.

In (33) we pass to the limit as n — oo and use (32). We obtain

(A(Gy), h) + /Qﬁ(z)ﬁ)\hdz + - B(z)uzhdo = /Q A + f(z,ax)] hdz (34)
for all h € H*(Q).

Set B = {A\,}n>1 and let &4 > ca(A) for all A € B (recall that A — c4()) is
bounded on bounded sets of R). Let 4 € int Cy be the unique positive solution of
the following semilinear Robin problem

—Au(z) + €(2)u(z) = cqu(2)?T! — é4u(2)™"1 in Q,

ou
n + B(z)u=0 on 0N.

(see Proposition 5).

We know that @ < uy, for all n € N (see the remark following Proposition 5).
Hence

U g ﬁ)n
=ay € S(A\) CintCy.
We claim that @ = @y. If this is not true, then we can find zy € Q such that

ﬂ)\<Z0) < ﬁ)\(Z()). (35)
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From Wang [14], we know that we can find M; > 0 and « € (0,1) such that

iy, € CH*(Q) and ||ay, [lor gy < My for all n € N. (36)
Exploiting the compact embedding of C1(Q) into C*(Q) and using (32), we obtain

Uy, — Uy in 01(6)7 (37)
=1y (z0) < Uy, (20) for allm > ng

a contradiction to the monotonicity of A — uy (recall that A\, < A for all n € N).
So @y = @) and this proves the left continuity of A — @) from £ = (—o0, A1) into
CL(QQ) (see (37)). O

We can improve the monotonicity of the map A — @) provided that we strengthen
the conditions on f(z,-).
Hy: f: QxR — Risa Carathéodory function such that f(z,0) = 0 for a.a. z € £,
hypotheses H(i), (ii), (iii) are the same as hypotheses H; (i), (ii), (iii) and
(iv) for every p > 0, there exists £, > 0 such that for a.a. z € §, the function

x> flz,x) + &z
is nondecreasing on [0, p].

Remark. The new condition on f(z,-) is satisfied, if for a.a. z € Q, f(z,-) is
differentiable and z — f1(z,-) is locally L°°(€2)-bounded (just use the mean value
theorem).

Examples. The following functions satisfy hypotheses Hs. As before, for the sake
of simplicity, we drop the z-dependence

fi(z) =27 forall z > 0 with 1 < ¢ < 2,

xa~t if x €10,1]
fa(z) = with 1 < ¢q,7,5 <2, s <,
2071 — 257l ifl <o

with 1 < ¢q,8,7<2, ¢ <s,

fa(z) =

pi7t — 2571 if 2 € [0,1]
2™ tnx ifl<z

In(z971 +1) if x €10,1]
fa(z) = with 1 <¢,7,s<2, s<7, ¢c=1In2.

2T Tl e ifl<a
Proposition 9. If hypotheses H(€)', H(3), Hy hold, then the map X\ — @y from

L = (—00,\) into CY(Q) is strictly increasing (that is, if X < n < A1, then
ﬂn - ’l_l,)\ S ’LTLtOJ,_)

Proof. Let A < n < Ap and let @y € S(A) C int Cy, Uy € S(n) € intCy be the
corresponding minimal positive solutions of problems (Py) and (P,), respectively.
By Proposition 8 we know that

Uy < Uy (38)
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Let p = ||ty] s and let fp > 0 be as postulated by hypothesis Ha(iv). We have

— Aux(2) + (£(2) + &)aa(2)
= Aux(2) + f (2, aa(2)) + Eptin(2)
< ity (2) + f(z,119(2)) + Epiig (2)
(see (38), hypothesis Ha(iv) and recall A < n)
= — AU, (2) + (£(2) + E,)Ty(2) for a.a. z € Q,
= Aty = 12)(2) < (1€ oo + &) (g — w2)(2) for aa. z € Q)
(see hypothesis H(£)'),
= @, — Uy € int Oy
(by the strong maximum principle, see [6, p. 738]).

This proves the strict monotonicity of A — uy. O

(2,2)

In fact, under a monotonicity restriction on the quotient ==

, we can conclude
that for all A € £ = (—o0, Xl) problem (Py) admits a unique positive solution.
Hence the new conditions on the perturbation f(z,z) are the following:
Hs: f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for a.a. z € ,
hypotheses H3(i), (ii), (iii) are the same as hypotheses H; (i), (ii), (iii) and
(iv) for a.a. z€Q, z — {z2)

x

is strictly decreasing on (0, +00).

Examples. The following functions satisfy the new conditions. Again, for the sake
of simplicity we drop the z-dependence:

fi(x) =27 forall z > 0 with 1 < ¢ < 2,
247t if z € [0,1]
fo(x) = with 1 < ¢, 7 < q.
2l ifl<a

Proposition 10. If hypotheses H(¢)', H(B), Hs hold and A\ € £ = (—00, A1),
then S(X) is a singleton, that is, S(A) = {ux} and A\ — @y is nondecreasing and
continuous from (—oo, A1) into C1(€).

Proof. The nonemptiness of S(\) follows from Proposition 4. Suppose that @y, 7y €
S(A) Cint Cy. We have

—Auy(z) + £(2)ux(z) = Mur(z) + f(z,ax(2)) for a.a. z € Q, (39)

=AUy (2) + £(2)Ua(2) = ANA(2) + f(2,0x(2)) for a.a. z € Q. (40)

We multiply (39) with ©,(z) and (40) with @, (z), then integrate both equations
over € and use Green’s identity. We obtain

/(Dﬂ)\,Dﬁ)\)RNdZ+/£(Z)ﬁ,\17)\d2+/ﬁ(z)ﬂ)\'f},\d(f
@ Q on

:)\/ﬂ,\z‘;)\dz—k!f(z,ﬂ)\)ﬁ)\dz (41)

Q
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/(Dm,DaA)RwdH/g(z)mfakdz+/5(z)mmdo
Q o0

Q

—/\/ﬁAﬂ,\dz—&—!f(z,@)\)ﬂAdz. (42)

Q

We subtract (42) from (41) and obtain

/ [f(z,1x)0x — f(2,02)Ur] dz = 0,
Q

= / {f(Z’ UA) — f(Z: U)\):l u v dz =0 (recall Uy, Uy € int C+)
Q UX VX

= 1) = Uy (see hypothesis Hs(iv)).

This proves the uniqueness of the positive solution of problem (P,). The uniqueness
of this positive solution, together with Proposition 8, imply that the map A — u)
from £ = (—o00, A1) into C(Q) is nondecreasing and continuous. O

As before, by strengthening the conditions on the perturbation f(z,-) we can
improve the monotonicity of the map A — ).
The new condition on f(z,x) are the following:

Hy: f: QxR — Risa Carathéodory function such that f(z,0) = 0 for a.a. z € Q,
hypotheses Hy(i), (ii), (iii), (iv) are the same as the corresponding hypotheses
Hs(i), (i), (iii), (iv) and
(v) for every p > 0, there exists ép > 0 such that for a.a. z €  the function

x = f(z,2) + &, is nondecreasing on [0, p].

Remark. The examples after hypotheses Hjs, also satisfy hypotheses Hy. Then
Propositions 9 and 10 imply the following result.

Proposition 11. If hypotheses H(€)', H(B), Hy hold and A € L = (foo,xl), then
the set S(\) is a singleton {uy} and the map X\ — uy from L into C*(Q) is strictly
increasing (that is, if X <n < A1, then u, — uy € intCy).

Summarizing the situation for problem (Py) when the perturbation term f(z,-)
is sublinear, we can state the following theorem.

Theorem 3.1. (a) If hypotheses H(E), H(3), Hy hold, then for every A > Ay
we have S(X) = 0, while for every A < A1, S(A) # 0, S(A) C intCy, problem
(Py) admits a smallest positive solution uy € intCy and the map A — )
from L = (—o00, A1) into CL(Q) is nondecreasing (that is, X <n < A\, implies
ax < Uy) and left continuous.

(b) If hypotheses H(E)', H(B), Ha hold, then the map A — y from L = (—oo,Xl)
into C*(Q) is strictly increasing (that is, X < 1 < Ay implies Up—uy € intCy ).

(c¢) If hypotheses H(E)', H(B), Hs hold and X\ € L = (—o0, A1), then S()) is a
singleton {ty} (ax € intCy) and the map A — @y from L = (—oo,Xl) into
C1(Q) is nondecreasing and continuous.

(d) If hypotheses H(E)', H(B), Hy hold, then the map A — @y is strictly increasing

~

from L = (=00, \1) into C1(Q).
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4. The superlinear case. In this section, we investigate the case of a superlinear
perturbation f(z,-). Now we cannot have uniqueness of the positive solution and
in fact we show that the problem exhibits a kind of bifurcation phenomenon, that
is, for A < Xl, problem (Py) has at least two positive solutions, while for A >
N, S(A\) = 0. We stress that for the superlinearity of f(z,-) we do not use the
Ambrosetti-Rabinowitz condition (AR-condition for short).

The hypotheses on the perturbation f(z,z) are the following:

Hs: f: QxR — Risa Carathéodory function such that for a.a. z € Q, f(z,0) =0,
f(z,2) >0 for all x >0, f(z,2) > 0 for a.a. z € Qy C Q with |Q|y > 0, all
x> 0 and

(i) f(z,2) <a(z)(1 42" 1) for a.a. z € Q, all z > 0, with a € L>(Q); and
2 <r<2%
(i) if F(z,2) = [y f(z,s)ds, then

F(z,x)

5— = +00 uniformly for a.a. z €

lim
r——+0o0 X

and there exists g € (max {1, (r— 2)%} ,2*) such that

0 < & < liminf £(20)7 — 2F(:2)

uniformly for a.a. z € Q;
T—r+00 x4

(i) lim 1z 2)

= 0 uniformly for a.a. z € Q.
z—0t T

Remarks. As in the sublinear case, since we are looking for positive solutions and
the above hypotheses concern the positive semiaxis R} = [0, 4+00), we may assume
without any loss of generality that f(z,2) = 0 for a.a. z € Q, all x < 0. Hypothesis
Hj(ii) implies that for a.a. z € Q, f(z,-) is superlinear near +oco. However, we
do not assume the usual for superlinear problems AR-condition. Recall that the
AR-condition (unilateral version since it is imposed only on the positive semiaxis),
says that there exist 7 > 2 and My > 0 such that

0<7F(z,2) < f(z,2)x for a.a. z € Q, all z > My (43)

0< eSSQiIIfF(~, M) (44)

(see Ambrosetti & Rabinowitz [2] and Mugnai [10]). Integrating (43) and using
(44), we obtain

ez’ < F(z,x) for a.a. z € Q, all £ > M, some cg > 0. (45)

From (43) and (45) it follows that for a.a. z € Q, f(z,-) has at least (7 — 1)-
polynomial growth near +o0o. Our hypothesis is implied by the AR~condition. We
may assume that 7 > max {1, (r — 2)5 }. We have

fz,x)x —TQF(z,x) _ f(z,x)x —TTF(z,m) L r—2) F(z;x)
x x x
>cg(r—2) fora.a. z€Q, all z > My

(see (43) and (45)).
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Thus, hypothesis H5(ii) is satisfied (recall that 7 > 2). This more general super-
linearity condition, incorporates in our framework superlinear nonlinearities with
slower growth near 400, which fail to satisfy the AR-condition (unilateral version).

Examples. The following functions satisfy hypotheses Hs. As in the previous
examples, for the sake of simplicity we drop the z-dependence.

fi(z) =277 for all 2 > 0, with 2 < ¢ < 2*

fo(z) = xIn(1 + z) for all x > 0.

Note that f; satisfies the unilateral AR-condition, but f5 does not.
Using Proposition 2 and reasoning exactly as in the proof of Proposition 3, we
obtain the following result.

Proposition 12. If hypotheses H(€), H(B), Hs hold and A > A1, then S(\) = 0.

So according to this proposition, we have £ C (—oo,Xl). In fact we will show
that equality holds.

Proposition 13. If hypotheses H(€)', H(B), Hs hold, then L = (—00,3\\1).
Proof. We fix A € (—oo,xl) and consider the Carathéodory function
0 ifx<0
kx(z,x) = (46)
Az + f(z,z) if0<ua.
We set K(z,2) = [ ka(z,s)ds and consider the C'-functional ¢y : H'() — R
defined by

oa(u) = ’y(u)JrgHu*Hgf/K)\(z,u)dz for all u € H*(Q).
Q

1
2
Here, u > 0 is as in (6). Hypotheses H5(i), (iii) imply that given ¢ > 0, we can find
cg = ¢9(g) > 0 such that

F(z,2) < %xz + cgz” for a.a. z € Q, all z > 0. (47)
Choosing ¢ € (O,Xl —A) (recall A < /)\\1), for all u € H'(Q) we obtain
1y, 1 Ate -
oa() 2 29(u7) + B3 4 D) = 2t — ot

(see (46), (47))

V

co, _ ¢ -
§O||u I+ 5t P = exoflul|” for some 10 > 0
(see (6) and Lemma 2.2)

> c11||ul|? = ciolju||” for some ¢1; > 0. (48)

Since r > 2, from (48) we infer that v = 0 is a strict local minimizer of ¢,. It
is easy to see that K,, C Cy (see (46)). Thus, we may assume that v = 0 is
an isolated critical point of ) or otherwise we already have a whole sequence of
distinct positive solutions of (Py) which converge to zero in H'(£2). Therefore we
can find p € (0,1) small such that

eA(0) = 0 < inf [pa(u) : [Jul| = p] = m, (49)
(see Aizicovici, Papageorgiou & Staicu [1], proof of Proposition 29).
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Hypothesis H;(ii) implies that given any w € int C, we have
oa(tu) = —o0 as t = +o0. (50)
Claim. ¢, satisfies the C-condition.
Let {un}n>1 € H'(2) such that
|oa(un)| < Ms for some Mz >0, alln € N, (51)

(1 + flunl)@h (un) = 0 in H'(Q)* as n — oo. (52)
By (52) we have

(A(up), h) + [ &(2)unhdz + | B(z)unhdo +p [ u,hdz — | kx(z,un)hdz
[t e e |

(53)
enllhl]
— L |
In (53) we choose h = —u,, € H'(Q). Using (46), we obtain

for all h € H*(Q) with €, — 0.

[y(uy,) + pilluy, 3] < ep for all n €N,
= collu, ||> < &, for all n € N (see (6))

n

=u, — 0in HY(Q). (54)
It follows from (51) and (54) that

) = [ [ + 2P ()] ds < My (55)
Q
for some My >0, all n € N.

On the other hand, if in (53) we choose h = u;” € H*(Q), then

—(uh) —|—/ M)+ f(z,u)ut] dz < e, for alln € N (56)
Q
(see (46)).
Adding (55) and (56), we obtain

/ [f(z,ub)ut — 2F (z,u))] dz < M for some My > 0, all n € N. (57)
Q

Hypotheses H(i), (i) imply that we can find & € (0,&) and ¢12 > 0 such that
fox? — c12 < f(z, @)z — 2F (2, ) for a.a. z € Q, all 2 > 0. (58)
We use (58) in (57) and infer that
{uf}n>1 € LY(Q) is bounded. (59)

First, suppose that N # 2. By hypothesis H;(ii), we see that we may assume
without loss of generality that ¢ < r < 2*. So, we can find ¢t € (0, 1) such that
1 1—1t t

—. 60
r q 2% ( )
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Invoking the interpolation inequality (see, for example, Gasinski & Papageorgiou
[6, p. 905]), we have

sl < fluat g ™" e 13-
< Mglju,t||* for some Mg > 0, all n € N (see (59)),
= |lwl||n < Mq|lu||'" for some M7 = Mg >0, all n € N. (61)

In (53) we choose h = u;f € H'(Q). Then
y(uth) <en +/ [(Aw)? + f(z,u) )ut] dz for all n € N (see (46)),
Q

=~(ul) < eiz(1+ ||Juf|r) for some ¢i3 >0, all n € N
(see hypothesis H5(i) and recall that 2 < r)
< cpa(1+ |l ||'") for some c14 > 0,all n € N (62)
(see (61)).
By hypothesis H5(i), we see that we can always assume that r is close to 2*, hence

q > 2 (see hypothesis Hs(ii)). Then (59) implies that {u; },>1 C L?() is bounded
and so by (62) we have

Y(wh) 4+ pllut |3 < eps(1+ [|lut]|™) for some ¢15 > 0, all n € N,

= collu ||I* < ers(1+ [Juf ™) for all n € N (63)
(see (6)).
Due to (60) and hypothesis Hs(ii), we see that
tr <2,
= {u}}n>1 € HY(Q) is bounded (see (63)). (64)

If N =2, then 2* = 400 and the Sobolev embedding theorem says that H*(2) —
L"(Q) for all n € [1,+00). Let n > r > g and t € (0, 1) such that

11—t ¢
rooq
= 4),
n—q
Note that
n(r —aq) e R
—~ > r—gqasn— +oo=2" and r — ¢ < 2 (see hypothesis Hs(ii)).
n—q

Therefore the previous argument works if instead of 2* we use n > 1 big such that
tr < 2. We again obtain (64). It follows from (54) and (64) that

{tn}n>1 € HY(Q) is bounded.
Thus, we may assume that
U, — win H'(Q) and u,, — w in L"(Q) and in L*(99). (65)

In (53) we choose h = u, —u € H'(Q), pass to the limit as n — oo and use (65).
Then
nlgr;(A(un),un —u) =0,

= | Dunlls = [[Dull2;
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= Du,, — Du in L*(Q,R")
(by the Kadec-Klee property, see (65))
=u, — uin H'(Q) (see (65)).
Therefore @) satisfies the C-condition and this proves the Claim.

Then (49), (50) and the Claim, permit the use of Theorem 2.1 (the mountain
pass theorem) and so we can find uy € H'(Q) such that

uy € K, and m;\ < ox(uy),
=u) # 0 (see (49)) and so uy € S(\) Cint Cy.
O
Next, we show that for every A € (—o0, 3\\1), problem (P)) has a smallest positive

solution.
First, let us recall the following lemma from Hu and Papageorgiou [7, p. 178].

Lemma A. If (Q,>, 1) is a finite measure space and D is a family of Ry -valued
measurable functions which is downward directed, then there exists a unique (modulo
equality p-a.e.) function h : Q — Ry such that

(a) h(w) < u(w) p-a.e. in Q for all uw € D;

(b) if g : Q@ = R is a measurable function such that

g(w) <u(w) p-a.e. in Q for all u € D

then g(w) < h(w) p-a.e., that is, h = inf D. Moreover, there is a decreasing sequence
{un}n>1 € D such that inf,,>1 u, = h = inf D.

Proposition 14. If hypotheses H(€)', H(B), Hs hold and A € L = (—oo,,)\\l), then
problem (Py) admits a smallest positive solution uy € intCy.

Proof. We again have that S(\) is downward directed (that is, if uy,us € S(A),
then we can find u € S(A) such that u < uq, u < ug; see Filippakis & Papageorgiou
[5]). Therefore Lemma A above implies that we can find a decreasing sequence
{tn}n>1 € S(A) such that

inf S(\) = TllI;fl Up.-

We have
(A(un), b + / R unhdz+ | B(2)uhdo = / Mt + f (2 un)hdz (66)
" " forﬂall he HY(Q), all n € N.
Choosing h = u,, € H'(Q) in (66), we obtain
Y(ty) = N|un||2 + /Q f(z,up)u,dz for all n € N. (67)

Since u, < u;y € int C; for all n € N (recall that {u,},>1 € H*(Q) is decreasing)

and by (67), (6) and hypotheses H(8)', H(3), Hs(i), we can conclude that
{tn}n>1 € HY(Q) is bounded.

Hence, we may assume that

Up — G In Hl(Q) and u, — Uy in LQ(Q) and in Lg(aQ). (68)
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Returning to (66), passing to the limit as n — oo and using (68), we obtain

(A(ﬂA),h>+/Qf(z)ﬁ>\hdz+ aQﬂ(z)ﬂAhd(r:/Q[)\ﬁAJrf(z,fL)\)]hdz

for all h € H*(Q),
=1y > 0 is a solution of (Py).

We will show that uy # 0. Arguing by contradiction, suppose that u) = 0. Let
Yn = m, n € N. Then ||y,|| = 1, y» € int Cy. for all n € N. So we may assume
that

Yn — y in H'(Q) and u,, — y in L"(Q) and L*(99). (69)
By (66) we have
Nf (un)
(Alyn), M) + | €@)ynhdz+ | B(2)yphdo = | |Ayn + hdz (70)
Q o0 Q [l
for all h € H*(Q), all n € N.

Let p = ||u1||co. Hypotheses Hs(i), (iii) imply that
f(z,2) < cigx for a.a. z € Q, all € [0, p], some 15 > 0,

N f(z,un(2))

< ci1gyn(z) for aa. 2 € Q, alln € N,

[[een |
Ny(up
= { su )} C L*(Q) is bounded (see (69)). (71)
lunll ) o1
By passing to a subsequence if necessary and using hypothesis Hj(iii) we infer that
N¢(uy, )
f(“l) 25 0 in L2(Q) (72)
Un

(see Aizicovici, Papageorgiou & Staicu [1], proof of Proposition 14). In (70), we
first choose h = y,, —y € H'(Q), pass to the limit as n — oo and use (69) and (71).
Then

lim (A(yn),yn —y) =0,

n—o0
=y, —yin Hl(Q) (73)
(by the Kadec-Klee property)
= [lyll = 1. (74)

Next in (70) we choose h = y,, € H*() and pass to the limit as n — co. Using
(72) and (73) we obtain

1Y) = AMyllz < Millyll3 (see (74)),
a contradiction to (2). Hence, @) # 0 and therefore
ay € S(A) Cint Cy, ay =inf S(N).
O

Reasoning as in the proof of Proposition 8, we can establish the monotonicity
and continuity properties of the map A — ).

Proposition 15. If hypotheses H(E)', H(B), Hs hold, then the map A\ — uy from
L = (=00, A1) into C1(Q) is nondecreasing and continuous.
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As before (see Proposition 9 and hypotheses Hj), by strengthening the conditions
on f(z,-), we can improve the monotonicity of A — uy.
The new conditions on f(z,z) are the following:

Hg: f: QxR — Ris a Carathéodory function such that f(z,0) =0 for a.a. z € Q,
hypotheses Hg(i), (ii), (ili) are the same as the corresponding hypotheses
Hs(i), (i), (iii) and
(iv) for every p > 0, there exists £, > 0 such that for a.a. z € , the function

x— f(z,x) —&—épx

is nondecreasing on [0, p].

Reasoning as in the proof of Proposition 7, we obtain.

Proposition 16. If hypotheses H(E)', H(3), Hg hold, then the map A\ — @y from
L = (—00,\) into CY(Q) is strictly increasing (that is, if X < n < A1, then
ﬂn - ’l_l,)\ S ’LTLtO_;,.)

Next, we show that for all admissible A € £ = (—oo,:\\l), problem (Py) has at
least two positive solutions, which are ordered.

Proposition 17. If hypotheses H(€)', H(B), Hg hold and A € L = (—oo,Xl), then
problem (Py) admits at least two positive solutions

ux, Uy € mtCy, uy —uy € mtCy.

Proof. By Proposition 13 we already have one positive solution uy € int Cy. We
may assume that wy is the minimal positive solution (that is, uy = @y, see Propo-
sition 14). We consider the following Carathéodory function

i {(A+M)UA(Z)+f(27UA(Z)) if z < wux(z)
g)\(Z,iC =

A+ pzx+ f(z,x) if uy(z) < z.

(75)

We set Gy (z,2) = Jy 9x(z,s)ds and consider the C'-functional Uyt H(Q) - R
defined by

2

From (75), we see that on [uy) = {u € HY(Q) : ux(2) < u(z) for a.a. z € Q} we
have

- 1 _
Ua(u) = =y(u) + gHuH% - / G(z,u)dz for all u € H'(Q).
Q

15)\ = px+ é,\ for some g,\ eR,
= 1) satisfies the C-condition (76)
(see the Claim in the proof of Proposition 13).

Claim. We may assume that uy € intCy is a local minimizer of the functional 7:/;,\.
Let A < n < Ay and let u,, € S(n). From Proposition 16, we obtain u, — uy €
int C;. We introduce the following truncation of gx(z, -):

ar(z, ) if x < up(z)
g;‘\(z,x =

aa(z,up(2))  if uy(z) < .

(77)
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Evidently, this is a Carathéodory function. We set G}(z,z) = fox gi(2,s)ds and
consider the C'-functional 5 : H'(Q) — R defined by

1
Py (u) = §v(u) + %HUH% — / G3(z,u)dz for all u € H*(Q).
Q

As before (see the proof of Proposition 8), we can show that
Ky C [ua,ug] = {ue HY Q) un(2) < u(z) < uy(z) for aa. 2 € Q}. (78)

Moreover, by (6) and (77), we see that ¢} is coercive. It is also sequentially weakly
lower semicontinuous. So we can find u} € H*(Q) such that

YA (uy) = inf [$3(u) - we HY(Q)],
=u) € Kyy C [ux,uy] (see (78)),
=u) € S(A) Cint Cy (see (77)).

If u} # wy, then this is the second positive solution of problem (Py) and, as we
will see in the last part of the proof, we have u} —uy € int C, so we are done. So,
suppose uy = uy. We have

U3 l0.u,) = Valj0,u,) (see (75) and (77)).
Since uy = u} and u,; — uy € int C (see Proposition 16), it follows that
uy is a local C*(Q)-minimizer of iy,
= uy is a local H'(2)-minimizer of U (see Proposition 1).

This proves the Claim.
We assume that Ky, is finite or otherwise we already have a sequence of dis-
tinct positive solutions, all strictly bigger than wy (note that K I C [uy) =

{ue HY(Q) : ux(z) < u(z) for a.a. z € Q}) and so we are done. Using the Claim,
we can find p € (0,1) small such that

D) < inf [Da(u) 5 flu = unll = p| = ). (79)
Hypothesis Hg(ii) implies that
Ua(tiy) = —o0 as t — +oc. (80)

Then (76), (79), (80) permit the use of Theorem 2.1 (the mountain pass theorem).
Therefore we can find 7y € H'(Q) such that

iy € K, C [uy) and ) < x(ily),
=uy € S(A\) Cint Cp (see (75)),ux < Gy, uy # .
Moreover, if p = |||l and ép > 0 is as postulated by hypothesis Hg(iv), then
— Aun(2) + (§(2) + Epua(2)
= (A +&)un(z) + f(z,un(2))
< (A +E)ia(2) + f(z,0a(2)

(recall uy < Gy and see hypothesis Hg(iv))
= — Al (2) + (£(2) + )i (z) for aa. z € Q,
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= Ay —ux)(2) < (|61 oo + ép)(fu —uy)(z) for a.a. z € Q
(see hypothesis H(£)')
=1y —uy € int Cy (by the strong maximum principle).

O

Summarizing the situation for problem (Py) when the perturbation f(z,-) is
superlinear, we can state the following theorem.

Theorem 4.1. If hypotheses H(E)', H(B), Hg hold, then

(a) for all A\ > \; problem (Py) has no positive solution (that is, S(\) = 0);

(b) for every A € L = (—oo,Xl) problem (Py) has at least two positive solutions
uy, Uy € intCy, uy —uy € intCy;

(c) for every A € L = (—oo,Xl) problem (Py) has a smallest positive solution
) and the map A — uy from L = (—oo,xl) is strictly increasing and left
continuous.
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