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Abstract

We are concerned with the qualitative analysis of positive solutions to the fractional Choquard equation

(=AY u+a(u = (Iy * lul%s)ul?0s"2u, xRV,

ueDSZRY)Y, u(x) >0, xeRVN,

where Iy(x) is the Riesz potential, s € (0,1), N > 25, 0 < @ < min{N,4s}, and 2} = %VT_Z‘;‘ is the

fractional critical Hardy-Littlewood-Sobolev exponent. We first establish a nonlocal global compactness
property in the framework of fractional Choquard equations. In the second part of this paper, we prove
that the equation has at least one positive solution in the case of small perturbations of the potential that
describes the linear term.
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1. Introduction

The Choquard equation

|x|

was first introduced in the pioneering work of Frohlich [18] and Pekar [40] for the modeling of
quantum polaron. This model corresponds to the study of free electrons in an ionic lattice interact
with phonons associated to deformations of the lattice or with the polarization that it creates on
the medium (interaction of an electron with its own hole). In the approximation to Hartree-Fock
theory of one component plasma, Choquard used equation (1.1) to describe an electron trapped
in its own hole.

The Choquard equation is also known as the Schrodinger-Newton equation in models cou-
pling the Schrodinger equation of quantum physics together with nonrelativistic Newtonian
gravity. The equation can also be derived from the Einstein-Klein-Gordon and Einstein-Dirac
system. Such a model was proposed for boson stars and for the collapse of galaxy fluctuations of
scalar field dark matter. We refer for details to Elgart and Schlein [17], Giulini and GroBardt [22],
Jones [24], and Schunck and Mielke [46]. Penrose [41,42] proposed equation (1.1) as a model of
self-gravitating matter in which quantum state reduction was understood as a gravitational phe-
nomenon. As pointed out by Lieb [28], Choquard used equation (1.1) to study steady states of
the one component plasma approximation in the Hartree-Fock theory. Classification of solutions
of (1.1) was first studied by Ma and Zhao [32]. For a broad survey of Choquard equations we
refer to Moroz and van Schaftingen [37] and references therein. We also refer to Cassani and
Zhang [9], Mingqi, Radulescu and Zhang [34] and Seok [47] as recent relevant contributions
to the study of Choquard-type problems. For more results on classical Choquard equations, we
refer to [1,8,11,12,21,29,30,32,36] and the references therein.

In recent years, the fractional Laplace operator has attracted much attention. The fractional
power of Laplacian is the infinitesimal generator of Lévy stable diffusion process and arises in
anomalous diffusion in plasma, population dynamics, geophysical fluid dynamics, flames propa-
gation, chemical reactions in liquids and American options in finance. For more details, we refer
to [4,20,26,27,43,44] and the monograph by Molica Bisci, Radulescu and Servadei [35].

We note that the study of the existence, concentration and multiplicity of positive solutions for
the fractional Choquard equations is not much in the literature. In [15,16], d’ Avenia, Siciliano and
Squassina studied the regularity, existence, nonexistence, symmetry as well as decays properties
of weak solutions for the following fractional subcritical Choquard equation

1
—Au+u=(—*|u|2>uinR3, (1.1)

(=AY u + wu = (x| % [u|”)|u”>u in RV, (1.2)
where w > 0, a constant, s € (0,1), N > 25,0 < @ < min{N, 4s}, ZNN_“ <p< 2z,s, and
2= %VN__Z? is the fractional Hardy-Littlewood-Sobolev critical exponent, (—A)*® denotes the

fractional Laplacian operator. Later, in [48], the authors studied the existence of groundstates for
the fractional Choquard equation

(=A)u+u=(x|" % F(u) f@), xeRY, (1.3)
where the nonlinearity is subcritical and satisfies the general Berestycki-Lions type conditions.
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Let us consider the fractional critical Choquard equation

Jul
lx —y

u=0 in RV\Q,

dx u Z-*’ 2M in Q,
| |2
|

(—A)Y'u+ax)u= Q/ (1.4)

where Q CRY  a(x) is a potential function. When Q = RY and a(x) = 0, we have known that
problem (1.4) has the positive solution

CN,oz,s
N=2s >
(I+ x> 2

where Cy o s is the normalization constant depending only on N, « and s, and all positive so-
lutions can be obtained by this one by translations and scale changes, see [25,38]. However, if
Q # RN ora(x) # 0, the situation is not so simple. For example, if © is a bounded C!:! domain
and a(x) = X, constant, as a consequence of the Pohozaev identity [38,45], it follows

2
—sk/uzdx = w / (8%>2 (x -v)do,

Q Q2

where I'(-) is the Gamma function. If €2 is a bounded starshaped domain, i.e., (x - v) > 0 on E)Q_,
then (1.4)_has no nontrivial solution when A > 0, and has a nontrivial solution while A < —A
for some A > 0, see [38] for more details. In the case 2 = RY and a(x) = A # 0, constant, a

generalized version of the Pohozaev identity [15,36] associated to (1.4) reads as

N -2 . NA 2N — Zis

s/|(—A)m|2dx+—/|u|2dx= “/ uuI oy,

2 2 22% Ix — yle
RN RN TOR2N

which implies that

sh / |u|2dx =0
RN

so there is no solution with A # 0. If @ = RY and a(x) # A, A % 0, how to get nontrivial solutions
for (P) becomes more complicated.

After a bibliography review we have found only a paper related to (P) that is due to Ma and
Zhang [33]. In that paper Ma and Zhang considered the case a(x) = AV (x) — 8, and established
the existence and multiplicity of weak solutions by variational methods if 8 > 0 is appropriately
small and, y > 0 large, and V (x) € CRN R)isa nonnegative function such that inty ! O)isa
nonempty bounded set with smooth boundary. We notice that the energy of solution obtained in
[33] (also in [25,38]) is less than the threshold value

N+42s —q 2N-e

. N+2s—a
Chl ' =———7
4N —2a M1
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At this point a question arises naturally: If & = R" and a(x) # A, A # 0, a constant, can we
get a nontrivial solution of (1.4) with energy higher than ¢j, ;?

In this paper, we stress our attention to this case, and give an affirmative answer. We consider
the following fractional Choquard equation involving pure critical nonlinearity

(=AY u +a)u = Iy * ju|>)|u)?es"2u, xeRN,

(P)
ueDS’z(RN), u(x) >0, xRN,

where I, : RN — R is the Riesz potential defined by

A rg
I,(x) = —O; and A, = N o (2) —,
|x| I(A52)m /2N~

ands € (0,1), N > 25,0 <a <min{N, 4s} and 2 zN “ . The fractional Laplacian (—A)*u,
of a smooth function u : RY — R, is defined by

u(x) —u(y)

(—A)AI,{()C) = CN,S P.V. m

dy,

where P.V. is a commonly used abbreviation for “in the principal value sense”, and Cy s denotes
the normalization constant. The work space D*>(R") is defined by

_ 2
DRV ={ue L ®RY): //'“(x) |§‘V(+y2)5| dxdy < +00 } .

endowed with the norm

_ 2
| = // ex) lﬁ’v(fz)s' dxdy,

where 25 = 2N /(N — 2s) is the fractional critical Sobolev constant. According to Propositions
3.4 and 3.6 of [39], we have that,

_ 2
lull® = |(— A)2u|2—/ dedy, (15)

|N+2v

by omitting the normalization Cy 5. For an elementary introduction to the fractional Laplacian
and fractional Sobolev spaces we refer the interested reader to [35], and to [5,6,23,35,52,53] and
references therein for more results on fractional critical elliptic problems.

Before enunciating our theorem, we make the following assumptions on the function a :
RN - R*:

(a1) The function a is positive on a set of positive measure.
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(a2) a e L9(RN) forall g € [py, p2], where 1 < py < 2X=2 < p) with p, < ;25 if 25 < N <
4s.
(a3) The L2 -norm of a satisfies the following inequality
ds—a 2s—N)[(N—a)(1—s5)+2s]+ (2N —a)2s
|a| N RN) < (22Nfot — )S 2s(N—a+2s) R
L2s (
where
—A)zuPdx
S = inf Jrw 1 2) 2l (1.6)

eDs2(RN #0 % 2*
! ( hu (f]‘RN |Ll| -‘d&f) %
is the fractional best Sobolev exponent.

We say that u : RY — R is a weak solution of problem (P), if u € D*?(R") and for all
¢ € D¥2(RN) we have

/(—A)%u(—A)%¢dx+ /a(x)ugpdx: /(Io, # |25 ) u %os " 2ugdsx.
RN RN RN

In order to state the main result, we consider the C! class functional I : DS2(RY) - R
associated to problem (P) given by

1
2255

1 50 1 2
I(M)=§/|(—A)2M| dx—l—i/a(x)u dx —

* *
/(Ia*|u|2a,s>|u|2a-sdx,
RN RN RN

and for any v € DS2(RV),

I'(u)v = /(—A)%u(—A)%vdx+ /a(x)uvdx— /(Ia*|u|2§.s)|u|2«’if2uudx.
RN RN RN

Using the above notations we are able to state our main result.

Theorem 1.1. Assume that (a1) — (a3) are satisfied, then problem (P) has a positive solution
ug € DS2(RYN) such that

N+2s —a - N +2s —a -

The proof of Theorem 1.1 is inspired from the seminal paper due to Benci and Cerami
[7], where the authors investigated the existence of positive solution for the following classi-
cal Schrodinger equation with critical exponent

—Au+a(x)u=|u|2*_2u, x eRN, (1.8)
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The authors used the properties of the solutions of the limit equation —Au = |u 12*~2y in combi-

nation with the variational methods and arguments of degree theory, to obtain positive solution
to (1.8). However, we remark that in the proof of Theorem 1.1, the ideas of Benci and Cerami [7]
cannot be immediately applicable to our situation due to the double nonlocal framework caused
by the fractional Laplacian operator (—A)* and the convolution term I * |u|275’~v. Some refined
estimates for this problem are very necessary and delicate. For instance, see Lemmas 3.1, 4.11
and Theorem 3.2 below. After the publication of [7], some authors studied related problem to
(1.8), see [2,3,10,13] and references therein.

We note that, when s = 1, the classical Laplacian case, Alves and Figueiredo [3] considered
problem (P) and established a nonlocal version of global compactness lemma by applying a
Cherrier type inequality (see Lemma 2.2 [3]). However, in the nonlocal case, 0 < s < 1, the
fractional type Cherrier inequality is not clear and not available in the literature, and so we can
not make use of such kind of inequality to treat problem (P). Simultaneously, the nonlocality
caused by the nonlocal operator (—A)*, makes the arguments explored in [3] unable to be carried
out straightforwardly in our case because some estimates become more subtle to be established.

Another novelty is that, different from [25,33,38], where the energy of the solution is less
than the level c;, 1, we show the existence of high energy solution of (P) satistying (1.7). To this
aim, we shall establish the version to R" of Struwe’s global compactness result [50] for problem
(P) to study the behavior of Palais-Smale sequences, which may be useful also in other different
context and has never appeared in the literature, to the best of our knowledge.

The paper is organized as follows. In Section 2 we give some preliminary results involving the
limit problem. In Section 3, we establish a splitting theorem and show some compactness results
involving the energy functional associated to (P). In Section 4, we prove some technical lemmas
and the proof of Theorem 1.1 is completed in Section 5. In the Appendix, we give a preliminary
lemma which is useful in proving the convergence of integral with nonlocal term.

Notation. Throughout this paper, |- |, denotes for the norm in L4 (R™); B,(x) denotes the ball in
RN centered at x with radius r; The letters C, C;,i = 1,2, - - -, denote various positive constants
whose exact values are irrelevant, and u* = max{=u, 0}.

2. Limit problem

In this section we give some preliminary results involving the limit problem that will be useful
in our approach. To begin with, we recall that the key point to apply variational method for
problem (P) is the following Hardy-Littlewood-Sobolev inequality.

Proposition 2.1. (/29]) Let t,r > 1 and 0 <a <n with 1/t +a/n+1/r =2, f € L'(R") and
h € L"(R™). There exists a sharp constant C(t,n, «, r) independent of f, h such that

//%dxdysca,n,a, I lelh. @1
x—y
R2n

__ . _ _2N
Ift =r = 55—, then

JI(E -4 Ty l+%
C(t,N,Ol,r):C(N’a)ZT[j (2 i){r(z)} '
L(N-%) [T(V)
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In this case there is equality in (2.1) if and only if f = (constant)h and

h(x) =

forsome Ac C,0#y eR anda e RV,

In general, let f = h = |u|?, then by Hardy-Littlewood-Sobolev inequality we have,
q
// lu()u(y)l dxdy
lx —y|*

is well defined if |u|? € L' (R") for some t > 1 satisfying

2«
-+ —=2.
t+N

Therefore, for u € D‘Y’Z(IR{N ), by Sobolev embedding theorems, we must have

2N —« 2N —«
=q = .
N N —2s

From this, for u € D¥2(RY), we get

1
% 1

/ (o  [uPes)u(x)Posdx | <[AgC(N, a>]2w|u|2*f Dy, (22

Let Sy be the best constant

S 1(=A)2ulPdx
] 9

* * £3
Jrv (o % ) u s dox) s

Sni = inf
ueDS2(RN),u#0 (

2.3)

and S be the best Sobolev constant

—A)2u|?d
S— o JRYICA)uldx 2.4)

uEDSERY) w0 (Jgw lul%dx) 4

where 2% = 2N /(N — 2s) is the fractional Sobolev critical exponent. It is well-known that S, ;
and S are both achieved if and only if « is of the form

NEZA'
e
C| ——— , xeRN
&2+ |x — xp?
for some xg € RY, C > 0 and ¢ > 0 (see Theorem 2.15 of [16]). Moreover,
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X. He and V.D. Rddulescu
Shi= —- 2.5)
2.5
DN,a
In particular, let
N/(2s) e
B Bi [ SV/eOT(N)
VO T rmEr M A= )
It follows from [14,52] that
S|UJ: = U] (2.6)
and moreover, we have
- Y 2 aVPT(ND)
WWIP= Uk = | — o dx=p] = 5%,
s 1+ x]%) '(N)
RN

(N—a)@s—N) - 2=N__
U(x) =S 3-atn) DIN-e 21y (x)

)

Put
then U (x) is the unique minimizer for Sj, ; and satisfies
(=AY u = (g * JulPes) [ 2u, xeRY, @7
and
s ~ ~ 2N—«
/ [(=A)2U2dx = /(Ia * |U| @) |U|"esdx = Sh]‘fl“"”‘. 2.8)
RN
Moreover, by the invariance of the scaling, we see that the functions
—_ o S 27 f—
Uep(x) =7 U <x b) s )gﬂﬂ)Dz(N “ BTy (x b
e
N-—2s
_ S(Z(Na)ﬁzsl\{) p}z\;"; T pie 2
(&2 + |x — b 2.9)
= SUX(N[X)E?J:ZT) Dm Ue.p(x)
N-2s
b 2
- s ® —, ¥e>0,VbeRY,
(24 |x —b2)™2

solve equation (2.7) and satisfy (2.8), where
488
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(N—a)@s—N) - 2=N__
ba,s = S AWN—a+2s) Di](’/\(/x Dt+2.f)/31' (2.10)

Let us introduce the limit problem associated to problem (P),

(=AY u = (I * Jul?s) u?es"2u, x eRV,
{ * (Pso)

ue D2RN), u(x) >0, x eRN,
whose the functional associated I, : D*2(R") — R is given by

e /(Ia s e |u) s
s

Ioo(u) = % / |(—A)%u|2dx —
RN

Lemma 2.2. Let (u,) be a (PS), sequence for Io. Then

(i) The sequence (uy) is bounded in D**(RM).
(i) Ifup — u in DS2(RN), then I (u) = 0.
@iii) Ifc € (—o0, I\i;avz_a“ S}(lle_a)/Nﬂs_a), then I, satisfies the (PS). condition, that is, up to
subsequence, u, — u in D¥*(RN).

Proof. By hypothesis /o (1,) — ¢ and I (1) — 0, then there exists K > 0 such that

N+2s—«a

lunll>, VneN,
4N — 2«

1
K+ lupll = Io(uy) — == éo(un)un =
22Z’s

proving (i). Since u,, — u in D*2(R"), up to a subsequence, we get
un — L, RY), ¢ (2,29
and

u,(x) > u a.e.in RV,

By the Hardy-Littlewood-Sobolev inequality, the Riesz potential defines a linear map from
2N
L= (RN) to L% (RN). Thus

2N
Iy # |ty %05 — I % Juf?es in L'« (RY),

and for each ¢ € CSO(RN),

2N
|t |5 2u — |ul?xs"2u¢p in L2W=3 (RV).

The above limit implies that

2% 2k =2 2% 20k =2
/(Ia * |y |7 |y | "5 “uypdx — /(Ia * |y ") |u| s “updx,
RN RN
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and so, I ,(u)¢ =0 for all ¢ € C(‘)’O(RN). Now (ii) follows from the density of Cgo(]R{N) in
D*2(RN).

In order to prove (iii), we consider v,, = u,, —u and employing Brezis-Lieb lemma and Lemma
2.21in [19] we get

on(1) = I (un)uy = llun|* — /(Ia s |1t |20 ) 1| %5 d x
]RN

= [[oall® + lluel|* — /(1 *|vn|2«v>|vn|2wdx—/(1 # fulPe)u s dx + 0 (1) (5 1)
RN

=[lua]I* - /(Ia*|vn|23»v>|vn|23-sdx+on(1>.
RN

Hence, up to a subsequence, we conclude

1 2 _ 2% 2
0<l= lim v, = lim /(Ia*|vn| as )| v, |[“esdx.
n—od n—o0
RN

Suppose by contradiction that, / > 0. From the inequality

3%
2a,s

2% 2% 2
/<Ia*|vn| S mlPesdx | < ol

we obtain
2N —a
l>[SN]lzw :>l>SN+2‘ o, (2.12)
In view of
1 1 N +2s —
Ioo(u) = llull* = 7” I> >0,
2 22%, 4N —
and
N”S L onll? + Lo (@) + on (D), (2.13)
= (0] .
4N — Uy ool n
we derive that
N+2s —« N+2s —«
= v oy ol + lee (@) + 00 (D) = === va* + 0n (1)
=N+2s—a >N+2s—oz A
AN —2a  — 4N —2a MU 7
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which is a contradiction. Hence [ = 0 and
2 2
lvall” = llup — ull* — 0.
The proof is now complete. O

Lemma 2.3. If u € D>2(R") is a nodal solution of (P)ss, then

45— N —+ 2S — 2N-o
IOO (l/l) Z 2N+2x—a N+2s—a

AN — 2o !

Proof. Arguing as in the proof of Proposition 3.2 [21], for all t+, = > 0, we have

25s—a

N+2s—a N+2s—a N+
Lo(tTu®) 3= + Lo (17u7) 50 < Ioou) - .
Fixing 1+, 1~ > 0 such that I’ (t¥u™)(tTu®) = 0, it follows that

N+2s —a 2N-«

1 I+ +) > N+2s—a
TUT) 2 =N o Sh
The last two inequalities imply that

45— N +25s —« ZN—;EO(
Ioo(u)zzivﬂ—amsé"’lﬂ ’

completing the proof. O
3. A nonlocal global compactness lemma

We start this section by establishing the following technical lemma for I, which will be
useful to prove our compactness theorem.

Lemma 3.1. (Nonlocal global compactness property) Let (uy,) be a (PS). sequence for the func-

tional I, with u, — 0 and u,, - 0. Then there exist a sequence (R,) C R™ and a nontrivial
solution vy € DS’Z(RN) of (Pso) such that, up to a subsequence of (un), we have that

wa () = 1y (1) = RY72 20 (Ry (x = xn) + 0 (1),
is a (PS)c—1.(vy) Sequence for .
Proof. Let (u,) C D*2(RV) bea (PS). sequence for I, i.e.,
Ioo(up) — ¢ and I (u,) — 0. 3.1)

From Lemma 2.2-(i) we know that (u,,) is bounded in DS’Z(RN). Since u, — 0 and u,, » 0, it
follows from Lemma 2.2-(iii) that

491



X. He and V.D. Rddulescu Journal of Differential Equations 282 (2021) 481-540

N+2s —a -«

N+2s—a

> = -
= TUN 20 M

Notice that

1 N +2s —
c+o,(1) = Io(up) — 22* — 1 (un)un:T” n”
which implies that
5 2N—«
lim / [(=A)Zuy [*dx > S) 2. (3.2)
n—oo ’

Let L be a number such that B>(0) is covered by L balls of radius 1, (R,) C R™, (x,) C RN
such that

Nz#[»VZ;ga
sup / (= A)2u, 2dx = / (—A)2uyPdx = L
yeRN 2L
Ry L) Bt an
and
_ X
ve(x) = REN2y, (— +x,,) .
R,
Using a change of variable, we can show that
2N—«a
N+2s—a
/ [(=A) 2, Pdx = L = sup / (=) 2 v, dx.
yeRN
B1(0) B1(y)
Now for each ® € D%2(RY), we define the function
~ N—25)/2
3,00 = Ry (R (x — 1))
which satisfies
/(—A)%un(—A)%andx - /(—A)%un(—A)%cbdx, (3.3)
N N
and
/ (L [t 25210y Bl = / (o # [un %) o P20, 0dx. (3.4)

RN RN

These limits yield that
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Io(vy) = ¢ and I (v,) — 0.

From Lemma 2.2, there exists vg € D*2(R") such that, up to a subsequence, v, — vg in
D*2(RN) and I, (v9) = 0.
As a consequence of Lions’s lemma [31], we have

/|vn|2?¢dx—> /|uo|2?¢dx+2¢(xj)uj, Vo € CP(RY) (3.5)
RN RN

jelJ
and

(=) 20, = = (M) 20+ Y pGpuj. Vo e CERY),
jeJ
2
for some {x;} C R” and for some (vi}jes, {uj}ljes CRT with Svjz? < uj, where J is at most
a countable set. In fact, J is finite. To see this, consider ¢ € C3° (R™) such that 0 < ¢ < 1, for all
x €RN ¢(x)=0forall x € BS(0) and ¢ (x) = 1 for all x € B1(0). Now fix x; e RY, j € J and
define v, (x) = ¢(xjjf ), for each p > 0. Then 0 < ¢, (x) < 1, for all x € RV, ¥/, (x) = 0 for all
x € B5 (x;) and ¥,(x) = 1 for all x € B,(x;). We have that (v,1,) is bounded in D**(R)
and I (vy)vp Y¥p = 0,(1). Moreover, we have

/ (= A) 3 up(=A)} (v )dx = / (Lo # [0 ) on s W pdx 4 00D, (3.6)
RN RN

Notice that
/ (—A)20,(—A) 2 (vp,)dx
RN

// (vn(x)—vn(y))zwp(y)dxdy_'_/ (W (X) = V(Y Wp(x) = Yo (y)) v (x)
R2N |

dxdy.
X — y|N+2s x — y[N+2s Y

(3.7)

It is easy to verify that

// (Un (x) — vn(y))zllfp(y)dxdy

|)C _ y|N+2s

R2N

=/|(—A)%vn|21ﬂp(y)dy—> /Iﬂp(y)du as n— 400
RN RN

and
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/¢p(y)dﬂ—> u{xjHh=n; as p—0. (3.8)
RN

Moreover, using Holder’s inequality we obtain that

// (W (x) — vn(y))(lﬁp(X) - Wp(y))vn(X)

y|N+25

[V, () — v (V)| - [Yp(x) — Yo (D] - [va (X)]
= / x — Vs dxdy (3.9)
R2N

<c / [V (x) =¥ ()] |Un(x)|2d dy

|x _ |N+2v

By Lemma 3.6 in [53], we derive

_ 2 2
lim lim /Wp(x) VoI [vn ()] dxdy =0. (3.10)

p—>0n—>+oo |x — y|N+2s

On the other hand, using Proposition 2.1, we have, as n — 400,

2N—«a
2N
* *
/(Ia*|vn|2a,s>|vn|2avprdx scwnb* /|vn| S dx
N
2N—«a QJ
2N ﬁ

<c / lPy,dx | o C / o (v
N N

and

/l/fp(y)du—>u({xj})=vj as p— 0. (3.11)

Combining (3.7)-(3.11), we obtain

2 KJ
SvE <. <Cv>
v;i =pj=Cv
2/2% .
As 2* >2and ), jesV j/ 5 < 0o, we see that v ; does not converge to zero, which means that J

is ﬁmte. From now on, de denote by J ={1,2,--- ,m}and "' C R¥ the set given by
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I'={xje{xj}jes: |xj| > 1}, (x; givenby (3.5)).

In the sequel, we are going to show that vy # 0. Suppose, by contradiction, that vy = 0. Then, by
(3.5) we get

/ |Un|2?¢dx — 0, Vo e C?O(RN\{xl,xZ’ s X D). 3.12)
RN
Since the sequence ¢, (x) = ¢(x)v,(x) with ¢ € C RN \{x1,x2, -, xp}), is bounded, we
have
I (Un)n = 0 (1),
that is
on(1)
- / (vn (X) — U"(y))(¢(x)vn(x) — ¢(y)v”(y))dxdy - /(Ia * |Un|2¢)>kc.s)|vn|2zvS*2vn(¢Un)dx
|x — y|N+2S
R2N iy
— 2
_ // () ) |z"£y;)|z(v¢+(zf) OO gy + // o0 )%dxdy
R2N

- / (L # o ) g s .

(3.13)

Then,

2
//¢( )(Un(x) |1131J£2yv)) dxdy

— /(1 *|vn|2"”)|vn|2‘“¢dx /vn( )(Un(.x) |Un(_y))(¢(-x)_¢(y))dxdy+0n(l)

y | N+2s
R2N

IA

dxdy|+ 0,(1)

/(Iot * |vn|2;='f)|vn|zz~5¢dx + // vn(x) (v,,(x) - |Un(y))(¢(x) - ¢()’))

X — y|N+ZS

IA

2
(Lo  [vn %) o s pedx | + [[vall | [] 1on(x )|2%dxdy +0u(1).
N R2N | | "

(3.14)
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Now, we show that
2
//I v (x )|2|¢>(x) lﬁ(ﬁ)' dxdy = 0, (1). (3.15)
R2N

For this, let » > 0 be such that supp(¢) C B, (0), and write R2N as

N = [®RN\B,(0)) x (RV\B,(0)]U[(B-(0)) x (RV\B,(0)] U [(RV\B,(0)) x (B,(0))]
=A1UAUA3.

Then we have

2
//I vy (x )|z|¢>(X) liiyﬁl

R2N

2 2
//I Un (x )|2|¢(x) |<]€(+y2)sl dxdy +//| U (X )|2|¢(x) |(}€Er)2‘| (3.16)

2
o [l 25

We are going to estimate each integral in (3.16). Since ¢ =0 in RV \ B,(0), we have
|¢(x> pWI?
//| v ()P ————5— Ty =0. (3.17)

Using |¢| < C1, |V¢| < C and the mean value theorem, we infer that

2
//| o, (x )|2|¢>(X) |iiyz)vl xdy

_ 2
= / |Un(x)|2dx / Mdy

Jx — y N+
B/(0) (yeRY:Jx—y|<r)

— 2
+ / v (x)|*dx / 9> = ¢WI” 0

|)C _ y|N+2s
B, (0) {(yeRN:|x—y|>r}

1
SC|V¢|ioc(]RN) / |vn () [7dx / mdy

B, (0) {yeRN:|x—y|<r}
+c / w0 2d / L
Uy (X X T  N1oe
n |x_y|N+2s y
B (0) {yeRN:|[x—y|>r}
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Cr2-2s / |on (x)|2dx + Cr / |vn () dx = 0, (1). (3.18)

B, (0) B, (0)

Regarding the integral on A3, we have

2
//| v, (x )|2|¢(X) |<f/iy2)s|

— 2
= / |Un(x)|2dx / Mc{y

|x _ y|N+2s
RN\ B, (0) {yeB,(0): lx—yl<r) (3.19)
| (x) —p ()2
+ / |vn () [7dx / mdy
RN\ B, (0) {y€Br(0): [x—y[>r}
= Ar + Br-

Note that if (x, y) € (RN\B,(0)) x B,(0) and |x — y| <r, then |x| < 2r, we obtain

2
/ |0 () Pdx / 0@ —¢GII7,

|x _y|N+2s

A

IA

RN\ B, (0) {ye€B,(0): |x—y|<r}

1
2 2
= CIVoliwrn) / [vn (x)|“dx / IZIdey (3.20)
B> (0) {z€Br(0): |z|=r}

=Cr? / U2 () Pdx = 0, (1).

By (0)

We observe that, there exists K > 4 such that

Az = (RN\B,(0)) x (B,;(0)) C [Bk,(0) x B, (0)] U [(RN\Bk,(0)) x B (0)].

Then, we have the following estimates:

2
/ Jon () 2dx / 9@ — WP,

=y
Bk, (0) {yeBr(0): |x—y|>r}
) 1
<C [vn (x)|“dx |z|N+2Yd (3.21)
Bk, (0) {zeRN: [z]>r)
=cr® / v (x) |2 dx = 0,,(1).
Bk, (0)

We note that if (x, y) € (R¥\Bk,(0)) x B, (0), then |x — y| > |x| — [y| = &l + &r —r > KL,
and by using Holder’s inequality, we get
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_ 2
/ |un () [2dx / PO =W

|x _ y|N+2s
RN\Bg,(0) {yeBr(0): [x—y|>r}
v (0)[?
=¢ / dx Y
RN\Bg,(0)  {y€Br(0): |x—y|>r}

2
<crV / LGl

|x|N+2s
RN\ Bk, (0)
22
% z
s N+2s) =
<crV / v, (0% dx / x| ¢ SE=N
N\ Bk, (0) N\Bg(0)

<Cck N / lon (O dx
N\Bg,(0)

< C]K_N.
From (3.21) and (3.22), we obtain
B, <CiK ™V +0,(1).

Combining (3.14)-(3.20) and (3.23), we derive

2
l1msup//|vn( )|2%dxdy

n——+o00 |

2
= lim 11msup//|vn( )|2%dxdy=0.

K—00 nsoo |

By Proposition 2.1 and (3.12), we have

%
2

* * 2:;.& *
/<Ia # vn |20 [vg [P pdx < Clon /|vn|2s¢dx = 0u(1).
N N

From (3.13), (3.24) and (3.25), we can conclude that

2
[ oS sy~ 0, Vo CFEM s, xa,
R2N

which leads to
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/I(—A)%vnlzqﬁdx =o0n(1). (3.27)
RN

Let p € R be a number such that 0 < p < min{dist(I", B1(0)), 1}. We claim that

[(=A)Zv,[2dx — 0. (3.28)

Bl+p(0)\31+§(0)

Indeed, let ¢ € CSO(RN) be such that 0 < ¢(x) <1 and ¢(x) =1 if x € B14,(0). Set 5 =
BIRN(xy, - ) by (3.27) we get

0< / [(—A)2v,%dx < / [(=A)2 v, 2dx

Bl+p(0)\31+%(0) B14(0)

= / |<—A>%vn|2¢7dxs/|<—A)%vn|2¢7dx»o,
B14,(0) RN

which implies that (3.28) is true.
Let W e Cgo(]R{N) be such that 0 < W(x) < 1, |VW(x)| <2 forall x € R" and

I xeB 0,
Y(x) = 0. XGBerz,)(O),
¥

and consider the sequence (V) given by W, (x) = W(x)v, (x).
Now, using (3.15), one has

/ (=) W, 2dx

RN\ B14,(0)

2 2
<2 / /vn(y) [W(x) —W(y)l dxdy

|x_y|N+2s

RM\Bi4,(O) RV

W(x)2 v (x) — va () (3.29)
+2 / / X _y|N+2s dxdy

RN\BHp 0) RN

— on(1) +2 / W) (= A) v (0) Pdlx
RN\Bj4,(0)

=0, (1).
Similarly, we can obtain the following estimate.
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[(—A)2 W, dx

Biip(ON\B, ¢ (0)

- / un (1) W(x) — W)

| — y| N2

dxdy

Biip(O\B,, p O RN

+2
Biip(O\B, o O)RY

Un ()| W (x) — W(y)|? (3.30)
<2 / / = |V dxdy

2 _ 2
/\P(y) [n (x) — va (¥)] dxdy

|x—y|N+2S

Bi1p () RN

[vn (x) — v ()2

+2 |x_y|N+2s

Bl+p(0)\Bl+g(0)RN

Un ()| W (x) — W(y)|? s
=2 / / |x_y|N+25 dxdy+?2 / I(_A)zvn|2dx

B1+p(0) RN B|+p(0)\Bl+€_(0)

=on(D),

dxdy

where in the last equality we have used the estimates (3.15) and (3.28).
Since (vy,) is bounded in D*-2(RN), we derive that
(=A) 20, (=A) I, dx + / (=A) 20, (—A)2 W, dx
BiipO\B, g (0) Bip©

- / (I * [Un) %) |0y |25 Wdx — / Iy % |vn |25 ) |0, |25 W x

By OB, 0 Biis©@ (3.31)

=— / (—A)2 0, (= A) I W,dx + / (I * |0a]%05) [0, |05 Wdx + 0, (1)
RN\Bj1,(0) RN\Bj1,(0)

=— / (—A)20,(=A) 2 W,dx + 0, (1)

RN\ B14,(0)
Notice that from Holder’s inequality, (3.29) and (3.30), we get
/ (=A) 20, (=A)IW,dx — 0 as n— oo, (3.32)
RN\B11,(0)
and
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(—A)3v,(—=A)3W,dx — 0 as n — oo.

31+p(0)\31+§(0)

Moreover, by Proposition 2.1 and (3.12) we get

(I 5 v |5) [y |05 W x = 0,,(1).

Brip(O\By, 5 (0)

From (3.31)-(3.34) we obtain

/ (=A)3 W, Pdx / (L [ Wy ) [ P dx = 0 (1),

BJ+§(O) Bl+§(0)

Note that

/|(—A)%wn|2dx= / [(—A)2 W, 2dx + / [(—=A)2 W, |dx
]RN

RM\By1,(0) Bi1,(0)

(3.33)

(3.34)

(3.35)

= / (—A)2W, | %dx + / (= A)2 W, 2dx + 0, (1)

BH—/)(O)\BH_% (O] Bl+% (0)
=0, (1) + / [(—A)2 W, |dx
Bl+§(0)
and
/ (I Wy P05 ) Wy | 25 dx
]RN

_ / (L # | Wp )W P

B14p(0)

= / (Lo | Wy o) | Wy [P e + / (Lo | Wy [P0 | W [P .

Bi4p(O\B,, £ (0) BHg(O)

From (3.34), (3.36)-(3.37), we derive that

/ (=2)5 W, Pdx — /(Ia |0 25 [ W [P dx = o0 (1),
RN RN

Recall the definition of Sy, ;, we have
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1 . | )
1@l | 1= e 720072 | = [0 2 — i [0 2
" i (3.38)
2 2* 2* -
< || Wull* — /(Ia ® | W, ") | W, |“esdx = 0,(1).
RN
Since

RARES / I(—=A) W, Pdx + / [(—A)2 W, | 2dx + / [(—A)2 W, | 2dx

B, ,(0) Biip(O\B,, p (0) Bp©

—on(D) + / (=)} W, Pdx

BH—%(O)

5on(1)+/|(—A>%vn|2dx,
B

where in the last inequality we have used W, = v, in B; +2(0) and that B, +20) C B>(0). There-
fore, we arrive at

10 1P < 0n(1) + / (=AY v, Pdx

UL Bi(Gw)

L
<o) +Y / (= A)} v, [Pdx
k=1p, (y)

G@N=)/(N+2s—a)
n,l

<on(1)+ L sup /|<—A>%vn|2dxson<1)+

yeRN
Bi1(y)

3 ,

which gives that

G@N=0)/2N+25—a0) 225 2

h,l

Wl <o0,(1) +

21/2

S(2N—a)/2(N+25—ot)
21/2 )

* h,l
= [ W, [P < 0, (1) + (

(N—a)/2(N+2s—a) \ 220,52
S 2% 2
< =W |7

h.l
= o0,(1) — ( : 172

(3.39)

It follows from (3.38), (3.39) that
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S}(l2lN—oc)/2(N+25—ot) 225 2
1@l | 14 0a(1) — — —
Shal,s 2
B ! G@N=)/2(N+25—a) 225 .2
h.l
= | W, |I* | 1+ —— () = ( 172 ) (3.40)
Shi
1 o
SNl | 1= 10 072 | < 0n(1).
i
Let us observe that
2N —«
—(22* —2)-2*
2(N +2s —a) (2205 =2) = 2as
2N —« 22N — ) ) 2N —«
= X — —
2(N +2s —a) N —2s N —2s

=0,

implies

2% 1
w2 | 1— 1) B PO
n 2 — n )

where we conclude that ¥,, — 0 in D*2(R™). Since v, = ¥, in B;(0), we infer that

0< / [(=A)2v,%dx = / |(—A>%’wn|2dxs/|(—A)%vn|2dx,
RN

B1(0) B1(0)

which yields to

/ |(—A)%vn|2dx—>0 as n — oo.
B1(0)

But this last convergence contradicts to

N21\12—a
+2s—a
/ I(=A)2v,|2dx = h’éL ., VneN.

B1(0)
Hence, vg # 0.

Now, we are going to show that there is (w,) in D*2(RN) such that (w,) is a (PS)c—I.,O
sequence for I, satisfying

W (X) = 11, (x) — RS T2200(R, (x = x4)) + 0 (1),
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for some subsequence of (u,) that still denoted by (u;,). For this, we consider ¢ € Cgo (RN such
that 0 < v < 1 for all x € RN and

1, if x € B1(0),

VOO=10, i xe BLO),
and define a sequence by
W, (0) = 1 (0) = Ry 209 (R (6 = 2)) ¥ R = ), (341)

where (R),) satisfies R, = % — 0o. From (3.41) we get

n

N)/2

RPN 0,0 = RSNV 2u, (x) — vo(Ry (x — x)) W (R (x — x)).

Making change of variable, we get

_ Z — Z Z
RV(LZS N)/an (R_ +xn) = Rl(12S N)/zun (_ +xn) — ()Y ( ) .

Denote by
~ — Z
Tn(@) = RV P, (_ + x")
Ry
and since
¢ — Z
v (x) = R,(,23 N)/zun (— +x,,) ,
Ry
we have,
~ z
W (2) = vy (z) — vo(DV (7) . (3.42)
Ry
Set
z
Yn(2) = (v) , (3.43)
Ry
we see that
1, if ze€ B (0),
Vn(2) = . f"
0, if ze BzE (0).

By (3.42) and (3.43) we derive that

Wy (2) = v, (2) — V0 (2) Y (2).
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The proof is over if we can show that voy,, — v in D*2(R") and so (w,) is a (PS)e—Io(v0)
sequence for /. To this aim, we note that

2
llvoyrn — ol

/|< A)} (v — vo)Pdlx

[vo (X) Y (x) — vo(x) — Vo () Yn(y) + vo(y)l2 drd
|x y|N+2x y
R2N (3.44)

=/ [vo () [Yn () = ¥ (NI + [ Iﬁn(y)—1][Uo()€)—Uo()’)]|2

|x _ |N+2s

R2N
- / 100 () P [¥n (X) — ¥ ()12 dxdy +2 / [ (y) — 117 [vo(x) — vo(y)]?

|x_ |N+2v |x_y|N+2s

dxdy

As in the proof of (3.15), if we replace v, by vo, and ¢ by v, since supp(yr,) C B, R, 0), it is
easy to obtain the estimate

2 _ 2
/ [vo () [“ [P (x) — Y (V)] dxdy = 0,(1).

|x _y|N+25
R2NV

On the other hand, taking into account that [y, (x) — 1| <2, [, (x) — 1| = 0 a.e. in RY and
vo € D%2(RY), the Dominated Convergence Theorem implies that

/ (Y (y) — 1]2[U0(x) —vo(y)1?

Vs dxdy — 0 as n— oo.
x—=y

R2N
Coming back to (3.44) we get

Vo — vy in D¥2(RY)
which implies that,
Wy, = v, — vy + 0, (1).
Since v, — vg in D*2(RY) and v, — v a.e. in RY, we have

/|<—A)%vn|2dx=/|<—A>%vo|2dx+/|(—A)%(vn—vo>|2dx+on<1),
RN RN N
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2k 2% 2% 2k
/(1a i [0 [%) v, [ dx = /(1a i [ %) Juo %o dx
RN RN

+ /(1a i [on — Vo) o — voPoesdx + 0 (1),
RN

which implies that

s 1 * *
Ino(wy) = / [(—A) 2w, |dx — — / (I * [wy |%5) [wy| % dx
ZZM
RN RN

S~ 1 ~ * ~ *
z/'(‘A>2wnI2dx— . /<1a*|wn|2a,s>|wn|2a.sdx
ZZQ’S
RN RN

s 1 * *
=/|(—A)zvn|2dx—22* /(la*|vn|2avf>|vn|2wdx
RN .S N

1
223

- / (=) vol2dx + /<Ia  Ju0[255) [ s dix + 0 (1)
RN RN

= oo (Un) = loo(v0) + 0, (1).

Therefore,
Ino(wy) — ¢ as n— 00,
where ¢ = ¢ — I (vg). Now, we are going to show that
115 (@) — I (vn) + Lo ()l p-s.2 vy = O (3.45)
Indeed, for all ® € D*2(R"N) with ||®| < 1, we have
| (1o (@) — I (vn) + 15 (v0)) @]
= ‘ / (—A) 2T, (—A)2 ddx — / (I * | Wy %) | Wy |2 =205, D x
RN
-~ / (—A)2v,(—A) 2 Pdx + / (I * |0 %) |0, | %520, Dl x
RN RN
+ / (—A)2vg(—A)2 ddx — / (I, * [vo|%) g | % ~2ug Delx
RN RN

= ‘ /[(—A)%wn—(—m%vn+<—A)%vo](—A>%cbdx
RN
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~ 2% ~ 2% D~ 2% 2k =2
- /[(Ia * [wy | 7S )| wy |75 T w, — (g * [vg["@5) v, |05~ vy,
RN

+ (I * [vo| %) [ |%es "2 vg ] b x

1

2

< /|(—A)%wn—(—A)%vn+(—A)%u0|2dx /|(—A)%d>|2dx
N N

(S

2% 2% 2 ~ 2% i~ 2% D~
+</[<Ia*|vn| ) P20 = (L |25 | B P2

RN
1
. 21 %
* * = 25 *
— UL g 25 g Poes 2] T dx) / oZax| . 346
N
By the definition of w,,, we have
/|(—A)%wn—(—A)%vn+(—A)%uo|2dx=on(1). (3.47)
]RN

Using Lemma A A, we get

/ | (L 5 o 209 ) o [P0 =20, — (L ¢ | W) 20 ) | W0 | 2o =2 — (I # [w0) % ) |wg| 20 =200 | BT dlx
RN

=o0,(1).
Since vg is a nontrivial critical point of I, we conclude that
Iéo(wn) = Iéo(vn) + Ic/xg(UO) +o0,(1) = Iéo(vn) +0,(1) =0,(1).
As ([ 15, (wi) | p-s2@ny < 15 W) | p-s2(rwy, it follows that 15, (wy,) — 0 and the proof of this

lemma is over. O

The next result is a version of nonlocal global compactness result for fractional Laplacian
Choquard equation in RY with critical growth.

Theorem 3.2. (A splitting theorem) Let (u,) be a (PS). sequence for I with u, — uq in
DS2(RN). Then, up to a subsequence, (u,) satisfies either,

(@) un — ug in D¥2RN) or;
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(b) there exists k € N and nontrivial solutions z(l), z(z), s 216 for problem (P)o, such that

k
2 2 72
laenll* = lluoll> + Y 1zl
Jj=1

and
k .
I(un) = T(wo) + Y Ioo(z).
j=l
Proof. From the weak convergence, we have that u is a critical point of /. Assume that u, -
ug in DS2(RY) and let (z,ll) c D52(RN) be the sequence given by z,i = u, — ug. Then by

hypothesis, we have z) — 0in D*2(R") and z! - 0 in D*2(RY).
Using Lemma 3 [2] and Lemma A, we have

Loo(z3) = I (un) — I (ug) + 04 (1) (3.48)
and

Lo (zp) = I'(un) — I'(uo) + 0 (1). (3.49)
By (3.48) and (3.49) we see that (z,ll) is a (PS)., sequence for /. Hence, by Lemma 3.1,

there exist sequences (R,.1) C R, (x,.1) C RV, z(l) € D*2(RN) nontrivial solution of (Ps,) and
a (PS)., sequence (z%) for I, such that

N—2s5)/2
22(0) =200 — R 22l (Rt (6 = x0,1)) + 0u (D).

If we define
_ X
v)(x) = RAN/2,] (— +xn,1> (3.50)
’ Rn,l
and
~ @2s—N)/2 2 X
Z,(x) =R, |\ 5— T X1 ).
’ Rn,l
we get
Z2(x) = v} (x) — 25(x) + 0n (1) (3.51)
and
ol =llz}| and / (Iy # v} Pes)|v) Pasdx = / (L # 12} o) 2 Pl . (3.52)
RN RN
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Hence,

L)) =Io(z)) and I (v}) =0 in D™2RY). (3.53)

From (3.53) and Lemma 2.2, we have that (v,ll) is a bounded sequence in D*2(RN) and, up to a
subsequence,

vl =z in DV2RY). (3.54)
As we arguing before, we conclude
Too (@) = oo () — Too(20) + 0n(1) = T (n) — T (u0) — Ioo(20) + 0 (1), (3.55)
and
15,2 = 1, (vp) — 15,(20) + on (D). (3.56)

IfE% — 0in Ds’z(RN), the proof is over for k = 1, since in this case, we get

2 2 12
llunll” = Nluoll” + lizoll*.

If 72 - 0, using (3.51) and (3.54) that 72 — 0, by (3.55) and (3.56) that (Z2) is a (PS),,
sequence for /. By Lemma 3.1, there exist sequences (R, 2) C R, (x,2) C RN, Z(z) e DS2(RN)
nontrivial solution of (Ps) and a (PS)., sequence (z,31) for I, such that

~ N-2s5)/2
@) =22) = Ry P (Rya(x — x0.2)) + 0n (D).

If we define
25—N) /2~ X
Vi) =RV (R—2 +xn,2) (3.57)
n,
and
~3 @2s=N)/2 3( X
Zn (x) = Rn,Z Zn (R—2 +-xn,2) B
n,
we get

Z3(x) = v2(x) — 2§ (x) + on (D). (3.58)

Arguing of same way that was before, we have

IZ211% = Nunll* — Nuol® — IzgI* — z312 + 0n (1), (3.59)
Ioo @) = 1(up) — 1 (o) — Ioo(zd) — Iso(z3) + 0n (1), (3.60)

and
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L@ = I (v)) — I (z5) + 0u(1).

(3.61)

If 7> — 0 in D*2(RN), the proof is over with k = 2, because [|Z[|> — 0, and by (3.59), we

obtain

2
2 2 12
luen 1> = Nluoll” + Y~ Iz 1%
j=1

Moreover, from continuity of I, we also have that I, (Z,) — 0. Thus, by (3.60),

2

Loo(un) = 1 (o) + Y Too(z}) + 0n(1).
j=1

If 2;31 - 0, we can repeat the same arguments before and we shall find z(l), z(z), oy

trivial solutions of problem (Py,) satisfying

k—1
IZ5 1> = llaeall* = lluwol* = Y~ Iz I* + 0n (1)
j=1
and
k—1 )
T @) = 1 (un) = 1(o) = Y Ioo(z)) + 0u(1).
Jj=1

By the definition of S,

1
2.

S /(Ia*|zé|23vs>|z{)|23-sdx <l2 =12 k-1,

N

Since zé is nontrivial solution of (Ps), forall j =1,2,---,k — 1, we obtain
112 j 12 2
10 = [ okl PolehPosd.
RN

Therefore,

J2 NAne
+25—i .
”Z()” ZShJAa, ]=1,2,,k—1

From (3.62) and (3.65),
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k—1
2517 = Nl > = Nluwol* = D Nz3 11> + 0a (1)
j=1 (3.66)

2N—a

< lunll> = Nuoll® = (k = DS + 0n(1).
Since (u,) is bounded in D*2(R™), for k large enough, we conclude that 78 — 0 in D*2(R")

and the proof is completed. O

An immediate consequence of the last theorem, are the next two conclusions.

2N—«a

Corollary 3.3. Let (uy,) be a (PS). sequence for I with ¢ € (0, ’X;zxzaa S, Ni2s—a *25 o ) Then, up to

a subsequence, (u,) converges strongly in D%2(RN).

Proof. We have that (u,) is bounded in D*?(RN), u, — ug in D*2(R") and I’ (ug) = 0. Sup-

pose, by contradiction, that u, - ug in D“(RN ). From Theorem 3.2, there are k € N and

nontrivial solutions z(l), z(z), e ,zlé to problem (Pso) such that,

k
2 2 j2
et 1> — Nluoll® + ) Nzl

j=1

and

k
Iun) = 1(0) + Y Ioo(z))-

j=1

Notice that

1 2 1 2
I(u0)=5||u()|| +§ a(x)|uo|"dx —
RN

2% 2%
— [ o luoPisd
22% ¢
o,

1 2 1 2k 2k 2
= S lluoll” + 35 (o  |uo ") [uo| "= dx — [luoll (T  |tag %) Juo % dx
N

T,
! / (L o %) g P dlx 3 0.
— _ * ot: ozv
2 2, HopE o ey
Therefore,
k ] k )
c=Two)+ ) Iono(zg) = Y Too(z))
j=1 j=1
>kN+25—Ol %>N+2S_“ Nin s
=T 4N =20 M 4N — 20 ML

2N —
which is a contradiction with ¢ € (0, l\ixzsh"‘ sy ”S —« ) |
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Corollary 3.4. The functional I : DS*>(RY) — R satisfies the (PS). condition with ¢ €

N+42s—a ¢@N—a)/(N+25—a) 5872 N42s—o o2N—a)/(N+25—a)
<4N—2a Sn.i R P :

Proof. Let (u,) be a (PS), sequence in D% 2(RY), that is,

I(u,) = c and I'(u,) — 0.

Since (u,) is bounded in D*2(RY), up to a subsequence, we have u, — ug in D*?(R") and

I'(ug) = 0. Suppose, by contradiction, that u,, - ug in D‘Y’Z(RN ). Then from Theorem 3.2, there

are k € N and nontrivial solutions z(l), z(z), cee, zlé to problem (Pso) such that,

k
2 2 12
e l* = Nluoll® + ) Nzl
j=1

and
k .
T(n) = 1) + Y Ioo(z}).
j=1

The above information ensures that ug # 0. Since I (#g) > 0, then k = 1 and z(l) cannot change
its sign, because otherwise, by Lemma 2.3,

N+2s —a -«

N+2s—a

4s—a
I 1 > 2N+2s—ot _—
(o) = AN —2a WL

which leads to a contradiction. Hence,
¢ =1(u0) + Ioo(2p)-
On the other hand, if z(l) has definite sign, by (2.8) and (2.9), we have

N+2s —a 2N-«

N+2s—a

AN — 20 !

Ino(z) =
On the other hand, by a direct calculation,

N+2s —a -«

I > SN+2A'70¢
(o) 2 AN — 2o !
Hence,
N+2s —a 2N-« 4—a N +2s —a -
1 5= S—a
c=1(uo) + lo(zg) = ZmSthﬂ Ay v AR

which yields a contradiction. This completes the proof. O
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In the sequel, we consider the functional f : D%?(R") — R given by
s = [ (1o +awlul) dx
RN

and the manifold M C D*2(R") given by

M=1{ueD"?(RY): /(Ia * |ulZes ) uFosdx = 1
RN

The next results are direct consequence of the Corollaries above.

Lemma 3.5. Let (uy,) be a sequence that satisfies

fup) —c and f'|am(uy) — 0.

Then, the sequence (v,) C D¥2(RN) with v, = ¢N=2)/CN+4s=200y, = satisfies the following
limits.

N +2S — 2N—a ’
I(Un) — mCN+25*” and 1 (v,,) — 0.

Lemma 3.6. Suppose that there are a sequence (u,) C M and
As—a
cE (Sh,lv 22N« ShJ)
such that
fuy) —c and f'\pm(un) — 0.
Then, up to a subsequence, u, — u in D>>(R"N).
Corollary 3.7. Suppose that there is a sequence (u,) C M and
As—a
cE (Sh,lv 22N« ShJ)
such that

fuy) —c and f'\pm(un) — 0.

Then I has a critical point vy € D**(RN) with I (vg) = %C(ZN*"‘)/(NH““).
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4. Technical lemmas

Throughout this section, we consider the function W; ; € DS 2(RM) given by

Ve p(x) = ZN“Y = Ue.p(x)

- —o) (25— ZNY 2ot
— Sh 2N+4s— ZaS 4(N a+23) D (N—a+2s) U8 (X)

N—-2s
g mﬁ%b £ 2 “.1)

N-2s
& 2 N
ZBD(,S (m) , x,bER and €>0,

where Ug 5 (x) solves problem (Ps;) as we have pointed in Section 2. By a simple calculation,
we get

W plI> = Sy and / (Iy # |We p|%e5) [ W pPesdc = 1 (4.2)
]RN

Now, we prove some properties on the function W, ; given by in (4.1). First of all, we recall

W, pe={ueD"?RY): u>0} (4.3)
and
9N N * N
W, e LYR™) for g € Nj’z‘” , Ve>0 and Vb e R". 4.4)

Lemma 4.1. For each b € RY, we have

1) 1Wepllgroo@yy — 0ase—> +oo,
(i) [[Wepll grrcomry — +00 as e — 0,
(i) Wl — 0 when e — 0, Vg € (5¥5.25,),

(iv) [W, ], — +00 when & — +00, Vq € (N 2 Y)
Proof. Using the definition of W, ; we have

N-—2s
Byse 2 |x —D|
VW, p(x)] = —= —, 4.5)

[e2 + |x — b|

where By ¢ > 0 is a constant given in (4.1), and then

_ N+2-2s
1We.p ”HLOO(RN) = By s¢
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and consequently (i) and (i7) follow. Now

N—-2s

2.r 1 7 9
\Wepld = BE e~ /(m) dz, (4.6)

RN

and using the hypothesis that % <q <25, <27, (iii) and (iv) follow immediately. O
Lemma 4.2. For each r > 0, we have
/ |(—A)%\D€,o|2dx — 0 when ¢ — 0.
RN\ B,(0)
Proof. From Proposition 2.2 in [39], we have
/ [(=A)3W, o’dx < C / VW, o*dx. (4.7)
RN\B,(0) RN\ B, (0)

Using (4.5) we get

[(—A)2 W, |%dx < C il
&0 =1 [82 + |x|2]N—2s+2

RN\B,(0) RN\ B, (0)
2
_ 25—2 |Z| (48)
-G / TESERIEE
RN\Br/s(O)
< C28N—23r—N—2+4s 50 as €0,

which implies conclusion. O

2N—«
ds—a
N if 2s < N < 4s. Then for each T > 0, there are ¢ = (1) > 0 and € =€(t) > 0 such that

Lemma 4.3. Suppose that a € L1(RN), Yq € [p1, p2], where 1 < py < < p2 with py <

sup f(Wep) < Spi+7, e€[0,g]UJE, 00).
beRN

Proof. Lety e RN, q € (24];’ O‘;‘ , pz] and t € (1, 00) with é + % = 1. By a simple calculus,

g <Y <% (4.9)

Since ¥, € LYRNY, Vd € (N 55 2k ) we get |\IJ,3,1,|2 € L'(RM). Then, using Holder’s in-
equality and change of variable, we obtam
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1

N-—=2s 2t
2 By se 2
a(x)|‘l’s,b| dx < |a|q N—2s dx
R o 1167+ |x = b1
1
B N=2s 2t d
e 2
= laly / | dz
g (e + 1221 2
}
= lal, \R/ WeolPdx | = laly|Weol3,. VbeRV.
N

From Lemma 4.1-(iii), given T > 0, there exists ¢ = ¢(t) > 0 such that

beRN

4s—o

Now, suppose that g € [ D1,
and for e > 1,

|, p| € L¥(RY)

T
sup f(Wep) < Shi+ 5 < Swi+71, Yee(0,¢l

IN=¢) with 1 € (0,00) and ! + 1 = 1. Notice that 2 — 25 >0

(4.10)

and |\-Ilg,b|22~v e L'(RM). Then |\I/8,;,|2 e L'(R"). Applying again Holder’s inequality with ¢

and ¢, we get

/ a(x)| W p|*dx < lal,

RN

/ W, 0¥ dx
\RN

~]—

* *
S
N
T
Qr=2% )/t 0%
S |a|q |\Ij£,0|Loo(]RaNS) |\Il<9,0| a,xdx
N
2s—N 2’_2:;3 N
<Claly4e 2 r , VbeR"™.
Then, given T > 0, there is € = £(t) > 0 such that
25—N 20-2 5 T V. [_ )
g 2 o< , Ve elg,00),
2Clalq

which implies
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1= [ (125 0bP + a1, dx
RN

< Spi+ / a () [ We p Pelx
RN

< Spi+ sup /a(x)l%,blzdx

N
beR RN

T
<Sni+ 3 <Spi+7, Vbe RV and Ve € [g, 00).

The proof is now complete. O

ds—a (2s—=N)[(N—a)(1—5)+25]+(2N—a)2s
Lemma 4.4. Suppose that |a| v/ wyy < (2 IN-a — 1) S 25 (N—a+25) Then

4s—a
sup  f(Wep) <2282 Sy .
e>0,beRN

Proof. From (2.8)-(2.10), (4.1)-(4.2) and (2.5), a direct calculation yields that

2
%

2 - R (LN 72(1\/ FEED)
Weplar =\ ) TR § AN Dy |Ueb(x)| sdx

NNZZS —N)(N—a) NZS N2 N >< 2
_ShlJrs 0‘572(N a+2s) D a+AS23

(N=25)[(N—a)(1—5)+25]—2N—a)2s
— Sh ZS 2s(N—a+2s)

Hence, by Holder’s inequality with % and %, we obtain

4s—a 4s—a
sup  f(Wep) < S+ lal y [We pl3 < Sha + (2—2N_a — 1) $pu =275,
5>0,beRN = ‘

This completes the proof. O

In what follows, we consider the function

o, il <1,
é(x)_{l, if x| > 1

and define o : DS2(RV) — RN+ by

1
Oé(u)=—/<ﬁ %‘(X))I( A)zulPdx = (Bu), y (),
RV
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where

ﬁ(u)=i/i|(—m%u|2dx
Sh,lRN x|

and

1 s
y(u)=5—/s(x)|(—A>fu|2dx.
h,lRN

Lemma 4.5. If |b| > %, then

b
BV, p) = ] +0.(1) when ¢ — 0.

Proof. Given ¢ > 0, from Lemma 4.2, there is € > 0 such that

1 s 2 1 5 2
< [(=A)2We p|"dx = — [(=A)2W, 0l "dx
Sh.i Sh,1

RN\B,(b) RN\ B,(0)

N=2s{+[2
- e x
<ce? / x|

[82 + |x |2]N—2s+2

RM\B,(0)

N

[1 + |Z|2]N—2s+2

RM\B, /¢ (0)

<Ci¢

Thus,

|x] = Sha
RN\B, (b)

1 X s 2 1 s 2
B(¥,p) — S —[(=A)Z W, p|7dx| < — [(=A)2W, p|"dx
" B, (b)

<1, Vee(0,9).
Note that if ¢ is small enough, for |b| > % and x € B, (b),

X b

— = < 21.
lx| 1Dl

Then, by (4.11), (4.12), we have
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b 1

X s

Y (N TN Y

Y / |x||( )2We p|“dx
B, (b)

1 / ( b X > s 2 1 b s 2
S Y A AN T / LATENS SIEIR
Sh.1 bl Ix| Sh.1 1]
B, (b) RN\ B, (b)
1 o 1 C
< — [ 2t|(=A) 2V, p|"dx + — [(=A)2 W, p|"dx
Sh.i Sh.i
RN RN\B, (b)

<2t 471 =31. (4.13)

From (4.12) and (4.13), we get

< 4r,

poveo =
,8( s,b)_|b|

which completes the proof. O

2N—«
4s—a

Lemma 4.6. Suppose that a € L1(RN), Yq € [p1, p2], where 1 < p| < < p2 with py <

ﬁ if 2s < N < 4s. Then for every ¢ > 0, we have

lim f(W,p) = Sh,.

|b|— 00
Proof. Since
1) = [ (18300 + a1 Wb ) dx = Sia + [ a0y P
RN RN

it is sufficient to prove that

lim [ a(x)|Wep|?dx — 0, Ve>0. (4.14)

|b|— 00

RN
Notice that for given t > 0, there exists rg > 0 such that

4s—a
2N—«

2N—«o
/ la(x)| %=« dx <1, Vp>ry,

N\B,(0)

and
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/ (W p %o

N\B, (D)

Letrg <2p < |b|, and then B,(0) N B, (b) =@. By (4.6) and Holder’s inequality we have

/aQW%ﬂ%x

/

N\(B, (0)UB, (b)

IA

2N—a
ja(o)| 5 dx

Journal of Differential Equations 282 (2021) 481-540

L
Zs

<71, Vp>ry.

4s—a
2N—a

/

N\(B, (0)UB, (b)

o 2

2N —a
/)m&ﬂﬂﬁdx
\8,(0)

2N—«a
la(x)| %= dx

By (D)

o Za.s

2*
W, % dx

(Bp(0)

o %5

.
W p %5 dx

(B (b)

a 2

2N—«
| [ ecor¥ax
N\B,(0)

4s—a
2N—a

K/mun%%dx
v

+

2N—«a
/ la(x)| %= dx
\RN\B, (0)

<t 4 T2|a|2N7(x +tCs¢
4s—a

o
2

which completes the proof. O

Now we define the set

B3
o 2a,s

/ |, p| 2 dx

N\B, (b)

/ | W p % dx

N\ (B, (b)

2
Zs

4s—a 2

2N—«a 2:; s
/ﬂwwﬁ%dx

N

2*
|We,p| " dx

Zzz{ueM: a(u):(O,%)}.

Lemma 4.7. The set Z is not empty, that is, Z % .
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Proof. Since the function W, ¢ is symmetric about the origin, we have B(W, o) = 0. From
Lemma 4.2 we see that

1 ;
y(We o) = 5 / [(—A)2W, 0]%dx — 0 as & — 0. (4.16)
h,l
RN\ B (0)

Note that,

1 s
Y (Weo) = <— / EQO(—A)2W, o dx
h,l
N
_ 1 % 2 1 % 2
= E / [(—=A) ‘ps,0| dx—i—% /(E(x)_ DI(=A4) ‘I"s,0| dx 4.17)
RN RN

1 s

=1-— / [(—A)2 W, o dx.

Sh.1
B1(0)

From (4.5) and Proposition 2.2 [39], we have

/ (—A)2 W, g|%dx < C / VW, o|2dx

B1(0) Bi(0)
s 5N—2s|x|2
- [82 + |x|2]N—2s+2
B (0) (4.18)
2
25— |Z|
=Ce / [1+|Z|2]N 2s+2dZ

B1(0)

<C1e¥72 50 as ¢ — oo.
Combining (4.17) and (4.18) we get
y(Weo) =1 as € — oo. (4.19)
By (4.16) and (4.19) we see that there is a 1 > O such that ¥, g€ Z. O
Lemma 4.8. The number co = inf,c z f (u) satisfies the inequality co > Sp. ;.
Proof. Since Z C M, we have
Sh,1 < co.

Suppose, by contradiction, that S;; = co. By Ekeland variational principle [51], there exists
() C D2(RN) such that
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X " 1
/ (Lo * |t ) 25) sy [Posdx = 1, @(up) — (o, 5) (4.20)
N

and

fun) = Sui,  flam(un) = 0. (4.21)

Thus, (1) is bounded in DS2(R¥) and, up to a subsequence, u;, — ug in DS 2(RM).
If v, = S}(lA;—zs)/(zN+4s—2a)un and v = S}(ll\l7—2s)/(2N+4s—2a)

D*2(RN). Furthermore, from (4.21) and Lemma 3.5 we obtain

ug, we have that v, — vy in

N +2s —o -
I(Un) e mshpf;rz and I/(Un) — 0.

We are going to show that vy = 0. First of all, note that
Uy = ug in D¥A(RY), (4.22)

because otherwise, ug # 0 and

S < / (=) ugPdx

</|(—A)%uo|2dx+/a(x)|uo|2dx=sh,z,

RN RN

which is a contradiction. Thus, v, — vg in D%2(R¥) and since (vy) is a (PS). sequence for 7,
by Theorem 3.2 we have

N+2s —a A5
1(vy) — I (vo) + Zloo(zo) = fza i
j=1

Using 1, (zé) =0, we get

N+2s —o -

](Uo):O’ k:l, Z(1)>O, and Ioo(Z(l))z

By virtue of vg being weak solution of (P), we have

N +2s

Iwo) = 4—/<I i luol %) up s dx = 0

which implies that vg = 0. Then, (v,) is a (PS). sequence for I such that v, — 0, v, - 0 and
Jrw @) vy |*dx = 0,(1). Therefore,
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N+2s —a -
—————— 85 o () =1 () = Ioo(v) + [ a(0)|vpldx = Ioo(vy) +0,(1)  (424)
4N —2a "M
RN
and
12l ps2my < 1T @) p-sa vy + 0n (1) (4.25)
From (4.24) and (4.25) we conclude that (v,) is a (PS). sequence for I, and by Lemma 3.1,

there are sequences (R,) C R, (x,) C RV, Z(l) nontrivial solution of (Px) and (w;,) a (PS).
sequence for I, such that

U () = wy () + Ry 222 (R (x = x0)) + 0 (D). (4.26)
Setting
() = R TP Ry (x — xa)),
and making change of variable, we have
I () =1L (z0)en =0, Vo e D*?(RY), VneN,

i.e., Z, is a solution of (Py), for all n € N. From z(l) solving (2.7) and (2.9) we know that there
exist some &, > 0, b, € RY such that

N-2s
&n 2 N
=), _ , VxeR"Y.
Zn(x) o,s (8% T - bn|2> X
By (4.26), (4.1), we get
Un(x) = Wy (x) + Ve, 5, (x) +0,(1),

where
-5 NZZSZ -5 N;Zs2
~ N+ds— N+4s—
W (x) = S, ;T we (X)), W, p, (X) =8, T 2, (0).

By (4.23) we derive that w, — 0, which implies that w, — 0 in DS2(RY). Therefore, from
(4.20), we have

<07 %) +0,(1) =a(uy) = a(iDn + lI’sn,b,l +0,(1)) = ‘x(\psn,hn)

which implies that
&) B(¥e,.p,) =0
and
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iy 1
(i) y(We,p,) = 7
Passing to a subsequence, one of the following cases must occur.

(a) &, > 400 when n — +00;

(b) &, > € #0 when n — 400;

(¢) &, — 0and b, — b when n — +oo with [b| < 3;

(d) &, = 0 whenn — 400 and |b,| > % for n sufficiently large.

Suppose that (a) is true. Then
1 5 )
Yy (We, b)) =1— |(—=A)2 W, b, ["dx
Sh.1
B1(0)
together with Lemma 4.1 gives

1 s
Iy(‘l’sn,bn)—ll=m / [(=A)2W,, p, [2dx = 0,(1),
" B1(0)

which contradicts (ii).

Suppose that (b) is true. In this case we may suppose that |b,| — 400 because if b, — b, we

can prove that

W, b, = W, 5 in D*2(RM).

Since W, — 0 in D*2(RN) and u, = W, + W, b, + 0,(1), we see that (u,) converges in

D*2(RN) but this is a contradiction with (4.22). Hence,

| .
Y (W)= / ECOI(=A) W, Pdx
hJ]RN

[(—A)2 W, p, [Pdx

= Sws
RN\B;(0)
1 o,
=1-— [(=A)2W,, o|“dx.
Sh,i

Bi(=bn)
Applying Lebesgue’s theorem we can show that
|(—A)%\I/gn,o|2dx —0 as n— +o0
By (=bn)
and from (4.27) we obtain
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y(We, b,) — 1 when n — o0,

which contradicts to (ii).
Suppose that (c) is true. Note that

1 s
Y (We, b,) = — / EQ)(=A)2W,, p [*dx
Sh,i
]RN

1 ;
- —A)IW, , [2dx
il G ws)
RN \B; (0)
1 5
=1 — (=A)2 W, of*dx.
Sh.i
Bi(—by)

Therefore, using again the Lebesgue theorem, we find

lim / (= 8) 3, of2dx = Sy

n——+00
B1(=bp)

From (4.28) we get

V(\Ija,,,bn) - 07

which is a contradiction with (ii).

Suppose that (d) is true. Since |b,| > % for n large, we have that b, - 0 in R". From
Lemma 4.5 we have

b
B(Ys, 1) = W + 0, (1).

Thus,
B (\Ije,, ,b,,) -0
which is a contradiction with (i). So, Sj; < c¢¢ and the proof is completed. O

Lemma 4.9. There is &1 € (0, 1/2) such that

@ f(We,p) < 2O wp e RV,
(b) (Ve ) < 3, Vb eRY suchthat |b| < 1;
(© ‘ﬂ(‘l’gl,h) - ,’g—l <1, VbeRN suchthat |b| > 3.

Proof. Using Lemma 4.3, with 7 = CO_TS’” > 0 and ¢; < min{e, 1/2}, we conclude that
- S S
FWep) < sup f(Wop) < Spy 4+ LMl LT gy N (4.29)
beRN 2 2
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showing that (a) holds true. Now, be the definition of &,

1 s
y(Wep)=1— — / [(=A)2Ws o[ dx.
Sh.1

Bi(-b)
By Lebesgue’s theorem,
lim / (—A)2W, o|%dx = Sp
e—0
B (=b)

proving (b).
Notice that from Lemma 4.5, we derive that

b 1
,3(‘1’8,17)=|7|+08(1) when ¢ — 0, VbeRY; b= 5

and the proof is over. O
Lemma 4.10. There is & > 1 such that

@) f(Wey,y) < 2L vp e RV,
(b) y(We,p) > % Vb e RN.

c0—Sh,1
2

Proof. By Lemma 4.3, we can take 7 = > 0 and &7 > max{e, 1} such that

co— Sph,i _ Shi+co

F(Wep) < sup f(Wep) < Sni+ , VbeRV, (4.30)

beRN 2 2

Moreover, by the definition of £ and Lemma 4.1, we see that

y(Wep)— 1 when & — 400
and the proof is over. O
Lemma 4.11. There exists R > 0 such that

@ f(Wep) < 2LEDyp: (b= R and € € [e1, &2];
b)) BWep)|b)gy >0, Vb; |b| >R and € € [¢1, €2].

Proof. Since ¢ varies in the compact set [e1, 2] by Lemma 4.6 we can find an R; > 0, big

enough, by choosing t = @ > ( so that
Sh1+c
F(Wep) < Spy+v =" Vi bz Ry and € € e, £
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and item (a) follows. Now we prove item (b). Note that, for each y € RY we consider the sets
RM)f ={x e RV : (x|b)gy > 0}, RY),; = RV\(RN)}. Since ¢ varies in the compact set
[e1, €2], we can prove there is Ry > 0 big enough and r € (0, 1/4) such that the following things

are true if |b| > Ry and |b —5| =1/2,
B,(b)={xeRY: |x—bl <r}c RM)/.

Note that for each x € B, (5), by means of equality (1.5) we have

5 NEZV 5 NEZS 2 1
s & &
|(—A)2\If,s,b(x)|2=/ N—2s N—2s N+2s dz
L e e e e o Rl L
~ N-2s ~ N-=2s 2
- Ce2 Ce 2 1 d
— Z
= 2 _p2E 2 21| x — g N2
By j2(D)\ By /4 (b) 67+ Ix Il e+ 1z Il
~ N-=2s ~ N-2s 2
- Ce2 Ce 2 1 J
— Z
- 24 (3/4)21" 7 [24(1/8)2 70| (/)N
BB (®) [+ (3/4)] [e7+ (1/8)7]
~72 N-2 2
_ G 1 ~ 1
(78N 2 4217 24 (1/8)21%
By ()\By s (0) [52 + (3/4)“] [52 + (1/8)7]
=H; >0.
431)
Therefore,
1 x|b)pnN 1 x|b)pnN s
BN DRy = — / R Hydx + — AI(—A)Z‘I’S,b(X)IZdX
Sh.1 B |x| NI | x|
By (b) RN 432)
_ o / i) NN L / [(—A)2 W (x)|2dx |
Sna J_ Ixllb] Sh.i °
B, (b) @RN),
Moreover, we have
1 b C H
L NG LT PR DT (4.33)
Sna J_ IxIlbl Swi J_ 1x]
By (b) By (b)

From Proposition 2.2 [39], (4.5) and (4.8), we can derive that
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/ [(—A)2 W, (1) dx < / [(=A)2 W, (x)]dx

RN, B, ()

<C / VW, p|%dx =C / VW, o|*dx

B, () B, (0)
2
< 22 / |z dz = CeN=—2 RoN-2+4s
—= . 1+ |Z|2)N—2s+2 2
Blry)e©

It is possible to choose R, > 0 large, such that for all b € RY with |b| > R, we have

1 s H>
5 / |<—A>z%,b<x>|2dx<7
(RN),

From (4.32)-(4.35), we get

1
(B(Wep)|b)ry = |b] —/

b 1 s
COR s — 5= [ 18w
Sh.1

1
_ |xl1b] Sh,1
B, (b) (RN),

H-
> |b] <H2— {) >0,

(4.34)

(4.35)

(4.36)

for all b € RN with |b| > R = max{R|, Rz} > O and forall ¢ € [], &2], and the proofisover. O

5. Proof of the main theorem

In this section we prove Theorem 1.1. For this aim, we first fix some notations and give some

more technical lemmas. Let us consider now the sets

V={(b,e) eRY x (0,00): |b| <R and ¢ € (g1, &)},

where €1, &> and R are given in Lemmas 4.9, 4.10 and 4.11, respectively. Moreover, we define

the continuous function Q : RY x (0, 0co) — D*2(R") given by

O, &) = Ve p.
Under the above notations, we also denote the sets
©={Q(b.e): (b,e) eV},

H:{heC(EﬂM,EﬂM):h(u):u, Yue (ZNM): f(u) < 3

and
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r={AcEnNM): A=h(®),heH}.
Clearly, ® C (XN M), ® = Q(V) is compact and H # ¥, because the identity function is in .

Lemma 5.1. Let F: V — RN*! be a function given by

1 S
F=(aoQ)b,e)= S / <li—|,§(X)) [(—A)7 W, [ dx.
1y

Then
deg(F,V,(0,1/2))=1.
Proof. Let G : [0, 1] x V — R¥*! be the homotopy given by
G(t,(b,e))=tF(b,e) + (1 —1t)L(b,¢),

where I7(b, ¢) is the identity. We are going to show that (0, 1/2) ¢ G([0, 1] x (9V)), i.e.,

tBVep)+ (1 —0)b#£0, Vte[0,1] and VY(b,e) €dV 5.1
or

ty(Wep) + (1 —1)e # % vVt e€[0,1] and VY(b,e)€dV. (5.2)
Notice that 0V =11 UT', UT'3 U 'y, where

Iy ={(,e1): bl <1/2},
[y ={(b,e1): 1/2<|b| < R},
'3 ={(b,&2) : |b| <R},

and
Fy={(b,e): |b|=R, and ¢ € [ey, &2]}.

If (b, e) € I'y, then (b, €) = (b, &1). From Lemma 4.9, ¢ < % and y (W, p) < % Hence,

1y (Wep) + (1 —1)e =1y (Ve ) + (1 —1)ey
t 1—¢t 1

=—, V v
2+ > X t€[0,1] and V(b,e) e T'y

showing that (5.2) is true and (0, 1/2) ¢ G([0, 1] x I'1).
If (b, e) € 'y, then (b, &) = (b, &1) and |b| > % Using Triangle inequality and by Lemma 4.9-
(c) we derive
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th th
[1B(Wep) — (1 —1)D| = (l_t)ber - m_tﬁ(‘l’sl,b)
[(1 —1)|b| +¢] b
=——|b|—t|— — B(¥
b] |b] ‘Ibl B(We, b)
b
=|(1=0)lbl+1]—1t m_ﬂ(‘pal,b)
b
=0 =0lb|+1—1 m—ﬂ(%.,b)
t 1t
z(l—t)|b|+t—Zz§+Z>O Vt€[0,1] and V(b,e) €',

showing that (5.1) is true and (0, 1/2) ¢ G([0, 1] x I'2).
If (¢, &) € I'3, then (b, ) = (b, &2). By Lemma 4.10, &, > % and y (W, p) > %, and so,

t 1—¢r 1
ty(Wep)+ (A —t)e=ty(We,p) + (1 —1)er > §+T =E, Vi €[0,1] and V(b,¢e) € I's,

showing that (5.2) is true and (0, 1/2) ¢ G ([0, 1] x I'3).
If (b, e) € I'4, we must have |b| = R. Thus, by Lemma 4.11-(b), (8(¥¢,p|0)gy > 0. From
this,

(tB(We,p) + (1 —)blb)gy =1(B(Vep)|ID)Ry + (1 —1)(bID)gy >0, V1 €[0,1].
Therefore (5.1) is true and (0, 1/2) ¢ G([0, 1] x T'y).
The previous analysis ensures that (0, 1/2) ¢ G([0, 1] x dV), then by properties of the topo-
logical degree
deg(F,V,(0,1/2)) =deg(fy;, V, (0, 1/2)).
Since (0, 1/2) € V, we deduce that
deg(F,V,(0,1/2)) =deg(f3, V,(0,1/2)) =1. O

Lemma 5.2. [f A€ T, then AN Z # 0.

Proof. It is sufficient to prove that for all 4 € H, there exists (b, €9) € V such that

(¢ oho Q)(by, 0) = (0, %) .
Given h € H, let
Fn: VRNt
be the continuous function given by
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Fn(b,e)=(xohoQ)(b,e).
We are going to prove that 75 = F in dV. Note that
oV =L1ULyU L3, (5.3)
where
Ly={(b,e1): |b| <R}, Lry={(b,&2): |b| =R}
and
Liz={(b,e): |b|=R and ¢ € [e1, &2]}.
If (b, &) € L1, then (b, €) = (b, £1) and by Lemma 4.9-(a), we get

S
FQ®.e) = [(Qb.e) = [ (W) < LD Vb e e Ly, (5.4)

If (b, ¢) € Ly, then (b, &) = (b, &2) and by Lemma 4.10-(a), we get

Spi1+
F(Qb, &)= F(Qb, e2) = f(Wep ) < ’”2 D Vb.e) e L. (5.5)
If (b, €) € L3, then |b| = R and by Lemma 4.11-(a), we have
S
F(Qb. &) = f(Wep) < h"; O Vb,e) e Ls. (5.6)

By (5.4)-(5.6), we derive that

F(Ob.e) < S’”; O ibe)eav.

Thus,

Fu(b,e) = (xohoQ)b,e)=(aoh)Q(b,e)
=a(h(Q(b,¢)))
= (o Q)(b, &) =F(b,e), V(b,e)eaV.

In view of (0, 1/2) ¢ F(9V), we have
deg(F, V, (0,1/2)) =deg(Fs, V, (0,1/2)).
From Lemma 5.1, we get
deg(F, V, (0,1/2)) = deg(F, V,(0,1/2)) =1,
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and there exists (bg, &9) € V such that

1
Fr(bo, g9) = (@ oho Q)(by, &) = (0, 5)

and the proof is over. O

Proof of Theorem 1.1. Let us define the number

c= inf sup f(u).
Ael e

Our first step is to prove that
Spy < c <20 S ). (5.7)

Note that, by Lemma 4.4,

4s—a
c= inf sup f(u) <max f(u) < sup Sf(Wep) <22N=a S ;.
€l yea ueo® yeRN 5€(0,00)

On the other hand, from Lemma 5.2 and Lemma 4.8 we get

Spt <co= inf f(u) <c= inf sup f(u) <27V-a S, (5.8)
ueZ A€l e A

from where it follows (5.7).
Using the definition of ¢, there exists (u,) C (X N M) such that

S un) = c. (5.9)

Suppose, by contradiction, that

Flm(n) = 0.

Then, there exists (u,,;) C (u) such that

If |m@n )l =1>0, VjeN.

By a Deformation Lemma [51], there exists a continuous application 7 : [0, 1] x (XN M) —
(XN M), gy > 0 such that

(1) 70, u) =u;
(2) n(t,u) =u,Yu € f0U (TN M)\ fETe}, vt €0, 1];
(3) n(l’fc+80/2 C fcfso/Z‘
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From the definition of ¢, there exists .Zl\ € I" such that

e
cfma;f(u)<c+—0,
uc A 2

where

Ac f+?,

Since A € I', we have A C (X N M) and there exists 7 € H such that

h(©) = A.
From definition of 1, we have

n(1, A C (TNM).

(5.10)

(5.11)

(5.12)

Let hi*: (XN M) — (XN M) be the function given by h*(u) = n(1, ﬁ(u)) and note that 1* €

C(ZNM, XN M). We are going to show that

f0+80\fc—60 c f2<4J"“)(2N’”)Sh.1\f(Sh,z+Co)/2.

Indeed, given u € f+80\ £¢~¢0_ we have

c—eo< f(u)<c+eo

and by (5.8), for g¢ sufficiently small, we get

4s—a
c—eo< f(u) <cH+ey<22W=—<aS§y.

On the other hand, Lemma 4.8 together with (5.8) gives

Shi+co
2

Now, (5.13) follows from (5.14) and (5.15).
Consider u € (X N M) with

Sh,+co
fu) < —
Then,
E(u) =u

and from (5.16), we have that u ¢ 2" ™ Swi\ fSi+c0)/2 and by (5.13), we have

u ¢ fc+€0\fc_80»
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Thus,
we fOUE N M)
and by Deformation Lemma, we obtain
n(l,u) =u.
Therefore,

n*u) =n(1, h@) = n(l,u) =u,

which shows that 2* € H, and so,

(@) =n(1,1(©®) =n(1, A) eT. (5.17)

Hence,
— inf . 5.18
¢ }\Iér%%f(”)fu;,?ﬁf‘;)f(”) (5.18)

On the other hand, from Deformation Lemma and (5.10), we get

n(1, A Cn(l, Ty c fo

That is,
&0 ~
fw) <c— > Yuen(l, A,

which implies that

max_ f(u) <c— £
uen(1,.4) 2
and using (5.18), we conclude that
&
c< max_ f(u)<c-— —0,
uen(l,A) 2

which is a contradiction. Therefore, we must have

fuy)—c and fIa(uy) — 0
and from Lemma 3.6, up to a subsequence, we have u, — i in DS*Z(RN ), and % satisfies that
fig)=c and f'|p(Ho) =0,

and from (5.7), we get Sp; < f(up) < 2s—)2N—a) Sn.1- The positivity of Uy is a consequence
of a maximum principle that can be found in Proposition 2.17 [49]. O
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Appendix
As we pointed out in Introduction, the nonlocal term is involved with critical growth, and we
shall encounter the problem of the convergence of integral with nonlocal term. To this end, we

present a technical lemma which is useful in the proof of Lemma 3.1 and Theorem 3.2.

Lemma A. Let (£,) be a bounded sequence in D>*(RN) such that &, — 0 a.e. in RY. Denote by
A(m) = (Iy * |u|2°m)|u|2°f~»f72u. Then for each w € D>*(RN), we have the following estimates:

2
/ |AE, +w) — AE) — Aw)|Z " dx = 0,(1).
]RN

Proof. By assumption, we have

|AEn +w) — A&y

|

1

= / (Lo % (25 |60 + tw]Pes 2 [E, + tw]w)) &, + 1w 72[&, + rw]dt
0

{160 + 1) g + 1w s 721, + rw) | ar

SN

1
+ (ZZ,S - 1)/(10( * |En + IIU|2;=")|§n + [w|22,s_2wdt
0

1

<% I 2% —1 2%,y

=245 | Ua (160 + tw|s ™ w)[E + tw|™s ™ dt
0

1
+@h-D / Iy % |&n + 1w %2)|&, 4 1w =2 |w]dr
0

< C1 (g * (&P~ fw s =D [w ) [1E, 1201 4 w71
+ Co (I % (|0 %5 4 Jw]%s) (&, | %72 4 [w] 20 2) )]
< C1 (g * (el& %% + Ce|w|?as))[|&, [P~ 4 w[Zes 1]
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2% 2% 2% —1 2% —1
+ Colly # (%5 + [w]%s) (8] 2™ 4 Co %™
2% 2% —1 2% 2% —1 2% 2% —1
< 6C3 [ U # 160 Pe0)10 %557+ (L [P 6 ™" - (U [P P |
2% 2% —1 2% 2% —1
+ CeCa | (Lo 180 Pe) w55 ™0 4 (Jg o ) g ™ |
2% 2% —1
+ CoCs (L # |w |2 ) ] s

2 Q, 1(x) + CeCs(Iy * |w| % ) |w|%as 1, (A.1)

Recall the Hardy-Littlewood-Sobolev inequality [36, Theorem 4.3]: if 6 € (1, %) then for

N6
every v e LY(RN), I, x v e LV-0W-a7 (RV) and

. —
N=(N—a)f

NO
/ |I % v|V-0-a@ < C / lv|®dx ) (A.2)
RN N

For each ¢ > 0, let us consider the function G, , given by

Gen(x) =max{|A(§, +w) — A) — A(w)| — Qe n(x), 0},
which satisfies
Gepn(x) >0 ae.in RN

and using Holder’s inequality and (A.2) we see that

%

0= Gen(x) < Colly # e [w]’as ™ e LT (RY).

Therefore, by the Lebesgue dominated convergence theorem we have
5
/ |Gen(x)|%1dx — 0 as n— oo. (A.3)
RN

From the definition of G, ,(x), we get

[A(Gn +w) — AGn) — A(W)| = Qen(x) + C7Ge (),
which yields that

2 2 2%

A, +w) — AE) — AW)| 5T < Qen(x)| 5T 4 Cg|Gen ()| 5.

By (A.3), we obtain the following estimates

536



X. He and V.D. Rddulescu Journal of Differential Equations 282 (2021) 481-540

%
/ A +w) — AGG) — Aw)| T Tdx

RN

2
Ian(x)Iz?*ldeng/|ng(x)|23* Tdx

/ 12, n(X)Iz* dx +on (D).

(A4)

Now we estimate the last integral of (A.4). Since (&,) is bounded in DS 2(RN), &, — 0 ae. in

RY, then &, — 0 in L% (RN). By the definition of Q, ,(x), we have

28
/ Qe ()] F T dx

2
SEC/I:([a*|§,—n|2;,s)|%-n|2§,x—l]2}‘—1 dx
RN
2*

b [ [P, [T arec [ [asteaPiowPes |7 dx

RN RN
2

e [ [t 5 |57 ax+ e [ [tax g b |

RN RN
2
=&C / [ e 160 60 7 ] 5
RN
2
4D, [ [Py, e |7 ax
RN
2
L R S R
RN
=h+hL+1,

2

-1
s dx

(A.5)

where D, = C(e 4+ C;). Next we estimate the three integrals in the right-side of (A.5).

For I, by Holder’s inequality, (A.2) and (&) is bounded in D* 'Z(RN ), we have

25— DX 57—

0%
11=8C/(1a*lén|2“)2f‘ |Enl ™ et ld
N
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0% 2N N+2s—a x 2N
=¢eC | (Iy* |&|@s) V425 |E,| V- “N+dx
RN

o N+2s—a
N+2s N+2s
% 2N 2N
<eC Uy * |&p|7@s) @ dx |&,| 7= dx
RN RN
— 2N—a N42s—a
N+2s N+2s
* *
<eC) / & P dx / &P dx
[ RN IRV
2N(BN+2s—2a)
(N+25)(N—2s)
S
<eCy /I(—A)7§n|2dx
\& v
= eCs. (A.6)

For I, we have
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by virtue of (I * |[w|%s) V55 € L™ (RV) and [&,| V-5 *¥¢% — 0in L¥+5w (RV),
For I35, we have
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. o 2N . N+2s o N42s—a . 2N N42s N
by virtue of (I * |&,|7®s)N¥+2 — 0in L™« (R") and |w| -2 “¥+x € LN+z—< (R"). From

(A.4) — (A.8), we obtain

2
/|A(én+w)—A(én)—A(w)|2§T1dx_>o as n — 0o,
RN

which completes the proof. O
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