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Abstract
This paper is concerned with the qualitative analysis of solutions to the following class of
quasilinear problems

(P)

—Agu = f(x,u) inQ,
u=20 on 082,

where Agu = div (¢(x, |[Vu)Vu) and ®(x,1) = [i'lo(x,5)sds is a generalized N-

function. We assume that 2 C RY is a smooth bounded domain that contains two open
regions Qy, 2, with Qy N Q, = @. The features of this paper are that —Agu behaves
like —Ayu on Qy and —A,u on 2, and that the growth of f : & x R — R is like that

N
of ™" on Qu and as |t|1’*_2t on 2, when |¢| is large enough. The main result estab-

lishes the existence of solutions in a suitable Musielak—Sobolev space in the case of high
perturbations with respect to the values of a positive parameter.
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1 Introduction

In this paper we study the existence of solutions for the following class of quasilinear prob-
lems

{—A<[>M = f(x,u) inQ, P®)

u=20 on 9082,

where Q@ ¢ RN (N > 2) is a smooth bounded domain, Apu = div (p(x, |Vu|)Vu) is the
®-Laplace operator, where ®(x,t) = fom o(x,s)sds, ¢ : Q x [0, +00) — [0, +00) and
f: xR — Rare continuous functions that satisfy some hypothesis that will be mentioned
later on.

Before proceeding further, let us go through some known results associated to the ®-
Laplace equations. In the recent past, the study of such equations concerning the existence
theory has been a research topic of considerable interest. This nonhomogeneous differential
operator extends the standard p-Laplace operator, the variable exponent p-Laplace operator,
the weighted p-Laplace operator, and the p, g-Laplace operator.

When @ is independent of x, solutions of problem (P) are investigated in the Orlicz—
Sobolev space [40], and we refer the reader to Alves et al. [4], Alves et al. [5], Fukagai et
al. [26], Carvalho et al. [13], Fukagai and Narukawa [27], Harjulehto and Hasto [32], and
their references for the study of such PDEs. When ® also depends on x, we are led to study
the problems in variable exponent Sobolev spaces [22,36] or in Musielak—Sobolev spaces
[17,33,38,40]. Differential equations in variable exponent Sobolev spaces have been studied
extensively in the last years, most part of them involving the p(x)-Laplacian operator, see
Alves and Barreiro [2], Alves and Ferreira [3], Alves and Souto [6], Alves and Ridulescu
[7], Chabrowski and Fu [16], Fan and Zhang [24], Fan [25], Rddulescu and Repovs [41] and
the references therein. However, differential equations in general Musielak—Sobolev spaces
have been studied very little, see for instance, Azroul et al. [8], Benkirane and Sidi EI Vally
[11], Fan [23], Liu and Zhao [37], Wang and Liu [43] and the references therein.

In the present paper we will apply some recent results involving Musielak—Sobolev spaces
to study the existence of nontrivial solutions for problem (P).

We now state our main hypotheses on the functions ® and ¢:

(1) Foreachx € Q, ¢(x,.) isa C! function in the interval (0, +00).
(p2) o(x,1), 9 (p(x,t)t) > 0,forx € Qandr > 0.
(¢3) Thereexistl < p < N < g < p* such that

p(x, D)

p = <gq, forx e Qandt #0.
D (x, |2])

Using some ideas developed by Fukagai et al. [26], we can show that if ¢ satisfies condi-
tions (¢1)—(¢3), then ® is a generalized N-function.
The complementary function ® associated with @ is given by the Legendre transformation,
that is,
d(x, 5) = max{st — &(x,n}, x€QandseR. (1.1)

The functions ® and ® are complement of each other and disalsoa generalized N-function.
Hereafter, we also assume that for some constant dj,

(¢a) infreq ®(x, 1) =d; > 0.
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High perturbations of quasilinear problems with double criticality 1877

(¢s) For each ty # 0, there is ¢ > 0 such that

O(x, 1 d(x, 1
(%)zco and x, 1)

>c¢c9 fort>randx € Q.

The conditions (¢1)—(¢s) are very important in our approach, because they permit to con-
clude that both the Musielak—Orlicz space L® (€2) and the Musielak—Sobolev space W ® ()
are reflexive and separable Banach spaces; see Sect. 2 for more details.

Next, we will state more conditions on the function ¢. Hereafter, we will suppose that
there are three smooth domains Qy, 24, 2, C £ with nonempty interior such that

Q=QyUQuUQ,
and there is § > 0O such that
(QNn)s N (R2p)s = 9.

Hereafter, if A C 2, we denote by A; to be the §-neighbourhood of A restricted to €2, that
is,

As = {x € Q : dist (x, A) < §}.

Associated with the sets Qy, €2, and 2, we will consider three continuous functions
NN, Mg Mp 2 2 — [0, 1] satisfying:

nv(x) =1, VxeQy,
npx) =1, Vxe STP,
and
ng@) =1, ¥xeQ,=\@QyUQ,)
Iv(x) =0, Vx € (Qy)§, np(x) =0, Vxe (R,
@) >0, Vx e @5 1,(0) =0, Vxe (@5
and for some positive constant cq4,
Ng(x) < cadist(x, 3(2,)5 N Q,), Vx € R, N (s,
where [ > g and dist(x, 3(€24)s N 2p) = inf{|x — y| : y € 3(2g)s N 2}

We assume that the continuous function f : 2 x R — R has one of the following forms:

F, 1) = Ay @P 20T 45,08, 1) 4 np0leP 2, Y (x, 1) € R xR,
(f1)

or
0 =nan@IP 2 4G, 0080, 1) 4 1 () il (f)
+ 11772, V(x,1) € Q2 xR,

where A is apgsitive parameter, o > 0,p* >r >qg >N > p > %,/3 > ¢, where
pr = NN—_’;, g:Q2 xR — Rand, : Q2 — [0, 1] are continuous functions such that

i) =1, VxeQ, =\(QyUQ,)
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1878 C.0. Alves et al.

and
fg(x) =0, Vxe (Qﬁ)g/z.
Related to the function g, we assume the following conditions
gx, 1) =o(7|"7Y), ast — 0, uniformly in x € (,)s/2 (g1)
for some gq; > ¢ and there is 6 > ¢ such that
0 <0Gk, 1 <gx,nr, Vxe Qs (82)

where G(x,t) = fot g(x,s)ds,fort € R.
With these notations, we are ready to mention our last conditions on ¢. If f is the form
(f1), we assume for each ¢ > 0 the following:

(p) @x, 1) =tN72 for x € Qy and cit"72 > p(x,1), x € Qv\(Q)s.
(97) ox, 1) > 11 (x)t972, for x € (£24)s where 71 :  — R is a continuous function
satisfying:

T1(x) >0, Vx € (Q)s and t11(x)=0, Vxe ((Qq)(s)c.

(p3) ()12 4+ 02tP72 > @(x,1) > P72, x € Q, where 72 : ), — Ris a nonnegative
continuous function satisfying:

T (x) < cadist(x, 9(Rg)s N Qp)°, Vx € 2, N (2y)s
for some s > ¢ and
n(x) =0, Vxe Q,\(Q)s,
for some constants ¢; > O withi =1, 2, 3.

Now, if f is the form ( f>) we make a little adjustment in the condition (¢e) of the following
way:

(96) @(x,t) >tVN"2 forx e Q.

As a model of a function that satisfies the conditions (¢1) — (gg) is the function ¢ :
Q x [0, 400) — [0, +00) defined by

9, 1) = vV T2 4 ()t £ (0P, YV (x,1) € 2 x [0, +00)  (1.2)

and so,

d(x. 1) = nNA(]x)mN i nq(x)

117 + [t)1”, V(x,t) € 2 xR (1.3)

Np (x)
p

The reader is invited to observe that according to model (1.3), the operator A ¢ has different

behaviors in the region €2, it behaves like A, in one region and A y in another disjoint region,

N
where the nonlinearity f behaves like |7|”"~2¢ and e/*!"~" respectively, and so, the problem
(P) has double criticality. This type of phenomena is very interesting, because we will
work in the same problem with two types of nonlinearity that bring to the problem a lost
of compactness, and in this case, we need to control these terms by doing simultaneously
two different types of estimates. More precisely, in the present paper we will apply the
Concentration Compactness Lemma due to Lions in WI’P(Q p) found in Medeiros [21,
Lemma 3.1], to get good estimate involving the integrals with the function |¢|”", while
we will use a version of the Trudinger—-Moser inequality in W'V (Qy) by Cianchi [18],

@ Springer



High perturbations of quasilinear problems with double criticality 1879

see Lemma 3.3, to obtain a control in the integrals involving the exponential growth. One
difficulty that appears in our study is that we do not know if the trace of the functions on
082, and 0Q2y are zero, hence we must use results that are applied in the study of problem
with Neumann boundary conditions. We believe that this is the first article where this type
of doubly criticality is studied in the literature.

An important fact that we would like to point out is that our study is strongly related to the
double-phase problems that have received a special attention in the last years. As mentioned in
[7], the study of non-autonomous functionals characterized by the fact that the energy density
changes its ellipticity and growth properties according to the point that has been continued
by Mingione et al. [10,19,20], Bahrouni et al. [9], Cencel; et al. [14], Gasifiski and Winkert
[29,30], Papageorgiou et al. [39], Zhang and Radulescu [45], etc. These contributions are
in relationship with the work of Zhikov [46,47], which describe the behavior of phenomena
arising in nonlinear elasticity. In fact, variational problems with nonstandard integrands were
introduced at the beginning of the 1980’s and were studied in the context of averaging and
the Lavrent’ev phenomenon. Zhikov provided models for strongly anisotropic materials in
the context of homogenisation. In particular, he considered the following model functional

Ppgu) == / (|Dul? + a(x)|Du|f)dx, 0<a(x)<L,1<p<gq, (1.4)
Q

where the modulating coefficient a(x) dictates the geometry of the composite made of two
differential materials, with hardening exponents p and ¢, respectively. In our case, the func-
tions ny (x), n,(x) and ny (x) work like function a(x) in the papers due to Zhikov.

Our main result establishes the existence of solutions to problem (P) in the case of high
perturbations, that is, for large values of the positive parameter A.

Theorem 1.1 Assume (g1), (g2) and (p1)—(@g). Then, if either (f1) or (f2) holds, there
exists \* > 0 such that problem (P) has a nontrivial solution for all A > \*.

The proof of Theorem 1.1 is done via Variational Methods, more precisely we have used
the mountain pass theorem without (P.S) condition found in Willem [44] to establish our
main results, although we face several difficulties. As mentioned above, due to the exponential
critical behavior, we establish several auxiliary results (Lemmas 3.4, 3.5 and Corollary 3.6)
of Moser-Trudinger type which captures the nonzero Dirichlet boundary value Sobolev func-
tions and become very useful in our setting. To handle the critical exponent term, we use a
Lions concentration compactness principle (Lemma 3.1) for the nonzero Dirichlet boundary
value Sobolev functions.

This paper is organised as follows. In Sect. 2, we make a brief review about the Musielak—
Orlicz and Musielak—Sobolev spaces, while in Sect. 3 we discuss some technical results that
are crucial to overcome the lost of compactness involving the terms with critical growth and
exponential critical growth. Finally, in Sect. 4, we prove our main result.

2 A brief review about the Musielak-Sobolev spaces

In this section, we recall some results on Musielak—Orlicz and Musielak—Sobolev spaces.
For more details we refer to [17,23,32,38] and their references.

Let Q ¢ RY be a smooth bounded domain and ® (x, 1) = f(yl @(x, s)s ds be ageneralized
N-function, that is, for each ¢ € R, the function ®(., ¢) is measurable, and for a.e. x € 2, the
function @ (x, .) is an N-function. For the reader’s convenience, we recall that a continuous
function A : R — [0, +00) is an N-function if
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1880 C.0. Alves et al.

(i) A is convex.

(i) A=0&1=0.
(iii) lim,_o 2®©
(iv) Aiseven.

= 0 and lim;_, oo 22 = 400 .

The Musielak—Orlicz space L® () is defined by

L‘D(sz):{u:sz—n[@

u is measurable and 3t > 0 such that / ) (x, M) dx < —i—oo}
Q T

endowed with the Luxemburg norm

|u|¢:inf{k>0‘/¢<x,m> dx§1}~
Q A

We say that an N-function ® satisfies the weak A;-condition, denote by ® € A,, if there
are K > 0 and a nonnegative function i € L' () such that

O(x,2t) < KO(x,t)+h(x) forx e Qandt € R,

When i = 0, we say that ® satisfies the Ap-condition. Arguing as in [40, Theorem 4.4.4], it
follows that & satisfies the A,-condition if, and only if,

o(x, 1)t
sup T <400
(x,1)eQx(0,400) D(x, [t])

Moreover, an important inequality involving & and its complementary function ® (see
(1.1)) is a Young’s type inequality given by

st < @(x,s)+5(x,t), x € QandVs,t > 0. 2.1
Using the above inequality, it is possible to prove a Holder type inequality, that is,

‘/ uvdx’ <2ullollvlz YueL®S) andVv e L¥(Q).
Q

Arguing as in [26], if (¢3) holds, we derive that

~ 2
9 _ <p(~x,|t|)|t| <P
qg—1 D(x, |t]) p—1

, xe€Qandt #0,
where

- I]
O(x, 1) :/ @(x,s)sds,
0
and
@(x,s) =sup{t : x,0)t <s}, x¢€ Qands > 0.

Hence, if (¢3) holds, we have @ also satisfies the Aj-condition.
Arguing as in [26, Lemma AZ2], it is possible to prove that ® and ® satisfy the following
inequality
D(x, p(x, )t) < P(x,21), x € Qandr > 0. (2.2)

@ Springer



High perturbations of quasilinear problems with double criticality 1881

The condition (¢3) is very interesting, because following the ideas of [26, Lemmas 2.1
and 2.5], it is possible to prove the following: Setting the functions

q

£0(r) = min{r”, 17}, & (t) = max{r”, 1), &(t) = min{t? .77 T} and
E4(t) = max{1 771, 17T},
we have
E0($)D(x, 1) < D(x, 1) < E1()D(x, 1) fors,t =0, 23)
fo(lule) < /er(x, jul) dx < &1(julo) foru e L*(<), (2.4)
BB, 1) < Blx, s1) < E4(5)D, 1) fors,t = 0, 25)
and i
E3(ulg) s/ﬂéu, jul) dx < &(lulg) foru € L¥(). (2.6)

The Musielak—Sobolev space W' ®(€2) can be defined by
Whe(Q) = {u e L*(Q)|IVul € L* (@)}
with the norm
lully,o = lule + |Vulg .

The conditions (¢1)—(¢s) ensure that the spaces L®(Q) and W1-®(Q) are reflexive and
separable Banach spaces, for more details see [23, Propositions 1.6 and 1.8]. In what follows,
W(}’q)(Q) is defined as the closure of C§°(Q2) in W&’CD(Q) with respect to the above norm.

Moreover, ||u]| = |Vu|p is anorm in WJ’Q(Q), and if (¢1)—(¢s5) holds, by [31, Lemma 5.7],
|| || is equivalent to the norm [[ull;,e in Wy (S2).
As a consequence of (2.4) we have the lemma below that will be used later on.

Proposition 2.1 The functional p : W(}’CD(Q) — R defined by

p(u) =/ O (x, |Vul|)dx, 2.7)
Q

has the following properties:

@ Iflull = 1, then ull” < p(u) < |lull?.
(D) If lull < 1, then ull? < p(u) < llull”.

In particular, p(u) = 1 if and only if |ull = 1 and if (u,) C Wol‘q)(ﬂ), then |luy|| — O if
and only if p(u,) — 0.

Remark 1 For the functional & : L®(Q) — R given by
&(u) 2/ O (x, |ul) dx,
Q

the conclusion of Proposition 2.1 also holds, for example, if («,) C L®(Q), then |uy, l¢ = 0O
if and only if &(u,) — O.
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1882 C.0. Alves et al.

From the definition of W' ® () and properties of ®, we have the continuous embedding
WP (Q) > W (29)w)
for all w € (0, §) and the compact embedding
W (29)5) = C(Rg)w),
because ¢ > N, from where it follows that
W (Q) = C(Q)w), (2.8)

is compact, which is crucial in our approach.
Next we would like to state our last result found in [23, Theorem 2.2], which says the
operator —Ag : W(}’q)(Q) — (WO]’Q(Q))* belongs to the Class (S4).

Lemma 2.2 Assume the conditions (¢1)—(@g). If u,—u in Wol’q)(Q) and

lim (p(x, |Vu,|)Vuy,, Vu, — Vu)dx =0,

n——+00 Q

then u, — u in W()l‘¢(§2).

3 Some technical results

The main goal of this section is to recall and prove some technical results that are crucial
in the proof of our main result. Since we are going to work with double criticality, which
involves the exponential critical growth and the critical growth p*, the next two results are
crucial in our approach. The first one is a Concentration Compactness Lemma due to Lions
for WL (@) explored in Medeiros [21], where ® C RY is a smooth bounded domain .

Lemma 3.1 Let (u,) be a sequence in WP (®) with 1 < p < N and u,—u in WP (©). If

1) |Vuu|P — u weakly-* in the sense of measure,
and
. * .
(ii) |un|? — v weakly-* in the sense of measure,

then for at most a countable index set J, we have

(@ v=lul” +3;c,vidy, v; 2 0.
B w=|Vul? +3 MJ;SXJ-, wj > 0.

(o) Ifxj € ®, then Spv;7 < Wj.
o
() Ifxj €00, then vl <puj.
where p* = NN—_pp and S, denotes the best constant of the embedding DI’P(]RN) — LV (RN)
given by
Vu|P dx
S,=  inf fR”'—',, 3.1)
we DMP@N) (fon |ulP” dx) v
u#0

The proof of the above lemma follows by combining the arguments explored in Struwe
[42, Chapter I, Section 4] and the following Cherrier’s inequality [15] below.
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High perturbations of quasilinear problems with double criticality 1883

Lemma3.2 Let ® C RN be a smooth bounded domain and p € (1, N). Then for each
T > 0, there is M; > 0 such that

S
[25 —r] 1ll] e ) < IVl (o) + Melltll} o). Y€ WHP(©).
N

The second result that we would like to point out is a version of Trundiger—Moser inequality
in WV (®) due to Cianchi [18, Theorem 1.1].

Lemma3.3 Ler © C RY be a smooth bounded domain for N > 2 andu € WHV (®). Then,
there is a constant C(®) > 0 such that

/

o lu—ug
/ e N("“‘”LN(@)) dx < C(0), (3.2)
(€]

where N' = %, U = ﬁf@)udx is the mean value of u in ®, ay = N (wTN)% and
wy is the volume of sphere SN~'. The integral on the left-hand of (3.2) is finite for each
u € WHN(®) even if an is replaced by any other small positive number, but no inequality
of type (3.2) can hold with a large constant in the place of ay.

From Lemma 3.3, for each u € Wl’N(®), we have
MY e L@, Yi>0. (3.3)

For the reader interested in Trudinger—Moser inequality for functions in WV (©), we
would like to cite the papers due to Adimurthi and Yadava [1], Kaur and Sreenadh [35] and
their references.

As a consequence of Lemma 3.3, we have the following two results.

Lemma3.4 Givent > land o > 0, thereisr € (0,1) and C = C(¢t,r, N) > 0 such that

supU Y s w e wN(©), IVull vy <r and |ullpie) < r} <C. (34)
®

Proof Note that if u € WV (®), we have
N’ N N’ N N’
f etotlul dx < et alue| f ez alu—ue| dx.
® ®

Since

1 r
el < —/ uldx < -
ol Jo E]

it follows that

N/
N’ N’ lu—ugl
v 2N | vV, <7>
Joe M dx < K [ge N\ MiNe ) gy

N
N’ N’ lu—ugl
2V ar (IIVuIl N )
< Kf(_)e N ©) dx,

N/ o / !
where K = ¢ a(‘(“)') . Fixing r of such way that 12V ar™ < ay, the result follows by

employing Lemma 3.3. O
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Lemma3.5 Leta > Oand (u,) C WHN(®) be a sequence satisfying ||Vun||g,/\,(®) < 2;, (%N

and |lunllp1@y < M for some T € (0,1) and M > 0. Then, there is t > 1 witht ~ 1 such
that

sw/wmww<+m 3.5)
neNJ©

!
aluy ()Y

Hence, the sequence f,(x) = e is a bounded sequence in L' (®).

Proof Arguing as in Lemma 3.4, we get

/

1 / lun—(un)@|

/ 12N || Vu, |V ("7)

/ezalulN deK/ . Mive\Malve ) gy,
e} e)

!
t2N/ot(M>N
1©1) and so,

N/

\“n-("n)@\

N’ ftan (7)

/HW'MSK/e Molive ) gx.
® G}

where K = ¢

As t € (0,1), we can take t > 1 with + =~ 1 of such way that r7 € (0, 1), and the result
follows again by using Lemma 3.3. O

As a consequence of Lemma 3.5, we have the corollary below.

Corollary 3.6 Let (u,) C WLN(©) be a sequence as in Lemma 3.5. If u,(x) — u(x) a.e. in
O, then f,— f in L' (®) where f(x) = O™ thar is,

/fnsodx—>/f¢dx, Vo el (©),
® ®
where%—l—%,:l.

Our next result will help us to conclude that the energy functional associated with problem
(P) is Cl(WO“D(Q), R). Since it follows as in Bezerra do O, Medeiros and Severo [12,
Proposition 1], we will omit its proof.

Lemma3.7 Let (u,) C WN(®) be a sequence such that u, — u in W-N(0©) for some
u € WHN(®). Then, for some subsequence, still denoted by itself, there is v € WV (©)
such that:

1) up(x) = u(x) a.e. in O.
(1) |up,(x)| < v(x) a.e. in ® foralln € N.

The energy functional [ : WOI’(D(Q) — R associated to problem (P) is given by
I(u) = / D(x, [Vul)dx — / F(x,u)dx,
Q Q
where F(x, 1) = [; f(x,s)ds, t €R.

Lemma 3.8 The functional I belongs to c! (W(;’@(Q), R) and

1’(u)v:/ (p(x,|Vu|)Vqudx—/ [ wvdx, Yu,ve Wy ®(Q).
Q Q
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High perturbations of quasilinear problems with double criticality 1885

Proof In what follows we will only do the proof by supposing that f is of the type (f1),
because the type (f2) can be done of a similar way. Note that functional / can be written of
the form

I(u) = Wo(u) — Vi(u) — Vo (u) — W3(u)

where

Wo(u) :/ ®(x, |Vul)dx,
Q
Vi(u) = / F(x,u)dx,
(R2¢)s/2
W) (u) :A/ Fi(x,u)dx,
QN\(Rg)s/2

where Fi(x,t) = fot Is|8=2s5e?51" g5, and

1 *
W3(u) = — lu|? dx.
*
P JQ,\(Q9)s)2

Since for each x € €, we have ®(x,.) € C1([0, +00), [0, +00)), a well known argument
ensures that Wy € C' (W, ® (), R) with

W (u)v :/ o(x, IVu)VuVvdx, Vu,ve Wy *(Q).
Q

Now, by (ps)—(¢s), we know that the space WOI’CD(Q) is continuously embedded into
C((Rg)s/2), WEP(QN\(224)s/2) and WP (22,,\(£24)5/2). Therefore, it is easy to prove that
the functionals W, W, and W3 also belong to CI(W()I’q)(Q), R) with

Wi (u)v :/ f, wpvdx, Yu,ve Wy (),
(82¢)8/2

W (u)w = A/ )P 2ue ™ vdx, Yu,ve W)
QN \(24)s/2

and

W (u)v :/ P 2uvdx, Vu,ve W, Q).
Qp\(24)s/2

This proves the desired result. Here, Lemma 3.7 plays an important rule in the proof that ¥,
belongs to C' (W, *(R), R) D

Next, our goal is to prove that [ satisfies the mountain pass geometry and the well known
(PS) condition.

Lemma 3.9 The functional 1 satisfies the mountain pass geometry for A > 1, that is,
(a) There arer, p > 0 such that

I(u) = p for|ull=r.
(b) Thereis Y € W&‘Q(Q)\ﬁr (0), independent of . > 1, such that I ({) < 0.
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Proof In what follows we will assume that f is of the type (f1), because if (f2) holds the
argument is similar. In fact when f is of the type (f2) the result follows for any A > 0. As
in the proof of Lemma 3.8, we are going to write / of the form

I(u):/ D (x, |Vul) dx — Wy () — Wa(u) — W3(u), Yue We®(Q).
Q

The embedding (2.8) together with the definition of f and (g;) ensures that if r is small,
we have

/ IF(X,M)IdXSC/ (I ™ + Jul? + ul?" )y dx, for |u]| =r,
(R2¢)s/2 (R2¢)s/2

for some positive constant C and ¢q; > ¢q. Here, we have used the fact that 8, p* > ¢. Thus,
W) < CCul + flull® + ful?") (3.6)

for some C > 0.
From definition of W5, f, (3.3) and Holder inequality, we get

1 1

2 ’ 2

\yz(u)gx</ |u|zﬂdx> (/ alul™ dx) .
Qv QN

Fixing ||u|| = r with r small enough, the Lemma 3.4 guarantees that
sup{/ e ™ gy ul < r} <cC.
Qy
Hence
Vo) = Clulf g ) = Crllul’. (3.7)

Now, a direct argument shows that
W3(u) < Callull?". (3.8)
From (3.7) and (3.8),

I(u) = / O (x, [Vul) dx — Cllull’ = Cllu|” = Callul]”",  for ul| = r.
Q
Now, applying Proposition 2.1(ii) for r small enough, we find
@) = ||u)| = Cllull® = C3llull® = Callu)|”",  for [lu] = r.

Now, (a) follows by using the fact that 8, q1, p* > ¢.
In order to prove (b), as A > 1, note that

fo,0) > t1P7%,  Vx e Qu\(Q,)s and 1> 0.

From this, fixing a nonnegative function w € CSO(QN\(Qq)g)\{O} and r > 0 we find

I(tw) < e [Vw|N dx — il lw|? dx.
N Ja, B Jay
Asf > N,
I(tw) > —o0 whent — 400,
and so, (b) follows with ¢ = fw and ¢ being large enough. O

@ Springer



1887

High perturbations of quasilinear problems with double criticality

In the sequel, we denote by d the mountain pass level associated with 7, that is,

d = inf ma)i]I(h(t)) >p>0

hel t€[0,
where
r={yecao . wy®@) : y© =0 and y() =y},
and ¥ was given in Lemma 3.9.
By using the mountain pass theorem found in Willem [44, Theorem 1.15], thereis a (P.S)4
3.9

sequence (u;,) C W&"D(Q) for I, that is,
I(uy,) —>d and I'(u,) > 0 asn — +oo.

Lemma 3.10 The sequence (u,) is bounded in WOl <I>(SZ).

Proof Setting x = min{0, 8, p*} > ¢, it follows by definition of f that
(3.10)

V(x,t) € Q x (R\{0}),

0< xF(x,t) < f(x, ),
which says that f satisfies the famous Ambrosetti-Rabinowitz condition. Since (u,) is a

(PS)4 sequence for I, there are Cy, C» > 0 such that
(3.11)

1
I(up) — ;I/O"n)un = Ci+ Coflupll, VneN.

From definition of 7 and (¢3),
1 1
I(up) — — 1" (up)un > / ®(x, |Vuy|) dx — */ @(x, |V )| Vi |* dx
X Q X JQ

> (1—1>/ ®(x, |[Vitn]) dx.
x) Ja

Therefore,
<1 - 1)/ ®(x, |Vip|)dx < Ci + Callun|, Vn €N.
Q

If ||uy|| = 1, then Proposition 2.1(i) leads to
(1 - g) luall? < C1 + Callunll, VneN,
O

from where it follows the boundedness of (u, ), finishing the proof.
Since Wo] @ (R2) is reflexive and (u,) C W(}‘q) (2) is a bounded sequence, we assume that
for some subsequence, still denoted by itself, there is u € W()l'q>(§2) such that
up—u in Wy (),

and
u,(x) — u(x) a.e.in Q.

Lemma 3.11 There is \* > 1, such that for A > A*, it holds

1 N—1 N
d<(1-L)mn- (X)) =sgt,
X N \ 2N«

where x = min{6, 8, p*}.
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Proof Taking a nonnegative function ¢ € C{°(22n\(£24)5)\{0} and # > 0 as in the proof of
Lemma 3.9, we obtain

th/ N Mﬁ/ p
1 — vy N dx — — dx.
) = — QNI Y| dx 5 QNIt/fI x

A direct computation gives

max [(ty) <
t€[0,+00) () = )\;,,LN

: (1 1)(c1||w||LN(Q e

B
(HWHL“’(QN))
Therefore, fixing the path y;(s) = sy for s € [0, 1], we have y; € I, and so,

N

( | ) (clnvwan(QN))ﬁ’i”

d < max [ s) < max I(¢ < —
< mu [n() < max 1Y) < .=
(15 o))

kﬂN N B

Now, choosing A* > 0 of such way that for all A > A*, we have

B

N B-N
1 1 1 (C”WW'LN(QN)) q ey NV
== N <\l—-—)minj—|-% ,—S
AN \N B = X N \2V«a P

(W15 )"

1 N=lp
d<<1—g>min —(%—7) L =Syt VA= AR,
X N \2¥ « p

which shows the desired result. O

Sz
[ —

Therefore,

Corollary 3.12 The sequence (u,) satisfies

aN

lim sup ||Vun||LN(Q ) < Wy

n——+00
Then, without lost of generality, we can assume that there is T € (0, 1) such that

TaN

”Vun”LN(Q )S 2N’ ’

vn € N.
Proof First of all, we must recall that

I(un) — ill(un)un =d +op(Dlunll + 0n(1),
from where it follows that

d+op(Dljunll +0a(1) =

1
((CD(X» [Vuy|) — ;(p(x, |Vun|)|vun|2> dx

(1—1)f (Vi |V dx
X Qn

v
zZ| = 5~

v
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Hence, by Lemma 3.11,

. 1 q N . q 1 an N=1 X
limsup— (1 — — [Vuy|"dx <d <min{1——){— - , =Sy
n—+o00 N X QN X N \ 2V« p

leading to

lim sup/ IVu,,INdx < <a1Y>N_1 ,
n—+oo JQu 2N

which proves the lemma. O
Lemma 3.13 The functional I verifies the (P S)4 condition.
Proof In what follows, we will assume that f is of the type ( f1). Moreover, let us set

P, = /S;(g)(x, |Vu,|)Vu,, Vu, — Vu) dx,
that is,

P, = I'(uy)u, + /Q F, u)un dx — 1 (uy)u — /Q fx,upudx.
Consequently
P, = /Q fx, up)u, dx — /Q fx, upudx + o, (1).

From the definition of f together with embedding (2.8),

lim Ng(X)g(x, up)u, dx = lim / Ng(x)g(x, uy)udx
Q n—-+oo Q

n——+00

/ Ng(x)g(x, u)udx,
Q

lim i (0Pl dx = / v () lulP e dx,
e Javay \Qn

lim v GOl 1P 2™ i = / v lulfe ™ ax,
n—-4o00 Q\QN Q\QN

lim My gl dx = f np(Olul?” dx,
\Qp Q

n—+00 Jo\Q Qp
and
lim np(x)|un|p*_2unu dx = / np(x)|u|p* dx.
n—-+o00 Q\Q, Q\Q,
Consequently
P, = A/ i |P ™ dx —A/ it P20 ue®en!” dx+/ P dx
Qn Qv Q,

—/ lun|?" ~2upu dx dx + o, (1).

P
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By Corollary 3.12, the sequence (u,) satisfies
TN
Wy
for some 7 € (0, 1). Employing Corollary 3.6, thereis# > 1 and ¢ =~ 1 such that the sequence
hp(x) = e*ltn Gl is weakly convergent to h(x) = e“'“("”M in L'(Qy) , that is,

IVunllv i,y < 5 Yn €N,

/ hpgpdx — | hedx, Vg e L' (Q), (3.12)
QN Qy

where 1’ = L. As

lun|? — Julf in L' (Qn)

it follows that

/ hnlunlﬂdx —>/ h|u|’3dx,
QN QN

that is,

N’ N’
/ lup|Petn™ dx — [u]Pe™™ dx.
QN Qy
Now, using the fact that
Junl?Pupu — [ul? in L' (Qy)

we also derive that

_ N/ _ N’
/ lun P2 upue! O gx — [u)? 2 uue®™ O gx.
QN Qn

The above analysis ensures that

. N’ . _ N N
lim un|P eI gx = lim un P2 et O gx = Pt dx,
n—-+00 Qy n——+o00 Q an
and then,

P, = / |un|P* dx — f |un|p*_2unu dx + o0,(1).
Q

P QP
By [34, Lemma 4.8],

. *__ *
lim lun|? Pupudx = lu|? dx,
n——+00 QI’ Ql’

then

P, =f lun|?” dx —/ | dx + 0,(1).
P Qp

Now, we are going to use the Concentration Compactness Lemma 3.1 to the sequence

(uy) C Wl’p(Qp). From (¢7), for each open ball B C (£2,;)s we have that the embed-

ding wL®(Q) — C(B)is compact, then as (u,) is a bounded (PS) for /, it is possible to

prove that for some subsequence there holds

/ (p(x, |Vu,|)Vu,, Vu, — Vu)dx — 0.
B
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Since from (¢g)— (¢3), the embedding W' ® (B) — L®(B) is compact, the last limit together
with the Aj-condition implies that

U, —> u in WI’CD(B).
Now, recalling that the embedding W' ®(B) < W!-P(B) is continuous, we derive that
up, — u in WHP(B),

from where it follows that x; € €,\(,)s for all i € J. Now, our goal is proving that J
must be a finite set. Have this in mind, we will consider J = J; U J, where

Ji={ield :xieQ\(Q)s)
and
LHh={iel :xi€dQ)sN

If i € Ji, the condition (gg) says that c2t?~2 > @(x,t) > tP~2 forx € 527,,\(82[,)5. This
fact permits to repeat the same arguments explored in [28, Lemma 2.3] to conclude that J;
is finite. Now, if i € Jj, the situation is more subtle and we must be careful. In what follows
let us consider ¥ € Cg° (RY) such that

=1 onB@©O,1) and ¥ =0 on B(0,2)C.
For each € > 0, we set

Y (x) =¥ ((x —xi)/e), VxeRN.

Since (u,) is a bounded sequence in WL®(Q), the sequence (Yu,) is also bounded in
wbh®(Q), and so, I’ (u,)Yu, = 0,(1). Hence,

/(p(x, |Vun|)vunv(1//“n)dx:/ ﬁq(x)g(x,un)lﬂun dx+/ np(x)|“n|p*wdx+0n(1)-
Q Q Q
Now, given & > 0, the Young’s inequality (2.1) combined with (2.2) and A,-condition gives
[0t b Vsl 1991y <& [ 00 Vunldx + € [ @019l dx,

Q Q Q

for some C¢ > 0. Note that by (¢3),

f O(x, [VYllup)dx < Cy </ VY1 un|? dx +/ ()IVY | u,|? dX) .
Q B(x;,2¢) B(x;,2¢)

By Holder inequality

N—p

. N~
limsup/ lun|P|VY|P dx < Cy </ lu|? dx)
n—+00 J B(x;,2€) B(xi,2€)

from where it follows that

N-p

. E
lim |:lirn sup/ |un|p|V1p|pdxi| < lim C, (/ |u|? a’x) =0. (3.13)
>0 n—>+o0 JB(x;,2¢) €0 B(x;,2€)
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Arguing as above, we also have

"
ot —
ot P'—q

*F P 4
P*—q * r*
dx (/ |u|? dx)
B(x;,2¢)

*

1
o (OVY

lim sup / () [VY 9 dx < f
n—+o00 JQ B(x;,2¢)

By change of variable,

qp* ar* qp

ql P*=q 1\ r =4 é ~ | P*=q
7, (X)Vy dx = | - 7, (ex + x;)Vyr dx
B(x;,2€) € B(0,2)
ap* qp*
1\ r*=4 ql —q
=GCs |- T, (ex +x;) dx.
€ B(0,2)
Since x; € 3(£24)s N 2p, it follows that
Ta(ex + x;) < c3€’|x[*
and
1 ,,q*ﬁjq G=q)p*
q k_
/ 7, )V dx < Cge P*—a .,
B(x;,2€)
As s > g, it follows that
lim [lim sup/ T (X) |u, |9\ V|4 dx] =0. (3.14)
€=>0] n—>+o0 JQ

Now, the boundedness of (i) in W' ® () together with Proposition 2.1, (3.13) and (3.14)
ensures that

lim [limsup/ lp(x, |Vun|)|vun||”n||vw|dxi| <&C,
€0 | n>+o0 JQ
for some C > 0. Since £ > 0 is arbitrary, we can deduce that

lim [limsup/ lo(x, |Vu,,|)|w,,||un||w|dx] =0.
Q

€0 | n—s4o0

The last limit together with the fact that ¢ (x, 1) > P2 forx € Q p permit to conclude as in
[28, Lemma 2.3], that J> is also finite. Consequently, J is a finite set. However, in order to
conclude the proof of the lemma, we need to show that J is in fact an empty set. Seeking by
a contradiction, assume that there is i € J. In this case, the argument explored in [28] also
says for us that

Hence, by Lemma 3.1(d),

As |Vu,|? — u weakly-* in the sense of measure, we have

n——+00

liminf/ [Vu,|P dx > p;
Q[’
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and so,

n—+00

N
liminff [Vu,|?dx = S; .
QI’
Now, using once more the equality

1
I(uy) — ;Il(un)un =d + on(D)uyll + o0n (1),

we get
1 q
d~+on(Dluyll +0,(1) = — (1 - = [Vu,|? dx.
p x/)Ja,

Taking the limit of n — +o00, we find the inequality below

N
dzl(l—ﬁ)s,f
P\ x

that contradicts the Lemma 3.11, showing that J = . Thereby, by Lemma 3.1(a), v = |u|? :

and
/ |un|1’*dx—>/ lul?" dx,
Qp Qp

implying that P, = 0,(1), that is,

n——+00

lim (p(x, |Vu,|)Vuy,, Vu, — Vu)dx = 0.
Q

Now, it is enough to apply Lemma 2.2 to finish the proof. O

4 Proof of the main result

Proof of Theorem 1.1 completed First of all, we recall that Lemmas 3.9 and 3.13 showed that
the energy functional / satisfies the mountain pass geometry and the (PS), condition on
space WOI’CD(Q). Hence, there is a nontrivial critical point u € WO’CD(Q) of I such that

up — u in Wy ®(Q),
and so,
Iw)=d>0 and I'(u) =0,
finishing the proof. o
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