Nonlinear Analysis 109 (2014) 236-244

Contents lists available at ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na —

—_—

Combined effects of singular and sublinear nonlinearities in ) o
some elliptic problems

Nikolaos S. Papageorgiou?, Vicentiu D. Ridulescu ><*

2 National Technical University, Department of Mathematics, Zografou Campus, Athens 15780, Greece
b Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah, Saudi Arabia
¢ Institute of Mathematics “Simion Stoilow” of the Romanian Academy, P.0. Box 1-764, 014700 Bucharest, Romania

ARTICLE INFO ABSTRACT

Article history: We consider a parametric singular Dirichlet equation, with the singular term u™" appear-
Received 31 March 2014 ing in the left-hand side. We establish the existence and nonexistence of positive solutions
Accepted 4 June 2014 as the parameter A > 0 and the exponent y > 0 of the singularity vary. In particular, we

Communicated by Enzo Mitidieri show that forall 4 > 0 and all y > 1, the problem has no positive solution. Our approach

combines truncation arguments with the method of upper and lower solutions.

MSC: - .
35120 © 2014 Elsevier Ltd. All rights reserved.

35J60
35]75
58)55

Keywords:

Singular equation
Upper-lower solutions
Truncations

1. Introduction

Let 2 C RN be a bounded domain with a C2-boundary 9£2. In this paper, we study the following parametric singular
Dirichlet elliptic problem

1
—Au+ — = Af(x,u) in$
uy

u=20 on 42 (P2)
u>20 in £2.

Here y > 0, A > 0and f(x, u) is a Carathéodory function (that is, for all u € R the mapping x — f(x, u) is measurable
and fora.a.x € £2, u — f(x, u) is continuous).

The aim of this work is to examine the existence and nonexistence of positive solutions as A > 0 and y > 0 vary. By a
solution of problem (P;) we understand the following.
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Definition 1. A function u(-) is a solution of problem (P,) ifu € HS (2)NL>®(2),u(x) > 0foraa.xe 2, u™” e L' (2), u>
¢d for some ¢ > 0 with d(x) = d(x, 3£2) and

h
/(Du,Dh)lRNdx—i—/ —dx:k/ f(x,u)hdx forallh € H,(£2).
2 ouw I?)

This problem with a reaction (right-hand side) independent of u, was investigated by Diaz, Morel and Oswald [1]. Problem
(P,) differs from the usual singular equations encountered in the literature, where the singular term u~” appears in the
right-hand side. So, the problem under consideration in these cases is the following:

1
—Au=— 4+ Af(x,u) ing
u’

u=20 onds2
u>0 in 2.

In fact, the perturbation term f (x, u) has specific form, namely f (x, u) = f(u) = u?~! with2 < q < 2*. For such problems it
is proved that the equation exhibits bifurcation phenomena. Namely, there exists a critical parameter value A* > 0 such that
forall A € (0, A*) the problem has at least two positive solutions, for A = A* there is one positive solution and for A > A*
there is no positive solution. We refer to Carl and Perera [2], Ghergu and Radulescu [3, Chapter 7], Perera and Silva [4,5], and
the references therein. In our problem (P, ), the singular term appears in the reaction with a negative sign and this changes
the geometry of the problem.
We introduce the following conditions on the reaction f (x, u):
H: f : 2 x R — Ris a Carathéodory function such that f (x, 0) = 0 for a.a. x € £2 and
(i) for every p > 0, there exists a function a, € L>°(£2), such that
fx,u) <a,(x) foraa.xe 2, all0<u<p;
(ii) there exists q € (1, 2) and ¢; > 0 such that
fx,u) > cluq ! foraa.xe 2, allu>
(iii) limsup,_, ;o [ < B < 400 uniformly foraa X € £2;
(iv) fora.a.x € £2, .‘ﬂl u > Oandallt > 1, we have
f(x, tu) < tf(x, u).
In this setting we show that positive solutions exist only for large values of the positive parameter A. More precisely, we
prove the following existence theorem.

Theorem A. [fhypotheses H hold and y € (0, 1), then there exists A, > 0such that forall . > A, problem (P, ) admits a solution
u, € H (2) NL®(2) withu, 7 € L'(£2) and u;, > ¢d for some ¢ > 0; moreover for A € (0, A,) there is no positive solution.

Moreover, we investigate also the case y > 1 and prove the following nonexistence result.

Theorem B. Assume that hypotheses H hold, . > 0 and y > 1. Then problem (P,) has no solution u; € H& (£2) NL*°(£2).

Our approach uses the method of upper and lower solutions. For this reason we define what we mean by upper and lower
solutions for problem (P, ).

Definition 2. (a) A function u(-) is an upper solution for problem (P,), ifu € H(} (£2),u(x) > 0fora.a.x € £2 and

h
f(Dﬂ,Dh)RNdX+/ x> A/ f(x,fphdx forallh € HX(2), h >0
7] ouw 7]

(b) A function u(-) is a lower solution for problem (P;), ifu € H(} (£2), u(x) > 0fora.a.x € £2 and

h
/(Dg, Dh)RNdX+/ —dx < A/ f(x,u)hdx forallh e H&(.Q), h>0
2 o u 2

Remark 1. Since we are looking for positive solutions and the above hypotheses concern the positive semiaxis R, =
[0, +00), without any loss of generality we may assume that f (x, u) = 0 for a.a. x € §2 and for all u < 0. Hypothesis H(iv)
is equivalent to saying that for a.a. x € §2 the function u — f(x W is nonincreasing. So, the reaction f (x, -) is sublinear.
In addition to the Sobolev space H(} (£2), we will also use the Banach space
Co(£2) = {ueC'(2):ulye =0}
This is an ordered Banach space with positive cone
C,={ue CO(.Q) u(x) > 0 in £2}.
This cone has a nonempty interior given by

d
intC, = {u € Cy tu(x) > 0forallx € £2, a—u(x) < Oforallx € 3.(2},
n

where n(-) denotes the outward unit normal on 9£2.
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Fora € R, we set a* = max{0, £a}. For u € Hj(£2), we define u*(-) = u(-)*. We know that u* € H}(£2). Also, for all
u € Hy(£2), we denote ||u|| := ||Dull,.

2. Auxiliary results

We start by considering the following auxiliary Dirichlet problem:

—Au= A (x,u) in$
u=20 on 0£2 (Au,)
u>0 in 2.

For this problem we have the following existence result valid for all values of the parameter A > 0. To the best of our
knowledge, this result is new and of independent interest. Note that in problem (Au, ) there is no singular term and so the
regularity of the solution is easier to establish.

Proposition 3. If hypotheses H hold and A > 0, then problem (Au,) admits a positive solution i, € int Cy.
Proof. Let F(x, u) = [, f(x, s)ds and consider the C'-functional v, : H}(£2) — R defined by

Vo (u) = %||Du||§ - A/ F(x, u(x))dx forallu € H,(£2).
2

By virtue of hypotheses H(i) and (iii), we have
Fix,u) <ax)(1+u?) foraa.x e £2, allu> 0, witha € L*(£2),.

Then for all u € H} (£2), we have

1
Vi (u) > E||Du||§ —co(ud +1) forsomec, > 0

1
> 5||u||2—c3||u||q—c3 for some c; > 0. (1)

Since q < 2, from (1) it follows that ;, is coercive. Also, using the Sobolev embedding theorem, we check that v, is sequen-
tially weakly lower semicontinuous. So, we can find ii; € Hg (£2) such that

i (l) = inf {y, (W) : u € Hy(2)} . (2)
From H(ii) we have

c
F(x,u) > 1yt foraa.xe 2, allu > 0.
q

Foru € intC; and t > 0, we have

2, crtia .
Vi (tw) < = lull® = ——llullg-
2 q

Since g < 2, choosing t € (0, 1) small, we obtain

¥ (tu) < 0
= () <0=1Y,(0) (see(2)), hencei, # 0.

From (2) we have

Y (@) =0
= Ali) = AN; (i), 3)

where A € £(H}(£2), H™'(£2)) is defined by (A(u),y) = [,,(Du, Dy)gndx for allu,y € Hy(52) and N;(-) is the Nemitsky
map corresponding to f, that is,

Nr(w)(-) =f(,u(-)) forallue H(} (£2).
On (3) we act with —ii; € H} (£2) and obtain ||Dii; ||3 = 0, hence &I, > 0, I, # 0. Then from (3) we have

—Al; = Af(x,uy) foraa.xe 2
i, =0 on d42.

From this equation and using the Moser iteration technique (see Ladyzhenskaya and Uraltseva [6, p. 286] and Gasinski and
Papageorgiou [7, p. 737]), we have that i1, € L*°(£2). Then the result of Lieberman [8, Theorem 1] (see also Gasinski and
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Papageorgiou |7, p. 738]) implies i, € C(} (£2). In fact, this regularity of the solution can also be obtained using the Agmon-
Douglis-Nirenberg theorem (see Brezis [9, p. 316]), which implies that i, € W24(£2) OH(} (£2) (@ > N) and this, by virtue of
the Sobolev embedding theorem, implies that ii; € Col“" (£2) with « € (0, 1). Finally note that hypothesis H(ii) implies that

—Au(x) >0 foraaxe 22— Au(x) <0 foraa.xe 2
— 1, €intCy see, for example, Gasinski and Papageorgiou [7, p. 738].

This completes the proof. O

Let ):1 > 0 be the principal eigenvalue of (—A, H&(Q)) and ii; the corresponding positive, L>-~normalized (that is,
llti1]l2 = 1) eigenfunction. It is well known that i1, € int C,.. Inspired by Diaz, Morel and Oswald [1], we introduce

2
u=¢&"7 eintCy (£ > 0).

Proposition 4. Assume that hypotheses H hold. Then for A > 0 big enough, u € int C, is a lower solution for problem (P;)
Proof. We have

1 1
—Au+ — = —div(Du) + —
ur ur

1+y ur
2 1=y 1-y 1
__ % 0,7 div(Dily) — 2% (Du ”V Du1) + —
1+y 14y N U
260, 2 28(1— . 1
= Xk a7 - 5 ( 1/2) % D 12y + —- (4)
1+y (I+y)» & uY

Uy

Recall that ii; € intC,. So, given ¢ > 0, we can find § = §(¢) > 0 such that

Dl (%) [lev > € forallx € 25 ={x € 2 :d(x,382) < 8} (5)
U1(x) > e forallx € 2\25. (6)
: (147)? 1/y ~
Let £, = max 1ep)e? , 1¢.Then for & > &; we have
11 <2(1—)/)62 1
srﬁf% (14 y)? all%
2(1 = y)&lIDi (x) |12 A
< 4 ! % EY forallx e 25 (see (5)and recall £ > & > 1). (7)

1+ )™

2

~ 1y ~
Let & = max {[];y] , 1}.Then for & > &, we have

1 1 ):162 1 el T . .
— = 5 < forallx € £2\82; (see (6)and recall§ > &, > 1). (8)
uv . 1 +y Aﬁ 1+y
Syul Uy
We return to (4) and use (7) and (6). We see that ifé = max{§1, §2} and & > é‘ then
1 3
—Au+ — < u foraa.x e 2. (9)
uw 14y
22-9)
Let A% = (1+y)c [1]lac™” . Then for A > A* we have
2—q 22-9 2(g—1) 3 2 3
M u) > rcu® ! (see H(iii)) > 3 R R St TR 5 " = u
1+y 1+y 1+vy
1
—Au+ v a.e.in £2 (see (9)). (10)

This shows that u € int C is a lower solutlon for problem (P;) for A > A%, in the sense of Definition 2 (in fact, u is a strong
lower solution for problem (P;) for A > A1). This concludes the proof. O
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Next we will produce an upper solution u; € int C; such thatu < u;.

Proposition 5. If hypotheses H hold and A > 0, then problem (P;) admits an upper solution u; € int C, such that u < u;.
Proof. Let ii; € intCy be as in Proposition 3. By virtue of Lemma 3.3 of Filippakis, Kristaly and Papageorgiou [10], we can
find u > 1 such that

u < puily, =1y, € intCy.
Then we have

= Auf(x,0,) (seeProposition 3)
> M, pi,)  (see H(iv))
= M(x,uy) ae.in$2,

— Ay, = u(—Ail)

_ 1 _ .
= —Al + = > M (x 1) aeing,
Uy
= U, € intCy is an upper solution for (P;) and u < uy,.

This completes the proof. O
3. Casey € (0,1)

We point out that all the results in this section remain valid if the nonlinear term u~” in the left-hand side of problem
(P,.) is replaced with g € C%%[0, 00) (0 < a < 1) such thatg > 0, g is nonincreasing on (0, co) with lim,_, o+ g(s) = 400
and there exist Cy, 7o > 0 and y € (0, 1) such that

g(s) < Cos™V foralls € (0, n9). (11)

As proved by Bénilan, Brezis and Crandall in [11], condition (11) is equivalent to the property of compact support, that is, for
any h € L'(RY) with compact support, there is a unique u € W (RV) with compact support such that Au e L'(RV) and

—Au+gu)=h ae inR".

The proof of the next proposition uses suitable truncation and comparison techniques going back to the seminal work of
Rabinowitz [ 12]. However, the presence of the singular term —u~" makes our case a little more complicated and some facts
such as the differentiability and the weak lower semicontinuity of the truncated energy functional are not immediate and
require a more careful analysis (see Claims 1 and 2 of the proof which follows).

Proposition 6. Assume that hypotheses H hold, A > A7 and y € (0, 1). Then problem (P,) admits a solution u;.
Proof. We consider the ordered pair {u;, u} of upper-lower solutions of (P,) (A > A}) produced in Section 2. Then we
introduce the following Carathéodory function

Af(x u(x) —u@)™"  ifu<u®)
S u) = 1A (xu) —u” ifu(x) <u<u®) (12)
A (%) —w )" ifuax) < u
Since u; € int C, (see Proposition 5), we can find ¢ > 0 small such that
D1y < U, (see Filippakis, Kristaly and Papageorgiou [10]),
= @ < @)
1
= = € L'(£2) (see Lazer and McKenna [13] and recall y € (0, 1)).
uy
Since u € int C., in a similar fashion we can show that uiy e L1(2).
Therefore we can define the primitive G; (x, u) = fou g, (x, s)ds and consider the functional o, : H(} (£2) — R defined by

1
o, (u) = 5||Du||§ —/ Gu(x, u(x))dx forallu € H)(£2).
2

Claim 1. We have ;€ C'(Hy(£2)) and o (u) = A(u) — Ng, (u) for allu € H)(£2).
We introduce the following Carathéodory function
u(x)" ifu <uk)

hy(x,u) =3u™” ifux) <u <ty (x) (13)
)7 ifu,(x) < u.
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From the previous considerations, we know that we can define the primitive H; (x, u) = fO” h;.(x, s)ds and then consider the
functional & : Hj (£2) — R defined by

&) = / H,.(x, u(x))dx forallu € Hj(£2).
2

Evidently, to prove Claim 1, it suffices to show that &, € C'(H](£2)). To this end, let u, v € H}(£2) and t € R. We have

1
% [Eu+tv) —&EW]= / (/ hy (x, u + l?tv)dz?) vdx. (14)
0

2
Note that

1
/ h, (x, u + 9tv)dy — h; (x,v) foraa.xe 2, ast — 0™ .
0

From (13) we have

/1 hy(x, u + Stv)dd < 2ux) ™" + /] |u+ dtv|™"d® (sinceu < i)
0 0
<2ux) 7V + ¢y 012%1 [u+ 9tv]™ Xucutorv<i,) (%) a.ein 2
for some c; > O (see Takac [14, p. 233])
< csu(x)™” fora.a.x € 2 and some ¢ > 0. (15)
Since u € int C,, we can find cg > 0 such that
u(x) > cgd(x) forallx € 2.

Then from (15) we have

1
v/ h(x,u+ dtv)dy < c;d Vv foraa.x € £2 and some ¢; > 0. (16)
0

We have
v

c;d™7v = cpdY 1 < ng for a.a. x € £2 and some cg > 0 (recall that y € (0, 1)).

Sincey € H(} (£2), using Hardy’s inequality (see Brezis [9, p. 313]), we deduce that
c;d Vv € [2(R2).
Because of (16), we can apply the dominated convergence theorem and then from (14) we have
(&, v) = / h,(x, wv dx forallv € Hy(£2),
= & (u) =Np, (ug and so &, € C'(Hy(£2)).
Therefore we conclude that o3 € C'(H} (£2)) and o, (u) = A(u) — N, (u) for allu € H} (£2). This proves Claim 1.

Claim 2. The functional o, is sequentially weakly lower semicontinuous.

Again, if we can show the sequential weak continuity of the functional &;, we would have proved Claim 2. To this end,
let u, 5 uin H(} (£2). By passing to a subsequence if necessary, we deduce that

U, — u inl*(2) and u,(x) > u(x) ae.in £2.
Hence we have
h;, (x, u,(x)) — h, (x, u(x)) a.e.in $2.

Note that

0 < hy(x, up(x)) < foraa.xe 2, alln>1andu™ e L'(2).

u(x)”
So, by virtue of the dominated convergence theorem, we have
& (un) — &E.(u).

This proves Claim 2.
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Itis clear from (12) that o;, is coercive. Therefore by the Weierstrass theorem (see Claim 2), we can find u; € HO1 (£2) such
that

0, () = inf {0y (u) : u € Hy(2)}
= oj(u;) =0 (seeClaim 1) (17)
= A(up) = Ng (u;) (see Claim 1).

On (17) first we act with (u; — ;)™ € H; (£2). We have

(A, (w, —m)*) = f &.(%, W) (U, — ;)" dx
Q

f [f(x, i) — ﬁ;y] (1, — i) Fdx  (see (12))
2

(A(@), (u, — 1)*)  (see Proposition 5 and Definition 2)

N

= |ID(u; — ) "5 <0, henceu; < ii;.

In a similar fashion, acting on (17) with (u — u;)* € H(}(Q) and using Proposition 4, we show that u < uy. So, we have
proved that

up € [u, ;] = {u € Hy(22) : u(x) < u(x) < ;(x) ae.in 2}. (18)
Then from (12), (17) and (18) it follows that

—Au, () + 1, ()7 = A (x, up (%)) ae.in 2, u;lpe =0,
= u; € H(} (£2) NL*(£2) is a solution of (Py).

The proof is now complete. O
We introduce the following sets

£ = {\ > 0: problem (P,) admits a solution}
S()) = the solution set of (P;).

We set 1, = inf L. From the previous analysis, we have
L#Q and i, <A™ (seeProposition 6).

The proof of the next proposition is essentially based on the well-known principle that between an ordered pair of upper
and lower solutions, we can locate a solution of our problem. The presence of the singular term can be accommodated using
the ideas and facts from the proof of Proposition 6. For the convenience of the reader we include the detailed proof.

Proposition 7. Assume that hypotheses H hold, . € L and A < . Then u € L.
Proof. Since A € £, we can findu; € S(A) C H(} (£2) NL*°(£2). We have

—Auy +u, YV =AM (%, uy) < uf(x,uy) in 2 (since A < pandf > 0)
= u, is alower solution for problem (P,) (see Definition 2).

Letil, € int C; be the solution of problem (Au,,) produced in Proposition 3. We can find t > 1big such thatu, < tii, = uy, €
int C; (see Filippakis, Kristaly and Papageorgiou [10]). We have
_Au/l,* = _tAﬂp. = utf (x, ﬂp.) > puf(x, tﬁ/l,) = uf (x, U*) in £2 (see H(iv)),
= —Auy + W) > puf(xuy) in2,
= u; € int C;is an upper solution for problem (P,) (see Definition 2).

We introduce the following Carathéodory function

wf 6 w (%) —w ()77 ifu < u; (%)
gux,u) = ufx,u) —x77 ifu, (%) <u<uy(x) (19)
wf (%, uy, (0) —uy, ()77 ifuy (x) < u.

Note that ulj (x)7” <uy(x)”” and so u;i(-)"’ e L'(£2) (see Definition 1). So, we can introduce Gu(x,u) = fou 8. (x, s)ds and
consider the functional ¥, : Hy(£2) — R defined by

Y (u) = %||Du||§ —/ Gu(x, u(x))dx forallu € Hy(£2).
2
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Since u;, > ¢d (recall u; € S(A) and see Definition 1), reasoning as in the proof of Proposition 6 (see Claims 1 and 2), we
show that v, € C! (H(} (£2)) and that it is sequentially weakly lower semicontinuous. Moreover, from (19) it is clear that vy,
is coercive. So, by the Weierstrass theorem, we can findu,, € H(} (£2) such that

I///L(u/l.) = inf{w;l(u) cue H(}(Q)},
= V¥, (u,) =0, (20)
= A(,) = Ny, (u,).

Acting on (20) first with (u, — u,*L)Jr € H(} (£2) and then (uy, —u,)" € H(} (£2), as in the proof of the Proposition 6, we show
that

Uy € [up, ui] = {u € Hy(2) : up(x) <u() < u(x) aein 2},
= u, €S(u) CH(2)NL®(2) andso pu € L.

This completes the proof. O

Proposition 8. If hypotheses H hold, then A, > 0.

Proof. We argue by contradiction. So, suppose that A, = 0.Let {A,}n>1 € L withA, | Oandu, € S(A;,) C H(} (£2)NL*($2).
From the proof of Proposition 7, it is clear that we can choose {uy},-1 to be decreasing. We have

A(un) + un_y - )\an(un)a (2])
= ||Dun||§ < kn/ f&x, up)updx < Aq / fx, up)updx foralln > 1. (22)
2 2

Since u, < u; foralln > 1, from (22) and hypothesis H(i) it follows that {u,},>1 € H(} (£2) is bounded. So, we may assume
that

U, > u inH(2) and u, — u in[?*(£2)andae.in 2. (23)
Suppose that u = 0. From (21) we have

/ u, Vlyldx < Mq|ly|| forally e Ccl(.Q), alln > 1and some M; > 0.
2
On the other hand by Fatou’s lemma and since we have assumed that u = 0, we have

/ u, V|yldx — +oo, acontradiction.
2

Therefore u # 0. From (21) we see that for every y € H(}(.Q) NL>*(£2), y > 0, we have

/(Dun,Dy)RNdx—i—/ u, "ydx = An/ fx,uy)ydx foralln> 1. (24)
Q 2 2
Note that

/(Du,,,Dy)RNdx—>/(Du,Dy)RNdx (see (23)),

2 2

and A, f f(x, up)ydx — 0 (recall that A, | 0, u, < uq foralln > 1and see H(i)).
Also, ‘fzrom Fatou’s lemma we have

liminf/ u{”ydx}/u”’ydx (see (23)).
2 2

n—oo

So, if in (24) we pass to the limit as n — oo, then
/ (Du, Dy)RNdx—{—/ u’ydx <0 forally € H)(£2) NL>(), y > 0.
2 2
Lety = u € Hy(£2) N L>°(£2), u > 0.Then

1Dul + f u'dx < 0,
7}
= u =0, acontradiction.
This proves that A, > 0. O

So, summarizing the situation for problem (P; ), we can formulate the following theorem describing the existence and
nonexistence of solutions for problem (P,) as A > 0 varies.
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Theorem 9. If hypotheses H hold and y € (0, 1), then there exists A, > 0 such thatforall A > A, problem (P,) admits a solution
u; € HO1 (£2) N L*®(2) withu,~Y € L'(§2) and u; > ¢d for some ¢ > 0; moreover for A € (0, A,) there is no positive solution.

Remark 2. It is open what happens in the critical case A = A,. It will be interesting to study what happens to the positive
solution as A | A.. Such a study will provide information on what happens in the critical case » = A,.

4. Casey > 1

It is natural to ask what happens when y > 1. The next theorem settles this case.

Theorem 10. Assume that hypotheses H hold, A > 0 and y > 1. Then problem (P;) has no solution u; € H&(Q) NL*(£2).

Proof. Arguing indirectly, suppose that for some A > 0, we can find a solution u;, € H(} (£2) NL*>(82) for problem (P; ). From
Lazer and McKenna [13] we know that

/ U, Vdx = +oo (recally > 1). (25)
2
For every integer k > 1, we consider the open set
1
2 = {xe(): d(x, 082) > E}'

We have
—Au, =M &) —u 7 in2e and AfC u () —u ()7 € LO(8R),

= (—Aux)dx+/‘ u, Vdx = A fx, uy)dx < A/ f(x,uy)dx (sincef > 0, see H(ii)). (26)
2 2 2 2

By Green'’s identity (see Gasinski and Papageorgiou [7, p. 209]), we have

/ Aukdx:/ %da. (27)
2 082 on

Using (27) in (26), we obtain
aLl)L _ .
- — do + u, Vdx < My forsome M, > 0 (see H(i)).
82,

Let k — oo. We obtain

ouy, _
— —do + u;, Ydx < M,
s on 2

which contradicts (25). This proves the theorem. 0O
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