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Abstract. The existence of one non-trivial solution for a nonlinear problem on compact
d-dimensional (d > 3) Riemannian manifolds without boundary, is established. More pre-
cisely, arecent critical point result for differentiable functionals is exploited, in order to prove
the existence of a determined open interval of positive eigenvalues for which the considered
problem admits at least one non-trivial weak solution. Moreover, as a consequence of our
approach, a multiplicity result is presented, requiring the validity of the Ambrosetti—Rabino-
witz hypothesis. Successively, the Cerami compactness condition is studied in order to obtain
a similar multiplicity theorem in superlinear cases. Finally, applications to Emden-Fowler
type equations are presented.

1. Introduction

The purpose of the present paper is to establish a new existence result associated
with related energy estimates for elliptic problems defined on compact Riemannian
manifolds.

Let (M, g) be a compact d-dimensional Riemannian manifold without bound-
ary of dimension d > 3 and let A, denote the Laplace-Beltrami operator whose
expression, in local coordinates, is given by

Agw i it (220 g
sW =8\ Gxioxni Joxk )’

where Ff‘j are the usual Christoffel’s symbols.
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We are interested in the existence of one non-trivial weak solution of the fol-
lowing non-autonomous problem

— Agw +a(o)w = AK(0) f(w), (P1)

foreveryo € M and w € le(/\/l).
We assume that the mappings «, K : M — R satisfy

a, K e AL(M) = [,3 € L®°(M; R) :ess/i\r/llfﬁ(a) >0t

A is a positive parameter, and the nonlinearity f : R — R is continuous and
(hoo) @Ol <ar+ae”!, VieR,

for some non-negative constants aj, az, and g €]1, 2*[, where 2* := 2d/(d — 2).
A remarkable case of problem (Py) is

—Apw+s(1—s —d)yw =rK (o) f(w), oeS weHXSYH, ()

where S¢ is the unit sphere in R4+, 7 is the standard metric induced by the embed-
ding S? — R?*! s is a constant such that | —d < s < 0, and Aj, denotes the
Laplace-Beltrami operator on (S¢, h).

For completeness we observe that the existence of a smooth positive solution
for problem (S;), whens = —d/2ors = —d/2 + 1, and f(¢) = |t|ﬁt, can be
viewed as an affirmative answer to the Yamabe problem [35] on S¢ (see also the
Nirenberg problem [29]); for these topics we refer to Aubin [3], Cotsiolis and Ilio-
poulos [13,12], Hebey [15], Kazdan and Warner [18], Vdzquez and Véron [34], and
to the excellent survey by Lee and Parker [25]. In these cases the right hand-side of
problem (S, ) involves the critical Sobolev exponent. The Yamabe problem is often
referred to in the literature on elliptic type equations with critical Sobolev growth
and in terms of PDEs equations can be formulated as follows:

For any smooth compact Riemannian manifold (M, g) of dimension d > 3,
there exists w € C®°(M), w > 0, and A € R such that

d—2

Sew = Awi? (Y2
ad—n T g

—Agw +
where S, denotes the scalar curvature that, through the symmetric Ricci tensor R;j,
has the form S; = R;;g".

Geometrically, the goal of this celebrated problem is to prove that, up to confor-
mal changes of the metric, there always exists a metric of constant scalar curvature.
This was announced to be true by Yamabe [35] in 1960. Roughly eight years later,
Trudinger [33] discovered a serious difficulty in the original Yamabe’s proof. He
repaired the proof when the conformal class of the reference metric is nonposi-
tive. Eight years later after Trudinger, Aubin [1] improved Yamabe’s approach and
reduced the problem to the proof of some strict inequality involving some geomet-
rical invariants of the manifold. Such an inequality was proved to be true by Aubin
in some cases, and then by Schoen [32] in the remaining more difficult cases. In
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particular, in his remarkable work, Schoen discovered the unexpected relevance of
the positive mass theorem. The Yamabe problem, whose origin goes back to the
beginning of the 1960’s, was solved something like twenty five years later.
Moreover, existence results for problem (.S, ), can be used in order to study the
existence of solutions for the following parameterized Emden-Fowler equation

— Au = MxP 2K (/XD f(x1 7w, x e RITT o), &)

see, for instance, Sect. 4.

Problem (P;) has been studied for power-type nonlinearities, that is, provided
that f(z) = |t|1’_1t, p > 1 see Cotsiolis and Iliopoulos in [12,13] for the case
of the sphere, and Vizquez and Véron [34] for a general compact manifold. In the
aforementioned papers the authors obtained existence and multiplicity results for
(P,) by using variational arguments.

More recently, in Kristdly and Radulescu [23], the authors are interested on
the existence of multiple solutions of problem (P,) in order to obtain solutions
for parameterized Emden-Fowler equation (§,) considering nonlinear terms of
sublinear type at infinity.

In particular, in [23, Theorem 1.1], for A sufficiently large, the existence of
two nontrivial solutions for problem (P;) has been successfully obtained through
a careful analysis of the standard mountain pass geometry.

Furthermore, in Kristdly et al. [24, Theorem 9.4, p. 222], the existence of an
open interval of positive parameters for which problem (P;) admits two distinct
nontrivial solutions is established by using an abstract three critical points theorem
contained in Bonanno [6].

Moreover in [9], through a novel approach developed by Bonanno and Molica
Bisci [8], the existence of a well localized open interval of positive parameters for
which problem (P, ) admits at least three non-trivial solutions has been studied.

Finally, Kristaly in [20], proved a bifurcation result for a perturbed sublinear
elliptic problem (Py,) defined on M. We just observe that for u = 0 the cited
problem coincides with (Py) and, in particular, from [20, Theorem 1.1], it follows
that if the nonlinearity f belongs to the set

t—oo t

F = [feC(R_f_;R_'_)\{O}:tl_i)Ig*»@: lim &:O],

for A sufficiently small, then problem (P, ) admits only the identically zero solution.
For completeness, we just mention that, by using similar variational arguments, the
existence of multiple solutions for non-homogeneous Neumann problem on Rie-
mannian manifolds with boundary have been studied by Kristaly et al. in [22].

The main result of this paper (Theorem 3.1) ensures the existence of precise
values of parameters A for which (P,) admits at least one non-trivial solution. A
special case is also pointed out (Corollary 3.1) and a meaningful consequence for
a suitable class of functions with a certain asymptotic behaviour at the origin is
presented; see, for more details, Theorem 3.2.

We observe that when the nonlinear term is sublinear at infinity, then the corre-
sponding energy functional is coercive, hence the existence of one solution (possibly
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zero) is ensured from the direct methods theorem. It is worth noticing that, in our
cases, the potential may be also not coercive; see, for completeness, Example 3.1
and Remark 3.6. On the contrary, if the potential is coercive, our results ensure the
existence of at least one non-trivial solution; see Remark 3.3.

A basic tool used in the proofs is a recent critical point theorem obtained by
Bonanno in [7, Theorem 5.1] for functionals of the form J, := & — AW, where A
is a positive parameter; see Theorem 2.1 below.

We state in what follows a special case of our results, which establishes the
existence of a nontrivial solution in case of lower perturbations (small values of
the parameter). The following theorem also shows that the energies of the cor-
responding solutions become smaller and smaller as the parameter converges to
Zero.

Theorem 1.1 Letd > 3. Seta, K € C*®(S?) be two positivemapsand f : R — R
be a continuous function such that

( |f (@)l )
sup\ ~——.—7 ) < 400,
teR 1+ |t|q

for some q €]1, 2*[. Assume that

lim & =400

=0t f

Then, there exists A* > 0 such that for every A €10, \*[, the following problem
— Mw+a@)w =AK(0) f(®), oeS? weH} S, (5%

admits at least one non-trivial weak solution wy ) € le (S%). Finally, || wo, 1 || H ™

0 as . — 0T and the map

1
e / Vwo.(0)Pdoy + / wo(0)2do,

Sd Sd
wo,1(0)
—A/K(a) / f)dt | dop,
S4 0

is negative and strictly decreasing in 10, A*[.

An explicit estimation of the parameter A* that appears in the above result is
given in Remark 3.2. For an exhaustive overview on elliptic equations with critical
exponent defined on Riemannian manifolds we refer to [24, Chapter 11] as well as
the exhaustive lecture notes [16] and the references therein.

Finally, in Theorem 3.3, we prove that, adding to hypotheses of Theorem 3.2 the
classical (AR) Ambrosetti and Rabinowitz condition, a second non-trivial solution
is achieved; see also Corollary 4.2.
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Successively, in Theorem 3.4 we establish a multiplicity result (similar to The-
orem 3.3) without assuming (AR) condition. In this setting the Euler-Lagrange
functional J, may possess unbounded Palais-Smale (briefly (PS)) sequences. The
key point in our proof is that, although J, possesses unbounded (PS) sequences,
under the assumptions of Theorem 3.4, the functional J), satisfies the Cerami condi-
tion. Our result is achieved through a local condition, namely (ho_ ), near infinity,
previously adopted by Liu in [26] studying the existence of solutions for superlinear
p-Laplacian Dirichlet problems on bounded Euclidean domains; see also the work
of Jeanjean [17].

The paper is arranged as follows: in Sect. 2, we recall some basic definitions
and our main tool, while Sect. 3 is devoted to our main results. In the last section
we find existence results for singular elliptic problems of Emden-Fowler type as an
application of our theoretical approach. We cite the recent monograph by Kristily
et al. [24] as general reference on this subject.

2. Preliminaries

We start this section with a short list of notions in Riemmanian geometry. We refer
to Aubin [3] and Hebey [15] for detailed derivations of the geometric quantities,
their motivation and further applications; see also the work [2]. Let (M, g) be a
smooth compact d-dimensional (d > 3) Riemannian manifold without boundary
and let g;; be the components of the metric g. As usual, we denote by C (M)
the space of smooth functions defined on M. Let @ € A (M) and set ||a|x =
€sssup, ¢ pq @ (0).
For every w € C*°(M), we denote

||w||§{£ ::/|Vw(0)|2dog+/a(0)w(0)2d0g,
M M

where Vw is the covariant derivative of w, and doy is the Riemannian measure. In

local coordinates (x', ..., x?), the components of Vw are given by
3w ow
200): = k==
(Viw)ij = dxidx/ Y xk’
where

T o \axi | axd oxk

o1 (3ng gl 3gij) Ik

are the usual Christoffel’s symbols and g’* are the elements of the inverse matrix
of g. Here, and in the sequel, the Einstein’s summation convention is adopted.
Moreover, the measure element do, assume the form dog = /det g dx, where dx
stands for the Lebesgue’s volume element of RY. Hence, let

Volg (M) := /dag.
M
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In particular, if (M, g) = (S9, h), where S¢ is the unit sphere in R and h
is the standard metric induced by the embedding S¢ — R4+, we set

wg = Vol (S%) := /dcrh.
Sd

The Sobolev space H‘f (M) is defined as the completion of C°° (M) with respect to
the norm || - || H2- Then H‘f (M) is a Hilbert space endowed with the inner product

(w1, w2) 2 =/(Vw1(6),Vw2(0)>gd0g +/06(6)(w1(0),W2(0))gd0g,
M M

for every wy, wy € H(f (M), where (-, -) is the inner product on covariant tensor
fields associated to g. Since « is positive, the norm || - || 2 is equivalent with the
standard norm

1/2
[ /|Vw(a)|2dag+/w(a)2d0g
M

Moreover, if w € H(f (M), the following inequalities hold

min [l,essinfa(a)l/zl lwll 2 < w2 < max [1, ||a||},éz} lwl . (1)
oceM 1 o 1

By the Rellich-Kondrachov theorem for compact manifolds without boundary
we have

HEA(M) = LI(M),

for every g € [1,2d/(d — 2)]. In particular, the embedding is compact whenever
q € [1,2d/(d — 2)). Hence, there exists a positive constant S, such that

lwleomy < Sgllwllgz. Y w e Hy (M), )

where the norm of the Lebesgue spaces L9 (M) are denoted by || - || a(m) for all
q € [1, o00l.

If K € Ay (M), we recall that a function w € H 12(/\/1) is a weak solution of
problem (Py) if

/(Vw(a), Vu(0)),dog +/O[(O’)(U)(O’), v(0))gdoy
M M

Y / K (o) f (w(@))v(0)do.
M
for every v € le(/\/l).
Let X be areal Banach space. We say that a continuously Gateaux differentiable

functional J : X — R verifies the Palais-Smale condition (in short (PS)-condition)
if any sequence {u,} such that
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(Gp) {J(up)} is bounded,
(o) limy— o [V (un)llx+ = 0,
has a convergent subsequence.

For an exhaustive treatment of these topics we refer to [28,30] and the refer-
ences therein. Now, let &, W : X — R be two continuously Gateaux differentiable
functions. Set

J=0 -V,

andfixry, rp € [—00, +00], withr| < rp; we say that function J verifies the Palais-
Smale condition cut off lower at r1 and upper at r> (in short ["11(pS)[r2]_condition)
if any sequence {u,} such that (j;), (j,) hold and

G3) 11 < ®(up) <rz, Y €N,

has a convergent subsequence.

Clearly, if r; = —o0 and r, = +00 it coincides with the classical (PS)-condi-
tion. Moreover, if r{ = —oo and r, € R it is denoted by (PS)I2] while if r; € R
and rp = 400 it is denoted by [’1](PS). Clearly, if J satisfies ["](PS)[’Z]—condi—
tion, then it satisfies [P11(PS)!P2]-condition for all py, po € [—00, +00] such that
r=p1<p2=n.

In particular, we deduce that if J satisfies the classical (PS)-condition, then it
satisfies (P11 (PS)lP2]_condition for all p1, p» € [—00, +00] with p; < pa. Set

Supqu)_](]r],Vz[) \I/(M) - lI’(v)

(r1,r2) = inf , 3)
p ved=1(r1,m0) rp — ®(v)
and
W(v) —su 1 W (u
pa(rir) = sup e e T 4)
ve®@=1(Jry, D) P —n

for all r1, ) € R, with r; < rp.

Now, for a fixed A > 0, the function w) (o) = ¢ € R\ {0}, is a solution of (P;)
if and only if the mapping o — ALK (0)/a(o) is constant. In this case, nontrivial
constant solutions of (P, ) appear as fixed points of the functiont +— ¢, f(¢), where
¢, denotes the constant value AK (o) /a (o).

A crucial role in the existence proof of one non-trivial (and non-constant) weak
solution for our problem is played by the following version of an abstract local
minimum theorem obtained in [7, Theorem 5.1], which we recall here for conve-
nience.

Theorem 2.1 Let X be a real Banach space and let &,V : X — R be two con-
tinuously Gateaux differentiable functions. Assume that there are r1, ro € R, with
r1 < rp, such that

B(ri,r) < p2(ri, r),

where 8 and p; are given by (3) and (4), and for each

1 1
ey Baml
p2(ri,r2) B(ri,r2)
the function J, = ® — AV satisfies "'\ V(PS)"2)-condition.



164 G. Bonanno et al.

Then, for each A € ] , [ there is ug,) € & 1(r1, r2l) such
p2(r1,r2) B(ri,r2)

that Jy (uo,) < Jo(u) forallu € O~ 1(r1, ) and Ji (up,n) = 0.

Remark 2.1. We explicitly observe that Theorem 2.1 guarantees the existence of an
open interval of parameters such that for any

c ] 1 1 [
p2(ri. )" Blri,ra) U
the functional J, has a minimizer up, with respect to the open sublevel
&~1(Jr1, r20), that is,
D(uoz) < L), Yue® ' (ry,rl).

Since ®~1(] — 00, r[) C X is open, it follows that up ; must be a local minimizer
of J, hence it is a critical point of J). Therefore, Theorem 2.1 may be considered
also as a localization principle of critical points of J; that belong to the sublevel

O~ (ry, ral).

3. Main results

For every two nonnegative constants y, §, with y # §, we set

A(y) = qFONK L1 vy

a,(8) =
v leell Liany (v2 — 82

&)

where
1/2 2
AW) = (qllall g v Sian + el §17 v S§an) 1K llos,

and
£
F(§) :=/f(t)dt,
0

for every & € R.
With the above notations we are able to prove the following result.

Theorem 3.1 Let f : R — R be a continuous function such that condition (hs)
holds and assume that there exist three real constants yy, y» and §, with 0 < y; <
8 <y, such that

ay, (8) < ay, (9). (6)

Then, for each parameter A belonging to

o sl
A=|—\ —,
2ay,(8) 2ay,(5)
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the problem (Py) admits at least one weak solution wy ; € H]2 (M), such that

1/2 1/2
—— 5 < lwoally = — T ossinf TR
max{1, |||l min{l, essinf,cpq (o) '/}

Proof. Our aim is to apply Theorem 3.1. Hence, let X := H12 (M) and consider
the functionals @, ¥ : X — R defined by

w2,
d(w) := > <, W(w) ::/K(U)F(w(a))dag, forall w € X.

M

Clearly ® : X — R is a coercive, continuously Gateaux differentiable. On the
other hand, W is well-defined and continuously Gateaux differentiable. Moreover,
we have

@' (w)(v) =/(Vw(d),Vv(G))gng+/a(0)<w(0),v(0))gd0g,
M M

and

W' (w)(v) Z/K(G)f(u)(ff))v(d)dog,
M

for every w, v € X. Fix A > 0. A critical point of the functional J, := & — AW is
a function w € X such that

' (w)(v) — AV (w)(v) =0,

for every v € X. Hence, the critical points of the functional J; are the weak solu-
tions of problem (P;). Moreover, ®(0x) = W (0x) = 0. Since condition (hy)
holds, we have

HE
F(§)§a1|‘§|+a27, (7N

for every £ € R. Now, taking into account (7), it follows that

W(w) = / K () F(w(0))dog < [IK | (alnwnu(M) + ”;—2||w||‘gq(M)).

Then, for every w € X such that ®(w) < r, owing to (2), we get
2412844
W) < K lloo (@0 28101 + =12 r72),
q
Therefore

24/257
wp W) = Koo (212101 + —q"zrw). ®)

wed~!(]—o0,r])
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Next, we set
lleell 0 fleell 1
rlzLT(M)ylz, r = LT(M)yf and ws(o) =48, forevery oe M.

Clearly ws € X and we have

1 82
o) =5 ( [ 1Vus@)Pdo+ [ a@wsordoy) = Sl ©)
M M
Taking into account that y; < § < y», by a direct computation, we deduce that
r1 < ®(ws) < rp. Moreover,

W(ws) = / K(0)F(ws(0))dog = FOIKIlL1 ng)- (10)
M
From (8) it follows that
24/289 4,
sup W(w) < ||K||oo(<2r2)‘/251a1+Tqr§/2 .

wed 1 (J—o0,r2[)

as well as

ued-1(1—o0,r])

24/289 4,
sup w(u)f||K||oo(<2r1)”zsla1+T"r?/2~ (12)

Then r; < ®(ws) < rp and

su —1 Y(w) —¥(v
puriryi= g Pweo i TN Z B0
ved=!(Iry,ral) r — ®(v)
_ SUPweo-I(-oconD W(w) — W (ws)
- ry — ®(ws)

)

and

W (v)—sup, g1 (001 ) W (w)

P2(r1,12) = SUPyeq-1(jry . ra) P71

P (ws)=SUP =1 (1 co.r )

W (w)
z D(ws)—r :

Hence, by using the notation (5), and relations from (9) to (12) it follows that
B(r1,r2) < 2ay,(8), and p2(r1,72) > 2a,,(8).
Finally, hypothesis (6) yields
B(ri,r2) < pa(ri, r2).

Now, from [7, Proposition 2.1], the functional Jj, satisfies ["](PS)[Q]—condition for
all 1 and rp with r; < rp < 4o00. Therefore, owing to Theorem 2.1, for each
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1 1 . . . .
VNS ]m, %2y, ®) [, the functional J, admits at least one critical point wy ; such
that

ry < ®(wo,n) < r2,

that is

1/2

e < lwosrllgz < el
LI(M)yl 0,)» Hoz LI(M)VZ'

The last part of our result is achieved from the above inequalities and taking into
account relation (1). |

We now point out the following consequence of Theorem 3.1.

Corollary 3.1 Let f : R — R be a continuous function such that condition (hso)
holds and assume that there exist two positive constants y and &, with y > &, for
which

F(5) A(y)
2 7 T2 :
8 qy=lIKll i am

13)

Then, for each parameter ) belonging to

leliovnd? gl y?
2Ky FG) 2A(y) ’

the problem (P,) admits at least one non-trivial weak solution wy ) € H12(J\/l),
such that

1/2
lerll gy

min{1, essinfycpq a(o)!/2}

IIwo,xllle <

Proof. Our aim is to apply Theorem 3.1. To this end we pick y; = 0 and y» := y.
Bearing in mind (5), we obtain

AWy) —qlKllLr ) F ()

ay(8) =
4 ||Ol||Ll(M)(3/2 —8%)q
as well as
a0(8) = ||K||L'(M)F(5)
T Tl

Now, inequality (13), immediately yields
a, (8) < ap(d).
Hence, Theorem 3.1 ensures the conclusion. O

Here is a direct result obtained by using Corollary 3.1.
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Theorem 3.2 Let f : R — R be a continuous function such that condition (hx)
holds and assume that

F§)

é_1>151+ 2 +o0. (ho,7)

Furthermore, for each y > 0, set

o el y?
yo 2 A(y)

Then, for every A €]0, A; [, the problem (P,) admits at least one non-trivial weak
solution wy ;. € le (M). Moreover, we have

lim wo. A 2 = O,
im0l

and the map
(o)
lwo. 12,5 e
AHT“—A/K(U) / f@)dt | dog,
M 0

is negative and strictly decreasing in 10, A7 [.

Proof. Fix y > 0 and A €]0, A;‘,[. From (hg, r) there exists a positive constant §
with § < y such that

lecll z1 a8 gllell iy y?
—_— A<
21K g1 oy F (8) 2A(y)

Hence, owing to Corollary 3.1, the problem (P,) admits at least one non-trivial
weak solution wy ; € X, such that

1/2
||w0,)\.||H§ < ”a”Ll(M)y
Then, for every A €]0, A;[, there exists at least one non-trivial weak solution
w5, € ®1(10, 2[) of the problem (P;) and
1/2
||Ol “LI (M)y
min{1, essinf,cpq a(o)!/2}’

lwo,ll g2 < (14)

for every A €]0, A; [.
Therefore, from (hy), taking into account (2) and (14), it follows that there
exists a positive constant Cg’;,’gz,q such that

/ K (0) f (wo,1(0)wo i (0)dog| < CHE . (15)

for every A €]0, X;[.
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Now, J)/L(wog;\) = 0, forevery A €]0, )L;,[ and in particular J)’L(wo,)\)(wo‘;h) =0,
that is,

lwoll3 =2 / K(0) f (wo,1.(0))wo,1(0)doyg,
M

for every A €]0, )L;[.
Then, from (15), it follows that

. 2 .
lim [lwoll7. = lim AW (wo ) (wo,5) =0,
A—0F o A—0T

that implies lim; _, o+ ||w0,x||H12 =0.

Finally, we claim that the mapping A +— J;(wp ) is negative and strictly
decreasing in ]0, A} [. Indeed, the restriction of the functional Jj, to ®~1(10, r2[),
where ry := (llallL1ag)/2) y22, admits a global minimum, which is a critical point
(local minimum) of J; in X. Moreover, since ws := 8 € ®~1(]0, r2[) and

d(wy)  lellpiagd? -
W(ws) 20K FE)

we have
Ji(wo,3) < Ja(ws) = P (ws) — AW (ws) < 0.

Next, we observe that

® (w)
J(w) = A (T - \I'(w)) ,

foreveryu € X and fix0 < A1 < X < A;.Set

iy, = (M _ ‘P(wo,xl)) =  inf (cp(w) - \If(w)),

Al wed=1(10,nD \ Al

and

[}
my, = (M - \y(wo,kz)) =

: @ (w)
» nf ( — \I/(w)) .

i
wed=1(10,r2])
Clearly, as claimed before, m;, < 0 (fori = 1,2), and m;, < m;, thanks to
A1 < A2. Then the mapping A — J; (wp ) is strictly decreasing in ]O, A;[ owing
to

J)\z(wo,)nz) = )"kaz < )"Zm)\l < )\lmkl = Jkl(wo,k1)~

This concludes the proof. O
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Remark 3.1. A careful analysis of the proof of Theorem 3.2 ensures that the result
still remains true after replacing condition (hg, ) with the more general assumption
at zero

F&) _

lim sup —5— = +o0. (hg’F)
£—01 §
Moreover, if f has the following asymptotic behaviour
t
lim S = 400, (ho)
t—0t f

then, obviously, hypothesis (hg r) is trivially verified. Hence, it is easy to see
that Theorem 1.1 in Introduction immediately follows from the above remark and
Theorem 3.2.

Remark 3.2. In other words, Theorem 3.2 ensures that if f has the global growth
given by (hx) and the asymptotic condition at zero (hg, ) is verified then, for every
parameter A belonging to the real interval A pq :=]0, A*[, where

2

qllecll i am Y
= sup

AN ,
2 y>0 A()/)

problem (P;) admits at least one non-trivial solution wg , € le (M). Moreover
lwo .|l H ™ 0, as A — 0", Moreover, a straightforward computation shows that

4+oo if 1<qg <2

] .
— 1 if g=2
oo LK B
'_ qllall'? 7,
L1 ()Y max if ¢ E:IZ 2d [
—1)/2 —1 ) — Pl
20K lloo (g Star+lleel 92 58 4y 7y d=2

LI(M) q

where

1/(g—1)

_ 1 qSiai a

Y max i= .
T ) V2 (q—2)Star

LY (M)

We also note that in the case ¢ € ]2, 2*[, we have

1/(g=1
S 1
P ( . : — )
L (g —2)Sqaz min{1, essinf, e g (o) !/2}

uniformly for every A € A pq.

Remark 3.3. From the above observation, it follows that if f is a sublinear function
at infinity, Theorem 3.2 ensures that, for each 1 > 0, the problem (P)) admits at
least one non-zero weak solution. We explicitly observe that, in this case, also the
classical direct methods theorem ensures the existence of at least one weak solution.
However, in this case, it may be zero.
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Remark 3.4. In our context, a concrete upper bound for the constants S, in The-
orem 3.2 is essential for a concrete evaluation of the interval A 4. In the case
(M, g) = (8%, h),ifq € [1,2d/(d — 2)[, we have

Kq

= , 16
min {1, essinf, .0 o (0)1/2) (16)

where, we set

2—q

w0 if g ell,2l

Ky = 1,2
max ( qzzz) ,— if ge [2, dszZ['
T

da)d wd

gf

Indeed, in Beckner [4], it is proved that for every 2 < ¢ < 2d/(d — 2) and any
w e HY(SY),

2/q

-2 1
/|w(0)|qd0h < ql—_z/q/|Vw(a)|2doh +T2/q/w(0)2d0h,
| dw, k4 w, %

see also, for instance, Theorem 4.28 in Hebey [15]. Hence,

12
q—2 1
lwllzg gy < max = S
q 2q
dw, w,

172
X /|Vw(c7)|2doh—|—/w(cr)2dc7h ,
d sd

for every w € le (Sd). Owing to (1) the desiderated statement follows. On the
other hand, if ¢ € [1, 2[, as simple consequence of Holder’s inequality, it follows
that

2—q
lwll oty < @ lwlzgs, — forallw e L*(SY).

The thesis is achieved taking into account that

lwll 2

min {1, min, gz a(0)/2}’

lwll 2y < lwllg2 <
for every w € le(Sd ). Note also that if d > 4, it follows that

2 2d 2<d
—-2<—= .
q P =



172 G. Bonanno et al.

In this case, clearly

q—2 d
q=2 = q=2"
q

@y @y

2—¢q

L

A

" min {1, essinf, cga a(0)1/2}
for every g € [1, 2*[.

Remark 3.5. We observe that if f is a non-negative function our results guarantee
that the attained weak solution is non-negative. From our goal, let w( be a weak solu-
tion of problem (P, ). Arguing by contradiction, assume that the set Mg := {O’ €
M wo(o) < 0} has positive Riemannian measure. Put w(o) := min{0, wo(o)}
forall o € M. Clearly, w € H}(M) and

/(Vw(o), Vw(o))gdog +/a(o)(w(o),w(o))gdog
M M

—A/ K(o) f(w(o))w(o)do, =0,
M

that is,

/|Vw0(a)|2d0g+/a(a)wo(a)zdagzk /K(a)f(w(a))wo(a)doggo.
My My Moy

Hence

/ |Vwo(0)|*dog + / a(o)wy(o)*day = 0.
Mo Mo

Then, wg = 0 almost everywhere in M. This is not possible by the definition of
M, so it follows that wy is non-negative. It is also evident that the above assertion
remains valid requiring only that f is non-negative in [0, +o0[.

The following example deals with a nonlinear problem on the unit sphere
endowed with the natural metric & and involving a nonlinearity with subcritical
growth.
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Example 3.1. Let (S, h) with d > 3 and K € A, (S?). Further, consider the
following equation

— Apw +w = AK (o) (w]" 2w + [w]*2w), (P))
forevery o € S? and w € le(Sd), where 1 <r <2and?2 < s < 2*. Then, for
every

sw?y
A E}O’ e 1 [
K oo (sS1 + g S37 max
where

L (S s 1/6=D
Ymax ‘= a)[l/z s i—2 )

the problem (13A) admits at least one non-negative (and non-trivial) weak solution
wo, 5 € le(Sd) such that

S s 1/Gs=1)
lwo,ull 2 < (S_g (S — 2)) :

and lim;_, g+ [|lwo ||H12 = 0. To prove this, we can apply Theorem 3.2 with

F@) =102+ 12,
for every ¢t € R. Indeed, it is easy to verify that
lfOl <20 +111°7h, YreR.

Moreover, a direct computation shows that

lim @>l(lim ! )=+oo.

g0t E2 T r \g—0t E277
Hence, all the assumptions of Theorem 3.2 are verified and the conclusion follows.
Remark 3.6. We point out that the energy functional J, associated to problem (P)

is unbounded from below. In fact, if we fix v € H 12(8‘1 ) and T € R, then

72 " ¥
(@) < =l = A | =1l oy + — VI, ca, | essinf K (o).
- 2 Ha r (S) Ky (S) O’ESd

So,asr < 2 < s, it follows that

lim J,(tv) = —o0.
T—+00

Hence, as consequence, the functional J, is not coercive. Hence, the classical
Tonelli’s method cannot be applied to the above case.
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Example 3.2. Let o, K € A, (S%). Owing to Theorem 3.2 and taking into account
Remark 3.2, the following elliptic parametric problem

— Apw +a(0)w = AK(0)/[wl, o eS? we HI (S, (5%)

admits at least one non-trivial weak solution for all A > 0. In this case Theorem
1.1 obtained in [20] cannot be applied just because the real function defined by
f (@) = /|t], for every t € R, does not belong to F.

Remark 3.7. We also point out that contributions on the existence of multiple solu-
tions for elliptic problems on the spherical case are contained in Kristaly [19]; see
also the related paper Kristdly and Marzantowicz [21].

In the sequel we prove how the previous results can be used in order to pass
from the existence of at least one nontrivial solution to the existence of at least two
nontrivial solutions. This goal will be achieved making use of the particular nature
of the first solution, namely the local minimum of the associated energy functional.
This information will be used to assure the existence of a second solution as a
critical point of mountain pass type. In this direction, we begin with the follow-
ing theorem, where the celebrated Ambrosetti—-Rabinowitz condition is required.
As usual, this assumption plays a crucial role in proving that every Palais-Smale
sequence is bounded, as well as that the so called ‘mountain pass geometry’ is
satisfied.

Theorem 3.3 Let f : R — R be a continuous function such that
O] < ar+ai]?™!, ViR, (hl)

for some non-negative constants ay, ap, where q €]2,2*[. Furthermore, assume
that condition (h(/)’ ) holds in addition to:
(AR) there are constants . > 2 and r > 0 such that, for all || > r,

0<uFE) <&f(5).
Then, for each A € A 4, the problem (Py) admits at least two weak solutions.

Proof. Fix . € Apq. Owing to (hl) and (hg’ 7> Theorem 3.2 ensures that the
problem (P,) admits at least one weak non-trivial solution w; which is a local
minimum of the functional Jj as defined in the proof of Theorem 3.1. In view of
assumption (AR), reasoning in a standard way, it is possible to verify that every
Palais-Smale sequence is bounded. This, leads to the fact that J satisfies the clas-
sical Palais-Smale condition by the fact that @’ is a linear isomorphism, while W' is
compact; see [14, Proposition 3.8]. Moreover, it is well known that, again by (AR),
there exist suitable (positive) constants yp, y» with

F&) zyl§l* —r, V&R A7)

Let {&,} be a sequence in R such that £, — +o00 and consider the related sequence
of functions wy, (o) := &, for every o € M which belongs to X. Obviously, in
view of (17), we have
& "
Jr(wy) < ?”a”Ll(M) —A (J/lgn - 7/2) ||K||L1(M),
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that is

liminf J)(w) = —o0,
lwllx— o0

and there exists some wg € X such that
Jr(wo) < Ji(wy). (18)

Now, we can assume that w is a strict local minimum for J; in X, otherwise there
exist infinitely many nontrivial critical points of J;. Hence, we can apply the clas-
sical mountain pass theorem and obtain a second critical point wy € X such that
Jr(w2) > Jy(wy), thatis w; 7# wo and the proof is complete. m]

Remark 3.8. The existence of two solutions for the problem (P, ) has been investi-
gated by Kristdly et al. in [24, Theorem 9.4, p. 222] and by Kristaly and Radulescu
in [23, Theorem 1.1]. Moreover, very recently, Kristdly in [20] studied bifurcation
effects for a sublinear problem (P, ;) defined on a compact Riemannian manifold
M without boundary. All the above cited results cannot be applied to our cases due
to the asymptotic condition (hp) that we assume at zero. Finally, we observe that
assuming f(0) # 0, Corollary 3.3 ensures the existence of at least two non-zero
solutions for problem (P;); see also Corollary 4.2 in the sequel.

As usual, condition (AR) plays a crucial role in proving that every Palais-Smale
sequence is bounded, as well as that the so called ‘mountain pass geometry’ is sat-
isfied. However, even dealing with different problems than ours, several authors
studied more general or different assumptions that still allow to apply min-max
methods in order to assure the existence of critical points. Here we show a result
that moves in this direction. We recall that a C!-functional J; : X — R defined on
a real Banach space X satisfies the Cerami condition (briefly (C)) if

(C) Every sequence {x,} in X such that {J,(x,)} is bounded and
(1 + [lxu 1) 15 () [l xx = O,

admits a strongly convergent subsequence in X. A sequence {x,} that satisfies
the above conditions is called a Cerami sequence.

We recall here, for reader’s convenience, the following Lemma due to Liu; see [26,
Lemma 2.5].

Lemma 3.1 Let f : R — R be a continuous function and set

F(§) == Ef(§) — 2F (&), (F)

for every & € R. Assume that
(f1) there exists p > 0 such that the function

is non-decreasing int > p and non-increasing int < —p.
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Then, the real mapping F, defined in (F), is non-decreasing int > p and
non-increasing int < —p. In particular, there is a constant C1 > 0 such that

F(&) < F(&) + Ci, (19)

for0 <& <&ork <& <0.

Proof. Let us consider only the case &1 < & < r. We have

L - e
F(&)—F(&):z[(f@zn FEED — (F(&) @1»]

2
& & &
=9 [srdr - [ gnrar - [ g
P P &1
_g&)p* g(&)pz]
2 2

& &
=2 [ - eonrdr + [ (s - gerar
0

&
2

+ 5 (s — g@)| = 0.

The case & < & < —p is similar. Furthermore, condition implies that F €
C%(R; R) and

Ci:=14+ max FE&)— min F(&) < +oo.
Ee[—p.p] &e[—p,p]

With this positive constant C; it is easy to see that condition (19) holds. O

As consequence of Theorem 3.2 and the above Lemma we obtain the following
multiplicity result.

Theorem 3.4 Let f : R — R be a continuous function such that conditions (hl,)
and ( f1) hold in addition to

F(§)
im — =400 h
‘S‘—)OO 52 ( OO,F)
Furthermore, assume that
_FE) /
g1_1)151+ 5_2 = +o00. (hy)

Then, for each A € A nq, the problem (Py) admits at least two weak solutions. If,
in addition, f(0) #£ O the attained solutions are non-zero.
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Proof. Let X := HIZ(M). Fix A € A pq and argue as in the proof of Theorem 3.3
in order to assure the existence of a first non-trivial weak solution. Moreover, in
view of assumption (heo, r), it is possible to verify that

liminf J,(w) = —o0. (20)

lwllx—-+o0
Indeed, for

el
2MIK i

there exists T > 0 such that F(£) > n&?2 for every |£| > 7. Hence, if {§,} is a
sequence in R with £, — 400 and we consider the sequence in X defined by
putting wy, (o) = &, for every o € M we have

el 1 an

5 Er—AIK i FEn) <

el 1
Jr(wy) = (%

—anuLl(M)n) £2,

for every n € N large enough and (20) follows from the choice of . Hence, there
exists u1 € X such that (18) is true. To complete the proof, it is sufficient to prove
that, from Lemma 3.1, the functional J,, satisfies the (C)-condition. For our goal we
argue following [26, Lemma 2.5]. Hence, let {w,,} be a Cerami sequence of J,. We
observe that it suffices to show that {w,} is bounded. Indeed, if {w,} is a bounded
sequence in X such that {J, (w,)} is bounded and || J; (w,)| x+ — 0, since ®’ is a
linear isomorphism and W’ is compact, passing to a subsequence if necessary, {w;,}
is strongly convergent in X; see [14, Proposition 3.8]. At this point, in order to
prove the boundedness of {w, }, we argue by contradiction. If {w),} is unbounded,
up to a subsequence we may assume that there is ¢ € R such that:

J(wy) —> ¢
lwallx — 400

llwnllx 115, (wi) [l x+ — 0.

In particular, since J; (w,)(w,) — 0 (as n — 00), we have

Oy = —.
8 2 A

lim / K(U)Md _imy oo {3 (wn) — 3 (w)wn)} ¢
n—0oo 2
M
21
Let x; := wy/llwpll 2, for every n € N. Up to a subsequence, we have that

X, =~ xinX
xp — xin LY(M)

xp(0) = x(0) ae.oc € M.
If x = 0, we choose a sequence {f,} C [0, 1] such that

Ji(tywy) = max Jy (twy).
tel0,1]
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For any m > 0, let vy, := 2/mx,, for every n € N.
At this point, owing to v, — 0in L4(M) (so v, — 0in L'(M)) and

/ K () F (v (0))|dog < |IK o (a1 lonll v + = ||vn||m(M)) -0,
M

as n — 00. Thus
lim /K(U)F(v,,(a))dag =0.
n— o0

So, for n sufficiently large, Zﬁ/uwn”Hg €]0, 1[, and

2

||Un||H2 = ||2\/_xn”H2 = || «/_

n”H2

Hence, there exists v € N such that for evert n > v, we can write
S (tawy) = max, Jr(twy) = S (vy) > 2m — /K(G)f(vn(o))dag > m.
tel0,

Then, we have
S (tqw,) — 400, (22)

as n — 00. Now, since J, (0) = 0 and J, (w,,) — ¢, we deduce that 1, €]0, 1[ and

”tnwn”ilg - )\/K(U)f(tnwn(a))tnwn(o)dag = J)t(tnwn)(tnwn)
M

d
= tnEh:tn J.(twy,) = 0.

Therefore, using relation (19) in Lemma 3.1 and the above computation, we deduce

that
/K(G)wd% > /K((,)Md% _ %”K”LI(M)

2
M M
1
= S ltwnllz, — / K (0)F (tywn(0))doy
M
Sk
) LY (M)

J.(tnwy) Cy

= ~ 5 IKluwy:
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Therefore, since (22) holds, it follows that
F
/K(J)Wdag — +o00.
M
This relation contradicts with (21). If x # 0 the sub-manifold

Mg :={o e M :x(o) #0},

has positive Riemann measure. Since |w, (0)| = |x,(0)|||w, || 2 foreveryo € M,
for o0 € Mg, we have |w,(0)] — oo and thanks to (hs, ), we obtain
F(wy,(0))

0 ()2 xn(o)2 — +00.

Hence, as n — oo, the Fatou’s Lemma, implies

/ %xn(o)zd% — 400. 23)
Me "

Since J) (w,) — c, clearly

%Ilwnlléog - )»/ K (o) F(wy(0))dog —c = o(l),
M

where 0o(1) — 0 as n — 00. Then

1 c+o(l) =x/ K(0)F(wa(0)) ,

2 lwali lwaly,
Consequently, we can write
1 c+o(l) K(o)F(wy(0))
- — —2 = A —2 Ug
2 llw ||H3 ||wn||H§
K(o)F
_y [ K@FWn©@) 205, (24)
wn(a)2
Mo
K (o) F(wn(0)) 2
A _ d
+ / 0 (0 )2 xp(0) dog
M\Meg

On the other hand from hypothesis (hso, 7) we have

lim F(&) = +o0.

[§|—>o00

Hence, taking into account that F' € C O(R; R), there exists a positive constant o
such that

F(§) > —o1,
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for every & € R. Then, since 1/||w, ||H(§ = X, /wy, it follows that

2
/ K(0)F(w,(0))x, (o) doy > —o1 |||| lloo Vo, (M \ Mg).

Wp (5)2 Wn ”
M\Meg
The above inequality together (23) and (24) yield
1 1 F
- — Log) > Aessinf K (o) / L(G;)xn(o)zdog
2 ”wn”Hz oeM wy(0)
« e)

—on X ”Ef Volg (M \ Me).

a2,

This is clearly impossible. Hence, the sequence {wj} is bounded in X. In conclu-
sion, applying the version of the mountain pass theorem, where (PS) is replaced by
(C), the conclusion is achieved; see, for details, the work [11]. O

Remark 3.9. Condition (hs, r) i a consequence of the following

lim & = 400,

[t|—>o00 t

that characterizes the problem ( P,) as superlinear at infinity. As pointed out in prece-
dence the boundedness of Palais-Smale sequences of the Euler-Lagrange functional
J,. can be obtained if the Ambrosetti—-Rabinowitz condition is verified. However,
hypothesis (AR) can not be useful treating some nonlinearities. Indeed, if a function
f satisfies (AR) then there exist suitable (positive) constants y1, y» with

F&) =yt =y, VEeR.

For this reason, in recent years, several authors studied superlinear problems trying
to drop the condition (AR); see for instance the works [26,27] and the references
therein.

Example 3.3. Set f : R — R be the continuous function given by
f@) :=tlog(1+ |t]) + 1.
Hence, we deduce that

2_ Dl 1 2
Fe) = ISI (s )c;g(|§|+) &

and it is easy to check that all the conditions of Theorem 3.4 hold. Then, with the
usual notations, the following equation

—Agw +a(o)w = AK (o) (wlog(l + [w]) + 1), (Cy)

+& VEeR

forevery 0 € Mand w € H 12(./\/1), admits at least two non-negative (and non-
trivial) weak solutions for every A € A p4. Finally, since

im © g 45 log(lEl+ D+ D 5
Elotoo F(E)  lel>too 20€] + 262 — D log(lE| + 1) —&(E —4)
the Ambrosetti—-Rabinowitz hypothesis fails.
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4. Applications to singular elliptic problems

In this section d and s denote two real fixed constants withd > 3and1—d < s < 0,
f : R — Ris alocally Lipschitz continuous function (or more generally locally
Holder continuous) and K is a smooth and positive map on the unit sphere S¢. Con-
sider the following parameterized Emden-Fowler problem that arises in astrophys-
ics, conformal Riemannian geometry, and in the theories of thermionic emission,
isothermal stationary gas sphere, and gas combustion:

— Au = AxP K (/XD f(x1 7w, x e RITT {o). &)

As pointed out in Introduction, equation (§} ) has been studied by Cotsiolis—Iliopo-
ulos [13], Vazquez-Véron [34] by using either minimization or minimax methods.
More recently, in [23] and successively in [9], some existence results are achieved
by variational methods. The solutions of () are being sought in the particular
form

ulx) =r*w(o), (25)

where, (r,0) = (|x|,x/|x]) € (0,00) x S¢ are the spherical coordinates in
R4+1\ {0} and w be a smooth function defined on S¢. This type of transformation
is also used by Bidaut-Véron and Véron [5], where the asymptotic of a special form
of () has been studied. Throughout (25), taking into account that

a a
Au = }’_da (}’da—’:) =+ r_zAhu,

equation () reduces to
—Apw+s(1—s —dyw =rK (@) f(w), o €S weHXS.

Due to our regularity assumptions on the data, the weak solutions of our prob-
lem are also classical as observed by Kristdly and Radulescu in [23]. Now, for every
two nonnegative constants y, §, with y # §, let

_A*) —qFO)IK s,

@)= s(1 =5 —dwg(y* = 8%)q’

where
A*(y) == (q(s(1 =5 — dwa) Py S1ar + (s(1 — s — d)wa)?*y1SLar) 1K oo
We have the following result.

Corollary 4.1 Let f : R — Ris a locally Lipschitz continuous function such that
condition (hxo) holds. Assume that there are three real constants y1, y» and §, with
0 < y1 < 6§ <y, such that

a;z ) < a}*,1 8). (26)
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Then, for each parameter A belonging to

1 1
the following problem
= Au =2 PO/ D (x|, v e R {0} &)
admits at least one classical solution.

Proof. Letus choose (M, g) = (S¢, h), anda(o) := s(1—s—d) forevery o € $¢
in Theorem 3.1. Clearly o € Coo(Sd) and, thanksto 1 —d < s < 0, « to be positive
on S?. Thus, for every A% C A, the problem

—Apw+s(1—s —dyw =rK () f(w), oeS weHXS,

has at least one non-trivial solution w; € H 12 (S?). On account of (25), the element
uy (x) = |x|*w, (x/|x]), is a non-trivial solution of (§;). |

A special case of Theorem 3.3, reads as follows.

Corollary 4.2 Let f : R — R be a locally Lipschitz continuous function such that
conditions (hl,) and (hg’ ) hold. Then, there exists )L% > 0 such that for every
A €]0, A%[, the following problem

— Au = MxP 2K (/XD fUx1 7wy, x e RTTI o), 79

admits at least one non-trivial classical solution. Moreover if, in addition, the func-
tion f satisfies

t
0<M/f(s)ds =t1f(@),
0

forevery |t| > r, for somer > 0and u > 2, then, for each A €]0, A%[, the problem
(§) admits at least two non-trivial classical solutions.

Remark 4.1. Arguing as in Corollary 4.1, analogous of Theorems in Sect. 3 can be
easily obtained for our new setting. For instance, the first part of Corollary 4.2 is an
exhaustive version of Theorem 3.2 for Emden-Fowler type equations. In this case,
for every parameter A €]0, A%[, the problem (§,) admits at least one non-trivial
solution. Moreover, the existence of a second non-trivial solution is obtained argu-
ing as in Theorem 3.3. Moreover, by using Remarks 3.2, a concrete expression for

*

the value of )Lg is given by

4+oo if 1<qg <2

1 .
— = if g=2
M= 1K lloo S3a2 1
q(s(1—s—d)w) ">V ax if ge ]2 l[
2\|KHoo(qSlal+(s(1—S—d)wd)(qfl)/zsg‘nﬂ;b L
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where

1/(g—1)
_ Siaj /q
¥ max ‘= — )
"N 60 —s — a2tV sla,
Finally, we give here a direct application of Corollary 4.2.

Example 4.1. Let K € C*(S?) be a positive mapping and consider the parametric
Emden-Fowler equation

— Au = MxP 2K/ IxD 4 1736, x e R\ {0}, &)

where we fix s €] — 2, O[. Then, for every A belonging to the interval

1/3
Av = o 1 2
S 7 3IK 100t \ S ’

the problem () admits at least two non-negative (and non-trivial) classical solu-
tions. To prove this, we can apply Corollary 4.2 to the locally Lipschitz continuous
function

f@) =141, VieR,
bearing in mind Remark 4.1. Indeed, clearly the function f satisfies (h,,) and, since

lim M =400

t—0t+ f

also condition (h; ) holds true. Moreover, taking into account that

3
im m:4 lim ﬂ=4>2,
HEC A lel—>oc0 &3 + 4

there exist 4 > 2 and r > 0 such that

0<uF@E) <Ef ),

for every |&| > r. Hence, all the assumptions of Corollary 3.3 are verified and the
conclusion follows.

Remark 4.2. Tt is well-known that sharp Sobolev inequalities are important in the
study of partial differential equations. In our context, a concrete upper bound for
the constants S, in the above example is essential for an explicit evaluation of the
interval of parameters. Now, we observe that in Example 4.1 a more precise infor-
mation on the size of the interval A 3, can be easily obtained taking into account
Remark 3.4. Indeed, if ¢ € [1, 5] and s €] — 2, O[, we have

*

KAy
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Consequently, for A sufficiently small, more precisely

_ 7/6 1/3
0<k<( s6+2) ( 2 )7
w

1/6
3 3K (oo

problem (3} ) admits at least two non-negative (and non-trivial) classical solutions.
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