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1. Introduction

Studies about the inverse of sum of set-valued mappings have drawn in the last
years the attention of many authors and constitute today an important and active
research field. One of the principal motivations of such studies is related to the
existence of solutions of variational inclusions. Recall that a variational inclusion
(or a generalized equation) is a problem of the form

find x € X such thaty € A (x), (VD)

where A is a set-valued mapping acting between two Banach spaces X and Y,
and y € Y is a given point. In many cases, the point y could be of the form
f (x) where f is a single-valued function from X to Y or of the form f (p,x)
with p a parameter leading to an important class of variational inclusions called
parameterized generalized equations.

It is well known that this problem serves as a general framework for describing
in a unified manner various problems arising in nonlinear analysis and in
other areas in mathematics including optimization problems and variational
inequality problems; for more information on the subject with survey of old and
recent developments, we refer to [20] and the references therein.
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In the simple case of a single-valued mapping A, problem (VI) reduces to
a simply functional equation, and it is then related to the surjectivity of the
involved single-valued mapping. From the same point of view, in the case of set-
valued mappings, the problem is also related to the surjectivity of the involved
set-valued mapping in the analog sense. The pioneering work in this direction
is the well-known Banach open mapping theorem which guarantees that a
continuous mapping acting between Banach spaces is open if and only if it is
surjective.

Among various advancements in this area, there are also the famous works
by Lyusternik [30] for nonlinear Fréchet differentiable functions and that of
Graves [24] for nonlinear operators acting between Banach spaces. It should
be emphasized that no differentiability assumption is made in the theorem
of Graves. Also, many investigations about the solution mappings by classical
differentiability or by the concepts of generalized differentiation have been
performed and several results for variational inclusions have been obtained. This
direction has given rise to the rich theory of what is known by the theory of
implicit functions for parameterized generalized equations, see [20, 25, 34] and
the references therein.

Another point of view having roots in the Milyutin’s covering mapping
theorem which, in turn, goes back to the theorem of Graves is what is known in
the literature under the name of openness with linear rate or the covering property,
see [15]. This approach makes use of a constant like that appearing in the Banach
open mapping theorem for studying the regularity properties of the inverse
of set-valued mappings and it has produced many results with applications to
different kinds of variational inclusions in the infinite-dimensional settings.
Recently, this direction has attracted a special attention of several authors, see,
for instance, [5, 14, 16, 17, 21, 22] and the references therein. One can also
consult, for instance, [6-9], to see the introduction of notion of locally covering
maps and its applications to study the distance to the set of coincidence points of
set-valued mappings. Many deep and important results are obtained and applied
to different areas of mathematics, including stability and continuous depen-
dence, system of differential inclusions, implicit function theorems, functional
equations, and existence of double fixed points.

In this article, we investigate the necessary conditions to deal with the
Lipschitzian property of the inverse of sum of two set-valued mappings. As
the inverse of the inverse of a set-valued mapping is the set-valued mapping
itself, and since the inverse of a Lipschitzian set-valued mapping need not be
Lipschitzian, we wonder why always consider set-valued Lipschitzian mappings
if we want to obtain that the inverse of their sum is Lipschitzian. This leads to
say that nothing can prevent a set-valued non-Lipschitzian mapping to have an
inverse set-valued mapping which is Lipschitzian. However, going back to the
Banach open mapping theorem, we understand that this question has roots in
the fact that the inverse of a surjective linear and continuous mapping acting
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between Banach spaces has some regularity properties, and by linearity, the
mapping itself is Lipschitzian. Of course, the situation is different when dealing
with set-valued mappings. Motivated by this question, we investigate here the
property of being set-valued pseudo-Lipschitzian to study the Lipschitzian
property of the inverse of sum of two set-valued mappings.

The article is structured as follows. In the next section, we give the necessary
background to deal with set-valued mappings in the settings of metric spaces
and introduce some notions defined from the properties of set-valued pseudo-
Lipschitzian mappings. In Section 3, by new arguments, we obtain results on the
behavior of fixed points sets of set-valued pseudo-contraction mappings. Under
new conditions, our results are comparable with those obtained in the literature,
and more recently in [3, 10, 11, 32]. In Section 4, we make use of our results on
the behavior of fixed point sets of set-valued pseudo-contraction mappings to
deal, following some techniques inspired from [14], with the inverse of sum of
set-valued nonnecessarily Lipschitzian mappings. Under weakened conditions
of the Lipschitzian property but with additional conditions on the existence of
fixed points, we obtain that the inverse of sum of two set-valued mappings is
Lipschitzian. In the last section, we make use of the proximal convergence to
develop techniques and obtain results on the sensitivity analysis of variational
inclusions.

2. Notations and preliminary results

Throughout this article, (X, d) stands for a metric space. Givenx € X andr > 0,
we denote by B (x,7) (resp. B (x, 7)) the open (resp. closed) ball around x with
radius r.

Let A be anonempty subset of X. The distance from a point x € X is defined by
d(x,A) = infyca d (x, y), and, as usual, d(x, ) = +oc. The open ball around
A with radius r is denoted by B (A, 1) := (J,c4 B (4, 7).

For two subsets A and B of X, the excess of A over B (with respect to d) is
denoted by e (A, B) and is defined by e (A, B) := sup, 4 d (x, B). In particular,
we adopt the conventions e (), B) := 0 and e (A, ) := 400 if A # 0.

The distance between A and B (with respect to d) is denoted by Haus (A, B)
and is defined by:

Haus (A, B) := max {e (A, B),e(B,A)}.

Restricted to the closed subsets, Haus is a (extended real-valued) metric the
so-called Pompeiu-Hausdor{f metric.

Let (X,dx) and (Y,dy) be two metric spaces. In the sequel, a set-valued
mapping T from X to Y will be denoted by T : X =% Y. The domain of T is
the set dom (T) := {x € X | T (x) # ¥}, and its graph is given by grph (T) :=
{(x, y)eXxY|ye T(x)}. If the graph of T is closed, then T has closed
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values. The converse holds under additional conditions, in particular, if T is
upper semicontinuous, see for example [2, 12].

Recall that a set-valued mapping T : X = Y is said to be upper semicontinu-
ous at a point xo € X if for every open subset V of Y such that T (xg) C V,
there exists an open neighborhood U of xy such that T (x) C V, for every
x € U. The set-valued mapping T is said to be upper semicontinuous if it is
upper semicontinuous at every point of X.

For a subset A of X, we denote by T (A) := UeaT (x), the image of
A by T. For a subset B of Y, the inverse image of B by T is T~ (B) :=
{x € X| BN T (x) # ¥}, while T! (y) stands for 7! ({y}), ify € Y. A set-
valued mapping T : X = Y is upper semicontinuous if and only if T~! (B) is
closed, for every closed subset B of Y.

In the sequel, the fixed point set of a set-valued mapping T : X =2 X will be
denoted by Fix (T), that is, Fix (T) := {x e X | x € T (x)}.

The Lipschitz continuity (with respect to the Pompeiu-Hausdorff metric)
is one of the most popular properties of set-valued mappings. A set-valued
mapping T : X == Y is said to be L-Lipschitzian on M C dom (7) if it has
closed values on M and there exists L > 0 such that

Haus (T (x1), T (x2)) < Ldx (x1,x2) Vx1,x € M.

IfX =YandL € [0,1), then T is called L-contraction on M.

To deal with the properties of inverse of the sum of two set-valued map-
pings, it has been proved in [14, Lemma 2] the following result for set-valued
Lipschitzian mappings. If T : X = Y is L-Lipschitzian on M, then for every two
nonempty subsets A and B of M,

e(T(A), T (B)) < Le(A,B).

This property being not adapted to our techniques, we develop here some
analog properties related to pseudo-Lipschitzian set-valued mappings.

Recall that a set-valued mapping T : X =2 Y is said to be pseudo-Lipschitzian
around (x,y) € grph (T) if there exist a constant L > 0 and neighborhoods
M, C dom (T) of x and M, of y such that

e(T (x1) N M,, T (x2)) < Ldx (x1,%2) Vx1,% € My.

The notion of being pseudo-Lipschitzian around (x,y) is called the Aubin
property when M, and M, are closed balls around x and y, respectively. It is
well-known that the Aubin property of the set-valued mapping T turns out to
be equivalent to the metric regularity of the set-valued mapping T~ !, see [19,
22,25,27, 28, 31, 35] for more details on the notion of metric regularity and its
applications to variational problems.

We extend the above definition to any two nonempty subsets M, C dom (T)
and M;, C Y, and we say that T is L-pseudo-Lipschitzian on My with respect to
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M,. When X = Y, My = M, = M, and L € [0, 1), the set-valued mapping T is
called L-pseudo-contraction with respect to M, see [10].

Let M C dom (T) and N be two nonempty subsets of X, and S a nonempty
subset of Y. We say that T is fully L-pseudo-Lipschitzian on M for N with respect
to S if for any two nonempty subsets A and B of M, we have

e(T(A)NS,T(B) <Le(ANN,B).

It results immediately from the definition that any set-valued fully L-pseudo-
Lipschitzian on M for N with respect to S is L-pseudo-Lipschitzian on M with
respect to S. It is also fully L-pseudo-Lipschitzian on M for N” with respect to S,
for any subset N’ containing N.

Conversely, any set-valued L-Lipschitzian mapping T : X =2 Y on a subset
M is fully L-pseudo-Lipschitzian on M for N with respect to any subset of Y, for
any subset N of X containing M.

More generally, we have the following result for set-valued pseudo-Lipschitzian
mappings which can be compared to [14, Lemma 2] where the proof is similar.

Proposition 2.1. Let T : X =2 Y be a set-valued L-pseudo-Lipschitzian on M
with respect to S. Then, for any nonempty subsets A and B of M, we have

e (T(A) NS, T(B)) < Le(A,B).

In particular, T is fully L-pseudo-Lipschitzian on M for N with respect to S, for any
subset N containing M.

Proof. Let A and B be nonempty and contained in M. To avoid any confusion,
put A’ ={x € A| T (x) NS # #}. Then,

e(T(AYNS, T(B)) = sup dy(u,T(B))
ueT(A)NS

= sup sup inf dy (u, T (x2))

x1€A’ ueT(x)NS X2€B

< sup inf sup dy (u T (x2))
x1eA’ 2€B yeT(eNS

= sup inf e(T (x1) NS, T (x2))

x1€A’ X€

< L sup inf dx (x1,x2)
xleA/xze

< L sup dx (x1,B) = Le(A,B).
X1€EA

Since e(A,B) = e(ANN,B) whenever N contains M, then the set-valued
mapping T is fully L-pseudo-Lipschitzian on M for N with respect to S. ]
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Although the notion of being fully pseudo-Lipschitzian seems to fit very well
with the other existing notions such as those of being Lipschitzian and pseudo-
Lipschitzian, it may be interesting to look for conditions involving it for a subset
N which does not necessarily contain M.

Proposition 2.2. Let T : X =2 Y be a set-valued L-pseudo-Lipschitzian on M
with respect to S, and let N be a subset of X such that T (x) NS = (), whenever
x € M\N. Then, T is fully L-pseudo-Lipschitzian on M for N with respect
to S.

Proof. Let A and Bbe nonempty and contained in M. We remark that T (A)NS =
T (AN N)NS. The proof then follows step by step that of Proposition 2.1. [

The following example provides us with a set-valued non-Lipschitzian
mapping which is fully pseudo-Lipschitzian mapping, where M is not contained
in N. We can also choose N in such a way that neither M is contained in N nor
N is contained in M.

Example 1. Let T : R? = R? be the set-valued mapping defined by:

{22} x ([0,21x[] U [3,+00D if [ (xy) ]l <1,
T ((xy) = |
{2x} x ]0,x?] it | (xy) Il > 1.

Let M = S = B((0,0),1) and N = {(x,y) eM| x| < %} In this example,
we have N C M. Clearly, the set-valued mapping T is not Lipschitzian on R2.
However, T is 2+/2-pseudo-Lipschitzian on M with respect to S. We remark that
for any x € M\N, T (x) NS = #. Then, we conclude by Proposition 2.2 that T
is fully 2+/2-pseudo-Lipschitzian on M for N with respect to S.

If we take N’ = N U N where Nj\M # @, then T is still fully 2+/2-pseudo-
Lipschitzian on M for N’ with respect to S. In this case, neither M is contained
in N’ nor N’ is contained in M.

Finally, recall that if (Y, d) is a linear metric space, the distance d is said to be
shift-invariant metric if

dy+z)y +2)=d(y)y) foralyy,zeX.

Let A and B be two subsets of a linear metric space (Y, d) with shift-invariant
metric d,and a, b, b’ € Y. It is shown in [14] that

e(A+a,B+a)<e(A,B) and e(A+bA+V)=<d(b?).
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3. On the behaviors of fixed points sets of set-valued
pseudo-contraction mappings

In this section, we will be concerned with the behaviors of fixed points sets of
set-valued pseudo-contraction mappings.

Existence of fixed points is a subject which is not limited to set-valued
contraction or pseudo-contraction mappings, and in this spirit, we will not
make use here of classical conditions assuring existence of fixed points for
set-valued mappings. More precisely, we will assume that the fixed points sets
of the involved set-valued mappings are nonempty and linked in such a way
that a result on the behaviors of their fixed points sets is derived. And instead
of conditions on the distance between the images of the set-valued mappings
as considered in some recent articles (see, for instance, [10, 32]), we impose
conditions only on those for the fixed points.

We will not follow here classical procedures usually used when dealing with
the behaviors of fixed points sets of set-valued mappings but make use of the
following more precise version of the well-known lemma on existence of fixed
points of set-valued pseudo-contraction mappings called in [13], Dontchev-
Hager fixed-point theorem; see also [18]. This version is enhanced in the sense
that not only the completeness is assumed only on the closed ball, but more
particulary, only the values of restriction of the set-valued mapping on the closed
ball are assumed to be nonempty and closed. Of course the proof follows, step
by step, the arguments used in [18] which are based on techniques having roots
in the Banach contraction principle. A proof using arguments based on a weak
variant of the Ekeland variational principle has also been performed recently
in [13].

Lemma 3.1. Let (X,d) be a metric space. Let x € X and o > 0 be such that
B (x,) is a complete metric subspace. Let .. € [0,1) and T : X = X be a set-
valued mapping with nonempty closed values on B (X, «) such that

M d&xTx)<(1—-Aaoaand

(2) e (T (x) NB(x,a),T (x/)) < (x,x/) Vx,x € B(X a).

Then, T has a fixed point in B (X, ).

Now, we derive the following result on the behavior of fixed points sets of
set-valued mappings which should be compared to [10, Proposition 2.4], [11,
Proposition 2.4], [23, Proposition 4.5], and more recently to [3, Theorem 3.1]. It
is worthwhile noticing that one of the deep and most general result obtained in
this direction is [7, Theorem 4.1]. However, our conditions seem to be somewhat
different. In any case, and at the current stage of advancement, it is not easy to see
if it is possible to derive our result from it, see Remark 1 below for explanation.
Using Lemma 3.1, we give here the proof for the convenience of the reader.
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Theorem 3.2. Let (X,d) be a metric space. Let xo € X and r > 0 be such that

B (x0,7) isa complete metric subspace. Let . € (0,1) and0 < 8 < (1 — X)) r and

let T,S : X =% X be two set-valued mappings such that

(1) T is A-pseudo-contraction with respect to B (xo, ) and has nonempty closed
values on B (xg, 1);

(2) S has nonempty fixed points set and for every x € Fix (S),

d,x) <B and d(x,T(x) < AB.
Then, T has a nonempty fixed points set and

e(Fix (S), Fix (1)) < 1; sup e(S(x), T (x)).

— M xeB(xp,r)

Proof. Fix ¢ > 0 and put

. 1 Ap
a=miny—— sup e(Sx),T(x))+e, .
11— xX€B(xq,7) 1—2

Let x € Fix (S) be an arbitrary element.

Claim 1: We prove that B (X,a) C B (xg,7). To do this, let x € B (X, ). Then,
from assumption (2), we have

d(x,x0) <d(xXx)+d (X x0)

1
<a+ﬁ§ﬁkﬁ+ﬂ<kr+(l—k)r:r.

Claim 2: We have d (x, T (x)) < (1 — A) «. Indeed, since x € Fix (S), then by
assumption (2), d (x, T (x)) < AB. Also,
dx,T(x) <eSx,Tx) =< sup e(Sx),Tx),
x€B(xg,r)
and, since d (x, T (x)) is finite, then
dxTx) < sup e(Sx),Tx)+(1—Ar)e.
x€B(xp,r)

Thus, d (x, T (x)) < (1 —A) a.

It results by Claim 1 and assumption (1) that T has nonempty closed values
on B (X, «) and for every x,x" € B (X, &),

e(T(x)NBx,a),T(x)) <e(T(x)NB(xp,r),T(x)) <rd(xx).

Now, all the conditions of Lemma 3.1 are satisfied for T on B (%, «) and then,
T has a fixed point x* € B (x, «). It results that

d (x,Fix(T)) < d(%,x*) <a< ; sup e(S(x),T(x))+e.

— A xeB(xp,r)
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This inequality being valid for any X € Fix (S), we obtain

e (Fix (S) ,Fix (T)) < ﬁ sup e(S(x),T(x))+e.

x€B(xg,r)

Letting ¢ go to zero, we complete the proof. l

Remark 1. In [7, Theorem 4.1], the authors consider the set of coincidence
points of two set-valued mappings ® and W which is exactly the fixed points
set of ® whenever W is the embedding set-valued mapping Embyx of X defined
by Embx (x) = {x}, for every x € X. Then, according to our notations, we
take ® = T, ® = S,and ¥ = W = Emby. In our assumptions, T is A-
pseudo-contraction with respect to B (xp, r) which is weaker than the property
of being pseudo-Lipschitzian with Lipschitz constant A considered in [7]. But
to overcome this fact, we know that it is pseudo-Lipschitzian with Lipschitz
constant A+¢, for every e > 0. According to the notations of [7], we take xj = yj;
any point in Fix (S) which plays the role of x and yj in [7], respectively. But we
can not take our xo because d (xo, T (xp)) is not known under our assumptions.
Also, we take R; = R, = R = Ar, B = A+ ¢,and @ = 1. As a conclusion, for
any r; > 0 and r, > 0 verifying Condition (3.11) of page 821 [7], we obtain

e (Fix (S) N B (x§, 1), Fix (1)) < sup  e(S(x), T (x)).

x€B(xgr1)

1—XA—¢

It is not clear how to choose, for every ¢ > 0, r; (which depends on ¢) in such
a way that Fix (S) C B (xé, rl) C B (xo, 1), since the upper bound in the second
term of inequality is taken on B (xg, 7). Furthermore, neither X nor the graph
of T are assumed to be complete in Theorem 3.2. This condition is required in
[7, Theorem 4.1].

Now, we derive the following corollary.

Corollary 3.3. Let (X, d) be a metric space. Let xo € X and r > 0 be such that

B (xo,7) isa complete metric subspace. Let . € (0,1) and0 < f < (1 — X)) r and

let T,S : X =% X be two set-valued mappings such that

(1) Sand T are ,-pseudo-contractions with respect to B (xo, r) and have nonempty
closed values on B (xg, 1);

(2) S has nonempty fixed points set and for every x € Fix (S),

d(x,x0) <B and d(x,T(x)) < AB;
(3) T has nonempty fixed points set and for every x € Fix (T),

d(x,x0) < B and d(x,S(x)) < AB.
Then,

Haus (Fix (S), Fix (T)) < 1; sup Haus(S(x),T (x)).

— M xeB(xp,r)



148 e B. ALLECHE AND V. D. RADULESCU

Remark 2. It is worthwhile emphasizing the importance of the above result
which allows to replace the excess by the Pompeiu-Hausdorftf metric in the
conclusion of Theorem 3.2. To our knowledge, even if all the fixed points sets
of the involved set-valued mappings are in B (x, r), there does not seem to be
any result in the literature dealing with set-valued pseudo-contraction mappings
which provides such a conclusion, see, for comparison, [10, Proposition 2.4] and
the recent generalization given in [1] of Lim’s lemma, see [29].

In the following example, we give two set-valued mappings satisfying the
conditions of Theorem 3.2 with respect to each other. Though some conditions
are relaxed, this example provides us a situation where the Pompeiu-Hausdorff
metric can be used in the conclusion of Theorem 3.2.

Example 2. According to Theorem 3.2, let X = R2, xp = (0,0), r = 1, and

— L
)‘_ﬁ'

Let T : R? = R? be the set-valued mapping defined by:

{g} x <[o%] U [3,+oo[) if || (xp) Il < 1,

{2x} x 0, %] if | (x.y) Il = 1.

T((xy)) =

Clearly, T has nonempty closed values on B (xo, r) and the images of points of
B (x, r) are not necessarily included in B (x, ). And since, for every (xl, yl)
and (xz, yz) in B (xg, 1), we have

e (T ((x1,31)) N B (x0,7), T ((x2,2))) < % X1 — %2,

then, T is A-pseudo-contraction with respect to B (xg, 7). We note that T is not
Lipschitzian on R? and Fix (T) = {(0, 0)}.

Now, take any o € i|0,2\/§ (1 — \/X) [ and define S : R? = R? by:

$((xy)) = {xga} 8 ([O’ %} N [3’+°°[) if | (% 9) 1| < 1,

{2x} x ]O,x3] if || (x,y) Il > 1.

The set-valued mapping S has nonempty closed values on B (xp,7) and the
images of points of B (xg, r) are not necessarily included in B (xo, r). Also, it is
A-pseudo-contraction with respect to B (xg,7) and Fix(S) = {a} x [0, %]
Finally, S is not Lipschitzian on R2.

We put = (1 — ﬁ) < (1 — 1) r and we will verify the other conditions

of Theorem 3.2.
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(1) For the unique fixed point (0, 0) of T, we have
o
d((0,0),S((0,0))) = )

< JE(1=vA) <2 (1=vE) =5

(2) For any («, ) € Fix (S), we have

2
d((a)y))(0>0))§ a2+az=£(¥=\/x<l—\/x><,3

2
and
d(@y) T(@y) =d(@n.(5.5)) = /azz +(r-3)

5%<\/§\/§<1—ﬁ)<k<l—ﬁ)=&3-

We conclude this section by the following easily verified result. This corollary
will be useful in the sequel.

Proposition 3.4. Under assumptions of Theorem 3.2, we have

e(Fix (S) N B, Fix (T)) < %k sup e(S(x)NB, T (x)),

x€B(xg,r)

for every subset B of X such that B N Fix (S) # 0.

Proof. It suffices to replace S in Theorem 3.2 by the set-valued mapping S N B
defined on X by (SN B) (x) = S(x) N B. O

4. On theinverse of the sum of two set-valued mappings

In this section, we will be concerned with the properties of inverse of the sum
of two set-valued mappings.

As in Theorem 3.2 of the last section, the two set-valued mappings involved
in the following results will be connected between them by some additional
conditions related to the existence of fixed points. We formulate this connection
in the following definition which can be compared to the notion of sum-stable
maps used in [21, Definition 4.2].

Let F,G : X =2 Y be two set-valued mappings,xo € X,yo € Y,BC Y,«a > 0,
and B > 0. In the sequel, we say that F is («, 8)-compatible with respect to G on
B for xy and y if the following conditions hold:

(FP1) for every y € B, there exists x, € X such that (y — G(x,)) N

(F (xy) = y0) # %
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(FP2) whenever x is such that (y -G (x)) N (F (x) — yo) # ) for some y € B,
then dy (x,x9) < B and dy (x, F'(y+»—-G (x))) < ap, for every
y € Bwithy' # y.

Example 3. Put X = Y = R? and xy = yo = (0,0) € R?. Choose A = \/Li’

B = (1 — ﬁ), and § = 2\/§ (1 — «/X) Put B = B (yo,8) and define, for
every z € B, the set-valued mapping T, : R? = R? by:

x+ lel } < ([o.5]uB+ool) il (my) I <1,

Tz (%) = {

{2x} x ]0,x°] if || (xp) | > 1.

As in Example 2, the set-valued mapping T is not Lipschitzian but A-pseudo-

contraction with respect to B (xp, 1) and has nonempty closed values on B (xp, 1)
llzll

and Fix (T,) = {||z||} x [0, T]’ for every z € B.
For z € Band (a, y) € Fix (T;), we have

d((e,y),x) <pf and d((a,y), Ty ((@,7)) < AB,

for every 2’ € B such thatz # 2.
Now, if F and G are the two set-valued mappings defined on R? to R? in such
a way that for any z € Band (x,y) € R?, we have

L () = F' (r = G (%))

then F is (A, B)-compatible with respect to G on B for xy and y,

We formulate here the following inverse set-valued mapping result for the
sum of two set-valued mappings similar to [14, Theorem 3], where the condition
of being Lipschtzian is replaced by some local conditions such as the condition
of being pseudo-Lipschitzian.

From now on, the metric of the linear metric space Y will be always assumed
to be shift invariant and (—1)-homogeneous. This condition of homogeneity is
also needed in [14]. A metric dy on a linear space Y is called -homogeneous,
a € R,ifdy (ax,ay) = |a| dy (x,), forevery x,y € Y. Every metric associated
to a norm is a-homogeneous, for every & € R. Thus, the metric dy is (—1)-
homogeneous if dy (—x, —y) = dy (x,y), for every x,y € Y.

Theorem 4.1. Let (X, dx) be a metric space, (Y,dy) be a linear metric space,
r>0,x € Xandyy € Y besuch that B (xo, 1) is a complete metric subspace. Let
F,G: X =2 Y be two set-valued mappings satisfying the following assumptions
(1) G has nonempty closed values on B (xo,1), G(xp) is a bounded set with
diameter dy, and there exist « > 0, § > 0, and a nonempty subset N of Y
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such that G (B (xo,7)) C B(G (x0),ar), and G is a-pseudo-Lipschitzian on
B (xo, 1) with respect to B(G (xp) ,8) + yo — N;

(2) B(x9,1) C dom (F), B (yo, S+ ar—+ do) C F(B (xo,7)), F is upper semicon-
tinuous, and there exists K > 0 such that «K < 1 and F~1 is fully K-pseudo-
Lipschitzian on B (yo, 8 + ar + dy) for N with respect to B (xo, 1);

(3) there exists B > 0 such that B < (1 — aK) r, and F is («, B)-compatible with
respect to G on B (G (x) , 8) for xo and y.

Then, (F+ G)~Lis I—Iny -Lipschitzian on B (G (x0) + o0, 8).

Proof. Lety € B(G (xp),d) be fixed, and consider the set-valued mapping T), :
X =2 X defined by:

Ty(x):=F'(y+y—-GW)={teX|IzeGx),y+y—zeF@®)}.

Clearly, Fix (Ty) = (F + Gt (¥ + y0), and it follows by condition (3) that
there exist x, € X, yg € G (x,), and yp € F (x,) such that

Y —=YG =JF — )o-
Therefore, y = yr + y6 — 0o € (F+G)(xy) — y, and then x, €
(F+G)! (y + yo). This proves in particular that
B (G (x0) + 0,8) C dom (F+G)™".

To verify all the conditions of Theorem 3.2 to any couple of set-valued

mappings T, with y € B(G (xo) ,§), we state first the following fact:
y+yo—G(x) C B(yo,(S —I—ocr—{—do) Vx e B(xg,71).

Indeed, let x € B (xp,7) and z € G (x). Since dy is a shift-invariant metric, it
suffices to verify that dy (y,z) < 8 + do + ar. Let y, € G (xo) be such that
dy (y,yx,) < 8andpute = § — dy (y,yx,) > 0. Let uz; € G (xg) be such that
dy (ug,z, z) < ar + 5. Then, we obtain

dY ()’, Z) E dY (y)yX()) + dY (yx()) ue,z) + dY (uS,Za Z)
<dy (y,yxo) -I—do—i-ozr—l—g
£
=5—8+d()+0l7’+5 < 8+dy+ ar.

The set-valued mapping T, has nonempty closed values on B (xp, 7). Indeed,
let x € B (xo,r). Foreveryz € G(x),y+yo—z € B (yo, 8+ ar+ do), and then
F~' (y+y0 — z) # 0. Thus, Ty (x) # @, for every x € B (xo,r). Moreover, by
the upper semicontinuity of F and since y + yo — G (x) is closed, then T}, (x) =
F1 (y +y0—G (x)) is closed, for every x € B (xq, ).

The set-valued mapping T is aK-pseudo-contraction with respect to
B (x0, ). Indeed, for x1, x2 € B (x, r), we know from above that y + yo — G (x1)
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and y + yo — G (x2) are contained in B ()/0, S+ar+ do). Then,
dx (Ty (x1) N B (x0, 1), Ty (x2))
=e(F ' (y+y0— Gx1)) NBxo, ), FH (y + 30 — G (x2)))
<Ke((y+y0—G(x1)) NN,y +yo — G(x2)).
Since dy is shift invariant and (—1)-homogeneous, then
Ke((y+y0—Gx1)) NN,y +y0 — G(x2))
= Ke ((G(x1) N (y +y0 = N), G (x2)) < Kdx (x1,%2).

To verify the condition (2) of Theorem 3.2, take y,¥' € B(G (x0),8), y #
y' and suppose x € Fix (Ty). Then, by condition (3), dx (x,x0) < p and
dx (x, F! (y/ +y0—G (x))) < af. Thatis, dx (x, x9) < Banddy (x, T, (x)) <
af which are required.

It remains now to verify that the set-valued mapping (F + G) ™! is 1—12 -
Lipschitzian on B (G (x0) + o, 5). Note first that we have Fix (Ty) C B(xg,71),
for every y € B(G (xp),9).

For z,z € B(G(x0) 4+ y0,8),letz = y+ ypand 2/ = y' + yo with y,y €
(G (xg) ,6). We have

e(F+6 (), F+G6)7" (7)) = e(Fix(T)),Fix (Ty))

and
e (Fix (Ty) , Fix (T,)) = e (Fix (T,) N B (xo, ) , Fix (T}/))

1
=

sup e(Ty(x) NB(xp, 1), Ty (x)).
1 —aK x€B(xo,1) ( g 4 )

On the other hand, for every x € B (xp, r), we have
e (Ty (x) N B (x0,1), Ty (x))
=e(F' () +%0 = G®@) NB 0,1, F (Y + 30 — G())
<Ke((y +y0—G@) NN,y +y0— G ()
<Ke(y+y0 =G,y +y0 - G) = Kdy (.5).
We conclude that

e(F+0 '), F+G 7' () < 1— odeY( ) = 1 —akK

which, by interchanging z and z’, completes the proof. [

dy (z,7')

Remark 3. We remark that in Condition (1) of the above theorem, the condition
of G being «a-pseudo-Lipschitzian on B (xo, ) with respect to B (G (xp),8) +
yo — B (y0,8 + ar+dy) can be replaced by the weak condition of G being
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a-pseudo-Lipschitzian on B (xo, r) with respect to y 4+ yo — B ()/0, §+ar+ do),
for every y € B(G (xp) ,d).

Now, we are going to obtain a result similar to the classical result due to Graves
on the inverse of continuous functions acting between Banach spaces. First, we
state the following result.

Theorem 4.2. Suppose that all the conditions of Theorem 4.1 are satisfied such
that B (yo, S+ ar—+ do) C F(B(xg,r)), Flis fully K-pseudo-Lipschitzian on
B (yo, S+ ar+ do) for N with respect to B (xo, 1), and B (G (xo) , §) is replaced by
UueG) B (8) in the corresponding conditions. Then, the set-valued mapping
(F+ G)~ ! is tZop-Lipschitzian on | J i) B (4 4 70, ).

Proof. The proof follows step by step the proof of Theorem 4.1 where instead of
taking y € B (G (xo), ), we take y € |J,cG,) B (% 8). The unique fact which
merits to be established is that for every y € (U, ¢ B (u,9),

y+y— G(x) CB(yO,(S—I—ocr—{—do) Vx e B(xg,r1).

Lety € UueG(xO)E(u,S) and take u, € G(xo) such that y € E(uy,S). Let
X € B(xp,r) and z € G (x). Since dy is a shift-invariant metric, it suffices
to verify that dy (y, z) < 8 + dy + ar. Since dx (y, uy) < 4, let (04), be an

increasing sequence of positive numbers such that lim o, = land ¢, =
n——+00

8 — ondx (y, uy) > 0, for every n. Now, for every #, let y, , € G (xo) be such that
dy (yn,z, z) < ar + . Then, we obtain

dy (1.2) < dy (9 uy) +dy (> ynz) +dy Iz 2) < dy (uy) +do+ar+ %n,

and since lim,_ 1 oo &, = 8 — dy (y, uy), we have

5 —dy (,
dY(y’z)de()””y)+do+ar+M
5 +dy (3,
:w_i_do—i_arSg%—do—kar

which completes the proof. O

Remark 4. Theorems 4.1 and 4.2 provide us with the conclusion that the set-
valued mapping (F + G)~!is Lipschitzian. In [7, Lemma 4.3], the authors obtain
that the inverse of the considered set-valued mapping is pseudo-Lipschitzian,
which is a property weaker than that of being Lipschitzian. It should be empha-
sized that this result has been used to derive sufficient conditions for the
existence of double fixed points of set-valued mappings which, in particular,
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has applications to the problem of regularity of the composition of set-valued
mappings, see [26].

Recall that the Banach open mapping theorem guarantees that a linear
continuous mapping A from a Banach space X to a Banach space Y is surjective
if and only if it is an open mapping. In particular, if A is surjective linear and
continuous, then there exists K > 0 such that

BY (0, 1) CA (BX (0, K)) .

Corollary 4.3. Let (X, ||.|lx) and (Y, ||.|ly) be two Banach spaces. Denote by A :

X — Y a surjective, linear, and continuous mapping and let K be the constant

arising from the Banach open mapping theorem. Let r > 0 and xo € X. Let

g : X — Y be a single-valued mapping and suppose that the following conditions

are satisfied:

(1) there exist « > 0 and a subset N of Y containing A (xo) such that aK < 1,
g (B (x0,1)) C B (g (x0) ar), and g is «-pseudo-Lipschitzian on B (xo, ) with
respect to B (g (x0) » 1_I§‘K r) + A (x9) — N;

(2) A1 is fully K-pseudo-Lipschitzian on B (A (x0), I_KO‘Kr + ar) for N with
respect to B (xo, 1);

(3) there exists B > 0 such that B < (1 — aK) r, and A is («, B)-compatible with
respect to g on B (g (xo) , I_I?K r) for x and yo.

Then, (A + G) ™! is = -Lipschitzian on B (A (xo) + g (x0) , 1525 r).

Proof. Let F = A and G = g. From the Banach open mapping theorem,

B(A(0). %) C 4B @on) =F(Bxon).,

The proof then holds by applying Theorem 4.2 with § = I_I?K 1, y0 = A (x0)

and dy = 0. O

We close this section by the following discussion about the conditions
on mapping A which have been involved in the proof of Corollary 4.3. The
continuity of A implies, by the Banach open mapping theorem, the openness
of A. However, the linearity of A is not used in the proof. Instead of that, we
need that A™! is fully pseudo-Lipschitzian.

On the other hand, the openness of A can be involved without the linearity of
A. In the literature and, especially in convex analysis without linearity, general-
izations of some implicit function theorems and other questions of optimization
have been obtained without linearity, see [33]. See also [36] where a notion
denoted by PL weaker than that of the linearity has been recently defined and
a generalization of the Banach open mapping theorem has been derived. It is
shown, in particular, that every surjective continuous mapping acting between
Banach spaces and satistying the conditions of the notion PL is open.
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5. Applications to variational inclusions

In this section, we deal with the sensitivity analysis of variational inclusions.
Based on the proximal convergence, we make use here of our results developed
above and develop techniques related to the existence of solutions of variational
inclusions.

Let (P, dp) be a metric space which is called the set of parameters, and let A :
P x X =2 Y be a set-valued mapping, where (X, dx) is a metric space and (Y, dy)
a linear metric space. For a fixed value of the parameter p € P, we consider the
parameterized generalized equation:

find x € dom (A (p,.)) such that0 € A (p,x), (5.1)

where its set of solutions is denoted by S4 (p) which defines a set-valued
mapping.

The regularity properties of solution mapping p + S4 (p) has been the
subject of study of many authors since it is related to the theory of implicit func-
tions and its applications for variational inclusions, see for instance, [4, 20, 21]
and the references therein.

We define a measure of the sensitivity of the solutions with respect to small
changes in the problem’s data to apply it to the problem of existence of solutions
of variational inclusions. For any py € P, we define the full condition number of
A at po with respect to a subset W of X as the extended real-valued number by:

ck (A | po W) = limsup ¢S4 N W. S84 (7))
/ 27 o) ¢(Z.2)
747 740

where the convergence is taken in the sense of the upper proximal convergence.
A net (ZV)y is upper proximal convergent to Z if lime (Z,, Z) = 0, see [3, 12].
¥

Then, we have
¢ (A po, W)

. e(Sa (2)NW,84(Z))) ) )
_ggsup{ cZ.2) | Z,Z CB(po,s),Z;éZ,Z;é(ZJ}.

Also, the extended real number K (4, §|po, W) is defined by:
K (A8 | po, W)

L {e (Sa (2) N W,S4(Z'))

Z,7 C B(py,8),Z+27,Z .
cZ.2) | C B(po,8),Z # #@}

Clearly, the function § — K (A, 8 | po, W) is decreasing and for every py € P,
we have limg_, o K (A,(S | pos W) =c* (A | pos W)
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Proposition 5.1. IfK (A, 8 | po, W) < 400, then one of the following alternatives

holds:

(1)there exists a neighborhood V (po) of po such that Sa (p) = @, for every p €
U (po);

(2)there exists a neighborhood V (po) of po such that Sy (p) # ¥, for every p €
U (po)-

In particular, if 0 < K (A,8 | po, W) < 400, then there exists a neighborhood

V (po) of po such that the solution set of the parameterized generalized equa-

tion (5.1) is nonempty, for every p € V (po).

In the sequel, we focus on the special case where P = Y. We study the
parameterized generalized equation associated to A : Y x X =2 Y defined using
a set-valued mapping F : X =2 Y as follows:

A(p,x) =

We remark that S4 (Z) = F~! (2), for every subset Z of P and it results that in
this framework, the full condition number given above takes the more explicit
form

F(x)—p ifx € B(xp,7),

7] otherwise.

Fl@nw,F 1 (7
¢f (A | po, W) = limsup e(F @ 7 )
Z.7'—{po} e(Z,2))
247 20

In this setting, we will write c}‘ (F | po, W) and K (F, 8 | po> B (xo, r)) instead of
c}‘ (A | po» W) and K (A, 8 | po> B (xo, r)), respectively.

Now, we obtain the following result on the existence of solutions of parame-
terized generalized equations.

Theorem 5.2. Letr > 0, xo € X, and pp € Y be such that B (xo, 1) is a complete

metric subspace. Let G : X =2 Y be a set-valued mapping. Suppose that 0 <

c* (F | po> B (x0, r)) < 400 and choose 8 such that K (F,E | po,B (xo,r)) < +00.

Suppose further that the following conditions are satisfied

(1) G has nonempty closed values on B (xo,1), G(xp) is a bounded set with
diameter dy < 8, and there exist a subset N containing B (po,g) and0 < o <

min { S—rdo ) K(F,S\pol’B(xO’r)) } such that G (B (x9,7)) C B(G (xg),ar), and G is

a-pseudo-Lipschitzian on B (xo, r) with respect to B (G (x0),8 —ar — do) +
po — N; 3
(2) B (x0,r) C dom (F), B (po,8) C F (B (xo,1)), and F is upper semicontinuous.
(3) there exists B > 0 such that B < (1 —akK (F,g | po,B (xo,r))) r, and F is
(o, B)-compatible with respect to G on B (G (x0),8 —ar — do) for xo and py.
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Then, c* (F + G| po + y, B (x0, r)) < K(F.81po,B(x0,1))

S T T T) < 400, forevery y €
G (x0).

Proof. Put$ = 8§ — ar — dy > 0. We have aK (F,S | po> B (xo, r)) < 1. Also, for
every subsets Z, Z' of B (po, 8), we have

e(F'(2)NB(xo,r),F ' (Z')) <K (F.8 | po,B(x0,1)) e (2, 2Z')

and then, F~!is tully K (F, 5 Po> B (x0, r))—pseudo—Lipschitzian onB (po, 3) for
N with respect to B (xo, r).
It results by applying Theorem 4.1 that the set-valued mapping (F + G) ™!
K(F,3|po,B(x0,r))
1—aK(F,8|po,B(x0,))
G (xp), we have

-Lipschitzian on B (G (xo) + po,8). Then, for every y €

c* (F+G |y—|—po,B(x0,r))

e(F+G (2 NBxr),F+ G~ (Z))

= limsup -
Z,Z,—>{)/+P0} e(Z,Z)
Z+7! 7))
e(F+0712),F+6)71(2))
< sup "
7,7/ CB(y+p0,5)s e(Z,2)
Z+7 7Y

K (F,8 | po, B (x0,7))
= 1—aK (F,3 | po, B(x0,7))

< 400,

which completes the proof. ]

In conclusion, we have obtained in this article the results on the behaviors
of fixed points sets of set-valued mappings similar to the classical ones but with
new conditions and different proofs. Then, we have highlighted the properties of
set-valued pseudo-Lipschitzian mappings to deal with the Lipschitzian property
of the inverse of sum of two set-valued mappings. In our approach, we have
considered techniques based on handling subsets rather than points which are
usually used in these studies.
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