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Abstract. In the present paper, by using variational methods, we study
the existence of multiple nontrivial weak solutions for parametric nonlocal
equations, driven by the fractional Laplace operator (—A)®, in which the
nonlinear term has a sublinear growth at infinity. More precisely, a critical
point result for differentiable functionals is exploited, in order to prove
the existence of an open interval of positive eigenvalues for which the
treated problem admits at least two nontrivial weak solutions in a suitable
fractional Sobolev space.
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1. Introduction

Nonlocal fractional equations appear in many fields and a lot of interest has
been devoted to this kind of problems and to their concrete applications; see,
for instance the seminal papers [5-7] and [1,2,4,8,9,11,16,20,25], as well as,
the references therein.
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In this note, motivated by this large interest in the current literature, ex-
ploiting variational methods, we study the existence of multiple weak solutions
for the following fractional problem

{ (=A)*u = Af(u) inQ

1.1
uw=0 in R™\Q, (1.1)

where  is an open bounded subset of R” (n > 2s and s €]0,1[) with Lip-
schitz boundary 9, \ is real parameter, (—A)® denotes the fractional Laplace
operator which, up to normalization factor, may be defined as

(-8 ula) = - [ HEENEEEEN B gy aer) (1)

while f is a subcritical term.
Precisely, we assume that f : R — R is a continuous function that is
superlinear at zero, that is,

tim 70 _ 0, (1.3)
t—0 t
and sublinear at infinity, that is,
t
M =0. (1.4)
|t\—>+oo t
Further, we require that
sup F'(t) > 0, (1.5)
teR
where
t
E(t) ::/ f(2)dz,
0
for any t € R.

Note that conditions (1.3) and (1.4) are standard assumptions to be sat-
isfied in presence of subcritical terms. Now, let us denote

X = {v € H*(R"):v=0a.e. in R”\Q}, (1.6)

our ambient framework endowed by the norm

/2
(v(z) — v(y))? )

v 0 = ~— - 7 dxd 5

lollx (/ = ey

in which the functional space H®(R™) denotes the fractional Sobolev space of
the functions v € L?(R™) such that

the map (z,y) — M isin L*(R" x R", dady).
z—y| 2

This analytical context is inspired by (but not equivalent to) the frac-
tional Sobolev spaces, in order to correctly encode the Dirichlet boundary
datum in the variational formulation.
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Indeed, the nonlocal analysis that we perform here in order to use our
abstract approach is quite general and successfully exploited for other goals in
several recent contributions; see [13-15,19,21-24] and [10] for an elementary
introduction to this topic and for a list of related references.

By a weak solution of (1.1) we mean a function u € Xy such that

/ (u(z) —u@)(e(@) = 2@) 4 00
R™xR™

2 — gl

(1.7)
- / fu(@))p@)de, ¥ o e Xo.
Q

As direct computations prove, Problem (1.7) represents the FEuler-Lagrange
equation of the C'-functional Jy : X9 — R defined as

u\r)—u 2
AT S

2 |z —y[n+2e

-\ | F(u(x))dz, (1.8)
Q
for every u € Xj.
The main multiplicity result of the present paper can be stated as follows:

Theorem 1. Let s €]0, 1[, n > 2s, 2 be an open bounded set of R"™ with Lipschitz
boundary. Let f : R — R be a continuous function verifying conditions from
(1.3) to (1.5). Then, there exists an open interval A CJ]0,+o00[ and a real
positive number k such that for every X\ € A problem (1.1) has at least two
distinct, nontrivial weak solutions in Xy whose Xg-norms are less than k.

The above theorem will be proved by using variational techniques, in
particular performing a direct consequence of some general results given by
Ricceri in [17,18], which assures the existence of multiple critical points for a
functional, under suitable regularity assumptions on it (see Theorem 2 below).

We note that, in Theorem 1, the superlinearity of the function f at the
origin [that is, hypothesis (1.3)] is an indispensable fact. Indeed, for example,
if

f(t) := (arctant)?, (Vt€R)

an easy computation shows that (1.1) possesses only the trivial solution, when-
ever

A< 5

c5m
where co > 0 is the best Sobolev constant of the continuous embedding Xy —
L?(R™). For detailed comments and for a more general non-existence result,
see Proposition 7 in Subsect. 3.2.

Furthermore, we will give additional information as far as the localization

of the interval A is concerned. More precisely, by using the notations adopted
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along the paper, we show that

)\1 s 2 1—0op R1K2 t2
A ) 0 0
R RZEETDE 2|
(Pt~ (1 o) s 170 )
[t|<]to]

see Subsect. 3.2 for a detailed proof.
Finally, we point out that the results contained here can be proved, in a
similar way, for the nonlocal fractional operator defined by

Lru(z):=— /n(u(x +y)+ulr —y) —2u(x))K(y)dy, =R,

where the kernel function K : R"\{0} — ]0,+oo] satisfies the following hy-
pothesis: there exists v € |0, 1] such that

Yl T < K (2) < 7|70,

for any x € R™\{0}.

Clearly, the paradigm of the above K is given by the singular kernel
K (z) := |2|~(™*29); in this case L reduces to the fractional Laplace operator
given in (1.2).

The present paper is organized as follows. In Sect. 2 we give some no-
tations and we recall some properties of the functional space we work in. We
also give some tools which will be useful along the manuscript. In Sect. 3 we
study problem (1.1) and we prove Theorem 1.

2. Some preliminaries

This section is devoted to the notations used along the paper. We also give
some preliminary results which will be useful in the sequel.

2.1. Notations and definitions

In this subsection we briefly recall some properties of the functional space Xy,
firstly introduced in [21], and we give some notations. The reader familiar with
this topic may skip this section and go directly to the next one.

The space X is defined as in (1.6), where H*(R™) denotes the usual frac-
tional Sobolev space endowed with the norm (the so-called Gagliardo norm)

— 2 1/2
ol = lglzzcen + ([ D= 9O aay) 2
Rrxrr |7 =Y

For further details on the fractional Sobolev spaces we refer to [10] and
to the references therein.

Of course, the space X is non-empty, since C3(Q) C Xy by [21, Lemma
5.1] and it depends on the set 2. Moreover, by [22, Lemma 6] and the fact
that any function v € Xy is such that v = 0 a.e. in R™\, in the sequel we can
take
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Xodvm|vx, = </]R"><]R" M dmdy) v (2.2)

o=y

as norm on Xj.
Also (Xo, | - ||x,) is a Hilbert space (for this see [22, Lemma 7]), with
scalar product

@) ) @) )
(u,v) x, 1= /RnX]Rn 7 = e dzdy. (2.3)

Finally, we recall that in [22, Lemma 8] and in [24, Lemma 9] the authors
proved that the embedding j : X¢ — L”(R™) is continuous for any v € [1,2%],
while it is compact whenever v € [1,2*[. In the sequel for any v € [1,2*[, we
will denote by ¢, the positive constant such that

[vllze ®ny < evllv]lxo (2.4)
for any v € Xj.

2.2. Some useful tools

The main tool used along this paper in order to prove our multiplicity result
stated in Theorem 1 is given by a direct consequence of some general theorems
due to Ricceri [17,18] that we recall here below.

Theorem 2. Let (E,||-||) be a separable and reflexive real Banach space, and let

O, U : E — R be two continuously Gateauz differentiable functionals. Assume

that there exists zg € E such that ®(zg) = ¥(z9) = 0 and in%@(z) >0 and
ze

that there exist z1 € E, 0 > 0 such that

(i) 0 < ®(z1);

. U(z)
v .
(11) Sup@(z)<9 (Z) < Q(I)(Zl)
Further, put
— Co
=g ,
(1) _ sup U(z)

“B(21)  aores
with ¢ > 1, assume that the functional
In(z):=®(z) — A¥(2), (Vz€E)
is sequentially weakly lower semicontinuous, satisfies the (PS) condition, and
(iil) Ly, —q00 Ir(2) = 400,
for every A € [0,al.
Then there is an open interval A C [0,a] and a number k > 0 such that

for each X € A, the equation J\(z) = 0 admits at least three solutions in E
having norm less than k.

Some details and related topics on the above result can be found in the
recent monograph [12].

For the sake of completeness, we also recall that the C'-functional .Jy :
E — R satisfies the Palais-Smale condition at level u € R when
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(PS),, Every sequence {z;}jen C E such that
Inzj) = p,  and [lJ3(25)]

E* HO’

as j — 00, possesses a convergent subsequence in E.
Here E* denotes the topological dual of E. Finally, we say that J) satisfies
the Palais-Smale condition (in short (PS)) if (PS), holds for every p € R.
Now, fix an element xy € 2 and choose 7 > 0 in such a way that

B(zg,7):={z e R" 1 |z —x9| <7} C Q, (2.5)
where | - | denotes the usual Euclidean norm in R”.
At this point, let o €]0, 1], top € R and define ul? € X as follows
0 if x € R"\B(xo,T)
t
ulo () = — 0 (r—|z—w|) ifz e Bz, 7)\B(xo,0T)
o (1—o0)r
to if x € B(xg,07),

where B(zg,r) denotes the n-dimensional open ball with center zy € © and
radius 7 > 0.

This function will be useful in the sequel in the proof of our theorem as
well as the next preparatory Lemma. Let n > 2s and set

v = (2m)" (1 + 1) : (2.6)
A1
where

Vul|?
A= inf H‘Qw (2.7)
wewd 2 @\o} [ull7zq)
The following result holds.

Lemma 3. Let o, s €]0, 1[ and 7 defined as before, Sy, _o be the Lebesgue measure
of the unit sphere in R"! and

+oo
(t) := / 27 temFdz, (Vi >0)
0

be the usual Gamma function. If tg € R, then ul? € Xo and one has

t 2 _n—2 1— g
llug [ x, < fol T (na K1K2, (2.8)
el
2
where
20 ifn=1
4 () ,
T+ v ifn=2 1 2
K1 = 14 2s and kKo i=|—"7-+—].
) 2(1—s5) s
T
Spoo| = () ifp >3
"2<2+1+2s>” =
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Proof. Computing the standard seminorm of the function v in H*(R"), we
easily have

t2
[ 3 ey = / IVulo ()] do = / 4
H1(R™) R B(wo,m)\B(w0,07) (1—0)272
2
= (= oy meas(Beo, ) — meas(B(ao, o7)]
_ 2 wir"2(1—o") 29)

T ()

where “meas(B(zg,7))” and “meas(B(zg,07))
Lebesgue measure of B(xg,7) and B(xg,07).
Since u' € H{(2), by [10, Proposition 2.2 ] it follows that ufc € H*?(Q).
Moreover, the boundary 9 is Lipschitz, B(zg,7) C Q, and v = 0 in
O\B(xo, 7). By [10, Lemma 5.1] one has that uf® € H*(R").
Hence, since s €]0, 1[, Proposition 3.4 of [10], yields

1—cosz; s
||u§°|§¢0§2</ +dx) [ et ae
re 7] R”™

1 — cosz .
= (/ gqisésldx) /n(1+ €1 [Bug (€)1 dg,  (2.10)

)

denote respectively the

where
1 .
t o —igx, t
S’UJO(S) = W /]Rn e i& quO(x)dl',
stands for the classical Fourier transform of ul0.
Now, by standard arguments on the Fourier transform and Poincaré in-
equality, one has

[ @ Il ©F d < v ut (2.11)
Indeed
ulo € L*(R™) if and only if Ful € L*(R™)
and
lug 72 @ny = (2m) " [Fue |72 - (2.12)
Further
|Vule| € L*(R™) if and only if [¢|Fule € L*(R™)
and

IVug 72 ey = @) 7" €U 172 zn)- (2.13)
Relations (2.12) and (2.13) give

[ @ lePlsu )R de = " (It ey + [ Vallagen)) - (214)
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Hence, by (2.6) and (2.7) one has that inequality (2.11) is a direct consequence
of (2.14) taking into account that u’® € Wy*(Q).
Then, by (2.10) and (2.11), il follows that

n 1 —coszy
ue||%, < 2v™ (/Rn Wsdx) [ue) %1 () -

Thus, for n > 3, we have

n 1 —cosx;
[ufe]%, < 20t (/ Wde) 2131 ()
1
re=t (14 |2]2) 72

1—cost 012
X (/R |t|1+25dt) [uo'o]Hl(R")'

The conclusion follows by (2.9) taking into account that, by direct computa-
tions it follows that, one has

1 T 1
— dx < Spa |+ — ),
/RH (1+ |z]2) "5 e (4 1+23>

/1—costdt< 1 +g
R |t[tT2s 2(1-s) s

and

Indeed

1 “+o0 pn—2
/ T aias dz = San/ T o nios dp
re-t (14 |z)2) 2 o (1+p?) 2
i 1 n—2 +oo n—2
p p
= Sp2 / ﬁdl)"'/ — g dp
| Jo (14p2) "5 1 (14p)E
[ 1 2\ =2 +oo n—2
L+p7) > P
< Sn-2 / %dﬁr/ —vaze AP
[ Jo (1+p2) 2 1 (p?)
s +oo
dp dp
< Sn72 /(; 1+p2 +/1 p2(1+5)]

™ 1
=Sz ( T+ 757 )
2(4+1+23>

1 —cost T 1 — cost
/Tdt:Q/ —i3es 4t
R |t|+s 0 1+2s

1 “+o0
1 —cost 1 —cost
=2 [/0 1425 dt +/1 1425 dt]

and
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1 1 t2 +oo 1
< | Z - [
< lQ/O JESE dt+2/1 129) dt
__ 12
2(1—s) s
On the other hand, we also have
1 2
+ - ifn=1

/ 1 —coszy do < 2(1—s) s
e |a|nt2 T, 2 L L2) a2
2 1425/ \2(1—s) s ’

Clearly ufo : R™ — R is a continuous, ul® € L?(Q) and by the above compu-
tations it follows that v € X. Finally uf = 0 in R™\Q. Thus v’ € X, and
(2.8) holds. O

3. Proof of the main result

The validity of the following Lemmas will be crucial in order to prove the main
result.

Lemma 4. Let f : R — R be a continuous function verifying condition (1.4).
Then, for every A € R, the functional Jy is weakly lower semicontinuous on
Xo.

Proof. The application

- /Q Flu(z))ds

is continuous in the weak topology of Xj.

Indeed, if {u;};jen is a sequence in Xy such that u; — u weakly in X,
then, by (2.4) and [3, Theorem IV.9], up to a subsequence, u; converges to
u strongly in L¥(2) and a.e. in  as j — +o00, and it is dominated by some
function h, € L”(2), that is,

luj(x)| < hy(z) ae xzeQ foranyjeN (3.1)

for any v € [1,2%].
Due to (1.4), there exists ¢ > 0 such that

f@O] < c(X+]t]), (VEeR). (32)
Then, by the continuity of F' and (3.2) it follows that
F(uj(z)) — F(u(x)) ae. ze€Q

as j — oo and

Pl < (@) + (2 < () + a@?) e 2'@)

a.e. x € () and for any 7 € N.
Hence, by applying the Lebesgue Dominated Convergence Theorem in
L'(Q), we have that
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/QF(uj(x))dxH/QF(u(:r))dx

as j — oo, that is the map

wis /Q Flu(z))dz

is continuous from X, with the weak topology to R. Thus, the functional ¥ is
continuous from Xy with the weak topology to R.
On the other hand, the map

2
u ulx,

is lower semicontinuous in the weak topology of Xy, so that the functional ®
is lower semicontinuous in the weak topology of Xj . O

Lemma 5. Let f : R — R be a continuous function verifying condition (1.4).
Then, for every A\ € R, the functional Jy is coercive and satisfies the compact-
ness (PS) condition.

Proof. Let us fix A € R. By (1.4), there exists a positive §, such that
2]
[ b —
= ()
for every |t| > dy.
Hence, we get

t2
[F'(t)] < m l?lﬂgg( | FI[E],

for every t € R.

Thus
Ia(u) > ®(u) — F(u(x))dx
> 2l N / \F(u(z)|de
> mllu\lxo er Al max |£(0) ] x,

for every u € Xj.

Then the functional Jy is bounded from below and Jy(u) — 400 when-
ever ||u|lx, — 4o0c. Hence Jy is coercive.

Now, let us prove that 7, satisfies the condition (PS)M for p € R. For
our goal, let {u;};en C X be a Palais-Smale sequence, that is,

In(uj) = p, and [ TX(u))llxg — 0,

as j — +oo.

Taking into account the coercivity of J\, the sequence {u,} ey is nec-
essarily bounded in Xg. Since X is reflexive, we may extract a subsequence,
which for simplicity we call again {u; };en, such that u; — w in Xy. This means
that
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(uj(x) — u;(y)) ((x) — (y))
e
(u(z) —u(y)) (e(x) — o(y))

— e [ — g dzdy, (3.3)

for any ¢ € Xo, as j — oo.
We will prove that {u;};en strongly converges to u € Xy. Exploiting the
derivative Jy(u;)(u; — u), we obtain

(@ (uy), uj —u) = (Tx(uy), uj — u)
2 / Fluy (@) (u; — u)(x)da, (3.4)
where

(P (uj), u; —u) = /Rﬂx]Rn Md dy

‘I _ |n+2s
_ (u;(2) — u;(y)) (u(@) — u(y))
/R"xR" ‘.Z _ y|n+25 d.]?dy

Since || 75 (un)||xz — 0 and the sequence {u; —u};en is bounded in X, taking
into account that [(J3 (u;),u; —u)| < Hj;\(uj)HXgHuj — u||x,, one has

(I (u;), uj = u) — 0. (3:5)
Further, by the growth condition (3.2), one has

/ | 13 () () — ()|
<e /Q i () — u(z)|dz + ¢ /Q oty ()] () — () e

< c((meas())"? + [lujll 2o lu; — ullr2q)

Now, the embedding Xy < L?(£2) is compact, hence u; — u strongly in
L?(€). So we obtain

/Q |f (s () [uj(x) — u(z)|dz — 0, (3.6)

as j — oQ.
By (3.4) relations (3.5) and (3.6) yield
(®'(uj),uj —u) — 0, (3.7)
as j — o0.

Hence by (3.7) we can write

[ wowor,,
R” xR™

|z — gyt

7/ (uj (@) = u;(y)) (u(z) — u(y)) dxdy — 0

|z —y|nt2e

as j — oQ.
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Thus, by (3.8) and (3.3) it follows that

) . 2
i—00 Jraxgn  |T—y[rt
2
:/ —(u(x) —u(+y2)) dxdy.
RoxRn T — y|"T2e

In conclusion, thanks to [3, Proposition II1.30], u; — w in Xo. The proof is
complete. 0

Lemma 6. Let f : R — R be a continuous function verifying condition (1.3)
and (1.4). Then, the following property holds

sup /F(u(x))dx
iy €3 0=oe.e) Jo B
im =
0

o—0t

0.

Proof. Due to (1.3), for an arbitrary small € > 0 there exists d. > 0 such that
5
t)| < —lt|,
6] < 751

for every |t| < d..
On the other hand, combining (3.2) with the above inequality, one has

t2
F(8)] < =y c(1 + 8)8% 11, (3.8)
4c;
for a fixed ¢ €]2,2*[ and for all ¢ € R.
Now, fix ¢ > 0 and define the sets
S,:=® (] —o00,0]), and Sp,:=d (]~ o0,20).

Of course S, C Sy,. Moreover, by using (3.8), we have
/Q Flu(@)) de < So+e(l+6.)51 12021/
= Zo+a(e)e"?,
2
where we set
2le) = (1 + 5)0L1c129/2,

Thus, there exists () > 0 such that, for every 0 < p < o(¢), we have

sup /Q Flu(z))dz  sup /Q F(u(z)) dz

< u€S, < u€Sa,
0 %
SN a=2
S 5 + C(E)Q 2 <g,

which completes the proof. ]
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3.1. Proof of Theorem 1

The idea of the proof consists in applying Theorem 2 to the functional 7 .
To this purpose, we write the functional 7 as follows:

I(u) = @(u) = A¥(u), (Vue Xp)

where

O(u) = %/RWR" (u(z) — u(y))® dzdy,

while

for every u € Xj.

First of all, note that X is a separable Hilbert space (see [22, Lemma 7])
and the functionals ® and ¥ are continuously Gateaux differentiable. More-
over, the functional ® is coercive in X, uien)g ®(u) = 0 and, by choosing zo = 0,

0

of course

Now, by hypothesis (1.5), there exists to € R such that F'(¢y) > 0. Further, let
0o €]0,1[ be such that

F(to)oy — (1 — o) max |F(t)] > 0.

[t]<[to]
Hence, set
0 if x € R"\B(zo,7)
ugoo (z) := (1_757000)7_ (1 — |z —xo|) if € B(xo,7)\B(zo,00T)
to if © € B(xg,007),

where 7 is as in (2.5).
One has

U(ug,) > | F(to)og — (1 - o) e [F (&) | waT",
t|<|to

where w,, denotes the volume of the unit ball in R™.
Indeed, since

t o t
Jufy 1o = max 5 (o)) < o,
it follows that

F(ulo (z))dz > —(1 — of) max |F(t)|7"w,.  (3.9)

g
’ [t|<l[tol

»/B(I[),T)\B(I[),O'()’T)
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Consequently, relation (3.9) yields
Y(ulo) = /Q F(ul® (z)) dx
= / F(uf,% (z))dx + / F(uf,"0 () dx
B(xo,00T)

B(z0,7)\B(z0,00T)

Y

Flto)otr"w, + / F(ul® (2)) de
B(zo,7)\B(%0,007)

> |F(to)og — (1 — o Pt "
> [ Flto)ot — (1= o) oo 110 e

Further, by Lemma 3 we have
t
D(ug,) <, (3.10)
where
t2 727" 2(1 - of)

2(1 —0¢)? F<1+g)

Due to Lemma 6, we may take gy > 0 such that the function uf,oo € Xy verifies
the following conditions:

fi=

K1K2.

ul € R\S,,, (3.11)
and
sup ¥ (u n_(1_ g0 n
P (u) {F(to)ao (1 UO)&%HFW] WaT

< 5 . (3.12)

Relation (3.11) clearly means

00 < ®(uf).
Moreover, since (3.10) holds, it follows that

[t — (1 o) ()] "

|t‘§‘t0| < \I/(uz'oo) (3 13)
B ~ P(ugy)
Hence, inequality (3.12) together to (3.13) give
W (uto
sup ¥(u) < 0o ( ;0) (3.14)
(u)<eo ®(usy)
By choosing 21 = u%, hypotheses (i) and (ii) of Theorem 2 are verified.
Set
— 1+ 00
o sup U(u)’
\Ij(ug%) _ ®(w)<eo
d(uk) %0

Note that, in such a case ¢ := 1+ gp and, by (3.14), a is strictly positive.
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Bearing in mind Lemma 4 the functional 7, is sequentially lower contin-
uous in the weak topology on Xg. Further, Lemma 5 guarantees the coercivity
property.

Hence, all the assumptions of Theorem 2 are fulfilled. Thus there is an
open interval A C [0,a] and a number £ > 0 such that for each A € A, the
equation Ji(u) = 0 admits at least three solutions in X, having norm less
than .

Since one of them may be the trivial one (note that by (1.1) one has
f(0) = 0), we still have at least two distinct, nontrivial weak solutions of the
problem (1.1).

3.2. Final comments
In spite of the fact that hypotheses of Theorem 1 are verified, the conclusions
do not hold in general for every parameter A > 0, as we mentioned in the first

section. For instance, let f be a Lipschitz continuous function of constant L
and take

1
<A< 1
0< A< 2 (3.15)

Further, let us assume that there exists a weak solution ug € Xop\{0} of the
problem (1.1), that is,

/ (uo(z) — uo(y))(p(r) — 9(y)) dxdy
R xR"™

|.T _ |n+2s

(3.16)
_)\/fuo x)dz, Y @€ X.

In particular, testing (3.16) with ¢ := wug, we have

luoll%, = A /Q (o (2))uo(z) dz. (3.17)

On the other hand, bearing in mind that f is Lipschitz continuous and f(0) =
0, by using (3.15), it follows that

/ F (o (@) uo(z) dz < / | (o) Juo ()] de
Q Q
- /Q | (o(@)) — £(0)luo(a)| de

< LluolZ20) < c3Llluol%, - (3.18)
By (3.17) and (3.18) we get
luoll%, < Ac3Lluoll%, < lluoll,,

which is a contradiction.
More generally, according to hypotheses (1.3)—(1.5) and defining the pos-
itive number

o im0

3.19
g ‘8‘ I ( )
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a non-existence result for our problem can be proved whenever the parameter
A is small enough.

Namely, arguing substantially as before, and by [23, Proposition 9] we
have

Proposition 7. Let f : R — R be a continuous function which satisfies (1.3)—
(1.5) and denote by A1 s be the first positive eigenvalue of the linear problem

{ (=A)'u=Au in§

(3.20)
u=0 in R™"\Q.

Then for every parameter

0< A< E,
cr
where cy is the constant defined in (3.19), problem (1.1) admits only the trivial
solution.

Finally, a natural question arises about the interval A obtained in Theo-
rem 1: can we estimate it?

To give a positive answer to this question, preserving the above notations,
one has

1+ 0o < 2

sup U(u) sup U(u)’
Q@ 2(u)<eo a  @(u)<eo
B 00 B 00

for every o €]0, 1] and where we set
= (F(to)ag — (1 —of) max |F(t)|> wn "
t 0

Further, based on Lemma 6, one can take gy €]0, 1] and such that

1 - 26
sup ¥(u) ~ a
g - D (u)<oo
p Q0
Thus
Q= 1+ 00 < 1+ 0o
' . sup U(u) — sup U(u)
Ulugy)  @w<eo o e(uw<e
D(ul) 00 B 00
<2
a

In conclusion, thanks to the above computations and bearing in mind Propo-
sition 7, we have the following concrete localization

s PO (Ba)og - (- o) 7)) T
[t|<[to|

as desired.
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Remark 8. We point out that, encoding the exact normalization constant

1 —coszy -1
C(TL,S) = (/nwd$> s
defining the fractional Laplacian operator

(—A)Su(x) _ _0(27 8) /n u(gc + y) +|;L|(:f+ggy) — 2’(1,(1‘) dy, (V.’t e Rn)

our approach ensures the existence of an open interval

Ac )\1’57 (1- 08)1/(") t2

(= o0 (Pl — (1 o) max (F ) |

[t <lto]

and a real positive number « such that for every A € A problem (1.1) has at
least two distinct, nontrivial weak solutions in Xy whose Xy-norms are less
than k.
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