Multiple solutions for asymptotically
linear elliptic equations with
sign-changing weight

Nikolaos S. Papageorgiou and Vicentiu D. Radulescu

Abstract We consider a semilinear Dirichlet problem driven by the Laplacian and with
an indefinite (that is, sign-changing) weight and a nonlinearity which is asymptotically
linear near +oo. Using variational methods together with truncation techniques and
Morse theory, we show that the problem has at least three nontrivial solutions, two of
which have constant sign (one positive and the other negative).

1. Introduction

Let Q CRY be a bounded domain with a C2-boundary 0. In this paper, we
study the existence of multiple nontrivial solutions for the following semilinear
Dirichlet problem:

(1) —Au(z) =B(2)f(u(z)) in Q, uloq = 0.

In this problem the weight function 8 € L*(2) is nodal (that is, sign chang-
ing) and f is a Cl-nonlinearity which exhibits linear growth near oo and is
superlinear near 0. Using variational methods coupled with suitable truncation
and comparison techniques and Morse theory (critical groups), we show that
(1) has at least three nontrivial solutions, two of which have constant sign (one
positive and the other negative).

Problems with an indefinite nonlinearity were first investigated by Ouyang
[11] on a compact Riemannian manifold using bifurcation theory. Subsequently,
Alama and Tarantello [1], [2] using variational methods extended the results of
Ouyang [11] by considering more general nonlinearities and assuming a thickness
condition of the form Q, NQ_ =0, where Q; ={z€Q:5(z) >0} and Q_ ={z €
Q: B(z) < 0}. This condition was removed by Berestycki, Capuzzo-Dolcetta, and
Nirenberg [7], who proved the existence of solutions by deriving a priori bounds
and using topological methods. However, their condition on the weight 5(-) is
stronger since 3 € C1(Q), and they assume a nondegeneracy condition of the form
VB(z) # 0 when (3(z) =0. (That is, the level set [3 = 0] is a C!-submanifold; so,
in this case the zero set is thin.) Three-solutions theorems for problems with

Kyoto Journal of Mathematics, Vol. 55, No. 3 (2015), 593-606

DOI 10.1215/21562261-3089082, © 2015 by Kyoto University

Received February 12, 2014. Revised June 30, 2014. Accepted July 3, 2014.

2010 Mathematics Subject Classification: Primary 35J20; Secondary 35J60, 58 E05.


http://dx.doi.org/10.1215/21562261-3089082
http://www.ams.org/msc/

594 Nikolaos S. Papageorgiou and Vicentiu D. Radulescu

a superlinear f(-) satisfying the Ambrosetti-Rabinowitz condition, without any
thickness or thinness condition, were proved for parametric problems and for
certain values of the parameter, by Chang and Jiang [8].

To the best of our knowledge, the first paper involving nonlinear elliptic
equations with asymptotically linear terms f(z,u) is due to Amann and Zehnder
[3], in the context of semilinear equations (i.e., if p =2). They proved an exis-
tence theorem assuming that the limit lim, 1 f(z,u)/u =X € R exists, that it
does not belong to the spectrum of the Laplace operator in Hj (£2) (nonresonance
at infinity), and that there is at least one eigenvalue between A and A + f/(0).
Related multiplicity results for Dirichlet elliptic problems involving asymptoti-
cally linear terms near +oo have been studied in some recent papers (see Hu
and Papageorgiou [10] and Papageorgiou and Smyrlis [14]). The hypotheses in
the present paper are more general than those imposed in [10] and [14]. For
instance, Hu and Papageorgiou [10] establish a three-nontrivial-solutions theo-
rem provided that f satisfies a local boundedness assumption and f,(z,u) has
g-polynomial growth for some 0 < g < 4/(N — 2). Papageorgiou and Smyrlis [14]
produce five nontrivial smooth solutions, two positive, two negative, and one
nodal. This is done under several hypotheses, including the behavior of the quo-
tient f(z,u)/(Ju[P~2u) with respect to the first two eigenvalues of the p-Laplace
operator, the existence of two zeros of the nonlinear term, and a certain mono-
tonicity assumption with respect to the mapping u — f(z,u) + |u[P~2u (see [14,
pp. 3138, 3142]). With respect to these works, the main features of the present
paper are the following: (1) the presence of a sign-changing weight; and (2) the
study is performed for nonlinearities that fulfill general assumptions and whose
behavior is described with respect to certain eigenvalues of a weighted eigenvalue
problem that involves the indefinite potential.

Throughout this paper, for all € R, we denote z* = max{+z,0}.

2. Mathematical background

In the analysis of problem (1), we will use the Sobolev space H}(2) and the
Banach space C3(Q) = {u € C*(Q) : u|sa=o}. We know that C} () is an ordered
Banach space with positive cone

C+(Q) = {ueCi(Q) 1 u(z) >0 for all z € Q}.
This cone has a nonempty interior given by
) _ _ ou
int C4 () = {u € C1(Q):u(z) >0 for all z€Q, a—n}ag < 0}

with n(-) being the outward unit normal on 9€2. Also, prominent in our arguments
will be the spectrum of the following weighted linear eigenvalue problem:

(2) —Au(z) = AB(2)u(z) in Q, ulog = 0.

When the weight § € L*°(Q) is nodal, it is well known (see, e.g., Gasinski
and Papageorgiou [9, p. 714]) that problem (2) has a double sequence of distinct
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eigenvalues
<AL (B) < <A (B) <AT(B) <0< (B) < AT (B) <o <AL (B) <+

Let |- |n denote the Lebesgue measure on RY. If O, = {z € Q: 3(z) > 0}
and Q4 |y > 0, then A} (8) — 400 as n — co. Similarly, if Q_ = {z € Q:(z) <
0} and |Q_|x > 0, then A; (3) — —oco. On the other hand, if ||y =0, then
At (B) =0 for all n>1, while if |Q_|y =0, then X (8) =0 for all n> 1.

Suppose that €, is an open connected set with a C?-boundary 9€, and
consider the following weighted linear eigenvalue problem:

(3) —Au(z) =281 (2)u(z) in Q4 ulaq, =0.

According to our previous discussion, problem (3) has only positive eigenval-
ues, namely, {Ag* (B) }e>1s Ag* (BT) = +oc as k — oo, and A?* (87) >0, and
it is simple. We have the following variational characterization of 5\?+ (BT):

||DUH2L2(Q+,RN) '
o B dz

The infimum in relation (4) is realized on the one-dimensional eigenspace

(4) X‘f+(,3+):mf[ ueHg(m),u;Ao]

corresponding to S\?Jr (8T) > 0. Standard regularity theory implies that the ele-
ments of this eigenspace belong in C§(€24). In fact from (4) we can see that they
do not change sign. In what follows by 1 (2 ) we denote the L?-normalized (i.e.,
|41 (24 )| L2, ) = 1) positive eigenfunction. Using the maximum principle (see,
e.g., Gasinski and Papageorgiou [9, p. 738]) we have @1 (Q4) € int C1 (Q4).

Our variational approach will be based on the well-known mountain pass
theorem of Ambrosetti and Rabinowitz [5], formulated here in a slightly more
general form using the C-compactness condition on the functional instead of the
more common PS-condition (Palais—=Smale condition; see [9, Theorem 5.2.5]).

So, let X be Banach, and let X* be its topological dual. By (-, -) we denote the
duality brackets for the pair (X*, X). Given ¢ € C1(X), we say that ¢ satisfies
the C-condition, if the following is true:

Every sequence {uy}n>1 C X such that {¢(up)}n>1 CR is bounded and

(14 [|unll) ¢’ (un) =0 in X* as n— oo

admits a strongly convergent subsequence.

This compactness-type condition on ¢ leads to a deformation theorem, which
in turn produces a minimax theory for the critical values of ¢. A major result in
that theory is the mountain pass theorem.

THEOREM 1
Assume that o € C*(X) satisfies the C-condition, and assume that ug,u; € X,
p >0, [Jur — uoll > p,

max{p(u), p(ur)} < inf[p(u) : [lu—uo|| = p] =m,,
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and ¢ =1inf,cr maxo<i<1 @(7(t)), where I' ={vy € C([0,1],X) : v(0) = ug,v(1) =
ur}. Then ¢>m, and c is a critical value of .

Also, we will use some tools from Morse theory (critical groups), which for the
benefit of the reader we briefly review below. So, for ¢ € C'(X) and c € R, we
introduce the following sets:

e ={ueX:p)<c}, K,={ueX:¢'(u)=0}, and
K¢ = {ueK,:p(u)=c}.

Let (Y7,Y2) be a topological pair such that Y, CY; C X. For every integer
k>0 by Hp(Y1,Y2) we denote the kth relative singular homology group with
integer coefficients for the pair (Y7,Y2). The critical groups of ¢ at an isolated
u € K¢ are defined by

Cr(p,u) = Hp(¢°NU,°NU\ {u}) forall k>0,

where U is a neighborhood of u such that K, NN U = {u}. The excision
property of singular homology theory implies that this definition is independent
of the particular choice of the neighborhood U.

Suppose that ¢ € C!(X) satisfies the C-condition and inf p(K,) > —oo. Let
¢ <infp(K,). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hp (X, ) for all k>0.

Using the second deformation theorem (see, e.g., Gasinski and Papageorgiou [9,
p. 628]), we see that this definition is independent of the particular choice of
the level ¢ <inf p(K,). We know that if C(¢,00) # 0, then there exists u € K,
such that Ck(p,u) # 0 (a consequence of the so-called Morse relation; see, e.g.,
Ambrosetti and Malchiodi [4, p. 222]).

Recently the authors proved the following result, which is useful in the com-
putation of critical groups at infinity (see Papageorgiou and Radulescu [13]).

PROPOSITION 2

Assume that (t,u) — hy(u) belongs to C*([0,1] x X) and maps bounded sets to
bounded sets, that the maps w — (hy)'(u) and t — O¢hi(u) are both locally Lips-
chitz, that hg and hy satisfy the C-condition,

|0che(u)| < crllul|? for all u e X,
with ¢; >0, 1 <p< oo, and that there exist & € R and §g > 0 such that
he(u) <& = (L lull)[[(he)' (W], = bollull”  for all t € [0,1].
Then Cy(hg,00) = Ck(h1,00) for all k> 0.

We conclude this section by fixing our notation. In what follows by || - || we denote
the norm of the Sobolev space H}(Q2). By virtue of the Poincaré inequality, we
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have that
lull = | Dull oy for all u e H(Q).
For all u € H(Q), we define u* () = u(-)*. We know that
ut € H} (Q), u=ut —u", lu| =ut +u".

Also, by Ny we denote the Nemitsky (superposition) operator corresponding to
f, that is,

Ny(u)(-) = f(u(-)) for all ue Hy(Q).
Finally by A € L(H}(Q), H=1(2) = H} (2)*) we denote the bounded linear oper-
ator defined by

(A(u),y) = /Q(Du, Dy)g~ dz  for all u,y € H} ().

3. Multiplicity theorem

Our hypotheses on the data of problem (1) are the following.

H(B): Be L>®(Q), BT, #0, and Q4 = {2z € Q:5(z) >0} is a connected
open set with a C2-boundary 99, .

H(f): f € CY(R), f(0)=0, and

(i) |f'(x)] <a(l+ |z|71) for all x € R with a >0 and
2N 4 >
g<rcg =Nz N2
+oo if N=1,2;
(ii) there exists an integer m > 2 such that
AH(BT) < AL(B),

AE(B) < liminf === /() <limsup —= /(@)

z—too I r—+oo T

(iii) f'(x) =limg_o f(z)/x=0.

First we will produce two constant-sign solutions, one positive and the other
negative. To this end, we introduce the positive and negative truncations of f(-),
namely, the C1-functions (see hypothesis H(f)(iii))

f+(x) = f(z™) and f-(z)=f(—x7) forall zeR.

Let Fi(z) = [y f+(s)ds, and consider the C2-functionals ¢4 : H} (€2) — R defined
by

< )\m+1 (ﬁ)

1
o (u) = §||Du||§ - / B(2)Fy(u(z))dz for all u e Hg ().
Q
Also, let ¢ : H}(Q2) — R be the energy functional for problem (1) defined by
o(u ):—HDuH2 /ﬂ Ydz  for all u € Hj(),

where F(z) = [ f(s)ds. We know that ¢ € C2(H}(Q2)).
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PROPOSITION 3
If hypotheses H(B) and H(f) hold, then the functionals @i satisfy the C-
condition.

Proof
We do the proof for the functional ¢ ; the proof for ¢_ is similar.

So, let {up}n>1 € HE(Q2) be a sequence such that {p;(un)}n>1 C R is
bounded and

(5) (14 ) @ () 0 in H7H(Q) = HY(Q)".

From (5), we have that

enllhl
‘<A(Un)7h>*/QB(Z)er(Un)hdZ < T+ [

for all h € Hy (), with &, — 0.
In (6) we choose h = —u,, € H}(). Then

(6)

||Du’r_L||%2(Q’RN) <g, foralln>1
(7) = u; =0 in H}(Q).

Suppose that ||u;’ || = oco. We set y,, = u,} /|| ||, n > 1. Then ||ly,|| =1, y, >0 for
all n > 1. So, by passing to a suitable subsequence if necessary, we may assume
that

(8) Yo =y in Hy(Q) and gy, —y in L*(Q) asn — occ.
From (5) and (6) it follows that

ut
(A1) = [ s T has] <

9)

for all h € H3(Q), with &/, — 0T as n — oo.

From hypotheses H(3), H(f)(i), and H(f)(ii), we deduce that {BNy(u;’)/
lu || }n>1 € L?(Q2) is bounded. So, if in (9) we choose h =y, —y € Hj(Q2) and
pass to the limit as n — oo, then using (8) we obtain that

Jim (A(yn),yn —y) =0
= ||Dyn||2L2(Q,RN) - ”DyH%?(Q,RN)
= y,—y in H(Q)
(10)
(by the Kadec—Klee property of Hilbert spaces; see (8))
(11) = yll=1, y=o0.

Since {BN(ut)/lluf ||} n>1 € L?(2) is bounded, by passing to a suitable subse-

quence if necessary and using hypothesis H(f)(ii), we obtain that

Ny(ug)
st |

(12) B = By in L2(Q) with n € (A5 (8),A%11(8)).
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So, if in (9) we pass to the limit as n — oo and use (10) and (12), then
(A(y),h) :/ B(z)nyhdz for all h € H} ()
Q

= Ay)=06(z)ny
(13) =  —Ay(z) =nB(2)y(z) ae. in Q ylsn=0.

From (12) and (13) it follows that y = 0, which contradicts (11). This implies
that {u; },>1 € H}(Q) is bounded. This in conjunction with (7) implies that
{un}n>1 € HE(Q) is bounded. So, we may assume that
(14) Up 5w in Hy(Q) and u, —u in L*(Q).

In (6) we choose h =u,, —u € H}(2), pass to the limit as n — oo, and use (6).
We have that

lim (A(up), tn —u)=0

n—oo
= wu,—u in H}(Q) (as before via the Kadec-Klee property)
= 4+ satisfies the C-condition.

In a similar fashion, we show that ¢_ satisfies the C-condition. O
Minor changes in the above proof lead to the following result.

PROPOSITION 4

If hypotheses H(B) and H(f) hold, then the energy functional ¢ satisfies the
C'-condition.

Next we show that the functionals ¢y satisfy the mountain pass geometry.

PROPOSITION 5
If hypotheses H(B) and H(f) hold, then there exist px >0 such that inf[py (u) :
lu]| = ps] =M > 0.

Proof
We do the proof for the functional ¢ ; the proof for ¢_ is similar.

Hypothesis H(f) implies that, given € > 0 and ¢ € (2,2*), we can find ¢; =
c1(e,9) > 0 such that

|f(@)| <elz|+ cilz’~t for allz e R
(15) = |F(z)| < %xQ + eolz|?  for all z € R and with ¢y = % > 0.

Then for all u € H(2), we have that

1
o) = 3IDulBa ) = [ AP ds

1 €
> = lul* - §Hﬂ||L°°(Q)Hu+H%2(Q) — col|ut (|00
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1 ellBll Loe () 2 9
> — _—— -
> 2<1 0 )HUH calull

for some ¢3 > 0 (see (4) and (15)).
Choosing ¢ € (O,}\T(ﬁ)/”ﬁHLw(Q)), we obtain that
c .
(16) oo (w) 2 5 [[ull = ealjul]” with ea= ca(e) > 0.
Because ¢ > 2, from (16) we see that, for p; € (0,1) small, we have
oi(u)>my >0 forall ue HYH(Q), with |jull = py.
A similar proof holds for the functional ¢_. O
Recall that @1 (24) € int C; (€2 is the principal eigenfunction of —A in H{ ()

with weight 8+ € L>=(2),. We extend 7; to all of Q by setting %; to be equal
to 0 on Q\ ;. We denote this extension by u;. Evidently u; € C(Q) N H(Q).

PROPOSITION 6
If hypotheses H(B) and H(f) hold, then limsup,_, . ¢+ (tu1) <O0.

Proof
For t > 0, we have that

Lt _
oo (1) = DT a0, / B(2) F (1) dz

= —||U1||2 / BT (2)F(tui)dz (note that @; >0)

o 2l e /ﬁ+
= limsup P+ ()
totoo 12
< %||m||2 - /QﬁJ“(z) ItILIl_’}EOf @ dz (by Fatou’s lemma)
<glmlE =3 [ B withne (V9. 55(9)

o

see hypothesis H (f)(ii))

||DulHLz(Q+ RN — Z/ BH(z)a3dz (recall the definition of %)

Q4

IN
| = [\')|>—l
—

e [T
1

<0 (see H(f)(ii)).
A similar proof holds for the functional ¢_. ]



Asymptotically linear elliptic equations 601

Now we are ready to produce constant-sign solutions.

PROPOSITION 7
If hypotheses H(B) and H(f) hold, then problem (1) has at least two nontrivial
constant-sign solutions

ug € int C4 (Q) and vp € —int C, (Q).

Proof

By virtue of Propositions 3, 5, and 6, we can apply Theorem 1 (the mountain
pass theorem) and obtain ug € H{ (£2) such that

(17) ¢(ug)=0 and  ¢4(0)=0<riy <y (uo).
From (17) it is clear that ug # 0. We have
(18) A(uo) = B(2)Ny, (uo).

On (18) we act with —ug € H}(Q) and obtain
lug 1> =0; hence ug > 0,ug # 0.
Then (18) becomes
A(uo) = B(2) Ny (uo)
= —Aup(z) =F(2)up(z) a.e.in Q, uolog = 0.

Standard regularity theory implies that uy € C(Q) \ {0}. Let p = ||uo]|co-
Hypotheses H(3), H(f)(i), and H(f)(iii) imply that we can find £, > 0 such
that

B(z)f(z) +&ax>0 fora.a zeQ, forall 0 <z <p.
So, we have
—Aug(2) + Euo(z) = B(2) f(uo(2)) + &uo(z) >0 ace. in ©
= Aug(z) <&uo(z) ae in Q
=  up€intC4(Q) (by the maximum principle; see [9, p. 738]).

Similarly, working this time with the functional ¢ _, we obtain another nontrivial

constant-sign solution vy € —int C' (). O

Next we will produce a third nontrivial solution for problem (1). To do this, we
use tools from Morse theory (critical groups). So, we first compute the critical
groups of the energy functional ¢ at infinity. This particular computation will be
based on Proposition 2.

PROPOSITION 8
If hypotheses H(B) and H(f) hold, then Ci(T,00) = 04
some d,, > 2.

Z for all k>0 with

m
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Proof
Let 7 € (A (B), Sﬁﬂ(ﬂ)), and consider the C%-functional 7 : H(Q) — R defined
by

1 .
7(u) = §||Du||§ - g/ B(z)u*dz for all u € Hy(Q).
Q
We consider the homotopy h(t,u) = h(u) defined by

he(u) = (1 —t)p(u) +tr(u) for all (¢,u) € [0,1] x HJ(Q).

CLAIM
There exist p € R and 6 >0 such that

he(w)<p = (L4 [u])||(he) @)]° = 8llul®>  for all t € [0,1].

We argue by contradiction. So, suppose that the claim is not true. Since the homo-
topy (t,u) — h;(u) maps bounded sets to bounded sets, we can find {t,}n>1 C
[0,1] and {up}rn>1 C Hi(Q) such that
(19) tn —t, [leen || = o0, ht, (up) = —00 asn— oo and

vl

[{(e,))! (), )] < bl llun |2 for all v € HE(S2), for all n > 1.

From (19), we have that

‘<A(un),v> —(1- tn)/ﬂﬁ(z)f(un)v dz — tnﬁ/ﬂﬁ(z)unv dz‘
o]l
— (1 Jun])

Let yp, = upn/||unll, n > 1. Then ||y, || =1 for all n > 1, and so we may assume
that

(20)
lun|/?  for all n > 1.

(21) Yn =y in HY(Q) and yn —y in L*(Q).
From (20) we obtain that

A0y = (1=1) [ 5:)

f(un)
|

[|un

vdz—tnﬁ/ﬂ(z)ynvdz
Q

gM for all n > 1.
n

Recall that {BNf(u,)/||un|}n>1 € L*(Q) is bounded. So, if in (22) we choose
v=y, —y € H}(Q) and pass to the limit as n — oo, then we obtain that

n— oo

(23) = y,—y in H}(Q) (as before via the Kadec-Klee property)
24 = [yl=1
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Moreover, we know that, at least for a subsequence, we have

Nyi(un) w
f(un) w8y
[

in L2(Q) with n € (X:rn(ﬂ),j\;+1(ﬂ)) (see hypothesis H (f)(ii)).

B
(25)

So, if in (22) we pass to the limit as n — oo and use (23) and (25), then
(A(y),v) = nt/ B(z)yvdz for all v e H(Q) with n; = (1 —t)n+t7
Q

= Ay)=mB(2)y
(26) = —Ay(z)=mnp(x)y(z) ae inQ,  ylso=0.

Note that n; € (5\;7*‘1(6),5\;“(6)) Then from (26) it follows that y = 0, which
contradicts (24). This proves the claim.

From Proposition 4 we know that ¢ satisfies the C-condition. Similarly, since
e (Ah(B), X:;_H(ﬂ)), it is easily seen that 7 also satisfies the C-condition.

So, we can apply Proposition 2 and infer that

(27) Cr(p,00) = Ci(1,00) for all k> 0.
The fact that 7 € (A} (8), 5\;+1(5)) implies that K, = {0}. Therefore
(28) Cr(1,00) = C(7,0) for all k> 0.

Moreover, u =0 is a nondegenerate critical point of 7 (i.e., 7/(0) is invertible),
and from the minimax characterization of the eigenvalues {\{ (8)}r>1 (see Gasin-
ski and Papageorgiou [9, p. 714]), we see that the Morse index of T at u =0 is
d > 2. So, we have that

C(7,0) =6k,4,,Z forall k>0
= Ci(1,00) =0k,a,,Z for all k>0 with d,,, >2 (see (27), (28)).

This completes the proof. O
Now we can produce the third nontrivial solution.

PROPOSITION 9
If hypotheses H(B) and H(f) hold, then problem (1) has a third nontrivial solu-
tion yo € CE(2).

Proof

From Proposition 7 we already have two nontrivial solutions of constant sign
ug € int C () and vp € —int Oy (Q).

From the proof of that proposition, we know that

(i) wo is a critical point of ¢4 of mountain pass type;
(ii) wp is a critical point of ¢_ of mountain pass type.
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Hence we have that

(29) Ci(p+,u0)#0  and  Ci(p_,v) #0.

Note that ¢ |c, =¢|c, and ¢_|_¢, = ¢|_c, . Since uy € int C4(Q) and vy €
—int C1(Q) it follows that

(30) {Ck(90+|cg(n)auo) = Cr(@lcp (@) uo) for all k>0,
Cr(#-|c1 @) vo) = Cr(®lca@),vo)  for all k> 0.
Since C}(9) is dense in H{(Q), from Palais [12] and (30), we have that
Cr (o4, u0) = Cr(p,up) and Cr(o—,v0) =Cr(p,v9) forall k>0
= Cilpug)#0 and  Ci(p,v9) #0 (see (29))
= Ci(p,ug) = Crlp,v0) =01 Z for all k>0
(31 (see Bartsch [6, Proposition 2.5]).
Also, using (15) we have that
o(u) > es|lull® = cgllul|’  for all u € HY(Q) and some c5,c6 > 0 (recall ¥ > 2)
= wu=0 is alocal minimizer of ¢

(32) = Ci(p,0)=0k0Z forall k>0.

From Proposition 8 we know that Cx(p,00) = 6. q4,,Z for all k> 0. This means
that there exists yo € K, such that

(33) Ca,. (¢ 30) #0.
Since d,;, > 2, comparing (32) with (30) and (31), we infer that
Yo & {0, ug,vo}
= yo is a third nontrivial solution of (1) (since yo € Ky,).
Standard regularity theory implies that yo € C§(9). O

So, summarizing the situation, we can state the following multiplicity theorem
for problem (1).

THEOREM 10

If hypotheses H(B) and H(f) hold, then problem (1) has at least three nontrivial
solutions

ug € int C (), vp € —int O (), and Yo € Co ().
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