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ABSTRACT. We are concerned with the existence of ground state solutions to
the nonhomogeneous perturbed Choquard equation

—Apz)u + V() |uP®) 2y

- ( / r(y>*1\u<y)|“y)\x—yr“z’wdy) ") ~2u + g(e, u) in RV,
RN

where the exponent 7(-) is critical with respect to the Hardy-Littlewood-Sobolev
inequality for variable exponents. We first consider the case where the pertur-
bation g(-,-) is subcritical and we distinguish between the superlinear and
sublinear cases. In both situations we establish the existence of solutions and
we prove the asymptotic behavior of low-energy solutions in the case of high
perturbations. Next, we study the case where the nonlinearity g(-, ) is critical.
We prove the existence of solutions both for low and high perturbations and
we establish asymptotic properties of low-energy solutions.
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1. Introduction. This paper is devoted to the qualitative and asymptotic analysis
of solutions for the Choquard equation with variable exponents. The features of
this paper are the following:

(i) the analysis is developed in the anisotropic case, corresponding to a differential
operator with nonstandard growth;

(ii) the exponent associated to the nonlocal term is critical with respect to the
anisotropic Hardy-Littlewood-Sobolev inequality;

(iii) the main results are concerned both with subcritical and critical perturba-
tions of the nonlocal term;

(iv) the analysis in the subcritical setting corresponds to the non-autonomous
case (for instance, coercive and bounded from below positive potentials V'), while
the critical case is analyzed in the autonomous framework;

(v) we establish sufficient conditions for the existence of solutions in the case of
low or high perturbations.

To the best of our knowledge, this is the first paper dealing with Choquard
equations with variable exponents and critical anisotropic reaction.

1.1. Historical comments. The Choquard equation

Autu= (; ; u|2> win R, (1)
was first introduced in the pioneering work of Frohlich [10] and Pekar [22] for the
modeling of a quantum polaron at rest. This model corresponds to the study of
free electrons in an ionic lattice interact with phonons associated to deformations
of the lattice or with the polarisation that it creates on the medium (interaction of
an electron with its own hole). In the approximation to Hartree-Fock theory of one
component plasma, Choquard used equation (1) to describe an electron trapped in
its own hole, see Lieb [17].

The Choquard equation is also known as the Schrédinger-Newton equation in
models coupling the Schrodinger equation of quantum physics together with non-
relativistic Newtonian gravity. The equation can also be derived from the Einstein-
Klein-Gordon and Einstein-Dirac system. Such a model was proposed for boson
stars and for the collapse of galaxy fluctuations of scalar field dark matter. We
refer for details to Elgart and Schlein [9], Giulini and Groflardt [13], Jones [14],
and Schunck and Mielke [27]. Penrose [23, 24] proposed equation (1) as a model
of self-gravitating matter in which quantum state reduction was understood as a
gravitational phenomenon. Beyond physical motivations, ground state solutions of
problem (1) are of particular interest because of connections with stochastic analy-
sis, see Donsker and Varadhan [7].

As pointed out by Lieb [17], Choquard used equation (1) to study steady states
of the one component plasma approximation in the Hartree-Fock theory. Classifica-
tion of solutions of (1) was first studied by Ma and Zhao [19]. Pointwise bounds and
blow-up for Choquard-Pekar inequalities at isolated singularities have been stud-
ied by Ghergu and Taliaferro [12]. For the Choquard-type equation and related
problems, we refer to [5, 19, 25, 29] for the existence of solutions and multiplic-
ity properties, to [6, 33] for existence of sign-changing solutions, and to [4, 30] for
semiclassical solutions.

If the reaction of problem (1) is perturbed, then we obtain the Choquard equation

—Au u = M ul™ 24 w) in RN
AutV </RN |$_y|>\dy>| | +g(u) in RY (N > 3), (2)
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where A € (0,N), V is a positive potential, and ¢ is a suitable perturbation.

The Hardy-Littlewood-Sobolev inequality implies that / / [ulz | I’ u| A) vl dxdy
RN JRN Xr —
2N — X 2N — )\ 2N — A
is well defined for v € HY(RY) if r € {N’ 1\7—2} Usually, N is

called the lower critical exponent and is the upper critical exponent of the

Choquard equation. The upper critical exponent plays a similar role as the Sobolev
critical exponent in the local semilinear equations, while the lower critical exponent
is related to the bubbling at infinity phenomenon. Several existence and nonex-
istence properties of solutions have been established for various values of r. For

instance, in view of the Pohozaev identity, the autonomous Choquard equation
2N — A

(2) (with V =1 and g = 0) has no nontrivial solutions is either r < or
2N — A\

r>
- N-2
1.2. Related notions and properties. In the sequel, we set

CTRN):={hec CRY): 1 <h™ <h" < +o0},

. For more details we refer to Li and Ma [16] and the references therein.

where
h~ := inf h(z) and b := sup h(x).
TERN z€RN
For p € CT(RY), we define the following anisotropic Lebesgue space
LP@(RN) .= {u :RY » R; u is a measurable and /
RN
We equip this function space with the following “Luxembourg norm”

) u|P®)
[[ull o) vy = inf {77>01/ de <153.
RN

"
We also consider the following Sobolev space WP (@) (RN ) with variable exponent

Wl,p(m)(RN) — {’LL c LP(m)(RN) . |V'u,| S LP(JU)(RN)}

Ju(x) [P de < +oo} .

equipped with the norm
ullw.p@ @y = [IVUll Lo @y + [l poe) @y
We refer to the monograph by R&dulescu and Repovs [26] for more details on
Lebesgue and Sobolev spaces with variable exponent. We refer to Mingione and
Radulescu [20] for a survey on recent developments in problems with nonstandard
growth and nonuniform ellipticity.

Throughout this paper, we are concerned with the anisotropic counterpart of
problem (2), namely we study problems of the type

— Apyu + V(w)|u|p(m)_2u

-1 (y)
_ / T’(y) |u(y)| dy |u|T(I)72u+g(x,u) in RY (N > 3)
gy |z —yPEw)

The main results will be described in the next section of the present paper. At
this stage, we point out that an important role in our analysis will be played by
the following Hardy-Littlewood-Sobolev inequality for variable exponents, see Alves
and Tavares [2, Proposition 2.4].

(3)
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Theorem 1.1. Let ¢, ¢ € CT(RY), ¢ € L5+(]RN) NLS (RY) and v € Lq+(RN) N
L7 (RN). Assume that X : RY x RN — R is a continuous function satisfying
0<A = inf Az,y) <A := sup Az,y) <N

z,yeRN z,yERN
and ) A.y) )

xz,y N

+ + =2 for everyx, y € R".
§(x) N aly)

Then the following inequality

((z)v(y)
ANANM—M““Mm@

holds, where C' > 0 is a constant not depending on ¢ and v.

< C (¢l et gm0l oy + 10 ey 10l o vy )

2. Main results. In the first part of this paper we are interested in the existence
of solutions to the following Choquard problem with variable exponents and critical
growth:

-1 m(y)
_Ap(z)u+v(x)|u|p(x)—2u — (/ r(y) |u(y)| dy) |u|r(:c)—2u
RN

|z — y| M)
tufau), )
= W‘}P(w)(RN),

where 1 is a positive parameter, V : RY — R is a scalar potential, and p : RY — R
is Lipschitz continuous function satisfying
1<p = inf p(z) <p(x) <p':= sup p(x) < N.
zeRN RN

We denote by A, yu := div (|Vu|P®=2V4y) the p(z)-Laplace operator with vari-
able exponent. We also assume that A : RY x RY — R is a continuous function
verifying

0<A <AT <N

Let p*(x) := Np(z)/(N — p(z)) be the critical Sobolev exponent associated to
p(z). Throughout this paper we assume that r € C*(RY) is the critical exponent
in the sense of the Hardy-Littlewood-Sobolev inequality for variable exponent (see
Theorem 1.1), that is,

2N A

r(z): Tp* (z) for all z € RV, (4)
In view of [2, Corollary 2.1], we additionally impose the restriction
2N — A\~
r(z) > Tp(x) for all 2z € RY. (5)

Relations (4) and (5) provide a relationship between the requested growth of the
variable exponents p(x) and A(z,y), namely
AT — A~
2N — A\~
This relation is automatically fulfilled if A is a constant function. We also point
out that in the semilinear isotropic case corresponding to p(z) = 2 for all = € RN
and A(z,y) = X for all z,y € RY relations (4) and (5) assert that our framework
corresponds to the critical case (in relationship with the Hardy-Littlewood-Sobolev
inequality), see [16].

p(x) > N for all z € RY.
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For problem (P,), the appropriate Sobolev space is W‘l,’p (m)(RN ), defined as the
completion of C§°(RY) with respect to the norm

HUHW‘l/fP(I)(RN) = ”VU‘”LP(I)(RN) + ||UHL€(I)(RN)7

w|P®)
x =i : — < .
”u”L@( )(RN) inf {77 >0 /RN V(z) . dr <1

We assume that the potential V satisfies the following hypotheses:
(Vo) V€ C(RY,RT) and g;ng V(z):=Vy > 0.
(V1) V(z) = 400 as |z| jJroo.
By Alves [1, Lemma 4.2], condition (V1) implies that the Sobolev embedding

where

W‘l/yp(f) (RN) AN Ls(m)(RN)
is compact for all s € CT(RY) and p < s < p*. The notation h; < hy means that
inf{ha(z) — hi(z) : x € RN} > 0.
Throughout this paper we assume that the nonlinear term f: RY x R - Ris a

Carathéodory function satisfying f(z,t)t > 0 for all (z,t) € RY x R. The following
hypotheses are required in the superlinear case.

(H;) For any € > 0, there exists C. > 0 such that
|f (@, O] < eltP 7 4 Ceft" O

for all (z,t) € RN x R and p < 7 < p*, where 7 € CT(RY) and 7~ > p*.
(Hy) There exists 2r~ > o > p* with p~r~ > p' such that

0< F(x,t) := /tf(x,s)ds < lf(a:,t)t for all (z,t) € RY x R\ {0}.
0 1%

In the sublinear case we assume that the following hypotheses are fulfilled:
(Hs) |f(z,t)] < B(2)[t|*®~! for all (x,t) € RN x R, where o € CT(RY), o < p
and
0<pe P @@ @=a@) RNy,
(H,) There exist ks € CT(RY) with x* < p~,a > 0,b > 0and openset } # U Cc RY
such that
F(z,t) > at™® | ¥ (x,t) € U x (0,b).
(Hs) min{2r—, p7r~} > p*.
The main results of the first part of this paper provide existence properties both

for high and low perturbations, as well as an asymptotic energy decay of solutions
in the first case.

Theorem 2.1. Assume that hypotheses (Hy) — (Hz) and (Vo) — (V1) are fulfilled.
Then there exists pu* > 0 such that for all p € [p*,+00) problem (P,) has a non-

trivial solution w,, € W‘l,‘p(z)(RN) with HUHHWL;D(Q:)( — 0 as p — +o0.
1

RN)

Theorem 2.2. Assume that hypotheses (Hs) — (Hs) and (Vo) are fulfilled. Then
there exists p. > 0 such that for all p € (0, p.] problem (P,) has a nontrivial

solution u, € W‘l/’p(x)(RN).
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In the last part of this paper we deal with the following critical version of problem
(Pu):

. r() " u(y)|m@® )
_Ap(m)u""ulp( ) 24 = (/RN g(y) (y) | (y)| dy) g(x)|u| (z) 2y

|z — y| M)
FE @)l @20+ pf @), (@)

u e WHPE(RN),

where p : RY — R is a Lipschitz continuous and radially symmetric function satis-
fying

1<p = inf p(z) <p(x) <p':= sup p(x) < N.
z€RN ZERN

To achieve our aim, we require that the following hypotheses are fulfilled.

(Hg) There exists min {2r‘,p*7} > o >p" with p~r~ > p* such that

0 < oF(z,t) < f(z,t)t for all (z,t) € RN xR\ {0}.
(H7) f(z,t) = f(|z,t) for all (z,t) € RY x R.
(Hg) g, K € L""(]RN)7 K e C'(]RN)7 g(x) = g(|z]), K(z) = K(|z|) for any = € RV,
g(x), K(x) >0, K(0) =0 and
dmog(e) = flim g(e) = lim K@)
(Hy) min{2r7, pr, p*f} >pt.
In the critical case our main results can be stated as follows.

Theorem 2.3. Assume that hypotheses (Hy) and (Hg) — (Hg) are fulfilled. Then
there exists ™™ > 0 such that for all p € [p*™, +00) problem (Q,) has a nontrivial

solution u, € Wr(f;(r)(RN) with |[uyllyw1.p@ @yy — 0 as p — +oo.

Theorem 2.4. Assume that hypotheses (Hz) — (Hy) and (H7) — (Hg) are fulfilled.
Then there exists i > 0 such that for all p € (0, pas] problem (Q),,) has a nontrivial

solution u,, € wh p(x)(RN)

rad

3. Auxiliary properties. Let C,.(R") be the subspace of functions in C'(R") with
compact support and denote by Cjy (RN ) the closure of CC(RN ) with respect to the
norm |¢|e = sup {|p(z)| : z € RN}. A finite measure on RY is a continuous linear

functional on Co(RY). For any finite measure v we define ||v|| := sup{|(v,¢)| : ¢ €
Co(RY), |¢|oo = 1}, where (v, ) = / odv.
RN

Let M(R™) be the space of finite non-negative Borel measures on RY. We

say that v, Y% vin M(RYN) as n — oo, provided that (v,,p) — (v,¢) for all
¢ € Co(RY) as n — oo.

. 2N (x)
Lemma 3.1. Let {u,} be a bounded sequence in LP ) (RN) N Lzv=—x= (RN) such
that u, — u a.e. in RN asn — oo. Then, the following relation

r(z) r(y) _ _ r(z) _ r(y)
lim /N /N |t ()] |, ()] [t (2) — (@) |"® |un, (y) — u(y)] drdy
R R

n—oo |x —_ y|A(x,y)

7’($) r(y)
L[ e,
RN JRN |z — y[M=w)
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holds true.
Proof. Note that

/ / a0 IO @) i 4) = wl) Pl ) = )P
RN JRN

‘z — |)‘($ \Y)

_ (lun ()" = Jun(y) = uly)["™) (Jun ()| = Jup (2) — u(z)]"®)
= dydzx
RN JRN |z — y[Mew)
(lun ()" = Jun(y) = uly)["™) Jun(z) — u(z)|"") [
+2/RN/RN PR NE dydx =: I + 1.
(6)
We claim that
S ()| fu(a)|")
nh~>nolol1 7/RN /]RN Igj— P\(T \Y) dydm (7)
and
nILrI;OIQ =0. (8)

2Nr(z)
Since {u,} is a bounded sequence in LP" @ (RY) n Lavoas (RY), there exists a

positive constant C; such that for all n € N

L2N—-X~ (RN)

lull o=@ unllper@ @y, lull 2new ) Jlunll 28ee) < Ch.
L2N=X~ (RN

The above relations imply that

. 7() _ T() <
:gg{nun U s gy e =l o A(RN)}_C2

for some constant Cs > 0. Moreover, u,, — u a.e. in RY as n — co. It follows from
Proposition 5.4.7 of Willem [32, p. 106] that |u, —u|"® <% 0 in LavsF (RY) and
|t — u|"@® 25 0 in L#(RN) as n — 0o.

Next, we show that

2N
/RN ‘|“n(y)lr(y) — Jun(y) — u@)"® — u(y)"@ | dy =0 (9)

and

2N
/N "un(y)\r(‘”) — [un(y) — u@)|"Y — u(y)|"@ | dy = 0. (10)
R

In order to prove relations (9) and (10), we first show that the following inequality.
(i) For any e > 0, there exists a constant C. > 0 such that

@) ~ fun(y) ~ w )" < elun(y) ~ ()@ + Coluly) @, ¥y € RY.

It is obvious to get the above inequality when 0 < r(y) < 1.
Now, it remains to examine the case r(y) > 1. For any fixed y € RY, by
Taylor’s formula, we have

[un ()" = Jun(y) = u()|" @ + @D (Jun(y)] = [unly) = ul)]) ,

where ¢ is a measurable function with values between |u,(y)| and |u,(y) —u(y)|. Tt
follows that

|Un(y)|r(y) — un(y) — u(y)|’“(y)
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= ()Y Jun ()] = [un(y) — u(y)]|
< r@2 @ (July) O+ 12 (a(y) — () ) ().

By Young’s inequality, for some fixed 1 € (0,1) we have

u —u r(y)—1 u (T(y) - 1) €1 " — r(y)
|un(y) — u(y)] lu(y)] < ) |un(y) — u(y)|

1
(e0)' ™" u(y)"®

r(y)
< e1fun(y) — u@)"@ + ()" July)|"®).

Thus, we derive that

() ") — i (9) — )"

<2 (527 () = u()l" + (127 =) ) Ju(y) )

. +_
Choosing ¢ = 22" 2

[un I = fun () = u(@)" )| < elun(y) = u@I"™ + Celuly)™®.

The proof of (i) is now complete.
Let us denote

wen () = ([lun @)Y = fun(y) = @) = [uly)" | = elun(y) = u(y) ")

where w™ (y) = max{w(y),0}. Clearly, w. ,(y) — 0 a.e. in RY as n — oo.
Additionally, we can deduce from the above information that

€1, we obtain
+
)

__2N 2N () ] N
|’w€7n(.)|2wf>\+ < (1 +CE)2N—>\+ |u<)|:0 cL (R )
and
2N

2N7 ()
e ()78 3 < (14 C) 775 [u(-)[ 232 € LYRY),

By the Lebesgue dominated convergence theorem, we obtain

2N 2N
/ ‘wE,n| AN-AE dy’ / |wg,n‘ 2N=AT dy — 0 asn— oo.
RN RN

So, we have
2N
" r T 2N—xT
/]RN ’|Un(y)| (v) _ [un (y) — u(y)| (v) _ lu(y)| (y)]|2N=x dy
_2N _2N
< Cg/ |w87n|2N—A+ dy + CaeTv -7
RN

for some constant C5 > 0. We conclude that relation (9) holds. Similarly we obtain
relation (10).

Denote
A, =
|[un ()" — Jun(y) — w@)|"® = u@)]" @] [|un(@)["®) = Jun(z) - U(I)|T(’”>|d i
RN JrN |z—y\>‘+ yazx,
B, =
|[un ()| = fun(y) — u(y)|"® — [u(m)|"@ | [Jun(@)]") - un(z) - U(z)|r(”)|d i
RN JRN |z — y|*~ e
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T(y) r(z) _ — r(z) _ r(x)
- / DI [fin @17 un(e) — ()" — )"
RN JRN |9[»’—Z/\A
T(y) r(z) _ — r(z) _ r(z)
. / DI fun @I — fin(z) — w@D — @I D]y,
RN JRN |z —y]

Using the Hardy-Littlewood-Sobolev inequality (see Lieb and Loss [18, Theorem
. 2N (z)
4.3]), the boundedness of {u,} in LP" @ (RNV)NL2v=>~ (RY) and relations (9)—(10),
we deduce that

lim A, = lim B, = lim C,, = lim D, =0. (11)

n— oo n—oo n—oo n— oo

Relation (11) yields that relation (7) holds.
. r(z) w . 2N N r(z) w . =2 N
Since |u, —u|"® 2 0 in L2F (RY) and |u, — u|"® 2 0 in L2V (RY) as
n — 00, together with relation (11), we can conclude that relation (8) is fulfilled.
The proof is now completed. O

Corollary 1. Let {u,} be a bounded sequence in LP” ) (RN) such that u, — u a.e.
in RN asn — co. Then, the following relation

n—oo

i [ (o o) [
RN RN

holds.

Proof. Similar to the proof of relation (9) or (10), we can get the result. So, we
omit the details of the proof of Corollary 1. O

4. Proof of Theorem 2.1. To establish the existence of nontrivial solutions to
problem (P,), we define the functional T, : W* (@) (RY) = R as follows

T,(u) = IVulP@ + V() |uP®) de — F (x,u)dx
oo

()7 fu(y) ) L) o
dedy, ¥ ue WHP@® ®Y),
// \m—ywvwr()” we MR

Similar to the proof of Lemma 3.2 in Alves and Tavares [2], using hypothesis
(Hy) we deduce that T, € C! ( L2(=) (RM), ) with

(1), (u),v) :/ <|Vu\p D=IYuVo + V(x )|u\p(1)72uv> de — - f(z,uw)vdr

[ e O )
RN JRN

|£L' — y|>\($7y)

for all u, v € le/’p(‘r) (RM).
We first establish the mountain pass geometry.

Lemma 4.1. The functional T, satisfies the following properties.

(i) There exists p > 0 small enough such that Y, (u) > n for all u € W‘l,’p($)(RN)
with ||u||W\1/,p(m>(RN) = p for some n > 0.

(ii) There exists e € W‘l/’p(m)(RN) such that [[e]| ;1.0 > p and T,(e) <O0.
\4

) (®Y)
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Proof. (i) By Theorem 1.1, we obtain for all u € W‘l/’p(x) (RN)

(@)@ Ju(y) @
dxd
/RN / o)z — yPewr@) Y

= (IIIU(')I’"(')H2 2 + MuOI 1 )
L2N— ~ (RN)

At (RN)

! )
< cxmax { Jull3t o gy Il e o)

L2N—-A~ (RN) L2N-X~ (RN)

+ €1 max { ||U||2 2Nr(z) Nl 2xro } ;

where c; is a positive constant which is independent of u € W‘l,’p (@) (RY). By
hypothesis (H;) we deduce that

/ F(x,u)dx Si_/ |u\p(z)dx+c—_s/ u|™®) dx:
RN b Jry b Jry

€ C + -
< = [ et C e {0
= Jan |ul T+ = max § [|ull7- )(RN) l[ull 7~ )(RN)

for all z € RY and u € W‘l/’p(x)(RN).

Due to (Vy), r(z) > (Np(x) — p(z)A\~/2)/N and p < 7 < p*, combining the
continuous embeddings W‘l,’p(w) (RN) — WHPE(RN) and WHPE(RN) — L[5=)
(p(z) < s(x) < p*(x)), there exist positive constants ¢, ¢3 (co and ¢z are indepen-
dent of u € WP (RV)) such that

||u||W1’P<I)(]RN) S CQHU||W‘1/=P(I)(RN)7

HUHLP(I)(RN)v ||U||Lp*<m>(RN), [ull 2nr@) ) ||U||Lr<w)(RN) < C3||u||W1vP(I)(]RN)'
L2N-x~ (RN)
Also, we need the following elementary inequality

(a+0)? <2°71a% + 27150 for all a, b> 0 and 6 > 1.

1
Taking e = for ||u||W‘1/,p(I>(RN) < P obtain
2

op
2up™’
1 Ve
— (@) o 20y, p(=)
T, (u) > /]RN ( — [Vu[Pt + o |ul? )dx

— camax {|ulF7T o oy, N3 mmior v |

MCL

max { ull 7o gy 1l o) §
> 5 (Il vy + 1l o oy )
— e IVl gy + Nl Zreo ) )

—Ce <||VU||£;<x)(RN) + ||U||£;<z)(RN)) J

where ¢; (i = 4,5,6) are some positive constants that do not depend on w. Since
2r=, 77 > p and llullw1.pe @yy < cQ||uHW1,p(m>(RN), the result of (i) follows by
\%4

fixing [|ul[ ;1,5 = p with p sufficiently small.
\%4

D(RN)
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(ii) For each ¢ > 1 and ¢ € W™ (RN)\ {0} with 1€/ g0 gy < 1, by
hypothesis (Hg), we have
+
2tP T ”)|e (y )|r(y)
/! < p
Tu(te ) > p_ H || lp(t)(RN) 2 T'+ /]RN AN |1' — |)\(az,y dxdy
Since 2r~ > pT, we can get the conclusion for ¢ > 1 sufficiently large.
The proof is now complete. O

Now we discuss the compactness property for the functional T,, given by the
(PS) condition at a suitable level. For this goal, we fix u > 0 and define

¢ = inf max Tu(v()), (12)

where
r= {’y eC ([0, 1], W&P(“(RN)) L 7(0) = 0, 7(1) = e} .

Clearly, using Lemma 4.1 we know that ¢, > 0. Furthermore, we have the
following result.

Lemma 4.2. Assume that (Vo), (H1) and (Hz) hold. Then we have

lim ¢, =0,
p—>+00

where ¢, is given in (12).
Proof. For e given in Lemma 4.1, there exists ¢, > 0 satisfying

T, (tue) = I?Zag( T, (te)
and

/R ()" (|Ve|p($) + V(x)|e|P<w> dz = / f(@ tue)t edz

z)|" z)| )|r(y)( )r(r)+r(y)
+ o f et

Using this equality, hypothesis (Hz) and 2r~ > p* we conclude that {¢, } is bounded.

Let {u,} be a sequence such that p, — +00 as n — co. Since {¢,, } is bounded,
passing to a subsequence, still denoted by {¢,,, }, we may assume that there exists
to > 0 such that ¢, — to as n — oco. Thus, there exists a positive constant c7 such
that

[0 (9P 4 V@) do <
]RN

for all n € N.
We assert that tg = 0. Indeed, if o > 0, then by hypotheses (H;) — (Hy) and the
boundedness of {t,, } we obtain

0 < J(@ b, )tn,e < cs (Jef"™) + e[ @) € L (RY)

for some constant cg > 0. Clearly, f(x,t,, €e)t,,e = f(x,toe)tpe as n — oo by
the continuity of f(z,-). So, using Lebesgue’s dominated convergence theorem and
hypothesis (Hy) we obtain

lim f( [Ln ) nedx = f(x, to@)to@d.’l? > 0.

n—oo RN RN
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By this equality we deduce that

|r(r)|e )" (¢ s yr(@)+ry)
/ flx,t,,e Mneda:—i—/RN /RN Dz =y dzdy

%Jrooasn%oo,

which is a contradiction. So, tg = 0.
Hence, we have t, — 0 as ;1 — 4-00. Since

_ + _
0% 6 = X(t06) = 2000 (el + 1600 )

for sufficiently large p > 0, it follows that ¢, — 0 as u — +oo.
The proof is now complete. O

Lemma 4.3. There exists p* > 0 such that Y, satisfies the (PS)CH condition on
Wé’p(z)(RN) for all > u*.

Proof. Let {u,} C W‘l,’p(x) (RY) be a (PS).,, sequence of the functional T, that is,
Ty(un) = ¢, and T}, (u,) — 0 as n — co. We first prove that {u,} is bounded in
WP @) (RN). Using hypothesis (Hs), for large enough n € N we obtain

eu+ OW)llnlly .0 vy + 0n(1)

= Vo) = (X))

- /RN <p(1w) - i) ('V“MP(I) +V(1‘)Iun|p<‘“’>) dzx

+ M/ <1f(x,un)un - F(m,un)> dz
o \ o
(=) (o)
Lo G m) Myt
/RN <pl+ _ i) (IVual?® + V(@) 1)
r(z) r(y)
Lo L G ae) e e
> / <pl+a> (\vu 7@ 4V (z )\un\p(z))dz. (13)

The above inequality implies that {u,} is bounded in W* @) (RN). Using the

boundedness of {u, } in Wv’p (@) (RY) and Sobolev embeddings we can find a positive
constant cg such that

. (@) . 2N *
/ Hun|¢(z)—2un ST dyp — / ||un|’(m)|“’*” dr = / |, [P @) dr < eq.
RN RN RN

As Lon>7 (R™) and LT = (R™) are uniformly convex, the Banach space

2N N 2N N
Lav=F (RT) N L2v=>= (RT), max || - || | T
L2N >\+ (]RN) L2N-X~ (RN)
is also uniformly convex, hence reflexive. The boundedness of {u,} in W‘l/p (‘)(RN )
2N 2N
yields that the sequence {\uﬂ’““} is bounded in L2v-3T (RV) N Lav-»— (RY).

Y
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Next, we claim that there exists u,, € W‘l/’p 0 (R™) such that, up to a subsequence,
2N
still denoted by {un }, un — u,, a.e. in RN and u,["®) 2 ju,|") in L35-xF (RY)N
2N 2N
Lav—>= (RY) as n — oo. Indeed, since {|un|r(')} is bounded in Lzv-x% (RV) N

2N N . 2N N —2N N () w

L2v—x= (RY), so there exists T' € L2N->T (R™ )N L2~-»= (R") such that |u,|"" —
2N 2N

T in L2v-xT (RY) N L2v—>= (RY) as n — oo. Fix v € C°(RY) and consider the

continuous linear functional

I(w) = /N wody, w e L7 (RN) 0 LT~ (RV).
Then, we obtain )
I (Ju, "0y — / y)dy as n — 0. (14)
Using Proposition 5.4.7 of Willem [32, p. 106], we obtain

o) 25 ) i LT ®Y) s oo,

hence
I,U(|un|r(')) = / \un\r(y)v(y)dy — / |uu|r(y)v(y)dy as n — 00. (15)
RN RN

It follows from relations (14) and (15) that |u,|"") = T(-) a.e. in RY. Thus, we
get the claim. Moreover, by Theorem 1.1, we know that the functional

r(z)
/ / @ |ui<mydxdy,weLw”v(RNme”A(RN)
RN JRN -

N _an
is linear and continuous. Due to |u,|"® 2 |u,["®) in L25-5F (RV)N L5~ (RY)
as n — 0o, we obtain

()7 1, ()@
dxd
/RN / |x— G

)| @) (@)
—>/ / [ W 1 ()] dxdy as n — 0.
RN JRN |$ -y

Now, we can assume that there exist u, € W‘l/’p(I)(RN) and 6, 0, > 0 such
that, passing to a subsequence, still denoted by {u,},

. 1,
Uy~ uy in W, P(m)(RN)’ ||un||W‘1/,p(z)(RN) — Ops

_ r(@) - r)
/ / |un (@) — wu ()" |un (y) — wu(y) dzdy — o,
RN JRN

()Irc—ylA @)
r(x r(x) & N 2N N
Up =y, ace in RN u, ["@ 2 |, |"@ in L2 -5F (RY) 0 Lav—x= (RY),

*(a)
\un|r(z)*2un 2 |u#|r(:‘c 2u# in Lr-T (RN),

(16)
as n — 0o.
Note that for any Q ¢ RY, using Holder’s inequality (see Musielak [21]) and the
Sobolev inequality we have

N
/ ||Un‘r(z)_2unuu| 2N2—)\+ dz

2N (r(z)—
— /|u | 2N— >\+ |u ‘2N ’\+d$
Q
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2N (r()—1)

2N(r()—1) __2N
crol|[un| 2N-AF ||LT(T;;_>1(Q)|HUM|2N*” [ L ()

1/rt 1/r~
€11 Max { </ |up|P ($)dx> , </ |w,|P (z)d:r) }
RN RN

oN p*— pt
11 max{|uu||zf (*;(Q HuuHLp (@) (Q)’ HuuHLp m(Q)} (17)

IN

IN

IN

for some constants cyg, ¢;1 > 0. Similarly, there exists a constants c;o > 0 such
that

N
[ a2, 55 o
Q

2N (r(2)—1) 2N
:/|un| 2N-A— |u#|2N—>\*dx
Q

2N N7 - 2Nr:r _
< cipmax § luul e lull S el 0 (18)
L2N=X" (Q) L2N=-2" (Q) L2N=3" (Q)

Nor(a)
Combining inequalities (17)—(18), u, € L? @ (RY) and u,, € Lana (RN), we

know that the two sequences {||un|m”) zunuu|2Nﬂ+ } and {||un|r<z) 2y AT }

are equi-integrable in L'(RY). Additionally, |u,|" ™~ 2upu, — |u,|"® ae. in RY
as n — oo. Therefore, by Vitali’s convergence theorem (see, Bogachev [3, Corollary
4.5.5]),

| r(x) r(z) % N % N
| 2w, — |y, in L2v—F (RY)N L2v->= (RY) as n — oc.

So, combining the above information, Theorem 1.1, the boundedness of {u,} in
WP @) (RN) and Sobolev embeddings, we have

r(y) r(x)—2
lim / / [t (It ()2 () ()
RN JRN

n—oo ‘x — y|)\(m,y)

T(y r(z)
L[ e, o)
RN JRN |z — y|A @)

Similarly we have

r(y) r(x)—2
RN JRN

n— oo ‘.’L’ — y|)\($,y)

e ()" () |7
/RN /RN P dxdy. (20)

Fix ¢ > 0. Using hypothesis (H;), Hélder’s inequality (see Musielak [21]), the
boundedness of {u,} in W‘i’p (z)(RN ) and Sobolev inequalities we obtain

/RN [, upn)(un — uy)de

< 5/ |un|p(m)*1|un7u#\daz+C€/ | ™ @y, — | da
RN RN

< ecus|fun [P0 I

1( RY) [y — uuHLP(w)(RN)

+Cecrs|lfun|™ 1H

1( &Y [ uM”LT(l')(RN)
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< ecyq + 05014\\un - UILHLT(.T)(RN)

for some constants ci3, c14 > 0.
Thanks to p < 7 < p”, hypothesis (V1) implies that [u, — | - @y) — 0 as
n — oco. Since € > 0 is arbitrary, we have

lim fx,un)(un —uy)de = 0. (21)

n—oo RN

Similar to the proofs of relations (17) and (21), we also have

lim [z, u,)(un —uy)de =0 (22)

n— oo RN

and

lim flz, un)u,de —/ [z, uy)u,de. (23)

n— oo RN

Let us define the following linear continuous functional

(L(u),v) = / (|Vu|p(””)_2VuVU + V(m)\u|p(”‘)_2uv) dx
RN

for u, v € WLP@) (RN, Thus, by u, — u, in WiP@ (RNY as n — o0, we have
\% " 1%

lin;o<£(uu), Up, — uy) = 0. (24)

n—r

On the other hand, since {u,, } is bounded in Wé’p(m) (RN), it follows that {£(u,)}
/
is bounded in (W‘l,’p(w) (RN)) . Passing to a subsequence, still denoted by {L(u,)},

X /!
we may assume that there exists an element w € (W‘l/’p (l)(RN )) such that

lim (L(uy,),v) = (w,v) (25)

n— oo

for all v € W‘l/p(w) (RY). Using (Y7, (un),u,) — 0 as n — oo and relations (16),
(19), (23), (25), we deduce that

[ ()"t () ")
(w,uy) = ,u/ fla,uy uudx—i—/ / ” dxdy. (26)
RN JRN |(E — ‘)\(w,y

From relation (26) and hypothesis (Hz) we have that (w,yuy) > 0.
Since {u,} is a (PS)C” sequence, combining Lemma 3.1 and relations (16),

(19)—(25), for large enough n € N we obtain
0n(1) = (T}, (un) = T}, (u), up — wy)
= (Lun); un) = (L(un), up) = (L), tn = up)

- / (F(0m) — (2 1) (tn — )z
N )0 ) = 12 1,
RN JRN (
)
(

r(y)|z — y|=v)

/ / ) O ) ) o) ~ 10 5,
RN ]RN

r(y)le — y ey

Un) = <w Up)

B r(y) _ (@)
/ / [un(y) — uu (" |un () — upu(z)] dxdy + on (1)
RN JRN

r(y)|z — yA=v)
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(L(uy) — ﬁ(u“) —uy)
_ r(y) _ r(x)
/ / @) — 1)) ) ot )
RN JRN

r(Wle -y

Relation (27) implies that
hm <£(un) - E(uu),u — Up)
IO (2) — (@)
= hm/ / [un(y) = ()| - £ dzxdy. 28
% fes Jo Tl = gD .

By Theorem 1.1 and Sobolev embedding inequalities, there exists c¢15 > 0 such

that
_ (y) _ r(z)
[ [ 0 ) o,
RN JRN r(y)lz — yA=w)

< clsmax{uun ~all o ey = 3y oy } (29)

AAISO7 we can deduce that there exist two pOSl(lVe constants Ci16, C17 such that
i H NH‘)[r x N || MH”r
C16 111 Up, u - Unp u 1,p(z
1,])( )(R ), p( )(RN)

/ (1Vtn = V" + V (@), — 0, [P ) o
RN

IN

IN

" _
c17 max{|un - uH||€V‘1/,p<x>(RN), e — u“llzvjvéﬂf’m(RN)} ) (30)
Denoting
={zeRY:1<p(x)<2} and Q={zeR":p(x)>2},

we allow the case that one of these sets is empty. Then it is clear that RY = Q;UQs.
From Kim-Kim [15, Proposition 3.3], we see that the following estimate

(I¢l + CHP@=2e —¢> ifx e,

31
417" ¢ — ¢ p@) if 2 €0y 31

(|€PP2¢ — |¢PEI72¢, € — Q)rn {

holds for all &, ¢ € RY.
We distinguish the following three cases.

Case 1. Q; = RY. By relations (29), (30) and (31), we have
(L(un) = L(up), un — up)
> gt / (|Vun — YV, |P® + V(z)|u, — uﬂ|p(w)) dx
RN

Y

. + -
c13 min { ||un — uNHZ‘;V‘l/’p(m)(RN)’ Hun - u“zv‘l/"’(m)(RN)}

P

_ r(y) _ r(z) 2rF
comin] ([ [ 1020 =l V) o) VT
RN JRN r(y)|z — yA=w)

(/]RN /RN un (y) — uu((lg)zy)_lu]b/\((x)’y)— ()" dxdy) P } -

v
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for some positive constants ¢1s and c¢19. By relations (28) and (32), for g, > 0 the
following estimate

+

wx{ (0075 (0027 } 2 e (53
holds true. By a similar argument as in relation (13) and Lemma 4.2, we can deduce
that

lim ¢, =0. (34)

pn——4o00

Since u, —» u,, in W‘l,’p(x)(RN) as n — 0o, combining relation (34) we have

#Er_‘{loo Huu”W‘l/vP(m)(RN) < HEI_POO nh_{go ||Un||W‘1/,p(m)(RN) = #EI_EOO op = 0. (35)
Denote
p*=sup{p>0:p, >0}, (36)

where g, is given in (16).

Next, we show that pu* < +oc. Indeed, if p* = 400, we can assume that there
exists a subsequence {u,} C R with p — +00 as k — oo, such that g, > 0 for all
k. Without loss of generality, using relation (34) we can assume that 0 < §,, <1
for all k.

Using relations (27), (33) and (w,u,) > 0, we obtain

pt pt

6,7 (755) > max{@uk)lw—, <gﬂk>15¢+} Sep>0 (37)

for some constant cop > 0. This inequality and relation (34) imply that 0 > 0, since
2r~ > pT. This is a contradiction. So, u* < +o0c. Therefore, for all > pu*

. |Un($) — uu(x)‘r(x)Wn(y) — uu(y)|r(y) _
lim /RN /RN dzdy = 0. (38)

neo r()le -y
Relations (28) and (38) yield that
nlgr;()(ﬁ(un) — L(uy), un —uy) = 0. (39)

Using relations (32) and (39) we conclude that

nh_)ngo l[un — uu”W‘l/*P(””)(RN) = 0.

Case 2. ; = RY. Using relation (31), Holder’s inequality (see Musielak [21]),
Sobolev’s inequality and the boundedness of {u,} in W‘l,’p (@) (RY), we have

/ <|Vun - Vuﬂ|p(m) +V(z)|u, — uu|p(x)) dx
RN

p(x)/2
< ¢91 / ((\vun|P<w>*2vun — |V, PO =2Vy,) (Vu, — Vuﬂ))
]RN
(2-p())/2
X (|Vun|p(’”) + IVuu|p(’:)) ' dx
(22 (o)—2 p(@)/2
oo | V@) (P2 = P20, (0 = )
RN

)(2—p(w))/2
T

X <|un|p(x) + |uu|p(m)
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)P(fﬂ)/2

< 2¢91 ((\Vun|p(z)_2Vun — |Vuﬂ|p(””)_2Vuu)(Vun — Vu,)

L2/p(=) (RN)

(2-p(2)/2
x )

<|Vun|p(w) + |vuu|p(r)

L2/(2=p(2) (RN)

p(z)/2

+ 221 || (V@) (Jun "2 = "0, (w0 = )

L2/p(@) (RN)

(2-p(x))/2
x )

(V@)@ + V(@) [

L2/(2=p(=)) (RN)
< cpamax {{L(un) = £(uy),un — wp)* /2 (L) = £y, = u)* 2 (40)

for some constants ca1, coo > 0.
By relations (29), (30) and (40), we obtain

max {(ﬁ(un) — L(uy), un — uu>p+/2, (L(un) — L(up), ty — uu>p7/2}
1

C22

(|Vun — Vu, |P@ + V() u, — uu|p(’”)) dx
RN

Y

: pt P~
C23 M1 {Hun - uu”Wl,p(z)(RN)a l|wn — UMWLPW(RN)}
\%4 v

1 |Un(y) - uu(y)r(y) ‘Un<.'1,‘) — UM(I>|T(3:) 2rt
dxd
Co4 mln{ </]RN /]RN T(y)|m _ y|,\(z’y) ray ,

n(®) — 1 ()P fin (@) — @)@ \E
(L L s taty) } 4

for some positive constants co3 and coq4.
Using relations (28) and (41), we get

maX{(Qu)”+/27 (Qu)”f/z} > Ca3 min{(gu)p”@”, (Qu)”’/@m}.

This relation implies that

max {(Qu)p+/27p_/<2r+)v (Qu)p_/27p+/(2r_)} > >0 (42)

Y

for o, > 0.

Similarly we prove that p* < 400 (" is given in (36)). Otherwise, if p* = 400,
we can assume that there exists a subsequence {ur} C R with px — +o00 as k — oo,
such that g, > 0 for all k. Without loss of generality, by relation (34), we also can
assume that 0 < 6, <1 for all k.

By relation (27) and (w,u,) > 0 again, together with relation (42), we deduce
that

—(p_ _ pt _ — _
6 T 7E5) 2 max {0 )" 27120, (2P 1) 2 0> 0
(13)

for some constant co5 > 0. Since p~r~ > p™, using relations (34), (43) we arrive at
a contradiction. Hence, p* < 4o00. Similar to the case Qy = R, for > p* we can
obtain

=0.

lim |Juy,
n— oo

— U ||W‘1/J7(TE)(]RN)
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Case 3. Q1 # () and Q5 # 0.
Denote

pl = sup p(z) and p; = inf p(z).
€N €N

Arguing as in the discussions of relations (32) and (41), together with relations
(29) and (30), we can conclude that there exist some constants cag, ca7, cag > 0
such that

mw{wwm—aW»%—w»wwm—aw»%—mmﬂa

(L(un) — L{uy), un — “,u>pl_/2}

v

026/ (|Vun - Vuu|p(:”) + V(x)|u, — u#|p("“’)) dx
]RN

Y

. + -
Co7 ININ { ||un — UHHZ‘;V‘]/J,(J)(RNY Hun - UM:;V‘l/‘p(m)(RN)}

P

_ r(y) _ r(x) 2rF
cxmin{ ([ [ a0 =l Dt 0) 0 )
RN JRN r(y)|z -y

Jun (y) — ()" fun (z) = uy ()] i
(/}RN /]RN r(y)|z — y|rew) dxdy) } (44)

Using the main formula (28) and relation (44), we get

+ - . + /(o — (ot
maX{Qm (o) 72, ()" /2}202smm{(9u)p /@) (g, )P /2 )}-

This relation yields that

Vv

ya P+

mwﬁ@ﬂwn@mﬁzT}zm>o (45)

for g, > 0. Arguing as in the above cases, we obtain that p* < +o0o (u* is given in
(36)). So, for p > p* we deduce that

nlggo lun — UMHW‘I/*P(””)(RN) =0.

In conclusion, we deduce that there exists some constant p* > 0 such that T,
satisfies the (PS), ~condition on W‘l,’p(w)(RN) for all u > p*.
The proof is now complete. O

Proof of Theorem 2.1.  Using Lemmas 4.1 and 4.3, there exists p* > 0 such that
for all 4 > p* the functional T, has a nontrivial critical point u, € W&’p @ (RM).
More precisely, the critical point u, is a mountain pass solution of problem (P,).
Moreover, relation (34) implies that ||uu||W\1/,p(I>(RN) — 0 as p — +oo.

The proof of Theorem 2.1 is now complete. O
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5. Proof of Theorem 2.2. We first establish some auxiliary properties.

Lemma 5.1. Assume that hypotheses (Hs) and (Hs) hold. Then there exist 0 <
po < 1 and po = po(po) > 0, no > 0, such that Y, (u) > no for allu € W‘l/p(m)(RN)
with ||u||W‘1/,p(z>(RN) = po and for all p < pyg.

Proof. For all u € W‘l,’p(x)(]RN) with [[ul| o @) @y < CQQHU;”W‘I/,;D(Q:)(RN) <1(cog>1
does not depend on u), we deduce from hypothesis (Hs), Theorem 1.1, Holder’s
inequality (see Musielak [21]) and the Young inequality that there exists c3p > 0
such that for any ¢ > 0

> p _ 2r— o 6(37) a(x)
T#(u) = 2p+_1p+ ||uHW‘1/~P(x)(RN) CSOHU’”W&/YP(E)(]RN) H RN OZ(QS) ‘ul dx
1 _
p 2
> WHUHW&;P(“(RN) - C3OHU||M’I/“1/=P(I)(]RN)
afp*f afpif
_ p*
2,“4629 Hﬁ” *(IJ)( (1( )(R || || 1, p(J.)(RN)
1 2r—
= W Tr lull”’ WL &) — esollulliga s gy
ptprt
B o pt a* *— pTp*Ft—a—p
—e P  2ucyd IIBII e ) (46)
BEE =) (RN)
since o~ < pT. Taking e = 277" pT ", relation (46) yields that
1 2~
) = 27 0l ) = a0 0 o g
. %
a’p a”p* ptp* aTp* T
+ Tt —a—pr— *
— (21) p+>1’ P P <2/,1/629 + ||/8H *7 > ]
& ) 1) (RN)
Set
- 1
() =277 pt T gt 0<t< —.
C29

Since 2r~ > p™, we have

1 1 1/(2r~—p*)
L(po) = max £L(t) >0, with pp = min -~ () .

21) +10307’

Denote

ptp*t—a—p*— R, —1
2 po P T Lot a1\ Sy :
po = <(2 )> (2 Pip* ) (2029 T8l JR - ) :
GAEe ) (RN)

Thus, for all u € WP (RY) with lully

have

1p() gy = PO and for all p < po, we

st

_aTptm 2Tyt prp*t—a=p
Y, (w) > o) — (21“+ +) e L ope
u( ) = (100) p o 29 H/B” *(m a(m) (RN)
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ot p*t

¢ e T
> - (2 ) - 2p0C
> {(po) p HoCag Hﬁ” o 5 @)

£(po)
2

=10 >0,

being a~ < p™.
The proof is now complete. O

Lemma 5.2. Assume that hypotheses (Hs) — (Hs) are fulfilled, then ¢, < 0 for
any 1 € (0, 0], where ¢, = inf {Y,(v) :u € By}, By, = {u € W‘l,’p(z)(RN) :

||u||W‘1/,p(m>(RN) < po} and the numbers py and po are given in Lemma 5.1.

Proof. For a fixed zy € U, let R be so small such that Bag(z9) C U, where U is
given in (Hy). Then, we choose a function ¢ € C3°(Bzg(x0)) such that 0 < ¢ <1,

0< ”w”W‘l/»P(Z)(RN) < Po

and

(/ @ dr > 0.
Bar(z0)

For each fixed p € (0, pol, by hypothesis (Hy), we obtain for all 0 < ¢ < min{b, 1}

2pF P~
T, (ty) < o / W@z | £
p Bar(zo)

Since kT < p~, we can find a fixed tg > 0 even small such that

_ 1/(p~—k")
to < min < b, 1, uap_ / ) dy ,
2ph JBar(xo)

consequently, to1) € B,, and T,(toy)) < 0. This implies that ¢, < 0 for all p €
(0, po]. The proof is now complete. O

By Lemmas 5.1 and 5.2 and the Ekeland variational principle (see Ekeland [8,
Theorem 1]), applied in B,,, there exists a sequence {u,} C B, such that ¢, <

1
To(un) <cu+ - and

||Un - w||W‘1/=P(I)(RN)

To(w) > Tp(un) + p
for all w € B,
Then, similarly with the proof of Corollary 1.5.3 in Struwe [28] (see also Willem
[31, Corollary 2.5]), we can deduce that {u,} is a (PS)CM sequence of the functional
T,

Lemma 5.3. There exists p. > 0 such that {u,} admits a strongly convergent
subsequence in W‘l/’p(z)(RN) for all 0 < p < pus.
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Proof. Thanks to {u,} C B,,, similarly to the proof of relation (16), we may

assume that there exist u, € W‘l/’p(x) (RN) and d,, 0, > 0 such that, passing to a
subsequence, still denoted by {u,,},

Uy —> u, in Wl’p(m)(RN)a ||Un||W‘1,*”(’”)(RN) = s
_ r(x) - ()
/ / |tn () — uy(2)] |UnA( y) — uu(y)l dzdy — o,
RN RN ( )|'T _y| ’y

2N 2N
Up =y, ace. in RN u, ["@ 2 |, |"@ in L2V -5F (RY) 0 L= (RY),
*(x)
| " 20, 5 w720, in L%(RN)
(47)
as n — o0.

Note that {u,} C B,,. Forany Q C RY it follows from hypothesis (Hz), Hélder’s
inequality (see Musielak [21]) and Sobolev inequality that

[ 1) = o

< 2|8 U, a()-1 Up — U p* (x
H ” *( ) ( 7 (0 )|H | ( ,u)”L a((z)) &™)
ot

(o) =Dp* (r) p* (@) Pt
=< 2”5” e max lun| ™ @ |up —uy| °@ dx 7
& = (Q) RN

o
(a(z) =1)p* (x) p* () p* T
lun| ™ =@ Ju, —uy| o@ do
RN

ot
Dp* () p*(x) p* =
< 2H/@II ma 2t =TT e ot — Uy | ) || paco ;
( z) (Q) Loa(@)-1
)p ) p*(x) pa*%
2] TN aier Mt = ) T g
< ea1| Bl LB

for some constant ¢33 > 0. By 8 € L#%(RN ) we see that the sequence
{f (2, upn)(uy — u,)} is equi-integrable in L*(R™).

Additionally, f(z,u,)(un —u,) — 0 ae. in RN as n — oo. So, it follows from
Vitali’s convergence theorem (see, Bogachev [3, Corollary 4.5.5]) that

lim f(z, un) (un —u,)de = 0. (48)
n—oo [pN
Similarly we can conclude that relations (22)—(23) also hold true in this section.
Furthermore, we also can use the argument produced in the proof of Lemma 4.3 to
show that relations (19)—(20) also hold true for this setting.
Let £ be defined as in the proof of Lemma 4.3, then relation (24) continues
to remain unchanged, and we also can deduce that there is a functional w €

!/
(W‘l/’p(m)(RND such that relation (25) holds for all v € W‘l/’p(z)(]RN). Conse-

quently, on account of the fact that {u,} is a (PS)
relations (26), (27) and (28) are fulfilled.

¢, sequence, we can derive that
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Similar to relation (48), we deduce that

lim F(x,uy)dx = / F(z,u,)dz. (49)

n—oo RN RN

Since {u,} is a minimizing (PS)., sequence, using relations (24), (25), (26), (28),
(49) and Lemma 3.1, for sufficiently large n € N we have

Cu / (|Vu |p(x)+V( )|un|p(x)) dx—,u/ F(z,up)dx
RN p RN

|r(w)|u (y )|r(y)
dxd (1
~/]RN/]RN 2r(@)]z — yPevr(y) " utonll)

<|Vun|p (x)\un|p($)) dx — p/ F(z,u,)dz
RN

T(w) r(y)
/ / - ualy) dzdy + 0, (1).
gy Jry  r(y)|e —yrMEw)

It follows that

1 1
O 2 () = £, 0 fuu>+p—+<c<un>,u#>fu/w F(z,un)de
()t ()
1
~ o= /RN/RN Dl = g dxdy + 0,(1)
[un () — uu(z )lr(x)‘un( )_uu(y)|T(y)
dzd
p+ /]RN /]RN ()l —y[Aey) !

[t |7 | (37) ")
/RN/R y)|z — y|Aaw) dzdy + F . f(@, uy)uyde

/ / |T($)|u W) dxdy — F(z,up)dx + on(1)
RN JRN Yz — y|)‘(m’y) v RN o "
Jtn () = u ()" |un (y) — up(y)|"V
= (+ - ) _/ / — y|rzy) dudy
p RN JRN r(y)lz -yl
— / flx,uy)uy,de — ,u/ F(z,u,)dz + 0,(1), (50)
RN RN

since 2r~ > p™.
On account of the fact that ||un||W‘1/.p<z)(RN) < po (where pg is independent of
), hence, ||U;L||W1,p(m)(RN) < po, and there exists some positive constant ¢z (which
\4

does not depend on p) such that

/ F(z,u,)dz < c3p  and / flz,uy)upde < cso.
RN RN

So, this relation together with relation (50) yields that

(7 =57) L L e

< e+ 2ucz2 + 0 (1).

Combining this relation and Lemma 5.2, we deduce that

_ r() _ ")
lim lim / / lun(@) = up (@) unly) = el )0 i o =0, (51)
p—0n—oo RN JRN ( )|z—y‘)\(x y) n—0
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Denote
_Jinf{p € (0,p0] : 0 >0} if 0, #0,
M = . -
Ho if Op = 07
where g, is given in (47).

According to the division of RY and relation (31), we also can divide the discus-
sion into three cases.

Case 0y = RY. As in the proof of Lemma 4.3, i.e., similar to the proof of relation
(33), we can get

ot -
max{@u)l—z‘?, <@M>1—5>+} > 19 (52)

for o, > 0. If p,, # 0, relations (51) and (52) imply that p, = inf {g € (0, o) : 0, >
0} > 0. Otherwise, we can deduce that there exists a sequence {u;} C R with
Ou, > 0 such that pu, — 0 as k — co. By relations (51) and (52) we have

. _pt _pr_
0= lim max{(guk)l 2r= (Quk)l 2r+} Z C19.

k—o0
This is a contradiction. Hence7 o, =0 for all € (0, 1], ie.,
_ r(z) — r(y)
iy [ ) ) I gy g
n—oo JpN JrN ( )|q; |A(r,y)

for all € (0, pu«]. Therefore, by relations (28), (31) and (53) we get

nlgrolo llun — Uu”w‘l/*p(z)(RN) =0.

As for the cases Q; = RY and # () # Qg, it follows as above and as in the
proof of Lemma 4.3 that there exists u, > 0 such that |lu, — uunl,pm(RN) — 0 as
\%

n — oo for all p € (0, p].
This proof is now complete. O

Proof of Theorem 2.2. Using Lemmas 5.1 and 5.2, we can deduce that there is a
(PS)CH sequence {u,} of the functional T, at the level ¢, < 0 given in Lemma 5.2.
Additionally, by Lemma 5.3, there exists p, > 0 such that u,, — u, € W‘l,’p (I)(]RN )
(up to a subsequence) as n — oo for all € (0, p15]. Furthermore, Y, (u,) = ¢, <0
and Y, (u,) = 0, that is, problem (F,) has a nontrivial solution u,, € Wé’p(m) (RM).

This proof of Theorem 2.2 is now complete. O

6. Proof of Theorem 2.3. In this section, we use J, : W, ’p(T)(RN) — R to

rad

denote the energy functional related to problem ((),) defined by

Tu(u) =/ @ (IVu|p<’”>+|u|p ””’)dx— / Fla,ude— [ fg| P (®) oy

|T<w o))l
/RN / TPy W

By hypothesis (Hl), we can demonstrate as Lemma 3.2 in Alves and Tavares [2]
to infer that

Ju € Ct(WHI®Y),R),

rad
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with
(Jp(u),v) :/ (|Vu|p D=IYUV0 + |u|P®)- 2uv> dx — f(z,u)vdx

RN

P (2)=2 Wg(@)u(@)[")~2u(z)v(2)
/ K(z)|ul " =2yndy — /RN /]RN )l =y dxdy

for all u, v € W-PE(RN),

rad
Our first result establishes the mountain pass geometry.

Lemma 6.1. The functional J,, satisfies the following properties.
(i) There exists p1 > 0 small enough such that J,(u) > 0y for allu € W ’p(x)(]RN)
with ||ul|y 1.0 ®yy = p1 for some m1 > 0.
(ii) There exists e € W ’p(i)(RN) such that |[e|lw1.pe) ®ny > p1 and Jy,(e) <O.

rad

Proof. The proof of this lemma is similar to that of Lemma 4.1. So, we omit it

here. O
For some fixed p > 0, let us define
¢ = Inf max J, (@), (54)

where
r— {7 eC ([0, 1],WT6’£($)(RN)) L 7(0) = 0, 7(1) = e} .
By Lemma 6.1, we obtain that ¢, > 0. Furthermore, we have the following
asymptotic behavior of these levels.

Lemma 6.2. Assume that (Hy) and (Hg) are fulfilled. Then we have

lim ¢, =0,
p—400

o o
where ¢;, is given in (54).

Proof. The proof of this property is similar to that of Lemma 4.2. Therefore, we
omit it here. O

Lemma 6.3. There exists u** > 0 such that J,, satisfies the (PS)C“ condition on
W, ’p(z)(RN) for all p > p**

rad

Proof. Let {u,} C W, Lo(z) (RY) be a (PS)., sequence of the functional J,, that is,

rad
Ju(un) = ¢, and J) (up) — 0 as n — oo. In a similar fashion to relation (13), by
(Hg) we are able to conclude that the sequence {u,} is bounded in W"7” (=) (RM).

rad

So, we may assume that there is an element v, € WN’IZ(I)(RN) and d,, ¢, > 0 such

that, up to a subsequence, still denoted by {u,},
Up 2w, in W W)(RN) [ e

rad
|Vt [P() + . |p(w) " oin M(RN), ) X vin M(RY),

) |un (@) = uu (@) g(y) [un (y) — wu(y)["™
dxd
/]RN /IZQN r(y)|x — y|/\(w,y) ray — Ous

Un =ty e i RV, Jun 7@ 2 [u, 7@ in L3—F (RY) 0 L3v—5= (RY),

* ()
|’"(x)_2un 2 |u#|’“(‘”)_2uu in Lﬁwﬁ(RN),

‘un
(55)
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as m — o0o.
It follows from the concentration-compactness principle for variable exponents
(see Fu and Zhang [11, Theorem 2.2] that

v = [Vuu [P 4 Ju, [P + Zvjérj +v and v= ‘u#|p*($) + Z VjOu;
JjeJ JjeJ
where J is a countable set, {v;}, {v;} C [0,400), {z;} C R", §,, is the Dirac mass

centered at z;, U € M(RY) is a non-atomic non-negative measure. Applying the
concentration-compactness principle for variable exponents, we get

limsup/ |un|p*(x)dm:/ dv + v :/ [w,|P (”’)dm—I—ZVJ—i-Voo
RN RN

n—oo jeJ

Next, we show that

/ [ty — up|P” @ daz = 0. (56)
RN

According to the above discussion, we divide the proof into two parts, that is, v; = 0
and v = 0.

(1) We first show that v; = 0. For any ¢ > 0, there exists a radially symmetric
function ¢ € C§°(B2:(0)) such that 0 < ¢ <1, [Vp| < 2/e; ¢ =1 on B.(0). Since
{un} is bounded in W:az(z) (RY), we obtain (J;,(un), unp) — 0 as n — co. By
straightforward computation we obtain

(T}, (tn), np) =/ (IVun\p(z) + Iunlp(””)) pda — u/ f (@, un)ung do
RN RN

/ K(z)|u,? (m)goda:—i—/ Vi |P® =2V, Vou, dx

/ / |un T(y g(@)|un(z )lT(x)@(x)dxdy
RN RN '

Wl —yPe

Similar to the proof of relation (17), we can get

lim f(z,un)unpde —/ [z, up)uypde.

n—oo RN

So, it follows that

lim </ V[P 2V, Vou, d

n—roo
T(y) r(x)
/ / y)lunly | g(x )It:n( z)| w(x)dmdy
RN JRN (y)|z =y
:/ —Lpdv—i—,u/ f(x,uﬂumpdx—i—/ K(x)pdv. (57)
RN RN RN

Clearly, there exists some constant czz > 0 such that

/]RN |V<puu|p(x)dx

B2 (0)
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+ p—

. (4NwN) Es <4NwN> e
C33 Max ,
= N N L5 (Bac (0))

=0.(1), ase — 0, (58)

where wy is the surface area of the unit sphere in RY. On account of the fact
that u, — u, in LP®(By.(0)) as n — oo, we can derive that IVoun|l Lo @myy =
[Vouul Lpe @yy in R as n — oo. Hence, relation (58), Hélder’s inequality (see
Musielak [21]), the Sobolev inequality and the boundedness of {u,,} yield that

lim lim sup
e=0 nooo

/ Ve, [P =2V, Vou, d
RN

IN

lim lim sup/ |V, |P@ Y| Vou, |dz
RN

=0 nooo

IN

211mhmsup|HVu [P@)-1
-0 nooo p(2)—T (RN)

cga lim [ Vipu,[| o )
0 (59)

for some constant cg4 > 0.

Note that ‘l}m g(x) = 0, for any n > 0, there exists § = §(n) > 0 such that
z|—0

2e < 6, we get

2N * 2N * 2N
/ 9(x) 3 Juy [P P de < nav-sF / Jun [P d < cg5m 3T
Bae(0)

Voun HLp(r)(]RN)

IN

RN
for some constant css > 0. Thus we have
. _2N .
lim lim sup/ g(x) T =F |u, [P @ dg = 0. (60)
e—=0 nooco st(o)

Similarly we have

e=0 nooo

2N r(x)
lim limsup/ g(m)w = |tn |28 =2~ dx = 0. (61)
Bac (o)
Relations (60)—(61) together with Theorem 1.1 imply that

7“(1/) r(z)
lim hmsup/ / Ylun(y 9(@)lun (@) () dzdy = 0. (62)
RN JRN

e—=0 nco )|x — y|)\($,y)

Using (H;) we can easily see that

lim flz, uu)uupdr = 0. (63)

e—0 RN

Note that K(0) = 0, then it follows from relations (57), (59), (62) and (63) that
v({0}) = 0. This implies that 0 is not an atom of v.

We now prove that v; = 0 for any j € J. We deduce from the above discussion
that there exists x;, # 0 (jo € J) such that v;, = v;,({z;,}) > 0. Due to {u,} €
WTC’LZ(I) (RY), the measure v is O(N)-invariant, where O(N) is the group of orthogo-
nal linear transformations in R™. For any g € O(N), v;, ({92}, }) = vj, ({zj,}) > 0.
Additionally, we see that

O = _inf __[O(N),] = +30
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where |O(N),| denotes the cardinality of {gz : g € O(N)}. Therefore, v, ({gzj, :
g € O(N)}) = 4+o00. But the measure v is finite, hence we get a contradiction. So,
for any j € J we deduce that v; = 0.

(ii) Finally we prove that vo, = 0. For any R > 0, we choose a radially symmetric
function £ € C°°(RY) such that 0 < £ < 1, |VEg| < 2/R; £g = 1 in R \ Byg(0),
&r = 0 in Bg(0). Clearly, {u,€r} is bounded in Wm;g(x) (R™). Consequently, it
follows that (.J},(un), unér) — 0, as n — oo. Thus, we have

<Jl/i(un)7un£R> = /]R (|vun‘p(z) + |un‘p(z)) ngx - M/]RN f(J?, un)ungR dx

/ K(x)|un|? @) Rdx—|—/ |Vun|p(x)72VunV§Rundx

7"(y) r(z)
RN JRN )|$ - \’\(‘T’y
Similar to the proofs of relations (17) and (63), we deduce that
RLITOO nh_}rrgo x flx,up)upéprde = REIJ,I}OO - f(x,up)u érda = 0. (65)

By the definition of £g, we can deduce that

li P(T) Jp =
R Jo IVEnul" e =0,

since 1 < p~ < p(z) < p* < N. Due to u,, — u, strongly in L@ (Byz(0)\ Br(0)),
we observe that

nlggo VErUR || Lo (mry = ||V§RU/L||LP<””)(RN)'

In a similar fashion to relation (58) we have
lim limsup
R—+00 pooco

Note that | ‘hm g(xz) = 0. Similar to the proof of relation (62), we also have
x|—+oco

") r(z)
lim hmsup/ / 9(@)lun ()] gR(x)dxdy:O. (67)
RN JRN

R—+00 posoco )|£L’ — y|)‘ z,y)

/ |V, [P =2V, VEgundz| = 0. (66)
RN

Also, we observe that

lim limsup K (2)|un [P @ égpdr = 0, (68)

R—+400 psoco JRrN

being lim K(z)=0.

|z| =400

So, by relations (64)—(68) we derive that
Voo = lim hmsup/ (|Vun\p(z) + |un|p(z)) Erdx <0,
R—+00 nsoco JRN
that is, voo = 0. Then, we can easily deduce that
lim hmsup/ (|V(un§R)|p(””) + |un§R\p(x)) dz = 0.
R—+00 pooo JrN
It follows that
Voo = lim limsup/ |§Run\p*(x)dx =0.
RN

R—+0c0 posoo
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Therefore, we deduce from (i) and (ii) that

limsup/ |un|p*(z)d:c:/ [up|P” @ da.
n—oo RN RN

So, combining this relation and Corollary 1, we get
lim |t — )P @ da = 0. (69)
n—oo RN

Additionally, we also can use the argument produced in the proof of Lemma 4.3
to show that relations (17)—(23) also hold true for this setting.

Let £ be defined in W:&Z(w)(RN) as in the proof of Lemma 4.3, then relation
(24) continues to remain unchanged in this section, and we also can deduce that

!/
there is a functional w € (W P@) (RN )) such that relation (25) holds for all v €

rad

WhPE(RN). Note that (Jo(un),u,) — 0 asn — oo, g, K > 0 and g, K €

rad

L= (RY), together with relations (19), (23), (25), (55) and (69), we have

(w,up) / flz,uy u#d:v—ﬁ—/ K(z)|u, P (®) dg:
(@) r(x)
Ff [ I, -
RN JRN

|m — P\(xvy)

Using relation (70) and recalling that hypoth051s (Hg), we know that (w,u,) > 0.

Consequently, on account of the fact that {u,} is a (PS)., sequence and g, K > 0
and g, K € L>°(RY), together with relations (19)—(25) and (69), we can conclude
that

hm (L'(un) — L(uy), un uﬂ>
i Dl (v) — 1, ) D) () — @)@
= 1 /RN /RN dxdy

n=o r(y)e -y

+ lim K( Mttn, — w, P @ da

n— oo
_ r(y) _ r(x)
:m// Dltn(s) = ) D@l ) = @I
n—oo JpN JRrN r(y)|e — y|A =)
Similar to the proofs of relations (29)—(30), we get

/'/ Dln(y) = w IV 9@ @) — (@I
RN JRN

r(y)lz — yr=v)

. )
< o max { un = w3 o gy tm = 3o ) § (72)
and

. + -
C37 M1 { l|tn — u/iHi‘/l,p(z)(RN)? l|n — u/t||€{/l,p(z)(RN)}

/RN (|Vun - Vuu‘p(z) + up — uu|p(m)) dz

IN

IN

. _
C3g mMax { ||un - /U/MHI;{/L(J(J:)(RN)7 ”un - u}i||€v1,p(m)(RN)} (73)

for some constants csg, c37, czg > 0.
Denote

w* =sup{pu>0:p0, >0}, (74)
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where g, is given in (55).

According to the division of R and relation (31), we also can divide the discus-
sion into three cases. The rest of the proof is similar to the proof of Lemma 4.3,
that is, using relations (70)—(73), we can use the argument used in the proof of
Lemma 4.3 to show that pu** < +o00. Thus, for all u € [u**,400) we can easily get
un — wullwipe @yy = 0 as n — oo. Moreover, we also have

Jdm o ey = . (75)

In conclusion, there exists some constant p** > 0 such that .J, satisfies the (PS)

.. 1,p(x)
condition on W, >,

Cu

(RN) for all > p**. The proof is now complete. O

Proof of Theorem 2.3. Using Lemmas 6.1 and 6.3, we know that there exists
a constant p** > 0 such that for all 4 > u* the functional J, has a nontrivial
critical point u, € W:(;Z(x) (RN). That is, the critical point u, is a mountain pass
solution of problem (@),,). Moreover, relation (75) implies that ||uu||W‘1/,p(I>(RN) -0
as p — +00o. The proof of Theorem 2.3 is now complete.

7. Proof of Theorem 2.4. We first establish some auxiliary results.

Lemma 7.1. Assume that hypotheses (Hs), (Hs) and (Hg) hold. Then there exist
0 < p2 <1andp = pi(p2) > 0, 2 > 0, such that J,(u) > ny for all u €

W:C’Lfl(x)(RN) with ||[ul|y 1o @yy = p2 and for all p < py.
Proof. This follows with similar arguments as in the proof of Lemma 5.1. O

Lemma 7.2. Assume that hypotheses (Hs) — (Hy) and (Hg) — (Hg) are fulfilled,
then ¢, <0 for any p € (0, u1], where ¢, = inf {Ju(u) ju € Epz},

By, = {u € WEED RN« [lullyr oo vy < p2}

and the numbers py and ps are given in Lemma 7.1.

Proof. This follows with similar arguments as in the proof of Lemma 5.2. O

By Lemmas 7.1 and 7.2 and the Ekeland variational principle (see Ekeland [8,
Theorem 1]), applied in B,,, there exists a sequence {u,} C B, such that ¢, <

1
Ju(un) < ¢, + — and
n

llun — w||W1m(w>(RN)

Ju(w) > J,(up) + -
for all w € B,,. Then, as in the proof of Corollary 1.5.3 of Struwe [28] (see also [31,
Corollary 2.5]), we deduce that {u,} is a (PS).,, sequence of the functional .J,.

Lemma 7.3. There exists piw > 0 such that {u,} possesses a strongly convergent
subsequence in W:&Z(m)(RN) for all 0 < p < flys.
Proof. Since the argument is similar to the proofs Lemmas 5.3 and 6.3, we only give

outline of the proof of Lemma 7.3. Thanks to {u,} C B,,, similar to the proof of
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relation (55), we may assume that there exists an element u, € W: az;(:c) (RY) and

0y, 0u > 0 such that, passing to a subsequence, still denoted by {uy},
un 2wy in WERRY),  unllw e @) — 84,

rad
|V, |P®) —|—|u |p<fv 25 vin MRY),  JuaP"® 25 b in M(RY),

)un () — wu(2)|" ) g(y)un(y) — wu(y)"™
/RN/RN z)| w(@)" P g(y)un(y) — uu(y)] dvdy = o,

r(y )Ix—yl“‘”’y)
r(x r(xz) 2N N 2N N
Up =y, ace. in RN u, ["@ 2 [, |"@ in L2 -5F (RY) 0 L= (RY),

*(a)
\un|r(z)*2un 2 |u#|r(:‘c Tfuy, in LT (RN),

(76)

as n — o0.

~Jinf {p € (0, 1] : 0 > 0} if 0, # O,
oxex = . i
H1 if Ou = 0,

where g, is given in (76).

As in the proof of relation (69), we can conclude that relation (69) also holds true
for this setting. Then, using the argument produced in the proof of Lemma 5.3, we
can show that f.. > 0. Eventually, for all 1 € (0, frss] wWe get [[un —upullwroe) @yy —
0 as n — oo.

In conclusion, there exists some constant .. > 0 such that J, satisfies the (PS)CH

condition on er p(x)(RN) for all 0 < gt < p4x. The proof is now complete. O

Proof of Theorem 2.4/. By Lemmas 7.1 and 7.2, we deduce that there is a (PS)CM
sequence {u, } of the functional J,, at the level ¢, < 0 given in Lemma 7.1. Addition-
ally, by Lemma 7.3, there exists 4, > 0 such that u, — u, € W@ (RY) (passing

rad
to a subsequence) as n — oo for all v € (0, ft4x]. Furthermore, J,(u,) = ¢, <0

and J},(u,) = 0, that is, problem (Q,,) has a nontrivial solution u,, € W e RM).

rad
The proof of Theorem 2.4 is now complete. O
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