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Abstract

In this paper we study a non-homogeneous eigenvalue problem involving variable growth conditions and a potential V.
The problem is analyzed in the context of Orlicz—Sobolev spaces. Connected with this problem we also study the optimization
problem for the particular eigenvalue given by the infimum of the Rayleigh quotient associated to the problem with respect to the
potential V when V lies in a bounded, closed and convex subset of a certain variable exponent Lebesgue space.
© 2009 Elsevier Masson SAS. All rights reserved.

Résumé

Dans cet article on étudie un probléme non homogene a valeurs propres avec exposant variable et potentiel V. Ce probleme est
analysé dans les espaces d’Orlicz—Sobolev. On étudie également le probleme d’optimisation dans le cas particulier ou la valeur
propre s’obtient par minimisation du quotient de Rayleigh associé au potentiel V, quand V appartient a un ensemble borné, fermé
et convexe d’un espace de Lebesgue a exposant variable.
© 2009 Elsevier Masson SAS. All rights reserved.
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1. Introduction and preliminary results

Let £2 be a bounded domain in RY (N = 3) with smooth boundary 9§2. Assume that a; : (0,00) - R, i =1, 2,
are two functions such that the mappings ¢; : R — R, i = 1, 2, defined by:
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o Jai(tht, fort #0,
wle) = {0, fort =0,

are odd, increasing homeomorphisms from R onto R, A is a real number, V (x) is a potential and g1, g2, m: 2 —
(1, 00) are continuous functions. We analyze the eigenvalue problem:

—div((a1 (|Vul) + a2(IVu) Vi) + V ) Ju " =20 = A(|u| 1O =2 4 |y 9200=2)y,
ifxe ()
u=0, ifxeods2.

The interest in analyzing this kind of problems is motivated by some recent advances in the study of eigenvalue
problems involving non-homogeneous operators in the divergence form. We refer especially to the results in [13,
18,20,12,21-23]. Problem (1) can be placed in the context of the above results since in the particular case when
q1(x) = q2(x) = g(x) for any x € 2 and V =0 in £ it was studied in [21]. The form of problem (1) becomes a
natural extension of the problem studied in [21] with the presence of the potential V in the left-hand side of the
equation and by considering that in the right-hand side we can have g1 # g on £2.

In order to go further we introduce the functional space setting where problem (1) will be discussed. In this context
we notice that the operator in the divergence form is not homogeneous and thus, we introduce an Orlicz—Sobolev
space setting for problems of this type. On the other hand, the presence of the continuous functions m, g1 and g as
exponents appeals to a suitable variable exponent Lebesgue space setting. In the following, we give a brief description
of the Orlicz—Sobolev spaces and of the variable exponent Lebesgue spaces.

We start by recalling some basic facts about Orlicz spaces. For more details we refer to the books by D.R. Adams
and L.I. Hedberg [2], R. Adams [3] and M.M. Rao and Z.D. Ren [25] and the papers by Ph. Clément et al. [6,7],
M. Garcia-Huidobro et al. [14] and J.P. Gossez [15].

For ¢; :R — R, i =1, 2, which are odd, increasing homeomorphisms from R onto R, we define

t

t
@g):/yund& (@ygy=/@m%gd& forallt e R, i = 1,2.
0 0

We observe that @;, i = 1,2, are Young functions, that is, ®@; (0) = 0, &; are convex, and lim,_, 5, @; (x) = +o00.
Furthermore, since @;(x) = 0 if and only if x =0, lim,_,0 @; (x)/x =0, and lim,_, 5c ®; (x)/x = 400, then ®; are
called N-functions. The functions (®;)*, i = 1, 2, are called the complementary functions of @;, i = 1,2, and they
satisfy:

(@)*(t) = sup{st — ®;(s); s >0}, forallz>0.
We also observe that (®;)*, i = 1, 2, are also N-functions and Young’s inequality holds true
st < DPi(s) + (®;)*(r), foralls,t>0.

The Orlicz spaces Lo, (§2),1 = 1, 2, defined by the N-functions @; (see [2,3,6]) are the spaces of measurable functions
u: 2 — R such that

lullLy, == SUP{ /uvdx; /(¢i)*(|g|)dx < 1} < 00.

k94 k94

Then (Lo, (£2), | - ”qu,- ), i =1, 2, are Banach spaces whose norm is equivalent to the Luxemburg norm

lullo, :=inf{k - 0; fqz-(”(kx)) dx < 1}.
2

For Orlicz spaces Holder’s inequality reads as follows (see [25, Inequality 4, p. 79]):

/uvdx < 2”””L¢i ||U||L(¢,>* forallu € Lo, (£2) and v € L(g;)*(£2), i =1, 2.
2
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Next, we introduce the Orlicz—Sobolev spaces. We denote by Wqu)i (£2), i = 1,2, the Orlicz—Sobolev spaces
defined by:

9
WL, (2) = :ueL¢i(Q); 8—” € Lo, (2), i:l,...,N}.

Xi

These are Banach spaces with respect to the norms
lull,e; == ||u||<p,~+|||Vu|H¢i, i=12

We also define the Orlicz—Sobolev spaces WolLd’f (£2), i = 1,2, as the closure of CSO(Q) in W1L¢i (£2).
By Lemma 5.7 in [15] we obtain that on W(; L, (82),i = 1,2, we may consider some equivalent norms

laelly = [ 1Vl [ -

For an easier manipulation of the spaces defined above, we define:

. 19i (1) 0 toit) .
, :— inf d : = s € 1, 2}.
(¢i)o := inf o0 M (i) Sy {1.2}
In this paper we assume that for each i € {1, 2} we have:
t;i (1) 0
1 o < < (@; , Vtr>0. 2
< (¢i)o &1 (1) (¢i)” <00 2

The above relation implies that each @;, i € {1, 2}, satisfies the Az-condition, i.e.
D;(2t) < K®i(t), Vi=0, (3)

where K is a positive constant (see [22, Proposition 2.3]).
On the other hand, the following relations hold true

A0 .
]| (# </q>,-(|W|)dx<||u||§“")°, Vu € Wy Lo, (82) with JJull; < 1, i = 1,2, @
2
. A0
laef{#0 </¢,-(|Vu|)dx <Null{*, Vu € Wi Lo, (82) with |lulli > 1, i =1,2 (5)
2

(see, e.g. [21, Lemma 1]).
Furthermore, in this paper we assume that for each i € {1, 2} the function @; satisfies the following condition:

the function [0, 00) 51 — &; (\/? ) is convex. (6)

Conditions (3) and (6) assure that for each i € {1, 2} the Orlicz spaces L, (§2) are uniformly convex spaces and thus,
reflexive Banach spaces (see [22, Proposition 2.2]). That fact implies that also the Orlicz—Sobolev spaces WO1 Lo, (£2),
i € {1,2}, are reflexive Banach spaces.

Remark 1. We point out certain examples of functions ¢ : R — R which are odd, increasing homeomorphisms from
R onto R and satisfy conditions (2) and (6). For more details the reader can consult [7, Examples 1-3, p. 243].
1) Let
o) =plt|"™*t, VteR,
with p > 1. For this function it can be proved that
(@o=@"=p.

Furthermore, in this particular case the corresponding Orlicz space L (§2) is the classical Lebesgue space L”(£2)

while the Orlicz—Sobolev space WO1 Lo (£2) is the classical Sobolev space W(: P (£2). We will use the classical notations
to denote the Orlicz—Sobolev spaces in this particular case.



M. Mihdilescu et al. / J. Math. Pures Appl. 93 (2010) 132—-148 135

2) Consider
o(t) =log(1+|t|)[1|P %1, VteR,
with p, s > 1. In this case it can be proved that

@o=p,  (@°=p+s.

3) Let
=T 0 =0
= —7 1 9 = b
P logT 1D Y
with p > 2. In this case we have
@o=p—1, (@ =p.

Next, we recall some background facts concerning the variable exponent Lebesgue spaces. For more details we
refer to the book by Musielak [24] and the papers by Edmunds et al. [8-10], Kovacik and Rékosnik [16], Mihailescu
and Radulescu [17], and Samko and Vakulov [26].

Set

C+(2)={h; he C(2), h(x) > 1forall x € 2}.
For any h € C(£2) we define:

ht =suph(x) and h~ = inf h(x).
XER xeR

For any ¢ (x) € C,(£2) we define the variable exponent Lebesgue space LX) (£2) (see [16]). On LIX) (§2) we define
the Luxemburg norm by the formula

lulgx) = inf{u > 0; f
2

We remember that the variable exponent Lebesgue spaces are separable and reflexive Banach spaces. If 0 < |£2| < oo
and q1, g» are variable exponents so that g;(x) < g2(x) almost everywhere in §2 then there exists the continuous
embedding L2 (2) — L11™ ().

Let L”/(x)(.Q) denote the conjugate space of L?™)(£2), where 1/p(x) 4+ 1/p’(x) = 1. For any u € L?™¥(£2) and
v e LP'™ () the Holder type inequality

’/uv dx
Q
holds true.

If (un), u € L9%)(£2) then the following relations hold true:

q(x)

u(x)

dxél}.

1 1
< (p—_ + p/>|u|p(x)|vlp/(x)’ (N

- +
oo > 1 = lully < [ 1t dx < il ®)
2
+ -
lgwy <1 = lull, <f|u|q<”dx< Jul? o) )
2
ly — gy =0 & flu”—ulq(x)dx—>0. (10)
2

Now we can turn back to problem (1). We will study problem (1) when g, ¢>, m : 2 — (1, 00) are continuous
functions satisfying the following assumptions:
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1< (@< @)’ <q; <gf <m™ <m™<qy <qff <@o< ()’ <N, (11)
. N(p2)o —
+
q; <|(@2)o| =———"F, Vxeg, (12)
<l ] N —(¢2)o
and the potential V : 2 — R satisfies
_ N _
Vel ™), withr(x)eC(2) and r(x)>-— ,Vxeg. (13)
m

Condition (11) which describes the competition between the growth rates involved in Eq. (1), actually, assures a
balance between them and thus, it represents the key of the present study. Such a balance is essential since we are
working on a non-homogeneous (eigenvalue) problem for which a minimization technique based on the Lagrange
Multiplier Theorem cannot be applied in order to find (principal) eigenvalues (unlike the case offered by the homo-
geneous operators). Thus, in the case of nonlinear non-homogeneous eigenvalue problems the classical theory used
in the homogeneous case does not work entirely, but some of its ideas can still be useful and some particular results
can still be obtained in some aspects while in other aspects entirely new phenomena can occur. To focus on our case,
condition (11) together with conditions (12) and (13) imply:
Jo ®1(VuD dx + [ ®2(Vul)dx + [o 33 |u|"™ dx

1m =

el —0 Jo s lul0 @ dx + [ s lul® dx ’

and
 Ja @1(Vubdx + [o @21 Vuldx + [y wog lul" @ dx .
llull —o00 f_Qﬁmyn(x)dx_{_fgﬁnﬂqz(x)dx ’

In other words, the absence of homogeneity is balanced by the behavior (actually, the blow-up) of the Rayleigh
quotient associated to problem (1) in the origin and at infinity. The consequences of the above remarks is that the
infimum of the Rayleigh quotient associated to problem (1) is a real number, i.e.
. Jo @1(Vuldx + [o ®2(1Vul)dx + [o w3 |u|"™) dx )
UeW! Lo, (2)\(0) fo ql_tc)|“|ql(x) dx + [, ﬁlulqm) dx

R, 14)

and it will be attained for a function ug € Wol’p 1) (£2) \ {0}. Moreover, the value in (14) represents an eigenvalue of
problem (1) with the corresponding eigenfunction uy. However, at this stage we cannot say if the eigenvalue described
above is the lowest eigenvalue of problem (1) or not, even if we are able to show that any A small enough is not an
eigenvalue of (1). For the moment this rests an open question. On the other hand, we can prove that any A superior to
the value given by relation (14) is also an eigenvalue of problem (1). Thus, we conclude that problem (1) possesses a
continuous family of eigenvalues.

Related with the above ideas we will also discuss the optimization of the eigenvalues described by relation (14)
with respect to the potential V', providing that V belongs to a bounded, closed and convex subset of L") (£2) (where
r(x) is given by relation (13)). By optimization we understand the existence of some potentials V, and V* such that the
eigenvalue described in relation (14) is minimal or maximal with respect to the set where V lies. The results that we
will obtain in the context of optimization of eigenvalues are motivated by the above advances in this field in the case of
homogeneous (linear or nonlinear) eigenvalue problems. We refer mainly to the studies in Ashbaugh and Harrell [1],
Egnell [11] and Bonder and Del Pezzo [4] where different optimization problems of the principal eigenvalue of some
homogeneous operators were studied.

2. The main results

By relation (11) it follows that Woqus, (£2) is continuously embedded in WOIan2 (£2) (see, e.g. [21, Lemma 2]).
Thus, problem (1) will be analyzed in the space W(} Lo, (£2).
We say that A € R is an eigenvalue of problem (1) if there exists u € WOILq)1 (£2) \ {0} such that

/(a1(|Vu|)+a2(|Vu|))Vqudx+/V(x)|u|m(x)_2uvdx —xf(|u|‘1'(’”—2+ u| 2"y dx =0,
2 2 2
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for all v € W(} L, ($2). We point out that if A is an eigenvalue of problem (1) then the corresponding eigenfunction
ue WolL‘Pl (£2) \ {0} is a weak solution of problem (1).
For each potential V € L” ®)(£2) we define:

[0 ®1(Vul)dx + [ ®2(1Vul)dx + [ L |um® gx

A(V) = inf m(x) ’
ueWy Lo, (2)\(0} Jo g @ dx + [y L2 dx
and
Bvye g J2@(VeDIVuPdx + Jo ax(VuD|Vul dxdx + fo Voo™ dx
ueWy Lo, (2)\(0} [ Il dx + [ |u]©2®) dx

Thus, we can define two functions A, B: L™ (£2) — R.
The first result of this paper is given by the following theorem.

Theorem 2.1. Assume that conditions (11), (12) and (13) are fulfilled. Then A(V) is an eigenvalue of problem (1).
Moreover, there exists uy € W&L(pl (82) \ {0} an eigenfunction corresponding to the eigenvalue A(V') such that

m(x)

1 1
f_Q mluvlfﬂ(x)dx +f9 mh,tvlfﬂ(x)dx

Furthermore, B(V) < A(V), each . € (A(V), 00) is an eigenvalue of problem (1), while each ) € (—oo, B(V)) is not
an eigenvalue of problem (1).

Aqyy = Ja 21 AVuvDdx + o ®2(VuyDdx + g VO iy 1) i

Next, we will show that on each convex, bounded and closed subset of L") (£2) the function A defined above is
bounded from below and attains its minimum. The result is the following:

Theorem 2.2. Assume that conditions (11), (12) and (13) are fulfilled. Assume that S is a convex, bounded and closed
subset of L"™(2). Then there exists V, € S which minimizes A(V) on S, i.e.

A(V,) = inf A(V).
VeS

Finally, we will focus our attention on the particular case when the set S from Theorem 2.2 is a ball in L” @ ().
Thus, we will denote each closed ball centered in the origin of radius R from L™ (£2) by Br(0), i.e.

Br(0):={u e L™ (2); |ul,x) < R}
By Theorem 2.2 we can define the function A, : [0, co) — R by:

A,(R)= min A(V).
VeBr(0)

Our result on the function A, is given by the following theorem:
Theorem 2.3.

(a) The function A, is not constant and decreases monotonically.
(b) The function A, is continuous.

On the other hand, we point out that similar results as those of Theorems 2.2 and 2.3 can be obtained if we notice
that on each convex, bounded and closed subset of L") (£2) the function A defined in Theorem 2.1 is also bounded
from above and attains its maximum. It is also easy to remark that we can define a function A*: [0, co) — R by:

A*(R)= max A(V),
VeBRr(0)

which has similar properties as A,.
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3. Proof of Theorem 2.1

Let X denote the generalized Sobolev space WO1 L, ($2). Relation (11) and similar arguments as those used in [21,
Lemma 1] combined with [3, Lemma 8.12(b)] and with the Rellich—-Kondrachov theorem we deduce that

Wi Lo, (2) C Wi Lay(2) C Wo ¥29(2) — LI (2) € L1®(2) € L"™(2) ¢ L2 (), (15)

where we denoted by C a continuous embedding while by < we denoted a compact embedding.
Define the functionals Jy, I : X — R by:

Vv
JV(”):f¢1(|vu|)dx+f(p2(|vu|)dx+f%Iulmmdx,

2 2 2

1 1
I(u):/ |u|ql(x)dx+f |92 dx.
J q1(x) J q2(x)

Relation (15) assures that the functionals defined above are well defined. We notice that for any V satisfying condi-
tion (13) we have:

Ty () = Jo(u) + / E W dx, Vue X,

2

x)
)

where Jj is obtained in the case when V =01in 2.
Standard arguments imply that Jy, I € C 1 (X,R) and forall u,v € X,

<J{,(u),v):f(a1(|Vu|)+a2(|Vu|))Vqudx+/V(x)|u|m(x)_2uvdx,
2 2

(ﬂ(u),v):/|u|‘“(x)_2uvdx+[|u|qz<x)_2uvdx.
2 22

In order to prove Theorem 2.1 we first establish some auxiliary results.

Lemma 3.1. Assume conditions (11), (12) and (13) are fulfilled. Then for each € > 0 there exists Cc > 0 such that

U S |m<x>dx‘ <6/(¢1(|Vu|)—i—sz(qul))dx—i—CGIVlr(x)/(Iulm_+|u|m+)dx,
2

m(X)
2
forallu e X.

Proof. First, we point out that since r(x) > r~ on £2 it follows that L™ (£2) c L™ (£2). On the other hand, since
r(x) > nf’—, for each x € £2 it follows that ¥~ > niv—, Thus, we infer that V € L (£2) and r~ > niv—,
Now, let € > 0 be fixed. We claim that there exists D, > 0 such that
f|V(x)| ul™ dx < e/ |Vu|™ dx + Dc|V|,- / lul™ dx, Vuce Wol”"*(fz). (16)
Q Q Q

D/ > 0 such that

oly <e|IVol| ~ + DLvly-, Yue W™ (). (17

Indeed, assume by contradiction that relation (17) does not hold true for each € > 0. Then there exists €g > 0 and a
sequence (v,) C Wol’mi(.Q) such that |v,|s = 1 and

eo||Vunll|,- +nlvalm- <1, Vn.
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Then it is clear that (v,) is bounded in W(}’m_(.Q) and |vy,|,,- — 0. Thus, we deduce that passing eventually to
a subsequence we can assume that v, converges weakly to a function v in Wol’mf(.Q) and actually v = 0. Since

se(, A],V_m";_) it follows by the Rellich—-Kondrachov theorem that Wol’m (£2) is compactly embedded in L*(£2) and

thus v, converges to 0 in L®(£2). On the other hand, since |v,|; = 1 for each n we deduce that |v|; = 1 and that is a

contradiction. We obtained that relation (17) holds true.
Next, we point out that since r~ > mi, then m™ - r~" < N

we have:

-/ r-
N_m—> Where r™ = ——.

Thus, by Holder’s inequality

f|V(x)| Qu™ dx K|V - ul- ., Vue Wy (£2).
2
Combining the last inequality with relation (17) we infer that relation (16) holds true.

Similar arguments as those used in the proof of relation (16) combined with the fact that since r~ > mi_ we also
have r~ > m% imply that there exists D/,
mt mt ” mt I,mt
f\V(x)| ul™ dx < e/ |Vul™" dx + D!|V|,- / lul™ dx, YueWy™ (). (18)

2 2 2

Using relation (11) we deduce that m~ < m™ < (¢1)o and thus, implies that Wol’(‘pl)0 (2)C W(}’mi (£2). On the other
hand, similar arguments as those used in the proof of [21, Lemma 2] show that WO1 Le, (£2) C W& (1o (£2). The above
facts imply that relations (16) and (18) hold true for any u# € X. Moreover, in the right-hand sides of inequalities (16)
and (18) we can take |V|,(y) instead of | V|- since L" ®) () is continuously embedded in L (£2) via inequality (7).

Finally, we point out that since by (11) we have ((,02)0 <m~ <m(x) <m™" < (¢1) for each x € 2 we deduce that

1% 1 _
/ﬂw“(x)dx < —_/\V(x)\-(|u|’” +|u|m+)dx, Yu € X, (19)
m(x) m
2 2
and
/(qulm_+|Vu|m+)dx</(|Vu|(‘/’2)0dx+|Vu|(‘/’1)°)dx, Yu € X. (20)
2 2

Relations (16), (18), (19), (20), (11) and (15) and [21, Lemma 3] lead to the idea that Lemma 3.1 holds true. O

Lemma 3.2. The following relations hold true:

im YW _ Q1)
lulli—o0 ()
and
Jv(u) o (22)

1m =
lulli—0 1 (u)

Proof. First, we point out that by (11) g2(x) < m* < q1(x) for any x € 2. Thus, it is clear that

- + —
)" + u@)|" <2(|lu)| " + u@)| ), Vx e 2 andVu € X.
Integrating over 2 the above inequality we infer that
m- + m* d
Jo(ul” " )dx -y oy (23)
fﬁ(luwl(x) —+ |u|f12(x))d_x

Using Lemma 3.1 we find that for an € € (0, 1) there exists C¢ > 0 such that
Jy@) (- €) [ (@1(1Vul) + D2(|Vul) dx — C|V |y [ (ul™ + |ul™") dx

w ~ L [ (ul1®) 4 ul209) dx

2

’

forany u € X.
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By the above inequality and relation (23) we deduce that there exist some positive constants 8 > 0 and y > 0 such
that

Jy (u) S B [o(@1(IVul) + @2(|Vul)) dx
Tw) = /Q(|u|q1(x) + |u|2@™) dx

¥V, VueX. (24)

For any u € X with ||u||; > 1 relation (24) implies:

Jv@) B [o®i1(IVul)dx
Tw) =

= = = q+—y|V|r(x), Yu € X with ||u||; > 1.
1 1 2 2
ul L lul +ul 4 u

e e e

Now, taking into account the continuous embedding of X in Lqii (£2) for i =1, 2 (given by relations (11) and (15))
and the result of relation (5) we deduce the existence of a positive constant § > 0 such that

) (®1)o
J
v (u) S ||“||1

T > — = VIV, YueX with |ul;>1.

— + —
q q q q
laelly + Nl + Nl + lluelly?

Since (¢1)g > q1+ =q, = q2+ 2 q, , passing to the limit as ||u||; — oo in the above inequality we deduce that
relation (21) holds true.

Relation (15) shows that the space WO1 L, (£2) is continuously embedded in WO1 Lg,($2). Thus, if |lu|ly — O then
lull2 — 0.

The above remarks enable us to affirm that for any # € X with |lu|; < 1 small enough we have |ju|> < 1.

Using again relation (15) we deduce that WO1 L, ($2) is continuously embedded in L‘fii (£2) withi =1, 2. It follows
that there exist four positive constants d; and d;» with i =1, 2 such that

lullz > di - ul+, Vi€ WiLoy(2) andi =1,2 (25)
and
lull2 = dia - |u] -, VueW(}chz(.Q) andi =1, 2. (26)
Thus, for any u € X with |lu||; < 1 small enough, relation (24) implies:
Jy (u) B [o @2(IVul)dx
> —y|V .
I(u) ¥ )/| |r(x)

- + —
q1 q1 q, %)
L e
Next, relations (4), (25), (26) yield that there exists a constant & > 0 such that

W £l
Tw) =

= ¥ = F V|V|r(x),
q q q q
laelly" + Naelly" 4 Nuelly® + Nuelly®
for any u € X with |ju|l; < 1 small enough. Since (¢,)? < 4y < q2+ <q; < q1+, passing to the limit as [ju|; — O
(and thus, |lu]l — 0) in the above inequality we deduce that relation (22) holds true. The proof of Lemma 3.2 is
complete. O

Remark 2. We point out that by relation (24) and using similar arguments as in the proof of Theorem 1 (Step 1)
in [21] we can find that for V given and satisfying (13) the quotient % is bounded from below for u € X \ {0}, i.e.
A(V) is areal number. Similarly, it can be proved that B(V) is also a real number.

Lemma 3.3. There exists u € X \ {0} such that % =AV).

Proof. Let (u,) C X \ {0} be a minimizing sequence for A(V), that is,

Jv (uy)
n—oo [ (up)

=A(V). 27)



M. Mihdilescu et al. / J. Math. Pures Appl. 93 (2010) 132—-148 141

By relation (21) it is clear that {u,} is bounded in X. Since X is reflexive it follows that there exists u € X such that,
up to a subsequence, (i, ) converges weakly to # in X. On the other hand, similar arguments as those used in the proof
of [19, Theorem 2] (see also [21, Step 3]) show that the functional Jy (obtained for V = 0 on £2) is weakly lower
semi-continuous. Thus, we find:

liminf Jo(u,) = Jo(u). (28)
n—odo
By the compact embedding theorem for Sobolev spaces and assumptions (11), (12) and (13) it follows that X is

compactly embedded in Lo (£2) (where o (x) = m(x) - r(x)/(r(x) — 1)) and L4™) (£2) with i = 1,2. Thus, (u,)
converges strongly in L@ (£2) and L9 ™ (§2) with i = 1, 2. Then, by relations (7) and (15) it follows that

lim I(u,) =1(u), (29)
n—oo
and
11%0/V(x)|un|m<x) dx:/V(x)lulm(x) dx. (30)
n—
2 2

Relations (28), (29) and (30) imply that if u = 0, then
Jv (u)
I(u)

Thus, in order to conclude that the lemma holds true it is enough to show that u is not trivial. Assume by contradiction

the contrary. Then u,, converges weakly to 0 in X and strongly in L™ (£2) for any s(x) € C(£2) with 1 < s(x) <
N(¢1)o

— A(V).

on £2. In other words, we will have:

N=1)o
lim 7(u,) =0, (31)
n— oo
and
lim / V() |un "™ dx = 0. (32)
n— oo
2

Letting € € (0, |A(V)]) be fixed by relation (27) we deduce that for n large enough we have:
| Ty un) = AV ()| < €1 (up),
or
(|AW)| =€) T (un) < Jv un) < (JAWV)| + €)1 (uy).
Passing to the limit in the above inequalities and taking into account that relation (31) holds true we find:
lim Jy (u,) =0.
n—o0
Next, by relation (32) we get:
lim Jo(u,) =0.
n—oo
That fact combined with relation (4) implies that actually u, converges strongly to 0 in X, i.e. lim,— o |4, |1 = 0. By
this information and relation (22) we get:

i Jv (uy)
1m =
n—oo [ (uy)

’

and this is a contradiction. Thus, u £ 0. The proof of Lemma 3.3 is complete. O

By Lemma 3.3 we conclude that there exists u € X \ {0} such that

Jv(u):A(V): . Jv(w).
I(u) weX\(0} I (w)

(33)
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Then, for any w € X we have:

d Jy(u+ew)

_— =0.
de I(u+ew) | g

A simple computation yields

(I @), w) () — Jy )(I' (W), w) =0, (34)

for all w € X. Relation (34) combined with the fact that Jy (u) = A(V) - I (u) and I (1) # 0 implies the fact that A(V)
is an eigenvalue of problem (1).

Next, we show that any A € (A(V), 00) is an eigenvalue of problem (1).

Let A € (A(V), 00) be arbitrary but fixed. Define Ty ; : X — R by:

Ty (u) = Jyu) — Al (u).
Clearly, Ty ; € C!(X,R) with
(Ty ), v)=(Jy @), v) = MI'(w),v), VueX.

Thus, X is an eigenvalue of problem (1) if and only if there exists u; € X \ {0} a critical point of Ty ;.

With similar arguments as in the proof of relation (21) we can show that Ty ; is coercive, i.e. lim, o0 Ty 3 (1) =
oo. On the other hand, as we have already remarked, similar arguments as those used in the proof of [19, Theorem 2]
show that the functional Ty  is weakly lower semi-continuous. These two facts enable us to apply [27, Theorem 1.2]
in order to prove that there exists u, € X a global minimum point of 7y ; and thus, a critical point of Ty ;. It is enough

to show that u;, is not trivial. Indeed, since A(V) = inf,ex\ (0} le(iu)) and A > A(V) it follows that there exists v) € X
such that
Jy (v3) <Al (vy),

or

Ty (vy) <O0.
Thus,

iI’lfT\/’)L <0

X

and we conclude that u is a nontrivial critical point of Ty j, or A is an eigenvalue of problem (1).

Finally, we prove that each . < B(V) is not an eigenvalue of problem (1). With that end in view we assume by
contradiction that there exists A < B(V) an eigenvalue of problem (1). It follows that there exists u; € X \ {0} such
that

(Jy ua), wn) = MI (uy), uz).

Since u;, # 0 we have (I'(u;), u;) > 0. Using that fact and the definition of B(V) it follows that the following relation
holds true:

(Jy ), un) = MI"(up), un) < BT (up), un) < Iy (u3), uz)-

Obviously, this is a contradiction. We deduce that each A € (—oo, B(V)) is not an eigenvalue of problem (1). Further-
more, it is clear that A(V) > B(V).
The proof of Theorem 2.1 is complete.

Remark 3. We point out that in the case when V =0 in §2 the same arguments as in the proof of Theorem 1 (Step 1)
in [21] assure that A(0) > 0.
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4. Proof of Theorem 2.2

Let S be a convex, bounded and closed subset of L" ™) (£2), and
A, = inf A(V).
VeS

Clearly, relation (24) assures that A, is finite.
On the other hand, let (V},) C S be a minimizing sequence for A,, i.e.

A(V,) —> A,, asn— o0.

Obviously, (V,,) is a bounded sequence and thus, there exists V, € L" ) (£2) such that V, converges weakly to V, in
L") (£2). Moreover, since S is convex and closed it is also weakly closed (see, e.g., Brezis [5, Theorem II1.7]) and
consequently V, € §.

Next, we will show that A(V,) = A,.

Indeed, by Theorem 2.1 we deduce that for each positive integer n there exists u,, € X \ {0} such that

J Vy (un)
I (uy)
Since (A(V},)) is a bounded sequence and by relation (24) we have:

J J
V,,(Mn) > B o(un) _C. for any n,

I(upn) I(un)
where C is a positive constant, we infer that (u,) is bounded in X and it cannot contain a subsequence converging to 0
(otherwise we obtain a contradiction by applying Lemma 3.2). Thus, there exists ug € X \ {0} such that (u,) converges

weakly to ug in X. Using relation (12) (and thus, WO1 Le,(£2) C WO1 (1o (£2)) and the Rellich—Kondrachov theorem

N(e1o
N—(¢1)o

any x € £2. In particular, using conditions (11), (12) and (13) we get that (u,,) converges to uq in L@ (£2) and in
L)' ™) Q) where 1/ (x) = &) Using that information, inequality (7) and the fact that V, € L™ ™) (£2) and (V,,)

r(x)—1

is bounded in L") (§2) we find:

=AVy). (35)

for

we deduce that (u#,) converges strongly to ug in LX) (£2) for any s(x) € C(2) satisfying 1 < s(x) <

V. Vs
lim ) 160 g = / Vel o g, (36)
n—oo | m(x) m(x)
and
v, v,
fim [ (YO, e - Y@ o) gy — o, (37)
n—00 m(x) m(x)

On the other hand, since (V,,) converges weakly to V, in L") (£2) and ug € L™®)" ') (£2), where r'(x) = - (rx()xll , We

deduce:
. Vi (x) Ve(x)
nll)n;o/ n;’(x) |uo|m(x)dx:fm|u0|m(x)dx. (38)
2 2
Combining the equality,
/ Vel ) g — / Vol ) i
m(x) m(x)
2 2
_ / Vel ) e — / Vel gm0 dx + / VD g g / VO, o meo) g
m(x) J m(x) J m(x) J m(x)
\% v
- f Yol o) i — / Vol o g,
m(x) m(x)

2 2
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with relations (36), (37) and (38) we get:

\A Vi
lim ﬁmnvﬂ(x) _ i)mﬂm(x) dx =0.
n—00 m(x) m(x)

2

Since

AV = int JW
uex\{0} I(u)

it follows that
Jv, (uy)
I(up)
Combining the above inequality and equality (35) we obtain:
Jv, ) — Jv, (un)
I(upn)

A(Vy) <

AV <

+ AVy).

(39)

Taking into account the result of relation (39), the fact that I (u,,) is bounded and does not converge to 0 and (A(V,))

converges to A, then passing to the limit as n — oo in the last inequality we infer that
A(V,) < A

But using the definition of A, and the fact that V, € S we conclude that actually
A(V,) = A..

The proof of Theorem 2.2 is complete.

5. Proof of Theorem 2.3

(a) First, we show that function A, is not constant. Indeed, by Remark 3 we point out that A,(0) = A(0) > 0. On

the other hand, by [21, Theorem 1] it follows that

inf fo ‘151(|VM|)6fx + [ P2(|Vul) dx -0
ueX\{0} f_Q | dx

m(x)

Am =

Moreover, [21, Lemma 5] implies that there exists u,, € X \ {0} such that
_ Jo @1(Vum)dx + [ ®2(IVum|) dx

fo ﬁ|um|m(’c) dx

Thus, taking V,, (x) = —A,, for all x € £ it is clear that V,, € L®(£2) C L"™)(£2), and

m

JVm (um) .
I (um)
It follows that
A(Vy) <0,
and we find,
Ay(Ap) <0.

We conclude that A, is not constant. Furthermore, we point out that a similar proof as those presented above can show
that function A, takes also negative values. To support that idea we just notice that by [21, Theorem 1, Step 3] for

each A > A, there exits u; € X \ {0} such that taking V, = —A for all x € §£2 we have:

Jv, (u3) -0
I (uy)
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Next, we point out that A, decreases monotonically. Indeed, if we consider 0 < R} < R, then it is clear that
BR, (0) C Bg,(0). Then the definition of function A, implies A,(R;) > A.(Ry).

(b) Finally, we show that the function A, is continuous. Let R > 0 and ¢ € (0, R) be fixed. We will verify that
limy\ g Ax(R + 1) =limy\ g Ax(R — 1) = A (R).

First, we prove that lim,\ o A.(R +1) = A,(R). By Theorem 2.3(a) we have:

Ay(R) 2 Ay(R+1).
Moreover, by Theorem 2.2 it follows that there exists Vg4, € B R+:(0) (i.e. [VR4tlr(x) < R +1) such that
A(VRr41) = Ax(R +1).

Taking now Vg ; := RL;I Vg4t we have:

R
[VR.tlr(o) = R—_H|VR+t|r(x) <R,

or Vg € ER(O). Therefore, obviously, we have A(Vg ;) = A.(R).
On the other hand, by Theorem 2.1 there exists u; € X \ {0} such that

JVR+, (I/l[)

A(VR4t) = TM)
t

Combining the above pieces of information we find:

Wi @) T8y W0 Rt v, ) 1 Jo(u)

A(R+1)=A(VRy) =

Iw) ~— ITw) R Iw) R I
R+t t J
> REL pmy— L T,
R I(uy)
On the other hand, by relation (24) we have that for each ¢ € (0, R) it holds:
Iy (Ur) Jo(ur)
AR > A (R+1)=A(Vpyy) = —H > B - —y-|V
(R) (R+1) (VR++1) T Bi ) Y A\VR+tlro
J
— B - o(ur) —y 2R,
I (uy)

where 81 > 0 and y > 0O are real constants.
Combining the last two inequalities we deduce that

R+1 t AJR) +y 2R
A (R) = AuR+1) > KAt Ay (R) — — - ()#
k R Bi

for each t € (0, R).
We conclude that
IimAL(R+1) = A(R).
AN
In the following we argue that lim,\ g A« (R — 1) = A.(R).
Obviously,
Al(R) < Au(R—1), Vie(0,R).
By Theorem 2.2 there exists Vg € B (0) such that
A«(R) = A(VR).
Moreover, by Theorem 2.1 there exists ug € X \ {0} such that

JVR (I/l())

AVR) =g
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Define now:

R—1t
V[:=

Vg, Ve (0,R).

Clearly, V; € Br—:(0). Thus, it is clear that
Jv, (uo)
1 (uo)
Taking into account the above information we find:

> A (R—1), Vte(0,R).

Vi (x)
A (R)=A(Vg) = Jvg (o) _ J%Vz(”O) _ Jy, (o) t e mf(_j:)h/tolm(x) dx
* I (uo) I (uo) Two) ' R—1 TG
t Jo S uo"™ dax

>A*(R_t)+E , Vte(0,R).

I (uo)
We infer

lim A, (R — 1) = A4(R).
N\O
It follows that function A, is continuous. The proof of Theorem 2.3 is complete.

Remark 4. By Theorem 2.3(a) we get that A, decreases monotonically. We notice that in the particular case when
g1(x) =m(x) = q2(x) = g for each x € 2, where g > 1 is a real number for which conditions (11), (12) and (13) are
fulfilled, the above quoted result can be improved, in the sense that we can show that, actually, function A, is strictly
decreasing on [0, 00). Indeed, letting 0 < R; < R, be given, by Theorem 2.2 we deduce that there exists V| € B R, (0)
such that

A(V1) = Au(Ry).
Then for each real number ¢ € (0, R, — R;) wehave V| —t € §R2 (0) since |V —t|,(x) < [Vilrx) +1 < Rp. Next, by
Theorem 2.1 there exists u| € X \ {0} such that
Jv, (uy)

A=y

Taking into account all the above remarks we infer:

r t vt Jy () _
ARy —5=AV1) — 5= Twn 2- Tap ZA(Vi —1) 2 Au(Ra),

or
Ay (Ry) > Au(Ry).

In the end of this remark we consider that it is important to highlight the idea that the above proof supports the fact
that in the case when we manipulate homogeneous quantities we obtain better results than in the case when we deal
with non-homogeneous quantities.

Remark 5. We point out that by Theorem 2.3(b) we deduce that

A,(R) = inf A,(s) and A.(R) = sup A.(s).
SR S=R

Remark 6. We also point out that function A, can be used in order to define a continuous set fu_nction on a subset of
L"™ (£2). We still denote each closed ball centered in the origin of radius R from L™ () by Br(0), i.e.
Bg(0):={u e L"™(2); |ul,x) < R}

By Theorem 2.3(b) we deduce that A, is a continuous function. By the proof of Theorem 2.3(a) we have A,(0) > 0
and there exists Ry > 0 such that A,(R1) < 0. Thus, we infer that there exists Ry > 0 such that A,(Rp) = 0.
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We define:
= {Bg(0)\ Bg,(0): R>Ro} C L'™ (),
and 12 I" — [0, 00) by:
1(Br(0)\ Bgy(0)) = —A,(R), VR > Ry.

By Theorem 2.3(a) we find that function u has the following properties:

1) n@) =0;
2) For each Sy, S> € I" such that S| C S we have u(S1) < 1 (S$2).

Thus, w is a set function on I". By Theorem 2.3(b) and Remark 4 we have that for each S C I" it holds true that

u(S) =sup u(T) and wu(S)= inf u(T).
TCS oS8

We conclude that p is a continuous set function on I.
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