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Abstract. In this paper, using variational methods, we establish the existence and multi-
plicity of multi-bump solutions for the following nonlinear magnetic Schrédinger equation

—(V+iA)) 2u+ GV ) + Ze)u = f(ulPu in R?,

where A > 0, f(¢) is a continuous function with exponential critical growth, the magnetic
potential A : R? — R?is in LIZUC(RZ) and the potentials V, Z : R? — R are continuous
functions verifying some natural conditions. We show that if the zero set of the potential
V has several isolated connected components €21, ..., 2, such that the interior of Q j is
non-empty and 92 is smooth, then for A > 0 large enough, the equation has at least 2k _1
multi-bump solutions.

1. Introduction and main results

This paper is devoted to the qualitative analysis of solutions for the nonlinear mag-
netic Schrodinger equation in R?. We are concerned with the existence and multi-
plicity of multi-bump solutions if the reaction has an exponential critical behavior.
In the first part of this section, we recall some significant historical moments related
to the development of the Schrodinger theory. The main result and an associated
multiplicity property are described in the second part of the present section.

1.1. Historical comments

The Schrodinger equation is central in quantum mechanics and it plays the role of
Newton’s laws and conservation of energy in classical mechanics, that is, it predicts
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the future behaviour of a dynamical system. It is striking to point out that talking
about his celebrating equation, Erwin Schrodinger said: “I don’t like it, and I'm
sorry I ever had anything to do with it". The linear Schrodinger equation is a central
tool of quantum mechanics, which provides a thorough description of a particle in
a non-relativistic setting. Schrodinger’s linear equation is

87%m
Au+—— (E—-Vx)u=0,
K2
where u is the Schrodinger wave function, m is the mass of the particle, / denotes
Planck’s renormalized constant, E is the energy, and V stands for the potential
energy.

Schrodinger also established the classical derivation of his equation, based
upon the analogy between mechanics and optics, and closer to de Broglie’s ideas.
He developed a perturbation method, inspired by the work of Lord Rayleigh in
acoustics, proved the equivalence between his wave mechanics and Heisenberg’s
matrix, and introduced the time dependent Schrodinger’s equation

h2
i hu; =5 Au+V(x)u—y|u|p71u x e RV(N > 2), (1.1)
m

where p < 2N/(N —2)if N >3 and p < +o0if N =2.

In physical problems, a cubic nonlinearity corresponding to p = 3 in Eq. (1.1)
is common; in this case problem (1.1) is called the Gross—Pitaevskii equation.
In the study of Eq. (1.1), Floer and Weinstein [24] and Oh [37] supposed that the
potential V is bounded and possesses a non-degenerate critical point atx = 0. More
precisely, it is assumed that V belongs to the class (V,) (for some real number a)
introduced in Kato [30]. Taking y > 0 and &2 > O sufficiently small and using a
Lyapunov—Schmidt type reduction, Oh [37] proved the existence of bound state
solutions of problem (1.1), that is, a solution of the form

u(x,t) =e_iE’/hu(x). (1.2)
Using the Ansatz (1.2), we reduce the nonlinear Schrodinger equation (1.1) to the
semilinear elliptic equation

hZ
—— Au+ (V@) —E)u=ul”u.
2m

The change of variable y = A~ !'x (and replacing y by x) yields
—Au+2m(Vax) —E)u=ul”'u xeRV, (1.3)

where Vi (x) = V (hx).

Let us also recall that in his 1928 pioneering paper, Gamow [25] proved the
tunneling effect, which lead to the construction of the electronic microscope and
the correct study of the alpha radioactivity. The notion of “solution” used by him
was not explicitly mentioned in the paper but it is coherent with the notion of weak
solution introduced several years later by other authors such as J. Leray, L. Sobolev
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and L. Schwartz. Most of the study developed by Gamow was concerned with the
bound states u(x, ) defined in (1.2), where u solves the stationary equation

—Au+V@)u=xr inRY,

for a given potential V (x). Gamow was particularly interested in the Coulomb
potential but he also proposed to replace the resulting potential by a simple potential
that keeps the main properties of the original one. In this way, if €2 is a subdomain
of RN, Gamow proposed to use the finite well potential

Vix)ifx e Q

Vqﬂ(x):{ g ifxeRV\Q

for some g € R.
It seems that the first reference dealing with the limit case, the so-called infinite
well potential,

Vo ifx e

tooifx € RV \Q for some Vy € R,

Voo (x; R, Vo) = {
was the book by the 1977 Nobel Prize Mott [36]. The more singular case in which Vj
is the Dirac mass Jy is related with the so-called Quantum Dots, see Joglekar [29].
In contrast with classical mechanics, in quantum mechanics the incertitude appears
(the Heisenberg principle). For instance, for a free particle (i.e. with V (x) = 0),
in nonrelativistic quantum mechanics, if the wave function u(-, t) at time t = 0
vanishes outside some compact region € then at an arbitrarily short time later the
wave function is nonzero arbitrarily far away from the original region Q. Thus, the
wave function instantaneously spreads to infinity and the probability of finding the
particle arbitrarily far away from the initial region is nonzero for all r > 0. We
refer to Diaz [20] for more details. Finally, we point out that sublinear Schrédinger
equations with lack of compactness and indefinite potentials have been studied by
Bahrouni, Ounaies and Radulescu [10,11].

1.2. Main results

Consider the following nonlinear Schrodinger equation
—Au~+ QVE) + Z)u = fu), xeRY, (1.4)

where A > 0 is a parameter, V, Z, f are continuous functions verifying some
assumptions, has been studied by many researchers. In [21], Ding and Tanaka
studied problem (1.4) assuming f(¢) = 1719 1¢. In this mentioned paper, the authors
established the existence of multi-bump positive solutions for the problem

(1.5)

—Au+ OV +Zx)u =u”, xeRY,
ue H'(RY),

where 2 < p < 2N/(N —2)for N > 3and2 < p < oo for N = 1,2. The
authors showed that problem (1.5) has at least 2k 1 multi-bump solutions for A
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large enough. These solutions have the following properties: for each non-empty
subset I' € {1,2,...,k} and € > O fixed, there is A* > 0 such that problem (1.5)
possesses a solution u; for all A > A* = A*(e), satisfying:

I T
’/Qj (IVur? + OV () + Z )|y |*)dx — (5 — m) ¢

<e Vjel

and
/ (IVir > + AV &) + Ze)) s P)dx < e,
RM\Qr

where Qr = J ©; and c; is the minimax level of the energy functional related to
jer
the problem

—Au+Zx)u =uf, inQj,
u >0, in Q;,
u=0, on 092;.

In [2], using variational methods, Alves et al. considered the existence of multi-
bump positive solutions for the following problem with critical growth

—Au+ AVE) + Z)u = pul +u* !, x eRV, (1.6)

where A, 8 > 0,p € (1,2*—1),2* =2N/N —2, N > 3.1In[2], due to the critical
growth of the nonlinearity in R, the method applied in [21] does not hold. In [8],
using a new approach, Alves et al. established the same results for the following
equation

—Au+ V&) + Zx)u = f(u), xR, (1.7)

where f is continuous with exponential critical growth. Due to the exponential criti-
cal growth of the nonlinearity in R?, some estimates in [8] are completely different
from the case N > 3. For the further research about the nonlinear Schrodinger
equation with the deepening potential well, we refer to [1,4-7,9,12,27,34] and
their references.

In recent years, the nonlinear magnetic Schrédinger equation

ih?}—b: = (?V — A(x))zu +U@u — f(u>u inRY x R. (1.8)
has also received considerable attention. This class of problems has some relevant
physical applications, such as nonlinear optics and plasma physics. The function
u(x, t) takes on complex values, & is the Planck constant, i is the imaginary unit,
A : R? — R? is the magnetic potential.

When one looks for standing wave solutions u(x,t) := e £/ hu(x), with
E € R, of Eq. (1.8), the problem can be reduced by

(liv — A(x))zu +Vu = f(u)u inRY. (1.9)
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As far as we know, the first result seems to be established in [23], where the
existence of standing waves to problem (1.9) has been obtained for 7 > 0 fixed and
for special classes of magnetic fields. In this way, the authors obtained the existence
of solutions by solving an appropriate minimization problem for the corresponding
energy functional in the cases N = 2 and N = 3. After that, Kurata [31] proved that
the problem has a least energy solution for any € > 0 when a technical condition
relating V (x) and A(x) is assumed. Under this technical condition, Kurata proved
that the associated energy functional satisfies the Palais—Smale condition at any
level. In [3], by combining a local assumption on V, the penalization techniques
of del Pino and Felmer [19] and the Ljusternik—Schnirelmann theory, Alves et al.
obtained the multiple solutions. We would like to refer to [16—18,22,28,35] for
other results related with the problem (1.9).

Recently, there are many works concerning the following magnetic Schrodinger
equation with deepening potential well

—(V+IAC) 2 u + AV &) + Z))u = f(u>)u in RV, (1.10)

In particular, Tang [39] considered multi-bump solutions of problem (1.10) with
critical frequency in which Z(x) = 0 and f satisfies subcritical growth. Liang and
Shi [33] considered multi-bump solutions of problem (1.10) with critical nonlinear-
ity for the case N > 3. It is quite natural to consider multi-bump solutions for the
problem when the nonlinearity satisfies the exponential critical growth in N = 2.
To the best of our knowledge, this problem has not been considered. Motivated by
[3,8,33], the main goal of the present paper is to prove the existence of multi-bump
solutions for problem (1.10), considering a class of nonlinearity with exponential
critical growth in R?. Because the nonlinearity has exponential critical growth in
R2, some properties that are valid for N > 3, do not necessarily hold for the class
of problems studied in this paper. Therefore, we need to take different approaches
in some estimates. On the other hand, as we will see later, due to the presence of
the magnetic field A(x), problem (1.10) cannot be changed into a pure real-valued
problem, hence we should deal with a complex-valued directly, which causes sev-
eral new difficulties in employing the methods in dealing with our problem. Our
problem is more complicated than the pattern studied in [8] and we need additional
technical estimates.

‘We now present the general assumptions used in the statement of the main result
of this paper.

(A) A:R? - R%isin L} (R?).

(V,) V(x) € C(R?,R) with V(x) > 0.

(V,) The potential well 2 = int V~=1(0) is a non-empty bounded open set with
smooth boundary 32 and Q = V~1(0), € can be decomposed in k connected
components 1, ..., £ with dist(€2;, ;) > 0,i # j.

(V,) There exist two positive constants M and M such that

AV 4+ Z(x) > My, Vx e R%, %> 1,

and
|Z(x)| < M;, Vx € R%
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We assume that the reaction f is a continuous function satisfying the following
conditions.

(f) f()=0ifr <0.

(f,) We have

i SO _ o fora > 4,
=400 ear> | 400, for0 <o <4m.
(f;) There is a positive constant § > 2 such that

0
0<ZF() <tf(®). V>0,

where F(1) = [y f(s)ds.
(f,) There exist constants p > 2 and Cj, > 0 such that

f(t) = Cpt'P=/2 forallt > 0,

where
kf(p —2) =22 , .
Cp > (m) SP’ M* = mln{l’ MO}a
2 2 12
(fo, (Va0 + Z()lpP)dx)
Sp = max inf : , j=1,...,k

1/p
pe Y (Q))\(0) ( p )
A (82 Ja, lelPdx

(f5) f(t)is an increasing function in [0, 00).
The main result in this paper is stated below.

Theorem 1.1. Assume that (A), (V1)—(V3) and (f1)—(f5) hold. Then, for any non-
empty subset T of {1, 2, ..., k}, there exists A* such that for all A > \*, problem
(1.10) has a nontrivial solution u. Moreover, the family {u; }) >+ has the following
properties: for any sequence ., — 00, we can extract a subsequence A,; such that
Up,, converges strongly in H}\ (R?, C) to a function u which satisfies u(x) = 0 for
X ¢ Qr and the restriction ulq; is a least energy solution of

— (V+iA@)) u+ Zxu = f(ulPu, in Qr,
u = O, on an,
where Qr = |J Q.
jer
Corollary 1.2. Under the assumptions of Theorem 1.1, there exists L, > 0 such
that for all A > Ay, problem (1.10) has at least 2k — 1 nontrivial solutions.

The paper is organized as follows. In Sect. 2 we introduce the functional setting
and we give some preliminary results. In Sect. 3, we study the modified problem.
We prove the Palais—Smale condition for the modified energy functional for A large
and study L°°-estimates for the solution and the behavior of (P S)~ sequences. In
Sect. 4, we adapt the deformation flow method in order to establish the existence
of a special critical point, which is crucial for showing the existence of multi-bump
solutions for A large enough and hence to prove Theorem 1.1. We refer to the recent
monograph by Papageorgiou, Rddulescu and Repovs [38] for some of the abstract
methods used in this paper.



Multi-bump solutions for the nonlinear magnetic 515

Notation

e C,(Cq, (3, ...denote positive constants whose exact values are inessential and
can change from line to line;

e Bpr(y) denotes the open disk centered at y € R? with radius R > 0 and By (y)
denotes the complement of Br(y) in RZ;

o |-, |l -llg>and || - [Iz=(q) denote the usual norms of the spaces H'(R%, R),
L?(R? R), and L>($2, R), respectively, where Q C R?;

e 0,(1) denotes a real sequence with 0,,(1) — 0 asn — +o0.

2. Abstract setting and preliminary results

In this section, we outline the variational framework for problem (1.10) and give
some auxiliary properties.
For u : R? — C, let us denote by

Vau:=(V+iAu.

and
HY(R?,C) :={u € L*(R?,C) : |Vau| € L>(R*, R)}.

The space H}‘ (R?, C) is a Hilbert space endowed with the scalar product
(u, v) := Re/ (VAMVAU + ui)dx, forany u, v € HA(]RZ, ©),
R2

where Re and the bar denote the real part of a complex number and the complex
conjugation, respectively. Moreover, we denote by ||u|| 4 the norm induced by this
inner product. The spaces H}‘ (R%, C) and H'(R2, R) are not comparable, more
precisely, in general H)‘ (R?,C) ¢ H'(R?,R) and H'(R%,R) ¢ Hj\ (RZ, C).

By hypothesis (A), on the space H }1 (R?, C) we have the following diamagnetic
inequality (see e.g. [32, Theorem 7.21]):

[IVau(x)| = [VIu(x)|]. 2.1
Let
E;,(R%,C) := {u € H{(R?,C): /RZ,\V(x)de < oo},
with the norm
lul = /RzuvAuF + WV (@) + Z()lul)dx.
For A > 1, it is easy to see that (E;(R%,C), || - |I) is a Hilbert space and

E,(R%,C) C H(R?, C).
Let K C R? be an open set. We define
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HY(K):={u € L*(K,C) : |Vaul € L*(K,R)},
1
_ 2 2 2
lull g3 iy = (fquvAm + luPydx),

E;(K,C) := {u e HY(K.C): / AV ) |ulPdx < oo},
K
lullf x = /K<|vAu|2+ OV (x) + Z(x)|ulPdx.

Let Hg’l(K , C) be the Hilbert space defined by the closure of C;°(K, C) under
the norm ||”||H/§(1<)~

The diamagnetic inequality (2.1) implies that if u € E;(R?, C), then
lu| € H'(R*,R) and |u| < C|lu||s. Therefore, the embedding E; (R?, C) —>
L"(R2, C) is continuous for > 2 and the embedding E;, (R%, C) — Li.. (R%,C)
is compact for r > 1.

Remark 2.1. Since the embedding H)4 R2,C) — LI (R?, C) is compact for r >

loc
1, a standard argument shows that the following infimum in ( f) is achieved and

1/2
(o, VagP + Z(0)lgPdx)

weH‘i?sz»\{O} 1/p
A (5] (fQ/ |¢|de>

> 0,

forj=1,... k.

We recall that u € E; (R2, C) is a weak solution of (1.10), if
Re/ (VauVagp + WV (x) + Z(x))ug)dx = Re/ f(lul® updx,
R2 R2

for all ¢ € E; (R2, C).
The weak solutions of problem (1.10) are the critical points of I
E;(R%, C) — R given by

1 1
B =35 [ 9P+ GV + zenids =5 [ FuPyar,

where F(t) = fot f(s)ds. It is easy to prove that I; € C! (Ex(R2,C), R).
In view of (V3), for any open set K C R?, it is easy to see that

Mollull3 ¢ 5/ (|VAu|2+(w(x)+2(x))|u|2>dx forallu € E;(K), andi > 1,
K
where ||u ||%, K= f % lu|>dx. The following property is an immediate consequence

of the above consideration.

Lemma 2.2. There exist 8y, vo > 0 with §9 ~ 1 and vy ~ O such that for any open
set K C RN

Sollull x < llully x — vollul3 . forall u € E;(K,C), and 1 > 1.
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The below estimates involving f are the key points in this paper. By (f1) and
(f2), fixed g > 2, for any ¢ > 0 and o > 4, there exists a constant C > 0
depending on g, «, ¢, such that

F@) <+ Cr97 D2 — 1) forallt > 0 (2.2)
and, using (f3), we have
F(t) < ¢t + Cr92(e* — 1) forallr > 0. (2.3)
Moreover, by (2.2) and (2.3),
FaH2 <>+l — 1) forall 7 € R (2.4)
and
F(t2) < 12+ Clt19(e®” = 1) forall 1 € R. 2.5)

Now we recall a version of the Trudinger-Moser inequality in the whole
space R? due to Cao [15] (see also [13], Lemma 2.3) for functions belonging
to H'(R?, R).

Lemma 2.3. Ifo > 0 and u € H'(R?, R), then
(e"”‘2 — 1Ddx < 4o00.
R2
Moreover, if||Vu|I% <1, lullp <M < 400, and 0 < a < 4m, then there exists a
positive constant C (M, «), which depends only on M and o, such that

@ — )dx < C(M, a).
R2

To finish this section, in what follows, for each j € {1,2,...,k}, we fix a
bounded open subset Q’j with smooth boundary such that
(i) @) C @
(ii) ﬂQ’/ = foralli # j.

3. An auxiliary problem

Since R? is unbounded, we know that the Sobolev embeddings are not compact, as
so I, cannot verify the Palais—Smale condition. In order to overcome this difficulty,
we adapt an argument of the penalization method introduced by del Pino and Felmer
[19] and Ding and Tanaka [21].

Letvy > Obeaconstant givenin Lemma?2.2,x > 9"%2 > landa > 0 verifying

fla) = %andf,f:R—HRgivenby

. f@), t<a,
ﬂﬂz{@’ )

K
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and
t
F() = / f(s)ds.
0
Note that
fo<fo., t=0. 3.1)
From now on, we fix a non-empty subset I" C {1, ..., k} and
QFZUQJ', Q/F:UQ/.,
jer’ jer

) = 1 for xeQf,
=10 for x ¢ Q.

the function
g(x. 1) = xr() f(t) + (1 — xr(x) f(1) (3.2)
G(x.1) = /0 g 9)ds = xrOFO + (- xe0DFO.  (33)
It follows from (3.1) that g satisfies the following inequality
g G, [uMul* < f(lul*)ul*. 34)

Let @, : E), (Rz, C) — R be the functional defined by
1 2 2 1 2

O, (w) =5 [ (Vaul"+ AV X))+ Z)|u[)dx — = |  G(x, [u]")dx.
2 R2 2 R2

Standard arguments show that &, € CY(E; (R2, C), R) and its critical points
are weak solutions of

—(V+iA) 2 u+ AV @) + Z)u = g(x, ulPu, x € R (3.5)
Our aim is to obtain nontrivial solutions of (3.5) which are solutions of the orig-

inal problem (1.10). More precisely, if u; is a nontrivial solution of (3.5) verifying
lu;.(x)|? < a in R?\/., then it is a nontrivial solution to (1.10).

3.1. The Palais—Smale condition and consequences

We start this subsection studying the boundedness of the Palais—Smale sequence
related to ®,, that is, a sequence (u,) C E; (R2, C) verifying

®; (up) — ¢ and D (u,) > 0

for some ¢ € R(shortly (u,) is a (PS), sequence).
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Lemma 3.1. If (u,) is a (PS). sequence to ®,, it follows that

lim supl| ||2 < (1 1)_18_1
im sup|u - — — c,
el =3 7)) %

where & is given in Lemma 2.2.

Proof. From the definition of Palais—Smale sequence, we have

1
3 (ttn) = ) @ity = ¢ + 0 (1) + 0 (Dt 1.
On the other hand, from (3.6), (3.2), k > 6/(6 —2), (f3) and Lemma 2.2, we obtain
1 I 1
D) = 5@} )y = (5 = =) /R (Vaunl? + AV @) + Z()lun|?)dx
l 2 2 l 2
[ (Gt Pl = 366 b )
> (l = 1)/ (IVattnl> + AV () + Z0) | P)dx
=\2 0 2 AlUn n
l £ 2 2 _ l I 2
+/Rz\g; (57l = Sl )
> (3= 5) [L0Va0aP + GV 00+ Z060)ua P
=\2 0 2 Aln n

1 % 2
-5 F(lunl")dx
2 Rz\Qi,

> (% - $> /]Rz('VAl/inl2 + ()‘V(x) + Z(x))|u”|2)dx

2]
- Z R2 |un|2d-x

1 1

> (5 - 5)<||un||§ — vollunlI2)
11 5

> (5 - 5>50llunllx-

Therefore,
1 1 )
(E _ 5)50“””“ < c+o0n(1) + 0n (1|3

This shows that (i, ) is bounded and

lim sup || ||2 < (1 1)_15_1
im sup ||u - — — c,
e il =3 T g) %

which completes the proof. O
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For each fixed j € I', let us denote by c; the minimax level of the functional
Ij: Hg’l(Qj) — R given by

| 1
I;(u) = 5/9 (|vAu|2+Z(x)|u|2)dx— E/Q F(|u)?)dx.

and

c; = inf max [;(y(t)),
I yen; rel0 1) i @)

where
A= {y e ([0, 11, H$' (2. ©)) 1 y(0) = 0, I;(y (1)) < o}.

Itis well known that the critical points of /; are weak solutions of the following
problem

{ — (V+iA@) U+ Zu = f(x, [u)u, in Q;, 36

u=20, on 9€2;.

In the next lemma, we denote by S the following real number

k
S = ch'
Jj=1
Lemma 3.2. If (f1) — (fs) hold, then 0 < S < M*8o(5 — 3).

Proof. Foreach j € {1, ..., k}, we may choose a function ¢; € HAO’1 (€2, C) such
that

172
(fo, (V40P + Z@)lpP)dx)
Spj = i | i
peH}! @)\(0) ( Ja, |(p|pdx)
1/2
Jo,(Vag;? + Z(x)lg;1*)dx
J

(fgj |<pj|de)l/p

Notice that

ci <maxl/l;(tp;
;=18 jtp;))

12 5 ) tPC, »
=max (5 [ (Vagsl? + 2@, Pdx - 917 dx)
Q; P Jo;

>0
J

2p_

n—2
_p=25,;
=5

o
[

a

=
p
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2

— p=2

< p ZSP2 .

2p C;fz

Hence

k 21’2
—28)
S = E Cj < kp pz
j=1 Pcr

—28 11
W25 <___)M*.
2 0

Since §p may be chosen close to 1, the last inequality implies that

s L1
S < M™4g .
2 0

This completes the proof of the lemma. O

Proposition 3.3. For any A > 1, the functional ®,, satisfies the (PS). condition
forall ¢ € (0, S), that is, if ¢ € (0, S1, any (PS).-sequence (u,) C Ej(R?, C) of
®;. has a strongly convergent subsequence in Ej(R?, C).

Proof. Let (u,) C E;(R?, C) be a (PS).-sequence for ®, at the level ¢ € (0, S].
By Lemmas 3.1 and 3.2 we obtain

lim sup ||u,,||§ < 1.
n—o0

1 .(R?,C) for
allg > 1 as n — +o00. Moreover, by (3.6) and (2.2), fixed ¢ > 2, for any ¢ > 0
and o > 4, there exists a constant C > 0, which depends on ¢, «, ¢, such that
for any ¢ € E; (R?, C),

Thus, up to a subsequence, u;, — u in E;L(Rz, C)and u, — uin LY

Re f g(x, un [ unpdx
R2

< ;/ |ttn||pldx +C/ 1Bl a9 (1 — 1ydx.
R2 R2

Arguing as in [18, Lemma 2.5], we have

Re/ g(x, |un|2)un$dx — Re/ g(ex, |u|2)u$dx.
R2 R2

Thus, u is a critical point of ®; .
Now, we take R > 0 such that Q. C B§ (0). Let pg € C°(R2, R) be a cut-off
function such that

¢pr=0 x€Br(0), ¢r=1 xeBp0), 0=<¢r=1, and |Vor|=C/R,
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where C > 0 is a constant independent of R. By a direct computation, one has
< @ (up), undpr >— 0,

and
Vaup@r) = uy VPR + ¢rVau,.

Therefore,

on(1) =< @ (uy), unpr > = /ﬂ; 2(|vAun|2¢R + AV @) + Z) |un*pr)dx

+ Re (/ u_nVAu,,V¢Rdx)
R2

_/ f(|un|2)|un|2¢Rdx.
R2

Notice that

[Re@nV amn)| = [Re((Vuty + i Auy)iim) | = [Re(@r Vun)
U,
= lun[Re( Vi) | = V1| 3.7)
n

Using the Holder inequality and (3.7) we obtain

C
lim sup ‘Re(/ EVAuan)Rdx)) ==
R2 R

n— o0

Moreover, we have

/R (1940 P + AV () + ZC) ua P ) dx

IA

- C
/ FunHlun*prdx + — + 0,(1)
RZ R

Vo C
— | lunlPordx + — + 0n(1),
K JRr2 R

IA

which implies that for any ¢ > 0, there exists R* > 0 large, if R > R*, one has

lim SHP/ (IVaun|* + WV (x) 4+ Z(x)|un|)dx < ¢. (3.8)
R2\Bg (0)

n—o00

Similarity, by (3.6) and (2.2), fixed ¢ > 2, for any { > 0 and o > 4, there
exists a constant C > 0, which depends on ¢, «, ¢, such that

2
g0, [un ) |un? < Clunl® + Cluy |9 (™ — 1. (3.9)

Since u;, — uin L! (R2, C), for all » > 1, up to a subsequence, we have that

loc

lun| = |u| ae.in R? as n — +o0.
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Then
g, Junl ) unl> = g(x, JulP)|u)* ae. in R? as n — +o0.

Moreover, |u,| — |u|in L{OC(Rz, R) forall r > 1.
Let

P(x,1):=g(x,5)t and Q@) =€ —1, 1eR,
where o > 4w with «|||u,||| < 47 for n large. Using (3.6) and (f2), it is easy to

see that

P(x,1)

im =0 uniformly for x € R?
t—+30" (1)

and by Lemma 2.3,

supf O(luxhdx < C.
n JR2
Then [14, Theorem A.I] implies

tim [ e Pl = g Jul?)luf?|dx = 0.
" JBR(0)

Moreover, by (3.8) and the definition of g, we have
[ e uaPolun P = gl
B4 (0)

2vg 2vg
<20 [ (Vaun + OV ) + Z0)unPrdx < 8
K B;(O) K

forany ¢ > 0.
Hence

/2 gx. lun| ) un *dix — / gCx, ul®)lul*dx as n — +oo.
R R

Finally, since @, (1) = 0, we have
on(1) = @} (un)lttn] = lln I — fR gx. fun| ) un Pdix = uan 13 = Nl + 0n (1).

Thus, the sequence (u,) strong converges to u in Ej (R2, ©). O

Our next step is to study the behavior of a (P )0, sequence, that is, a sequence
(up) C H)‘ (R2, C) satisfying
uy € £y, (Rz, C) and A, — o0,
;, (1) = c,

@5, un)llg; — 0, asn — oo.
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Proposition 3.4. Let (1) be a (P S)oo.c sequence with ¢ € (0, S1. Then, for some
subsequence, still denoted by (u,), there exists u € H j‘ (R?, C) such that

u, — u weakly in HI}X(Rz, ©).

Moreover,

(i) u = 0in R2\Qr and ulg; is a solution of (3.6), forV j € I';
@) llun — ulln, — 0;
(iii) uy, also satisfies

,\n/ V(x)|un|?dx — 0,
RZ
ltn = ll} zo\q, = 0.

lnll}, oo = /Q (IVaul* + Z(x)|u*)dx.
J

Proof. As in the proof of Proposition 3.3, it is easy to check that

limsup [lu, |3 < 1.
n—00 "

Thus (u,) is bounded in H}x(Rz, C) and we may assume that for some u €
H,i (Rz, C), up to a subsequence, if necessary

u, — u weakly in H)‘(Rz, O,
u, — u strongly in L; (R%,C), Vr>1,

loc

lun| — |u| ae.in R2. (3.10)

To show (i), we fix the set C,,, = {x € R2:V(x) > %}. Then, for n large

/ Pl
Cn

IA

ﬂ/ AV () |0 |2dx
)\.n R2

2m
(Va4 GV @)+ Z0) ) dx
An JR2

IA

m
2
E llun ||;W~

The last inequality together with Fatou’s lemma imply
/ |u|2dx =0, Vm e N.
Cm

Therefore, u(x) = 0 on U;;OZOI Cn = RZ\Q, from which we can assert that u |Qj €
Hy'(2;,C) forany j € (1,2, ..., k).
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Since @;n (up)p — 0asn — oo, for each ¢ € C3°(2;, C)(and hence for

each ¢ € Hg’l(Q j»©)), from (3.9) and the similar arguments in Proposition 3.3,
we have

Re(/Q (IVauVag + Z(x)ug)dx —/Q g(x, |u|2)u¢)dx) =0, (3.11)

J

showing that u|g; is a solution of problem (3.6) for each j € {1,..., k}.
Foreach j € {1, ..., k}\I', setting ¢ = u|q; in (3.11), we have

/ (IVaul* + Z(x)|ul*)dx —f FQu»)ulPdx = 0.
Qj Qj
By Lemma 2.2 and the fact that f(tz)t2 < 1})(_0,2 for all t € R, it yields
Vo
Sollully,q; = Iulf g, — - lull3.g,
5/ (IVaul* + Z(0)ul*)dx —/ FQuP)lulPdx =0.
Q) Q)
Thus u = 01in ; for j € {1, 2, ..., k}\I', it means that (i) holds.

For (ii), using the similar arguments in the proof of Proposition 3.3, for each
¢ > 0, there exists R > 0 such that

/ (Vaunl> + On V() + ZO) un>)dx < ¢, forn e N.
R2\Bg(0)

Using the same arguments as in the proof of Proposition 3.3 and (i), the above
inequality implies that

/ g(x,|un|2>|un|2dxe/ gCx, Jul®)|udx
R2 R2
=/ F(lul®)|ul>dx as n — +oo,
Qr
Now, by (i) again, we have
on(1) = @ (un)lun] = llunll; — /R g(x, [un])un|*dx

2 2
= llunl}, = lull?, + 0n(1).

Thus, the sequence (u,,) strong converges to u in Ej, (R2, C) and (ii) holds.
To prove (iii), notice that from (i) and (ii),

An/ V<x>|un|2dx=xn/ V(x)|uy — ul?dx
R2 R2

§C||u,,—u||§n — 0 asn — oo.
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Moreover, from (i) and (ii), it is also easy to obtain that as n — oo

2
”Mn - M”MJRZ\QF - 01

||Mn||imRz\Q;_ - /Q(|VAM|2 + Z(x)|u|*)dx forall j eT.
J

Therefore, the proof is complete. O

Proposition 3.5. For each A > 1, let u; be a nontrivial solution of problem (3.5)
with ||uk||i < 1. Then, there exists K, \* > 0 such that

i1 oy < K VA = A%,

Proof. Let (1,) be a sequence with A, — oo and define u, (x) = u;,, (x). For any
R>0and0 <r < R/2,letn € C®R?),0<n < 1withn(x) = 1if [x| > R
and n(x) =0if x| < R—rand |Vy| <2/r.

For eachn € N and L > 0, we consider the functions

L Jup (O] < L, 2. 2(8=1 —t
up p(x) = { L if Jun (¥)] > L, L =nup, Tup, and wr , = ny lunl,

where 8 > 1 will be determined later.
By straightforward computations, we have

v - 2D — |, — 2(B—1
Vazpn = 772”[‘(,[5 )VAun + MnV(nzuL(ﬁ ))

n
and

s - 2(B—1 — 2(B—1
VaupVazpn = |VA“n|2772uL(5, )+ MnVAunV(n2ML(fZ ))-

Taking the real part of V u,Vazy , and using the diamagnetic inequality (2.1), we
obtain

= - 2(B—1 — 2(B—1
Re(VaunVazzn) = [Vaun*nust Y + Re@VauaV(rtu;h "))
2(B-1 2(8-1
> (ViunlPr?ur ™+ | Vi |V (P60

2(B—1 2(B—1
> (ViunlPr?urh Y + 20V D Vina | (3.12)

Taking z , as the test function, we have

RG/Z(VAunvAZL,n + AV () + Z(x)upzp n)dx = Refz 8(x, |un|PunZL pdx.
R R
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By (3.12), the Young inequality (with 7 > 0), (3.6), (2.4), for « > 4 and for a
fixed g > 2, given 0 < ¢ < M), there exists C > 0 such that

2(B—1 2(p—1
/ IV || 0 2us? >dxs/ IVl | Pr?u; P ax
R2 ’ R2 ’
2(B—1
+2 f nVuy 0, |V dx
R2 ’
2(B—1
4 / V@ + 20 P P
R
2(B—1
+2/ Vs B0, 1 | |
R2 ’
2(B—1
¢ / 2D 21 Pdx
R2 ’
<Re / (VA Vazin + OV (0) + Z0O)unZE a)dx
R

2(B—1
+1:/ IV | | Pr?us PV dx
R2 ’

1 2(—1
+—f VlPug B P x
T JR2 ’
2081
_5/ ”L(/Z )772|”n|2dx
RrR2

2(B—1
< | gCx, lunlPn?unl?u; BV
R2 |

(3.13)

2(B—1
+r/2|V|un||2n2uLfﬁ ) dx
R

4 2(8-1
+— w707y Pdx

tr? Jrr<ivizk
2(B—1
-t / nPuylulPdx
R2 ’
2 —
< [ e~ pud Va
R2 ’

2(B—1
+t/2|V|un||2n2uL(Z Vdx
R

4

+— lun|*Pdx.
Tr R—r<|x|<R

Hence, choosing t > 0 sufficiently small, we get

2(B—1 _ 2
f2|V|un||2n2uLf§ ) < c[f 1ty |12 D (gl _ 1y
R |x|>R—r

1
+— |un|2ﬂdx]. (3.14)

r? Jr-r<ixi<r
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Moreover, arguing similarly to (3.13), we can conclude that

/ ur VP < € / g [ 142D (e — 1)
R2 |x|=R—r

1

_|__

I"2 R—r<|x|<R

On the other hand, using the Sobolev embedding, (3.14), (3.15), the Holder inequal-

ity with t,o0,t > 1, 1/o + 1/t = 1/t, 0(q — 2) > 2, and the inequality
(e — 1) <e' —1,fors > 1andt > 0, we have

Iunlmdx]. (3.15)

lweally < C / (VL + wea)dx
R
2(p—1
([ 1onPlunPrax+ g7 [ 1P
R2 R?2 ’
2(p—1
+/Rz Pyl Pdx )
1

=cp( | jn PP dx
= JR—r<|x|<R

, (3.16)
n / Lty [9+25=D) goluaP 1)dx)
|[x|>R—r

2/t

R 1/o
2 T (/ |""|U(q72)dx)
[x|>R—r
( (efa‘un‘z _ 1)dx)l/t}
R2

([ mpeva ™"
|X[=R—r

Since (u,) C H}‘ (R%,C)isaa (PS)o,c sequence, up to a subsequence, by Propo-
sition 3.4, we have u,, — u in H/i (R2, C). By (3.16), it follows that
2/t

2/q R _\ @D/t
([ athax)™ <iwiall <cg?(1+ 50 ) ([ )
[x|=R |x|=R—r

and, applying the Fatou’s Lemma as L — 400, we obtain
2/t

2 R =)t
(/ |un|‘1ﬂdx) < C,Bz(l e )(/ |un|2,6z/(t 1)) ‘
=R x|z R

Next, if we take ¢ := q(;l), B =", withm € N* and s := t2_—ll, we obtain

(f | |s§.m+ld )1/(@’"“)
U X
[x|=R

o R2/t\ 1/@¢™) i\ 1/(s8™)
< (14 =) (/ iea ")
r |x|=R—r

sCﬁz[
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for every m € N*. Then, for r = r,,, :== R/2™, m € N*, using also that 2/t < 2,
we get

(/ | |S§m+ld )1/(‘ng+l)
u, X
|x|=R
m 1/(sgmth
=(f " )
[x[=R—rm+1

. : m 2(i+1)

m —I m 2=l 1 1 2 1/(5‘;-)

B VTS vy exp(Z%)( / un ) "
= ¢ Ix|>R/2

Hence, passing to the limit as m — +o0 in the last inequality, we obtain
p 1/q
ltalloscagon < €(  luattax) . (3.17)
|x|=R

For x¢ € R2, we can use the same argument taking n € Cgo (R2, [0, 1]) with
n(x) = Lif |x —xo| < p,n(x) = 0if [x —xo| > 2p, with p < p,and |Vn| < 2/p,
to prove that

q 1/q
litall oy = € junldx) . (3.18)

|x[<2p

Thus, by (3.17), (3.18), and using a standard covering argument and the bounded-
ness of (|uy|) in L9(R2, R), it follows that there exists K > 0 such that

Nunlllpoom2y < K Vnlarge.
Hence the proof is complete. O

Proposition 3.6. Let (u;) be a family of nontrivial solutions of problem (3.3) with
””AH% < land X > 1. Then, there exists A* > 0 such that

2
”lu)"”LOQ(RZ\QiJ <a, VA = AF.

Proof. We use notation B, (x) = {y € R? : |x — y| < r}. Since u;, € E;(R?, C) is
a critical point of ®; (u), that is, u; satisfies the following equation

—(V +1A0))%up + WV (0) + Z@))uy, = g(x, |up[Hu,  x € R
By Kato’s inequality
uy, . 2
Aluy| = Re(ﬁw +iA) w0 ())
u;,

there holds
Alus ()] = AV () + Z) | ()] — g, [upHup(x)] =0, x € R?,
since |u;| > 0and (AV(x) + Z(x)) > My > 0if L > 1, we have

Aluy (0)] — g(x, [upHu (x)] >0,  x € R%
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Using Proposition 3.5 and the subsolution estimate (see [26] Theorem 8.17), there
exists a constant C(r) such that

12
sup |Mx(y)|§C(V)</B i Pay) "

YEB(x) 2r (X)

By Proposition 3.4, for any sequence A, — 00, we can extract a subsequence A,
such that

s, — uo € Hy'(Qr.C) strongly in Hj(R?, C).
In particular,
uy, — O strongly in L*(R\Qr, C).
Since A, — oo is arbitrary, we have
u;, — 0 strongly in LZ(R*\Qr, C) as A — 0.
Thus, choosing r € (0, dist(Q2r, RZ\Q})), we have uniformly in x € RZ\Q} that

lun D = C)lurll 2By, (x))
= CO)IBr () Nlunll 2®2\@)

— 0.

The proof is now complete. O

4. The existence of multi-bump positive solutions

In this section, foreach j € I', we denote by &, ; : H }1 (Q/j, C) — R the functional
given by

1 1
) =3 /Q (Vaul® + GV () + Z)luPdx = 5 /Q F(ju)dx.

7

Itis easy to check that the functional @, ; satisfies the mountain pass geometry.
In what follows, we denote by ¢, ; the minimax level related to the above functional
defined by

¢, ;= Inf max P, ;(y()),
A o max 2, (v (1)

where
A= {y € C([0, 1], H{(Q;.C)) : y(0) = 0, @, ; (y (1)) < 0}.
Therefore, there exist (u,,) C Hg‘l (2, C) and (u), ) C Hfl1 (Q/j, C) verifying

Ij(u,) — c; and I}(un) — 0,
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and
dDA,j(uA,n) —> Cy,j and q)ghj(u)hn) — 0.

From (f1) and (f3) — (f5), it is easy to prove that

sup ||”””H°'(Q~ <1 and sup ||Mxn||H @) <1,
neN 7 neN

and these inequalities imply that /; and @, ; satisfy the (PS)cj and (PS)CM.
conditions, respectively. Therefore, it is easy to prove that there exist two nontrivial
functions w; € Hg’l(Qj) and w; ; € H}x (Q/j) verifying

Ij(w)hj) =Cj and I;(w,\,j) =0,
and
@y j(wy,j) =cy,j and (Dgx,j(w)wj) =0.
Moreover, we have the following lemma.

Lemma 4.1. The following assertions hold:

(i)0<cyj=<cjforh>1landjeTl.
(ii) cj(cy.,j respectively) is a least energy level for 1;(u)(®;, j(u) respectively), that
is
¢j = inf {Ij(u) cu e HO QN0 1) (wyu = o},
and
¢y.j = inf {qn,.,(u) Lu € Hj(Q)\(0), @ wu = 0}.

(iii) c; = max;»o 1;(tw;), c,j = max,»o Oy, ;(tw; ;).
(iv) cp,j —> cjask — oo forany j € T.

Proof. From (f4), it is easy to prove that ¢, ; > O and ¢; > O forany j € I" and
A > 1
Now for any u € Hg’l(Qj), we may extend u to ii € H} (Q/j) by

_o Ju), in Qj,

and Hy'(Q)) C H}(R)). Thus, we have A; C A j and
cnj = inf max @, i (y(@))

ve,. jtel0,1

< inf max @ t
ot max 2, (Y (D)

= inf Ii(y(1) =
ylélA max 1 (y () = cj.

Thus (i) holds. The proof of (ii) and (iii) is standard by using the monotonicity of
the term f(¢) with respect to ¢ for # > 0.
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Now we prove (iv). Using Proposition 3.4, we may extract a subsequence A, — 00
such that

w;,.j — uo strongly in H/i(Q’j),
where ug € Hg’l (£2;) is a solution of (3.6) and

3. (Wa,., ) = 1j(uo).
By the definition of ¢, we have

limsupc; ; = limsup @, ;j(wy, ;) > 1;(ug) > c;.
r—00 A— 00

Together with (i), we get (iv). ]

4.1. A special critical value of

In what follows, let us fix R > 1 such that
1
Ij ij

[Ij(Rw;) —cj| > 1, VjeTl.

1
<§Cj, V_]GF

and

From the definition of ¢}, it is easy to check that

max [;(sRw;)=c;, Vjel.
se[1/R2.1] jsRw)) = cjr Vi

We consider I' = {1, 2, ...,1}(I <k), and the maps

I
I
Yo(S1, 82, ..., 81)(x) = Zszwj(x) V(s1,52,...,58) € [I/Rz, 1] , “4.1)
j=1

Ay = {y ecC ([1/R2, 1]1 | E5(R2, (C)\{O}) Y =7ypond <[1/R2, 1]l>} ,
(4.2)
and

by.an = inf max Dy (y(s1,52,...,58)).
yEA, (5158525000 S[)G[I/Rz,l]l

We remark that yp € Ay, 5o Ay # @ and b, is well defined.

Lemma 4.2. For any y € A, there exists (t1,t2,...,1) € [I/RZ, 1][ such that

vt )yt ) =0 forall je({l,2,... 1}
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Proof. For a given y € A, let us consider the map y : [1/R2, l]l — R’ defined
by

V(51,852,080 = (5 (1)), Pr 2P+, P (1)),
where
O () =P, (Y (51,82, (1,52, ..., 5p)) forall j eT.
For any (s, s2,...,51) € 8([1/R2, 1]1), it follows that

v (51,82, ...,8) = yo(s1, 82, ..., sPDE—

and

@} (ols1,52, -5 D) (vo(s1,52, ..., 51) =0 = 55 ¢ {1/R* 1}, Vj eT.

Thus,
0,0,...,0) ¢ 7 (a <[1/R2, 1]1>> .

Using this fact, it follows from the topological degree
l
deg (;7, (1/R2, 1) , (0, 0,...,0)) = (=1 #0.

Hence, there exists (11, 12, ..., 1) € (1/R?, 1)’ satisfying
O (v, )yt n, .. ) =0 forallj e {l1,2,...,1}.
The proof is thus completed. O
!
In the sequel, let us denote by cr = >,

cr € (0, S].

c¢;j. From (f4), we know that

Proposition 4.3. The following facts hold

(i) Y_ycrj <bar <crforall k> 1.
@(ii) ®(y(s1,82,...,8)) < cr forall . > 1, y € A, and (s1,52,...,581) €
a([1/R*11").

Proof. Since yq defined in (4.3) belongs to A, we have

byr < max D; (Yols1, 52, -5 81))
(sl,sg,...,s,)e[l/Rz,l]’

1
= max le(stj)

(s1.52,....s€[1/R? 1]

1
—Y ¢ =er
Jj=1

j=1
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Fixing (11, 2, ..., ;) € [1/R?, 11" given in Lemma 4.2 and recalling that c; ; can
be characterized by
cr.j = inf{®; j(u) 1 u € Hy(@)\{0}, ¥} ;(wu = 0}.
It follows that
D, iyt 2, ... ) >cj Yjel.
On the other hand, recalling that q’A,RZ\Q’r (u) > Oforall u € H}x (RZ\Q%), we
have
1
Dy (y (51,52, - 5)) = D Py (y(s1. 52, ... 81).
j=1
Thus

[
max D (y (51,52, ... 51) = Pyt tr o 1) = Y ch e
(s1.82.....s)€l1/R2, 17 s

From the definition of b, r, we can obtain

I
bir =Y o
j=1

This completes the proof of (i).
Since y (s1, 82, ..., 1) = Yo(s1, 52, ..., 5) on 8([1/R2, 11", we have

I
Dy (Yo(s1,82,...,50)) = le(Sijj).
j=1

Moreover, I;(s;Rw;) < c; forall j € I" and for some jo € T, 5/, € {1/R?, 1}
and 1, (s jo Rw jp) < C% Therefore,

@5 (yo(s1, 82, ..., 8)) < cr —e,
for some € > 0. This completes the proof of (ii). O

Corollary 4.4. The following claims hold:

(@) bp,r = cr as A — oo.
(ii) by r is a critical value of ®, for large ).

Proof. (i) For all A > 1 and for each j, we have 0 < ¢, ; < c¢;. Using the same
arguments in the proof of Proposition 3.4, we can prove thatc; ; — cj as A — 00
and thus, from Proposition 4.3, b, r — cr as A — o00.

(i1) Using the fact that ®; verifies that Palais—Smale condition, we can use
well known arguments involving deformation lemma [40] to conclude that b, r is
a critical level to @, for large A. O
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4.2. Proof of the main result

To prove Theorem 1.1, we need to find a nontrivial solution u, for the large A
which approaches a least energy solution in each ;(j € I') and to 0 elsewhere as
A — oo. To this end, we will show two propositions which imply together with the
estimates made in the previous section that Theorem 1.1 holds.

Let
KT
_ I T I
M_l+]§_1 (2 9) cj,

Bu+1(0) = {u € Ex(R*,C) : [|ull; < M + 1}.
For small i« > 0, we define
Ay =1{u € By41(0): lulls r2ve, < o [@aj ) —¢jl <, Vj €T}
W also use the notation:
O = {u € Ex(R?,C) : @1 (u) < cr}
and remark that w = le:l w; € Aﬁ N @5, this shows that A;)l N®S" # (. Fixing
1

O<u< gmin{cj, jeTl} 4.3)
We have the following uniform estimate of || ®’, (u)||;, on the annulus (A% , 4\Ail) N
e,
Proposition 4.5. Let 1 > 0 satisfies (4.3). Then there exist og > 0 and \* > 1
independent of A such that

19}, ()llx = 00 fork = A* forall u € (A5, \AL) N @I

Proof. Arguing by contradiction, we assume that there exist A, — oo and u, €
(A5 \Aj") N @57 such that ||, (un) 5, — 0.

"
Since u, € A;;’L and {||u, ||, } is a bounded sequence, this shows that {®;, (1)}

is also bounded. Thus, we may assume that

®,, (y) — ¢ € (=00, cr]

up to a subsequence.
Applying Proposition 3.4, we can extract a subsequence u, — u in H/i (R?)

where u € Hg’l(Qr) is a solution of (4.1) with
1
lim ®;, (un) = ) 1;(w) < cr.
j=1

””””i,,sz’] — A (|VAu|2 + Z(x)|u|2)dx, forall j €T, (4.4)
J
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An / V(X)) |un|>dx — 0, 4.5)
RZ

lunll?, o\qp — O- (4.6)

Since c; is the least energy level for /;, we have two possibilities:

(i) Ij(ulg;) =cjforall j eI
@) Ij,(u |Q_,.0) =0, thatis u |Q_/.OE 0 for some jj € I'.

If (i) occurs, we have

1 1
—/ (Vaul> + Z(x)|u)?)dx — -/ F(lu|*)dx = c;, forall jeT.
2 Ja, 2 Jo,

From (4.6)—(4.8), we have u, € A,A[‘ for large n, which is a contradiction to the
assumption u, € (Ag;\Ai‘[’).
If (ii) occurs, from (4.7) and u,, — u in H)‘ (R?), it follows that

| D, jo Wn) — cjgl = cjy = 3u

which is a contradiction with the fact that u, € (Aé‘;\Ai‘[’). Thus neither (i) nor
(ii) can hold, and the proof is completed. O

Proposition 4.6. Let i > 0 satisfies (4.3) and 1* > 1 be a constant given by in
Proposition 4.5. Then, for A, > \*, there exists a nontrivial solution u; of (3.5)
satisfying u; € Aﬁ N 5.

Proof. Assuming by contradiction that there are no critical points in A/); N <I>ir,
since the Palais—Smale condition holds for @, in the energy level (0, S], there exists
a constant d; > 0 such that

19, @)l = dy forall ue A} N @
From hypothesis and Proposition 4.5, we also have
19, )| = 00 forall u € (A5,\A}) N @I,

where o9 > 0 is independent of A. In what follows, ¥ : Ej (Rz, C) > Rbea
continuous functional that verify

W) =1 for ueAj,),.
W) =0 for u¢Aj,,
0<W@u) <1 for ueE,(R>C),

and H : CIDKr — R be a continuous functional verify

B ®} (1) A
Ha =1 Y ®wwn  “ € A

0, ug A,
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Thus, we have the inequality
I[Hw)| <1 VA> A, and u € O} .
Considering the deformation flow 7 : [0, 00) x ®;" — ®}" defined by

d
d—? =H(n) and n(0,u) =u € .

Thus 7 has the following properties

d
Z%(UO’ u)) = =W, w)[IP; (n(, u)l, 4.7)

n(t,u) =u forall >0 and ue ®"\A} (4.8)

|Dy,j () — Dy (V)| < K*|lu — U”A,Q’j Vu,v € By41(0) and jeT, (4.9)

where K* > 0 be a constant.

Now let yo(s1, 52, ...,5) € A, be a path defined in (4.4) and we consider
n(t, yo(s1, 52, ..., s7)) for large ¢. Since for all (s1, s2,...,s) € 9([1/R?, 11",
Y0(S1, 82, ...,81) ¢ A’z\ﬂ, thus we have by (4.10) that

n(t, vo(s1, 82, - ... sD)=10(s1, 52, ..., s1) forall (si,s2,...,s) € d([1/R%, 11")

and n(t, yo(s1, 52, ...,51)) € Ay forallr > 0.

Since suppyo(si, 52, . .., ;) (x) C Qr forall (s1, 52, ..., s) € d([1/R2, 11)), then
@, (yo(s1, 52, ...,51)) and [[yo(s1, s2, ..., s)lx,; etc. do not depend on A > 0. On
the other hand,

®; (yo(s1, 82, ..., 51) <er Y(s1,52,...,5) € [1/R* 1]

and @, (yo(s1,52,...,5)) =crifandonlyifs; = %, that is yo(s1, 2, ..., 81)(x)
lo;= w; for j € T'. Thus, we have that

mo = max{®; (u) : u € yo([1/R*, 11\ A%} (4.10)

is independent of A and mg < cr. Since || ‘2—'; I, < 1forallt,u,itis easy to see that
foranyr > 0

70, yo(s1, 52, ..., s1)) — n(t, yolsi, s2, ..., sD)lr = 1.
Since @, j(u) € CY(E;(R?,C),R) forall j = 1,2,...,[, and from the assump-
tions (f1) — (fs), it is easy to see that for a large number 7" > 0, there exists a

positive number pg > 0 which is independent of A such thatforall j =1,2,...,1
andr € [0, T],

1D, ; (n(t, yolst, 52, ..., s)llx < po. (4.11)
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We claim that for large T,

1
max 1 D, (n(T, yo(s1, 82, ...,5)(x))) < max {mo, cr — Erou} ,

(51520057 €l 37 1]

(4.12)

where my is given in (4.12), 1o = max{og, 09/ p0}

Infact,if yo(s1, $2, ..., 8)(x) ¢ Ax,thenby (4.13), wehave @, (n(T, yo(s1, 52,
..., 851)(x))) < mo and thus (4.14) holds. If yo(s1, 52, ..., s)(x) € A*, we need
to study the behavior of () = n(¢, yo(s1, 52, . .., 57). Setting d;, := min{d,, oy}
and T = ogut/(2d)). Now we distinguish two cases:
(D) 7(t) € AéM/Z forallt € [0, T].
) n() € 8A§M/2 for some ty € [0, T].

If (1) holds, we have W(7j(¢)) = 1 and || @ (77(1))[Ix = dy for all € [0, T]. Thus,
by (4.9), we have

T g
®,((T)) = Dr(Mols1. 52, -1 500) + /0 L, i(0)ds

T
= ‘DA(VO(Sl,Sz,--.,Sz))—fO (7 ()15 () [15.ds

T ~
<cr — / dyds
0

=cr —J)LT

1 1
= —_ — < — —T .
cr ZOOM =cr ) oM

If (2) holds, there exists 0 < #; < f; < T such that

i) € dA), (4.13)
i(t2) € A%, o, (4.14)
i(t) € Ay, p\A}, forall 1€t n]. (4.15)

It follows from (4.17)

- 3u
7)) r2\Qp = 5

or
- 3u
D, »n) —ci| = —.

| A,Qjo(n( 2)) — Cjl >

for some jo € I'.
Now we consider the latter case, the former case can be obtained in a similar
way. By (4.16),

|q>x,sz’jo(ﬁ(f1)) —cjol <,
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thus, we obtain

‘Dx,g'jo (1)) — q’,\,sz;o (1))

ICDA,Q_’/.O(ﬁ(lz)) —Cjol — |CDA,Q’I.0 (1) — ¢jyl
1

Pl

On the other hand, by the mean value theorem, there exists #3 € (¢, #2) such that

v

v

N dn
" = 4 . — —
Py0, (1(22) — q))\,sz’jo(n(tl))‘ = ‘QA’Q}O T (3)|(t2 — 11).
Moreover, from (4.10) and (4.14), we have

"
h—1H=>—.
2p0

Thus, one has
T q
®,((T)) = Pr(Wo(s1. 52, -1 500) + /0 £, i(0)ds
T
B (o5t 520 51)) — fo Wi (5)) |, () s

5]
<er / W) 19 () s
1
=cr —oo(t2 — 1)
1
=cr — EUOI/« =cr— ETOM-

and so (4.15) is proved. Now we recall that 7(T) = n(T, yo(s1, 52, ..., 1)) € Ay,
thus

- 1
by,r < @, ((T)) < max{mo, cr — ETOM}~ (4.16)

But by Corollary 4.4, we know b, r — cr as A — oo, this is a contradiction to
(4.18), it shows that @, () has a critical point u € Aﬁ for large A and we have
completed the proof of the proposition. O

Proof of Theorem 1.1. From Proposition 4.6, there exists a family of nontrivial
solutions (u; ) to problem (3.5) verifying the following properties.
(i) For fixed u > 0, there exists A™ such that

luplly R\ < m, VA= AE

Thus, from proof of Proposition 3.6, u fixed sufficiently small, we can conclude
that

<a

2
lurl 12, gy S @0 Az 2%,
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which shows that u; is a nontrivial solution to problem (1.10).
(ii) Fixing A, — oo and p, — 0, the sequence {u;,,} verifies

®; (up,) =0VneN,
||M)L,1||)L,,_,R2\Q/F — 0,

@;Ln,j(u;m) —c¢j Vjerl.
Thus, from proposition 3.2, we have
up, — u in HY(R?) with u € H)'(Qr),

from which the proof of Theorem 1.1 follows. O
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