CONCENTRATION PHENOMENA IN NONLINEAR
EIGENVALUE PROBLEMS WITH VARIABLE
EXPONENTS AND SIGN-CHANGING POTENTIAL

By

MIHAI MIHAILESCU AND VICENTIU RADULESCU

Abstract. In this paper we establish the concentration of the spectrum in an
unbounded interval for a class of eigenvalue problems involving variable growth
conditions and a sign-changing potential. We also study the optimization problem
for the particular eigenvalue given by the infimum of the associated Rayleigh quo-
tient when the variable potential lies in a bounded, closed and convex subset of a
certain variable exponent Lebesgue space.

1 Introduction and preliminary results
In this paper, we are concerned with the study of the eigenvalue problem

—div((| Va2 + [ VulP>O"2)Vu) + V() [u] "™ 2u
(D = 2(|u] "7 + |u| 2O, forx € Q,

u=0, for x € 0Q2,

where Q ¢ RY (N > 3) is a bounded domain with smooth boundary, A is a
real number, V is an indefinite sign-changing weight, and p,, p2, g1, g2, m are
continuous functions on Q. The interest in analyzing this kind of problem is
motivated by some recent advances in the study of eigenvalue problems involv-
ing variable exponent growth conditions. We refer especially to the results in
[13, 14, 18, 19, 20, 22, 24, 25, 26]. Problem (1) can be placed in the context of the
above results, since in the particular case when g;(x) = ¢»(x) = g(x) for any x € Q
and V = 0 in €, it has been studied in [23]. More precisely, provided that p;, p»,
g : Q — (1, 0o) are continuous functions such that g has a subcritical growth with
respect to p, and

1 < p2(x) <ming < maxqg < p;(x), Vxe Q,
Q o)
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then the particular case of problem (1) described above was discussed in [23] and
it has been shown that there exist two positive constants 1o and A, with 49 < 4y,
such that any 4 € [1;, 00) is an eigenvalue of the problem while any 1 € (0, 4¢)
is not an eigenvalue. The form of problem (1) becomes a natural extension of the
problem studied in [23] with the presence of the potential V in the left-hand side
of the equation and by considering that in the right-hand side we have g, # g on
Q.

The study of problems of type (1) has a strong motivation and important re-
search efforts have been made with the aim of understanding anisotropic phenom-
ena described by nonhomogeneous differential operators. We recall that equations
of this type can be regarded as models for phenomena arising in the study of elec-
trorheological fluids (see Halsey [15], Diening [6], RuZicka [28]), elasticity (see
Zhikov [31]) or image processing and restoration (see Chen, Levine and Rao [5],
Esedoglu and Osher [12]). A survey of the history of this research field with a
comprehensive bibliography is provided by Diening, Histd and Nekvinda [7].

In the present paper, we study problem (1) when py, p2, g1, g2, m : Q — (1, 00)
are continuous functions satisfying the following hypotheses:

(2)
maxp,; < ming; < maxg; < minm < maxm < ming; < maxg; < minp,
Q Q Q Q Q Q Q Q
Np2(x) ;
if po(x) < N,
3) maxq; < pi(0) =4 V@ P
Q +00 if pa(x) > N.

We assume that the potential V : Q — R satisfies

VxeQ.

4) Ve L'Y(Q), withre C(Q) and r(x) >

am
Condition (2), which describes the competition between the growth rates involved
in equation (1), represents the key of the present study since it establishes a bal-
ance between all the variable exponents involved in the problem. Such a balance
is essential since our setting assumes a nonhomogeneous eigenvalue problem for
which a minimization technique based on the Lagrange multiplier theorem cannot
be applied in order to find (principal) eigenvalues (unlike the case offered by the
homogeneous operators). Thus, in the case of nonlinear nonhomogeneous eigen-
value problems, the classical theory used in the homogeneous case does not work
entirely, but some of its ideas can still be useful, and some particular results can
still be obtained in some aspects, while in other aspects entirely new phenomena
can occur. To focus on our case, condition (2) together with conditions (3) and (4)
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imply
! ) 1 € Y@ |, m@)
fQ Pl(x)lvulp] Y dx + fQ pz(}c)lvulp2 Ydx+ fQ m(x)ll/l'mx dx =
llullp o —0 Jo ﬁmyp(x) dx+ [, qzl(x) [u]2® dx
and
1 (x) 1 2(x) \4€9) (x)
1 fg m(x)lvulp] Y dx+ fQ P2(x) [Vu>™ dx + fQ m(x)lulmx dx =
llullp, —>00 fQ ﬁmyh(x) dx + fg ﬁlulqz(x) dx >
where || - ||,,» stands for the norm in the variable exponent Sobolev space

Wé’p '@(Q). In other words, the absence of homogeneity is balanced by the be-
havior (actually, the blow-up) of the Rayleigh quotient associated to problem (1)
in the origin and at infinity. The consequence of the above remarks is that the
infimum of the Rayleigh quotient associated to problem (1) is a real number, i.e.,

1
Q) inf 1 :
ueWSJ’l(x)(Q)\{O} fQ ql(x)|u|ql(x) dx + fQ mlulqg(x) dx

1 1 V(x)
X Yul'® dx+/ Vu|P?® dx+/ —|u|"™™ dx) e R,
(/gpl(ao' | 2 mm Y " )

and it is attained for a function uy € W(;”’ 1(’C)(Q) \ {0}. Moreover, the value in
(5) represents an eigenvalue of problem (1) with the corresponding eigenfunction
up. However, at this stage, we cannot say if the eigenvalue described above is
the lowest eigenvalue of problem (1) or not, even if we are able to show that any
small enough A is not an eigenvalue of (1). At the moment this remains an open
question. On the other hand, we can prove that any A larger than the value given by
relation (5) is also an eigenvalue of problem (1). Thus, we conclude that problem
(1) possesses a continuous family of eigenvalues.

Related with the above ideas we also discuss the optimization of the eigen-
values described by relation (5) with respect to the potential V, provided that V
belongs to a bounded, closed and convex subset of L'™(Q) (where r(x) is given
by relation (4)). By optimization, we understand the existence of some potentials
V. and V* such that the eigenvalue described in relation (5) is minimal or maxi-
mal with respect to the set where V lies. The results that we obtain in the context
of optimization of eigenvalues are motivated by the above advances in this field
in the case of homogeneous (linear or nonlinear) eigenvalue problems. We refer
mainly to the studies in Asbaugh—Harrell [2], Egnell [11] and Bonder-Del Pezzo
[3], where different optimization problems of the principal eigenvalue of some
homogeneous operators were studied.
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We start with some preliminary basic results on the theory of Lebesgue—
Sobolev spaces with variable exponent. For more details we refer to the book by
Musielak [27] and the papers by Edmunds et al. [8, 9, 10], Kovacik and Rakosnik
[17], Mihailescu and Radulescu [21], and Samko and Vakulov [29].

Set

C.(Q)={h; he C(Q), h(x) > 1 forall x € Q}.

Forany h € C.(Q), we define

h* = sup h(x) and h™ = inf h(x).
xeQ xeQ

For any p € C,(Q), we define the variable exponent Lebesgue space
’9Q) = {u; u is a measurable real-valued function such that

/ ()P dx < oo}.
Q

We define on this space the Luxemburg norm by

P()
lu|py =inf § u > 0 / dx <15.
Q

Let I @(Q) denote the conjugate space of L(Q), where 1/p(x)+1/p (x) = 1.
For any u € I’(Q) and v € I ¥(Q), the Holder type inequality

/ uv dx
Q
holds true.

An important role in manipulating the generalized Lebesgue—Sobolev
spaces is played by the modular of the L’®(Q) space, which is the mapping
P - ’Y(Q) — R defined by

)
Y7,

(6)

+— Ul ol
P& V1Y (x)

ooy (i) = /Q "™ d.

If (u,), u € LPY(Q), then the following relations hold:

(7 lulpy > 1 = |u|11:(x) < ppoo) < |M|Z(x)’
(8) lulpy <1 = |u|£(x) < Ppeo(u) < |u|§()€)’

9 lup —ulpey > 0 & ppy(u, —u) — 0.
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Next, we define W(; P9 (Q) as the closure of C5°(€2) under the norm

lllpey = 1V tlpexy-

The space Wé PN (Q)is a separable and reflexive Banach space. We note thatif s €
C.(Q) and s(x) < p*(x) forall x € Q, then the embedding W (Q) — L™ (Q) is
compact and continuous, where p*(x) denotes the corresponding critical Sobolev
exponent, that is,

Np(x)

px) =
or
p(x) =400 if p(x) > N.

For applications of Sobolev spaces with variable exponent, we refer to Acerbi
and Mingione [1], Chen, Levine and Rao [5], Diening [6], Halsey [15], Ruzicka
[28], Zhikov [31] and Harjulehto et al. [16].

2 The main results

Since p>(x) < pi(x) for any x € Q, it follows that Wé’p '@ (Q) is continuously
embedded in W(;’p 2(’C)(Q). Thus, a solution for a problem of type (1) will be sought
in the variable exponent space W, '™ (Q).

We say that 4 € R is an eigenvalue of problem (1) if there exists

u e Wy (Q)\ {0}
such that
/ (IVul'©72 4 |[Vu|P?Y"2)VuVo dx+ / VO u™2up dx
Q Q

- /1/(|u|’1‘(x)_2 +u| "D uv dx =0
Q

forallv € Wé’p l()‘)(Q). We note that if 1 is an eigenvalue of problem (1), then the
corresponding eigenfunction u € Wy (Q) \ {0} is a weak solution of problem
(D).

For each potential V € L™ (Q), we define

1
EWV) = inf
uEWlm( )(Q)\{O} fQ 7 |u|‘]l()‘) d_x+ fQ |u|q7(x) d_x

X (/Qpl(x)lvmpl(x) dx+/gp2( )qu|P2(x)d +/ E ;| |m(x)d)
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and

Fovy= e JalVelde o IVl det Jo VEll™ dx
: WO @\ (0) f |u| 1) dx+fQ |2 dx

Thus, we can define a function E : L'®(Q) — R.
The first result of this paper is given by the following theorem.

Theorem 1. Assume that conditions (2), (3) and (4) are fulfilled. Then E(V)
is an eigenvalue of problem (1). Moreover, there exists an eigenfunction u €
W(;’p '@ (Q) \ {0} corresponding to the eigenvalue E(V) such that

v
Jo 5 IVulP'® dx+ [o =5 IVulP? dx + [ 20 |u|™ dx
fgq()lul%(x) dx+fg )|u|qz(x) d_x

E(V) =

Furthermore, F(V) < E(V), each A € (E(V), 00) is an eigenvalue of problem (1),
while each A € (—oo, F(V)) is not an eigenvalue of problem (1).

Next, we show that on each convex, bounded and closed subset of L™ (Q) the
function E defined above is bounded from below and attains its minimum. The
result is the following.

Theorem 2. Assume that conditions (2), (3) and (4) are fulfilled. Assume
that S is a convex, bounded and closed subset of L' (Q). Then there exists V, € S
which minimizes E(V) on S, i.e.,

E(V.) = inf E(V).

Finally, we focus our attention on the particular case when the set S from The-
orem 2 is a ball in L"®(Q). Thus, we denote each closed ball centered in the origin
of radius R from L' (Q) by Bz(0), i.e.,

Br(0) := {u € L"(Q); |ul,w < R}.
By Theorem 2, we can define the function E, : [0, c0) — R by

E,(R)= min E(V).
VeBg(0)

Our result on the function E, is given by the following theorem.
Theorem 3. (a) The function E, is not constant and decreases monotoni-

cally.
(b) The function E, is continuous.
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On the other hand, we point out that results similar to those of Theorems 2
and 3 can be obtained if we note that on each convex, bounded and closed sub-
set of L' (Q), the function E defined in Theorem 1 is also bounded from above
and attains its maximum. It is also easy to see that we can define a function
E*:[0,00) > R by

E'(R)= max E(V),
VeBr(0)

which has properties similar to E,.

3 Proof of Theorem 1

Let X denote the generalized Sobolev space W(;’p 1(x)(Q). We denote by || - || the
norm on W(;”’ '@ () and by || - ||; the norm on W(;”’ 20 (Q).
Define the functionals Jy, I : X — R by

1 1
JV(u)=/ _|vu|p1(X) dx+/ |vu|pz(x) dx+/ @lulm(){) dx,
o p1(x) a p2(x) a m(x)

1 1
I(u)=/ —— |u|" dx+/ —— |u|”™ dx.
o q1(x) Q q2(x)

Note that for any V satisfying condition (4), we have

Jv(u) =Jo(u)+/g%|u|’"m dx, YueX,

where Jj is obtained in the case when V = 0 in Q.
Standard arguments imply that Jy, I € C'(X,R) and for all u, v € X,

(Jy(u),v ) = / (Vul'@=2 + |Vu?D")VuVo dx+ / V) |lul™2un dx,
Q Q

<I/(u),v>=/ || 1D~ 2yp dx+/ || 292y dx.
Q Q

In order to prove Theorem 1, we first establish some auxiliary results.

Lemma 1. Assume conditions (2), (3) and (4) are fulfilled. Then for each
€ > 0 there exists C. > 0 such that

v
/ YO, 0 gy
Q

m(x)

1 1
56/ ( |VulPr™ dx+—|Vu|P2(")> dx
o \p1(x) p2(x)

+ClVl /Q (™ + Jul™) dx,

forallu € X.
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Proof. First, we point out that since r(x) > r~ on Q, it follows that L' (Q) c
L (Q). On the other hand, since r(x) > N/m~ for each x € Q, it follows that
r~ > N/m~. Thus, we infer that V € L (Q) and r~ > N/m".

Now let € > 0 be fixed. We claim that there exists D, > 0 such that

(10) /|V<x>|-|u|'"’ dxse/ Vul" dx+De|V|f/ ™ dx,
Q Q Q

Yue Wy (Q).

In order to establish (10), we show first that for each s € (1, Nl\’_’"n; ), there exists
D. > 0 such that

(11) [0 15 < €IV | ln- +D[0 |-, Yue Wg™ (Q).

Indeed, assume for a contradiction that relation (11) is not true for each € > 0.
Then there exists €g > 0 and a sequence (v,) C W(;’m_ (Q) such that |v,|; = 1 and

E()l |vvn| |m’ +n|l)n|m* < 1, Vn.

Then it is clear that (v,) is bounded in Wé""f (Q) and |v,|,,- — 0. Thus, we deduce
that, passing eventually to a subsequence, we can assume that v, converges weakly
to a function v in Wé’m_ (Q) and actually o =0. Since s € (1, %), it follows by
the Rellich—Kondrachov theorem that Wé’m_ (Q) is compactly embedded in L°(2)
and thus v, converges to 0 in L*(€2). On the other hand, since |v,|; = 1 for each n,
we deduce that |o | = 1, which is a contradiction. Hence (11) is true.

Next, we note that since r~ > N/m~, m~ - o< Nm~ /(N — m™), where

r~ =r~/(r~ — 1). Thus, by Holder’s inequality, we have
[ V@I ™ dx < VI gy Ve W@,
Q

Combining the last inequality with relation (11), we infer that relation (10) is true.

Arguments similar to those used in the proof of relation (10), combined with
the fact that since ¥~ > N/m~ we also have r~ > N/m™, imply that there exists DZ
satisfying

(12) /lV(x)| u™ dx < e/ [Vu|™ dx+Dz|V|rf/ lu|™" dx,
Q Q Q
Yue W, (Q).

Using relation (2), we deduce that m~ < m* < p;(x) for any x € Q and thus
W(;”’ 1(’C)(Q) C Wé’mi (€2). In other words, relations (10) and (12) are true for any
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u € X. Moreover, in the right-hand sides of inequalities (10) and (12) we can
take | V|, instead of |V|,- since L™ (Q) is continuously embedded in L™ () via
inequality (6).

Finally, we point out that since by (2) we have p,(x) < m~ < m(x) < m* <
p1(x) for each x € Q, we deduce that

V@, e
(13) ‘/Q m(x)lul dx

1 - N

< — / V)| - (ul™ +ul™)dx, YueX
m-Jjo

and

(14) /(|vu|’"’+|vu|m*)dx
Q

1 1
<2py / ( [Vul'™ dx + —|Vu|ﬂ2<x>> dx, YueX.
o \p1(x) p2(x)

Relations (10), (12), (13) and (14) lead to the result that Lemma 1 is true. U

Lemma 2. The following relations are hold:

Jv(u) _
13 ||u||1£I>100 I(u) B
and

Jv(u) _
(16) ||u}|11>10 I(uw) =

+

Proof. First, we note that by (2), g;(x) < m* < g>(x) for any x € Q. Thus, it

is clear that
@™ + u@)|™ < 2(|u()|" + |u(x)|2™), YVxeQ andVueX.
Integrating the above inequality over Q, we infer that

Joul™ +[ul™) dx

17
( ) fQ(lulfh(x) + |u|(12(x)) dx

<2, VwuelX.

Using Lemma 1, we find that for € € (0, 1) there exists C¢ > 0 such that
TGy 5 JoUVul'® + [VulPD) dx = Ce Vi Jolul™ +lul™) dx
>
Iw) = L Jo (i + 1l ) dx

b

forany u € X.
By the above inequality and relation (17), we deduce that there exist some
positive constants > 0 and y > 0 such that

Jv@w) B Jo(IVul'® +|Vu|P™) dx

(18) Iw) = JoUul® + |u|®) dx

—ylVlr(x), YVuelX.
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For any 4 € X with ||u|]| > 1, relation (18) implies

Jy(u VulP'® dx .
V0 Pl v, e X with ) > 1.
GO Julgh + lul gy + lulg: + lul:

Now, taking into account the continuous embedding of X in La (Q)fori=1,2we
deduce the existence of a positive constant 6 > 0 such that

Jy(w) St

1) ~ Nl + ull 9+ (a7 + (]| %

—9IVlr, YueXwith|ul|>1.

Since p7 > g7 > g7 > g% > q5, passing to the limit as ||u|| — oo in the above
inequality we deduce that relation (15) is true.

Next, we remark that since p;(x) > p»(x) for any x € Q, the space Wé P ‘(x)(Q)
is continuously embedded in W, "> (Q). Thus, if ||u|| — 0, then |[ul|; — 0.

The above remarks enable us to affirm that for any u# € X with |Ju|]| < 1 small
enough we have |lul|; < 1.

On the other hand, since (3) is true, we deduce that Wé P 2()‘)(Q) is continuously
embedded in L9 (Q) with i = 1, 2. It follows that there exist four positive constants
d;; and d;; with i = 1, 2 such that

(19) lully > dit - lulgs, ¥V ue Wy (Q) and i=1,2
and
(20) lullh > din - lulg-, Vue W(;’m(x)(Q) and i=1,2.

Thus, for any u € X with ||u|| < 1 small enough, relation (18) implies

Jy(u) B [ IVulP?® dx
2> Jo = = Vo -

= 910 97 9 q
TG Julgh + ulgh + lulg: + |l

Next, relations (8), (19) and (20) yield that there exists a constant & > 0 such that

Iy _ Eluly?

- q7 q7 a5 a5
1@ 7 Nl + Nl + Nl + ()P

- Vlvlr(x) 5

for any u € X with |lu]| < 1 small enough. Since p; < ¢; < g5 < q7 < qj,
passing to the limit as ||u|| — O (and thus ||u]|; — 0) in the above inequality, we
deduce that relation (16) is true. The proof of Lemma 2 is complete. (|

Remark 1. We point out that by relation (18) and using similar arguments as
in the proof of Theorem 1 (Step 1) in [23], we find that for V given and satisfying
(4) the quotient Jy(u)/I(u) is bounded from below for u € X \ {0}, i.e., E(V) is a
real number.
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Lemma 3. There exists u € X \ {0} such that Jy(u)/I(u) = E(V).

Proof. Let (u,) C X\ {0} be a minimizing sequence for E(V), that is,

21) fim 2 _ gy

n=00 1(1t,)

By relation (15), it is clear that { u,,} is bounded in X. Since X is reflexive, it follows
that there exists u € X such that, up to a subsequence, (u,) converges weakly to u
in X. On the other hand, arguments similar to those used in the proof of Lemma
3.4 in [21] show that the functional J (obtained for V = 0 on Q) is weakly lower
semi-continuous. Thus,

(22) lirr_l)inf]o(un) > Jo(u).

By the compact embedding theorem for spaces with variable exponent and as-
sumption (2), it follows that X is compactly embedded in L°®(Q) (where o(x) =
m(x) - r(x)/(r(x) — 1)) and L9™(Q) with i = 1, 2. Thus, (u,) converges strongly in
L7¥(Q) and L4¥(Q) with i = 1, 2. Then, by relations (6) and (9), it follows that

(23) lim I(u,) = I(u)
n— oo

and
(24) lim / V() |u ™ dx = / V(o) u]™™ dx .
Relations (22), (23) and (24) imply that if u# 5 0, then

Jy(u)

=EWV).
T V)

Thus, in order to conclude that the lemma is true it suffices to show that u is not
trivial. Assume the contrary. Then u, converges weakly to O in X and strongly in
L'9(Q) for any s(x) € C(Q) with 1 < s(x) < Np;(x)/(N — p1(x)) on Q. In other
words,

(25) lim (I(u,)) = 0
n— oo
and
(26) lim / V) |un|™ dx =0.
n— oo Q

If € € (0, |[E(V))]) is fixed by relation (21), we deduce that for n large enough we
have
[Jv(un) — E(V)(un)| < €l(uy),
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or
(IEW)| = l(un) < Jy(un) < (EMW)|+ ) (uy) .

Passing to the limit in the above inequalities and taking into account that relation
(25) is true, we find

lim Jy(u,) =0.

n—oo

Next, by relation (26), we get

lim Jo(u,) =0.

n—oo
This fact combined with relation (9) implies that u,, actually converges strongly to
01in X, i.e., lim,_,  ||#,|| = 0. This information and relation (16) yield

JV(un) _
o0 Tuy)

b

which is a contradiction. Thus, u £ 0. The proof of Lemma 3 is complete. (|
By Lemma 3, we conclude that there exists u € X \ {0} such that

Jv(u)
Iw)

Jy(w)
in .
wex\{0} I(w)

27) EWV)=

Then, for any w € X, we have

i Jy(u + ew)

o = 0.
de I(u+ew) le=0

A simple computation yields

(28) (v (), w) () = Jy@){I (), w) =0,

for all w € X. Relation (28) combined with the fact that Jy(u) = E(V) - I(u) and
I(u) # 0 implies that E(V) is an eigenvalue of problem (1).

Next, we show that any 1 € (E(V), 00) is an eigenvalue of problem (1).
Let 4 € (E(V), co) be arbitrary but fixed. Define Ty, : X — R by

Ty, () =Jv(u) — Al(u).
Clearly, Ty, € C 1(X, R) with
(Ty, (), 0 ) = (Jy@),v ) — AT w),v ), YueX

Thus, 4 is an eigenvalue of problem (1) if and only if there exists u; € X \ {0}, a
critical point of Ty;;.
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With similar arguments to the proof of relation (15), we can show that Ty,
is coercive, i.e., lim, -0 Tv1(#) = co. On the other hand, as we have already
remarked, arguments similar to those used in the proof of Lemma 3.4 in [21] show
that the functional Ty;; is weakly lower semi-continuous. These two facts enable
us to apply Theorem 1.2 in [30] in order to prove that there exists u, € X, a global
minimum point of 7', and thus a critical point of 7',,. It is enough to show that
u; is not trivial. Indeed, since

Jy(u)

E(V)= 1in
V) uex\(0) I(u)

and 1 > E(V),

it follows that there exists v; € X such that
Jv(v;) < A(v;),
or
Ty, (v;) <0.
Thus
ir)}f Ty, <0,

and we conclude that u, is a nontrivial critical point of Ty, or 4 is an eigenvalue
of problem (1).

Finally, we prove that each A < F(V) is not an eigenvalue of problem (1). With
that end in view, we assume for a contradiction that there exists an eigenvalue
A < F(V) of problem (1). It follows that there exists u; € X \ {0} such that

(o), wy) = A0 (uy), uy) .

Since u; # 0, we have (I'(u;), u;) > 0. Using this fact and the definition of F(V),
we see that

Ty, u;) = A0 (), u;) < FOI (), uz) < (Jy(uy), uz) .

Obviously, this is a contradiction. We deduce that each 4 € (—oo, F(V)) is not an
eigenvalue of problem (1). Furthermore, it is clear that E(V) > F(V).
The proof of Theorem 1 is complete. (|

Remark 2. We note that in the case when V = 0 in Q, the same arguments as
in the proof of Theorem 1 (Step 1) in [23] assure that £(0) > 0.
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4 Proof of Theorem 2
Let S be a convex, bounded and closed subset of L™ (Q) and
E, = ‘I/IégE(V).

Clearly, relation (18) shows that E, is finite.
On the other hand, let (V,)) C S be a minimizing sequence for E,, i.e.,

E(V,) > E,, asn— o0.

Obviously, (V,) is a bounded sequence; and thus there exists V, € L'™(Q) such
that V,, converges weakly to V, in L"™(Q). Moreover, since S is convex and closed,
it is also weakly closed (see, e.g., Theorem II1.7 in Brezis [4]); consequently V, €
S.

Next, we show that E(V,) = E,.

Indeed, by Theorem 1, we deduce that for each positive integer n, there exists
u, € X \ {0} such that

JV,,(”n)
I(u,)

Since (E(V,)) is a bounded sequence, and by (18) we have

JV,,(Mn) = ﬁ,JO(un)
I(u,) — 7 I(uy)

where C is a positive constant, we infer that (u,) is bounded in X and cannot

(29) =EWV,).

— C foranyn,

contain a subsequence converging to O (otherwise, we obtain a contradiction by
applying Lemma 2). Thus, there exists uy € X \ {0} such that (u,) converges
weakly to up in X. Using the Rellich—Kondrachov theorem, we deduce that (u,,)
converges strongly to ug in L*®(Q) for any s(x) € C(Q) satisfying 1 < s(x) <
Npi(x)/(N — p1(x)) for any x € Q. In particular, using conditions (2), (3) and
(4), we deduce that (u,) converges to uy in L™ (Q) and in L7 Q). where
r(x) = r(x)/(r(x) — 1). Using this information, inequality (6) and the fact that
V, € L'®(Q) and (V,,) is bounded in L'®(Q), we find that

V. Vi
(30) lim (x)lu,,|m(x) dx = / ﬁ|u0|m® dx
n—o0 Jo m(x) o m(x)

and

(31) lim (V"—(x)mnr"(x) —V”—(x)|uo|’"<x>) dx=0.
n—00 Jo \ m(x) m(x)
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On the other hand, since (V,) converges weakly to V, in L'™(Q) and uy €
L7 9(Q), where r (x) = r(x)/(r(x) — 1), we deduce

Vi v
(32) tim [ L) g / o .
n—00 Jq m(x) o m(x)

Combining the equality

/V(x)l "l — /V(x)| " dx

(%) (%)
V., Vi
= [ 2Bl dx— [ S ax
Vi
L i [
Viu(x) m(x) V() m(x)
+/Q—m(x) |uo| dx — / . )l Uy,| dx

with relations (30), (31) and (32), we obtain

. V(%) mx) Via(x) m(x)) _
(33) Jlim. < v A o) —— |l dx=0.
Since
EWv)= inf 200

in ,
uex\{0} I(u)

it follows that
J V., (un)

I(uy)
Combining the above inequality and equality (29) gives

JV*(un) - JV,,(un)
I(uy)

Taking into account the result of relation (33), the fact that /(u,) is bounded and
does not converge to 0 and (E(V,,)) converges to E,, then passing to the limit as

EWV, <

EWV,) < +EWV,).

n — oo in the last inequality, we infer that
E(\V,) < E..

But using the definition of E, and the fact that V, € S, we conclude that actually
E(V,)=E,.

The proof of Theorem 2 is complete. (|
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5 Proof of Theorem 3

(a) First, we show that function E, is not constant. Indeed, by Remark 2, we point
out that £,(0) = E(0) > 0. On the other hand, by Theorem 1 in [23], it follows that

1 P1(x) 1 p2(x)
- Jo pl(x)|Vu| dx + [, pz(x)|Vu| dx N

Am =
T uex\(0) fgﬁmw(x) dx

Moreover, Lemma 2 in [23] implies that there exists u,, € X \ {0} such that

1 1 2
o s Vil dx+ o s Vi 2 dx

Am

Jo i 1m0 dx

Thus, taking V,,(x) = —1,, for all x € Q, we see that V,, € L*(Q) c L"™(Q) and
JVm(um) _

I(u)

It follows that
E(WV,) <0,

and we find
E.(Am) < 0.

We conclude that E, is not constant. Furthermore, we point out that a similar
proof to that presented above shows that function E, also takes negative values.
To support that idea simply note that by Theorem 1 in [23], for each 1 > 1, there
exists u; € X \ {0} such that, taking V, = —1 for all x € Q, we have

Jy,(uy)
— = <
I(uy)
Next, we note that E, decreases monotonically. Indeed, if we consider
0 < R, < Ry, it is clear that Bg,(0) C Bg,(0). Then the definition of function
E, implies E,(R;) > E.(R»).
(b) Finally, we show that the function E, is continuous. Let R > O and r €
(0, R) be fixed. We verify that lim;\,g Ex(R + 1) = lim,g Ex(R — 1) = E,(R).
First, we prove that lim,\,g E«(R + t) = E.(R). By Theorem 3(a), we have

E.(R) = E«(R+1).

Moreover, by Theorem 2, it follows that there exists Vi€ Brsr(0) (i-€., |Vrr|rr) <
R + 1) such that
E(Vgu) =EJ(R+1).
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R

%4 VR+t> We have

Taking now Vg ; :=

|VR,t|r(x) = leRle(x) <R 5

or Vg, € Br(0). Therefore, clearly E(Vg,) > E.(R).
On the other hand, by Theorem 1, there exists u#, € X \ {0} such that

IV, (U0)
1(uo)

Combining the above pieces of information, we find

‘]VR.H(MI)
I(u;)
=J%.VRJ(UJ
I(u;)
_R +1 . JVR,:(”I) t Jo(uy)

R Iw) R Iw)

E(Vigy) =

E.(R+1)=E(Vgs) =

SRt gy L T
K R ()
On the other hand, by relation (18), we have that for each t € (0, R),
J
E.(R) > E«(R+1) = E(Vgsr) L))
I(uy)
Jo(ur)
>p - 9 Vil
_’31 I(u,) Y | R+t| (x)
Jo(ur)
=P —7-2R
P Ty ~7

where f; > 0 and y > 0O are real constants.
Combining the last two inequalities, we deduce
R+1t t E.(R)+y-2R
ER)>ER+)> — - ER)— - —"—""——,
«(R) > E( ) > R (R R 7
foreacht € (0, R).
We conclude that
IimE,(R+1t) =E.(R).
O

In the following, we argue that lim,\,o0 Ex(R — ) = E,(R).
Obviously,
E*(R) < E*(R - t): Vite (Oa R) .

By Theorem 2, there exists Vi € Bg(0) such that

E.(R)=E(Vp).
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Moreover, by Theorem 1, there exists uy € X \ {0} such that

Jv, (o)

E(Vg) = T(uo)

Define now R—1
V= R Vk, Vte(0,R).

Clearly, V; € Bg_;(0). Thus, it is clear that
J
L) S pR—1, VieOR).
I(uo)

Taking into account the above information, we find

Jve(ug) I & v, (u0)

E®=EVD =700 = 1)

:JV,(MO) N ro Ja ‘rg((;))lu()lm(x) dx
I(wp) R—t 1(uo)
Vr(x) m(x)
t Ja gy luol™™ dx
>E(R—1)+ — - , Vte(0,R).
>E( ) R ) € (0,R)

We infer
IimE,(R—1)=E.(R).
N0

It follows that function E, is continuous. The proof of Theorem 3 is complete. [

Remark 3. By Theorem 3(a), we obtain that E, decreases monotonically.
We note that in the particular case when g;(x) = m(x) = g2(x) = ¢ for each x € Q,
where g > 1 is a real number for which conditions (2), (3) and (4) are fulfilled, the
above-quoted result can be improved, in the sense that we can show that, actually,
function E, is strictly decreasing on [0, 0o). Indeed, letting O < R; < R, be given,
we deduce by Theorem 2 that there exists V; € Bg, (0) such that

E(V)) =E.(Ry).

Then for each real number ¢ € (0, R, — R;), we have V| — t € Bg,(0), since
[Vi =ty < Vil +t < Ro. Next, by Theorem 1, there exists #; € X \ {0} such

that T (up)
B(V)) =20
I(uy)
Taking into account all the above remarks, we infer
t _ JV] (ul) _ JV]—t(ul)

t t
E.(R)) — 5 =E(V)) — 27 Ty 27 Ty >EWVi—1 > EJ(R),
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or
E.(R)) > Ex(R>).

To conclude this remark, we think it is important to highlight the idea that the
above proof supports the fact that in the case when we manipulate homogeneous
quantities, we obtain better results than in the case when we deal with nonhomo-
geneous quantities.

Remark 4. We point out that by Theorem 3(b), we deduce that

E.(R) =inf E,(s) and E,(R)=supE,(s).
S<R s>R
Remark 5. We further note that function £, can be used in order to define a
continuous set function on a subset of L'™(Q). We still denote each closed ball
centered in the origin of radius R from L'™(Q) by Bz(0), i.e.,

Br(0) :={u € L"Y(Q); |ul,w < R}.

By Theorem 3(b), we deduce that E, is a continuous function. By the proof of
Theorem 3(a), we have E,(0) > O and there exists R; > 0 such that E,(R;) < O.
Thus, we infer that there exists Ry > 0 such that E,(Ry) = 0.
We define
I = {Bg(0) \ Bg,(0); R > Ro} C L"™(Q)

and 4 : T' = [0, c0) by
#(BR(0) \ Bg,(0)) = —E.(R), YR >Ry.

By Theorem 3(a), we find that function x has the following properties:

(1) u(0) = 0.

(2) For each S1, S, € I' such that S| C S;, we have u(S1) < u(S2).

Thus, u is a set function on I'. By Theorem 3(b) and Remark 4, we have that
foreach S Cc T,

wu(S)=supu(T) and u(S)= inf w(T).
TCS 728

We conclude that u is a continuous set function on I'.
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