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Abstract  We are concerned with the degenerate anisotropic problem

N
=3 a0, 0a,u) + b(@)ul 0= fa,u) in 2,
=1

u=0 on 952.

We first establish the existence of an unbounded sequence of weak solutions. We also obtain the existence
of a non-trivial weak solution if the nonlinear term f has a special form. The proofs rely on the fountain
theorem and Ekeland’s variational principle.
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1. Introduction

Let 2 C RN (N > 3) be a bounded domain with smooth boundary. The purpose of this
paper is to analyse the existence of multiple weak solutions to the anisotropic problem

N
" a4, 0au) + b(@)|u 20 = f(a,u) o 2,
— (1.1)

u=0 on 912,
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where b € L>(2), f: 2 x R — R and a;: 2 x R — R are Carathéodory functions
fulfilling some natural hypotheses.

The solution of problems of type (1.1) is strongly motivated and important research
efforts have been made recently with the aim of understanding anisotropic phenomena
described by non-homogeneous differential operators. We recall that equations of this
type can be regarded as models for phenomena arising in the study of electrorheological
fluids (see [6,13,22]), elasticity (see [25]) or image processing and restoration (see [5,9]).
A survey of the history of this research field with a comprehensive bibliography is provided
by Diening et al. [7].

The anisotropic differential operator Zf\;l Ox,a;(x,05,u) is a p(-)-Laplace-type opera-
tor, where p(x) = (p1(z),p2(2),...,pn(z)) and Pi' = maxie_{lw,N}{super pi(z)}. For
i=1,...,N we assume that p; is a continuous function on {2.

Let a;(z,n) denote the continuous derivative with respect to i of the mapping A;: 2 x
RN — RN A, = A,(z,n), that is, a;(z,n) = (0/0n)A;(z,n). Throughout this paper we
assume that the following hypotheses are fulfilled.

(Ao) Ai(z,0) =0 for almost every (a.e.) x € 2.
(A1) There exists a positive constant ¢ such that a; satisfies the growth condition

|lai(z,n)] < &1+ |np|Pi@=1)

for all z € £2 and n € RV,

(A2) The inequalities
0[P < ag(w,m)n < pi(x) As(z,m)

hold for all z € 2 and n € RV,

(As) There exists k; > 0 such that

n+é :
A2, ) < B + 3o, ©) — Bl - 6

for all z € 2 and n, ¢ € RV, with equality if and only if n = &.
(A4) The mapping A; is even with respect to its second variable, that is,
Ai(w, —n) = Ai(z,n)
for all z € 2 and n € RV,

The differential operator Zf\il 0z, a;(x, 0z, u) is the anisotropic p(x)-Laplace-type oper-
ator (where p(z) = (p1(z),...,pn(x))) because when we take

(x)—2

ai(x,n) = [n|" n
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for all i € {1,..., N}, we have A;(x,n) = (1/p;(2))|n|P**) for all i € {1,..., N}, that is,
N

Ap(ay () = D 85, (|0,

=1

Pi(w)*zam‘u).

Obviously, there are many other operators deriving from Zf\il Oy, 0;(x, 05, u). Indeed, to
give another interesting example, if we take

ai(z,n) = (14 |n?)P:@-2/2)

for all i € {1,...,N}, we have A;(z,n) = (1/p;(z))[(1 + |n|>)P*)/2 —1] for all i €
{1,...,N}. Thus, we obtain the anisotropic variable mean curvature operator

N
> 0,11+ [0, uf) D120, ).
i=1
The papers [4, 18] studied the anisotropic quasilinear elliptic problem

N
- Z aﬂii(|awiu|pi(x)_28wiu) = f(z,u) in £,

i=1 (1.2)
u=0 on Jf2,

where 2 C RY (N > 3) is a bounded domain with smooth boundary. In [4], Boureanu et
al. considered problem (1.2), where f is a Carathéodory function verifying some appro-
priate conditions. Their arguments are based on the symmetric mountain pass theorem
of Ambrosetti and Rabinowitz [1]. In [18] Mihdilescu et al. studied eigenvalue problems
where f(z,u) = Au|?*)~2y and established the multiplicity of the solution by combining
the mountain pass theorem with the Ekeland variational principle [8]. Kone et al. [14]
established the existence and uniqueness of a weak energy solution to the nonlinear
problem

N
- Z@xiai(x,ﬁmu) =f in {2,
i=1 (1.3)

u=0 on 9.

In [16], Mihailescu and Moroganu considered (1.3) where f = A(2)|u|?(®*)~24. Combining
the mountain pass theorem with Ekeland’s variational principle, they proved that under
suitable conditions (1.3) has two non-trivial weak solutions. Boureanu [3] proved that
problem (1.3) has a sequence of weak solutions by means of the symmetric mountain pass
theorem. Motivated by the above papers and [17], the goal of this paper is to establish
the existence of a sequence of high-energy solutions of problem (1.1). In addition, we
consider problem (1.1) in a case where the function f has a special form. A central role
in our arguments will be played by the fountain theorem, which is due to Bartsch [2].
This result is nicely presented in [23] by using the quantitative deformation lemma. We
also point out that the dual version of the fountain theorem is due to Bartsch and Willem
(see [23]). Both the fountain theorem and its dual form are effective tools for studying the
existence of infinitely many large or small energy solutions. It should be noted that the
Palais—Smale condition plays an important role for these theorems and their applications.
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2. Abstract framework

We recall in what follows some definitions and basic properties of Lebesgue and Sobolev
spaces with variable exponents LP(*)(£2) and WO1 P (x)(Q), where {2 is a bounded domain
in RY. As pointed out in [18], anisotropic Lebesgue and Sobolev spaces are functional
spaces of Lebesgue- and Sobolev-type in which different space directions have different
roles.

Set C4(2) = {h € C(2): min,cp h(z) > 1}. For any h € C4(£2) we define

h*t =sup h(z) and h~ = inf h(z).
e e

If p € Oy (£2), we define the variable exponent Lebesque space

LP@(0Q) = {u: u is a measurable real-valued

function such that Ju(z)|P® da < oo}
7}

endowed with the Luzemburg norm defined by

p(z)
Wb@)Zhﬁ{u3>& /ﬁ dx\l},
(9]

which is a separable and reflexive Banach space (see [15]).

If p € C(R2), the variable exponent Sobolev space WP(#)(£2) contains all func-
tions u € L”(x)(Q) such that the gradient Vu exists almost everywhere and belongs to
[LP@)(2)]N. Then WP(#)((2) is a separable and reflexive Banach space with respect to
the norm

ulz)
I

N

HUH = |U|p(r) + ‘vu|p(z)'

As shown by Zhikov [26,27] in relationship with the Lavrentiev phenomenon, the smooth
functions are in general not dense in W1P(®)(£2). However, if p € C(£2) is logarithmic
Holder continuous, that is,

< M

= log(lr —yl)
then the smooth functions are dense in W1P(®)(£2). Let Wy ?™)(£2) denote the Sobolev
space of functions with zero boundary values under the norm || - ||. Furthermore, if p €

C(02) satisfies (2.1), then C§°(42) is dense in Wol’p(m)(ﬂ) (see [19]). Since {2 is an open
bounded set and p € C, (£2) satisfies (2.1), the p(x)-Poincaré inequality

for all z, y € 2 such that |z — y| < 1/2, (2.1)

[ulp(z) < ClVulp)

holds for all u € Wol’p(z)(ﬁ), where C' depends on p, |2|, diam(§2) and N [19, p. 13], and
0

||u||1,p(:v) = |Vu‘p(1)
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is an equivalent norm in VVO1 P (‘r)(()). Also, of course the norm

N
=1

is an equivalent norm in WO1 P (x)(.Q). Hence, W& P (x)(ﬂ) is a separable and reflex-
ive Banach space. Note that if s € C,(2) and s(z) < p*(z) for all z € (2, where
p*(x) = Np(z)/[N — p(x)] if p(z) < N and p*(x) = oo if p(x) > N, then the embedding
Wy (02) < L*0)(£2) is compact and continuous.

We now introduce a natural generalization of the function space WO1 P (x)(()), which
will play a central role in our statements. For this purpose, let us denote by p: 2 — RY
the vectorial function p = (p1,...,pn). We define Wol’p(gc)(ﬂ)7 the anisotropic variable
exponent Sobolev space, as the closure of C§°(§2) with respect to the norm

N
Hqu(z) = Z ‘8$iu
=1

For the case in which p; € C,(f2) are constant functions for any i € {1,..., N}, the
resulting anisotropic Sobolev space is denoted by Wol "P((2), where p is the constant
vector (p1,...,pn). The theory of such spaces was developed in [12,20, 21]. We point
out that Wol’p(Q) is a reflexive Banach space for any p € RY with p; > 1 for all
i € {1,...,N}. This result can be easily extended to Wol’p(x)(ﬂ). Indeed, defining X =
LPO)(02) x -+ x LPN()(§2) and considering the operator T': Wol’p(w)(ﬂ) — X, defined by
T(u) = Vu, it is clear that Wol’p(w)(ﬁ) and X are isometric with respect to T, since

N
ITullx = ) 10, ulpyy = ullpia)-

i=1
Thus, T(WO1 P (x)(Q)) is a closed subspace of X, which is a reflexive Banach space, and
hence T(I/VO1 ’p(x)(Q)) is reflexive, and consequently WO1 ’p(x)(_Q) is a reflexive Banach
space.

We define X := Wol’p(m)(()). Since X is reflexive, by [24] there exist {e;} € X and

{e;} C X™ such that

X =span{e;: j =1,2,...}, X*:span{e;: i=1,2,...}
and
1 ifie i
0 ifij,

where (-, -) denotes the duality product between X and X*. We define

k )
X; = span{e, }, Yk:@Xj7 Zk:®Xj.
j=1 j=k
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3. Main results

An important role in what follows will be played by the vectors P,, P_ € R" and by
the real numbers P, P, P7, P~ € RT defined as

Py = (pf,p3,.-,0k), P_ = (p,p3,---PN)

Pt =max{pf,p3,....,pL},  PT=max{p;,p;, .., Pn}

Py =min{py,p3,...,pN}, P2 =min{p;,p5,...,py}-
Throughout this paper we assume that

N

1
> —>1 (3.1)
i—1 Pi
This condition ensures that the anisotropic space W& P (x)(()) is embedded into some
Lebesgue space L™ (2). If hypothesis (3.1) is no longer fulfilled, then one has embeddings
into Orlicz or Holder spaces.
Define P* € Rt and P_ o, € RT by
N
* :N——’ Pf’m:maX{Pj,Pj}.
i (l/p) —1
For the Carathéodory function f: 2 x R — R, we consider the anti-derivative F': {2 x
R — R,

F(z,s) = /s f(z,t)de.
With the previous notation, the functions b,0 f satisfy the following conditions.
(B) b e L>*(£2) and there exists by > 0 such that b(x) > by for all x € 2.
(Fy) There exist a positive constant ¢; and a(x) € C1(£2) with a(z) < P_ o, such that
|f(x,t)] < er(1+ @Y for all (z,t) € 2 x R. (3.2)
(F>) There exist M > 0, 6 > P such that for all z € 2 and all ¢ € R with [t| > M,

0 < OF(x,t) <tf(x,t).

(F3) The function f is odd with respect to its second variable, that is,

f(z,—t) = —f(z,1)
for all x € 2 and ¢t € R.

Definition 3.1. A function u € Wol’p(w)(!?) that verifies
N

/Q { > ai(x, 02,00 + bl ulF e — f(LU)sO} dz =0

i=1

for all ¢ € Wy P™)(£2) is called a weak solution of problem (1.1).
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The following result establishes the existence of infinitely many solutions of problem
(1.1), provided that the right-hand side is odd.

Theorem 3.2. Problem (1.1) admits a sequence (fu,) of weak solutions with high
energies.

In addition, we consider the case in which f(z,u) = Au|?®*)~2y, where the parameter
A is positive and ¢(z) is a continuous function on (2. Problem (1.1) then becomes

N
- Z@miai(x, Op,u) + b(ac)|u|PI*2u = Mu|?® =2y in 2,
i=1 (3.3)

u=0 on 9.

Definition 3.3. A function u € Wol’p(z)(Q) is said to be a weak solution of problem
(3.3) if and only if

N
/ { S i, 00,)0, 0 + b(a)ul ™ ~2ugp A|u|q<f>-2w} dz =0
£2

i=1
for all ¢ € Wy P™(02).
Our main result concerning problem (3.3) can be described as follows.

Theorem 3.4. Assume that ¢- < P~ < P_ﬁ < P_  for all x € 2. There then
exists a positive constant \* such that for any A € (0, \*), problem (3.3) has at least one
non-trivial weak solution.

In what follows we use ¢; to denote a general non-negative or positive constant (the
exact value may change from line to line).

4. Infinitely many high energy solutions

In this section we are concerned with the existence of multiple weak solutions of problem
(1.1). We associate with problem (1.1) the energy functional I: X — R defined by

N
b
I(u) = / { ZAi(a:,O%iu) + (7x+)|u|PI - F(a:,u)} dx.
2Lz Py
Due to [14, Lemma 3.4], by a standard calculus we deduce that I is well defined and

I € C(X,R) with

') = |

N
2Lz

for all u, o € X. Hence, any critical point u € X of I is a weak solution of problem (1.1).
The idea of the proof of Theorem 3.2 is to show that all the hypotheses of the fountain
theorem [23, Theorem 3.6] are fulfilled. To this end, we will prove three corresponding
auxiliary properties.
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Lemma 4.1. For every k € N there exists ry, > 0 such that inf,cz, |juj=r, [(u) = 00
as k — oo.

Proof. By (Ay) and (F) for any u € Zg, ||u| = v > 1 (r will be specified below),
we have

I(u):/Q{EN:Ai(x,@ziu)—kb](j_)MFI—F(x,u)}dx

i=1 +
i bO P+
ru ) do+ 2% [l dzer [ (14 Jul®) da
Pj ZZI/ PI 02 0
T ot a-
P+ Z/ |0x; u Pi(®) qg + P+ |u\ PI(Q) —C2 rnax{|u|La(z)(Q), |u|La(z)(Q)} — s
+ =1
(4.1)
Using (B) we can write
1 b n

j/ ba)lul ™ de > 2l 0. (4.2)

Py Ja PT L™ ()

For each i € {1,2,..., N} we define

P i 0n ) < 1,
’ P~ if |8wiupi(x) > 1.

Using [11, Theorem 1.3] and the Jensen inequality (applied to the convex function
g: Rt = R*, g(t) =tF~, P~ > 1), we have

N

N
> J 100 da > DL

N

P- Pt
Z| i Ulp, (r) Z Oaﬂ“”'pi(fﬁ) a |a”3iu|pi(r))
i=1

{i;ai:PI}
N pi(z) U
2 N(Zl—l |a]\w]1u| > - N
Jull ™~
=y (4.3)
Taking into account relations (4.2) and (4.3), the inequality (4.1) reduces to
HUHP: at a
I(u) > NPT C2 max{|u‘L0(m)(Q)a |U\La(m>(m} — G

+

Define
oy, = sup{|u|pa@) (o) ull =1, v € Zx}.

By [10, Proposition 3.5], we know that limy_,oc ax = 0.
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+ - +
If maX{|u|%a<z)(Q)v |u|%a<z)(n)} = |“‘%a(z)(n)7 we have

+ +
—coaf lul|® — e (4.4)

Depending on the relation between P~ and o™, we distinguish the following cases.

Case 1 (PZ > at). For sufficiently large k we have o < 1/(202PiNP:_1), SO
relation (4.4) yields

1
TP p—— L
2, PYN
By choosing rj such that rp, — oo as k — oo for u € Zj with ||u|| = 7%, we have that

I(u) — oo.

Case 2 (o™ > Pj_‘) Choose ry, = (CQNP:*loﬁ‘agUl/(P:*Oﬁ). We deduce that

1 1 1 P-
O ()
NPZ-1\ P af

Since a, — 0 and r, — 0o as k — 0o, we obtain I(u) — oo.
- . . + - -
Similarly, if max{|u|%a(w)(m, |u|%a(m)(9)} = ‘u|%u(a:)(9)7 we can deduce that for u € Zj,
with ||Jul]] = r > 1, I(u) — o0 as k — 400 and the proof is complete. O

Lemma 4.2. For every k € N there exists py > 11 (r given by Lemma 4.1) such that

max  I(u) <0.
u€Yy, |lull=pr

Proof. From (4p) and (A;) we have

' 1
Ai(z,m) =/ ai(z,tn ndt<C5(n + nm(m)
; (z, tn) In| pi(x)| |

for all z € 2 and n € RV, where c5 = maX;eq1,... N} C;- Therefore,

/ZN:A( D) d (zNj/ 10,,uld i 8““"%(1)(1)
i(x, 0z, u)dx < ¢ )z, u| do + ———dx ).
2= ’ i—1 /02 /e pi(z)

Moreover, by rewriting condition (F») we can obtain the existence of a positive constant
cg such that

F(x,s) > c6|s|9
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for all x € 2 and s € R. Then, for any u € Y;,\{0} with ||u]| =1 and 1 < py =t with
tr — oo, we have

N
I(tku):/ ZAi(x,axi(tku))dx—i—%/ b(:v)|tku|P++ d;v—/QF(%tku)dx
pl(m
05(Z/|6 tku|dx+2/ |8x1 tku )—i—/b |tku|+da:

— 06/ |tku\9 dz + c7

< sty " Z/ (IB% ‘a””" )d +—/b ks

- cGtz/ lul? dz + 7.
Q

Since dim Y}, < oo and all norms are equivalent in the finite-dimensional space, it is easy
to see that I(tyu) — —oc as k — oo for u € Yy, due to § > P. Therefore, we deduce
that for pj, large enough (pg > i),

max  I(u) <0.
u€Yy, lull=pr

This completes the proof. O
Lemma 4.3. The energy functional I satisfies the Palais—-Smale condition.
Proof. Let (u,) C X be a sequence such that
[I(un)| <cs and I'(up)—0 asn— oo. (4.5)

We claim that (u,) is bounded. Arguing by contradiction, we assume that, passing even-
tually to a subsequence still denoted by (uy,), ||u,| = 0o as n — oo.
Using (4.5), for n large enough we have

L+ es + [lunll = I(un) — <( n)sUn)

a 1
Z/ [ (, O, up) — aai(x,é‘miun)aziun] dx

=1

+ i+ 1 b(x)|u\Pjrr dz — F(z,uy) — lunf(xvun) da.
(7-3) ), [ o=
(4.6)

From (Ag), for all z € 2 and ¢ € {1,..., N} we have

i (2, Op, Un ) O, upy < pi(@) Ai (2, Op,un) < PLA; (2, 05,un),
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which implies that

P+
7%ai(xa azqun)arlun P *%Ai(xa a:m“n)

Combining the previous inequality with relation (4.6) and using (F3) we obtain

PH\ &
1+cs+ ||Un|| P (1 - 0) Z/QAZ(-T789:1UN) dz.

i=1

Again from (As), we have

1
Ai(@,00,un) >~ |00,un [P > |0y, un 1)
P+

1
pi(x)
forallz € 2and i€ {1,...,N}.

Taking into consideration relation (4.3), we obtain

1Y (el
ras-tlual > (5 - 7 ) (Lol

Dividing the above inequality by |lu, |~ and passing to the limit as n — 0o, we obtain
a contradiction.

It follows that (u,) is bounded in X. This information, combined with the fact that
X is reflexive, implies that there exist a subsequence, still denoted by (u,), and ug € X
such that (u,) converges weakly to ug in X.

Due to [18, Theorem 1], the embeddings X — L**)(£2) and X — Pt (2) are com-
pact. Thus, (u,) converges strongly to ug in L**)(£2) and also in LPI(Q).

Using the Holder-type inequality and (F}), we deduce that

lim [ f(x,u,)(u, —ug)dz =0, (4.7)
lim b(x)\un\PI_Qun(un —up)dz =0. (4.8)

n— oo N

Using (4.5) we infer that

HILQO(I’(un),un — up) = 0;

more precisely,

N
lim [Z @i (2, O, Un ) (O, Up, — O, u0) + b(x)\un\Pr*2u7l(un — )
2

n—o00 £
=1
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Combining the above relation with (4.7) and (4.8) we have

N
lim / Z a; (2, O, Un ) (O, Upn — O, o) dz = 0.
2,=1

n—oo

Using [16, Lemma 1], we deduce that (u,,) converges strongly to ug in X; in other words,
I satisfies the Palais—Smale condition. O

4.1. Proof of Theorem 3.2 completed

The fact that the mapping A; is even and f is odd with respect to their second
variables implies that I is even. The proof follows immediately from Lemmas 4.1-4.3 and
the fountain theorem.

5. The case of small positive parameters

This section is devoted to the proof of Theorem 3.4, which is essentially based on the
Ekeland variational principle [8]. Let us define the functional I: X — R by

N
Ix(u) = /Q { ZAi(x,axiu) + M|U|PI — q(>‘x)|u|q(w)} de.

x
+
P+
Then the functional Iy associated with problem (3.3) is well defined and of C! class on
X. Moreover, we have

N

Bw.o) = [ { S s, 0,0, p -+ bl P up Au|q<m>2w} da
=1

9]

for all u, p € X. Thus, weak solutions of (3.3) are exactly the critical points of the func-
tional Iy. Due to [14, Lemma 3.5], we can show that I is weakly lower semi-continuous
in X.

We establish the following two auxiliary properties.

Lemma 5.1. There exists A* > 0 such that for any A € (0, \*) there exist p,a > 0
such that Iy(u) = a > 0 for any v € X with ||ul| = p.

Proof. Under the conditions of Theorem 3.4, X is continuously embedded in L2(*) (2).
Thus, there exists a positive constant cg such that

[u|g(z) < collul| for all u € X. (5.1)

Now, let us assume that |lu|| < min{1,1/co}, where cg is the positive constant from
above. Then we have |uly(;) < 1. Using [11, Theorem 1.3] we find

/ 07 d < [uf?) for all u e X with [[u] = p € (0,1). (5.2)
(9]
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Relations (5.1) and (5.2) yield
/ 1@ dz < ¢l |ul|? for all w € X with [jul| = p. (5.3)
Q

Using the hypotheses (As), (B) and (5.2), we deduce that for any v € X with |jul| = p,
the following holds:

/ {ﬁ;Azxazlu b )| |P+—q()\x)u|q“”)}dm
N

P+ Z/ |a$1u

+ =1

Pi(®) qg 4

bo -
- — . 5.4
Pl e gy~ ok Il (5.4

Here, we let |lul| < 1, so |0y, u
Theorem 1.3], we have

N
Oy,
;L|w

pie) < 1, i €{1,...,N}. For such an element u, by [11

N

N
ST SRS S e
i—1 =1

N +
> N<Zi—1 |8901:u‘m(1) >P+

N
N
NPE-17 '
Taking into account relations (4.2) and (5.5), the inequality (5.4) reduces to
Pt pt
ul|t+ A - - + D
B> I A = A
PINPE—1 g PENTE-L g
_ 1 . -

— 4 Pl—q _ q

-7 (P+NP++‘1P ' ¢ >
If we define

T el (5.6)

then, for any A € (0,\*) and u € X with |Ju| = p, there exists a = pPI/(QPrNPI_l)
such that Iy(u) > a > 0. O

Lemma 5.2. For any X\ € (0,\*), where \* is given by (5.6), there exist ¢ € X such
that 1 > 0, v is not equivalent to zero and I (ty) < 0 for all t > 0 small enough.

Proof. From (4p) and (A;) we have

1
Ai($777):/ ai(z,tn)ndt < 010<77|+ ()|n|pz(z))
0
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for all z € 2 and n € RN, where c19 = maX;e(1,... N} Ci- Therefore,
|amu

/ZA (2, 8, u) cmZ/ (aml M)dx

By the conditions of Theorem 3.4, ¢— < P~. Let ¢y > 0 such that ¢~ + ¢y < P~. Since
q € C(£2), there exists an open set 2y C {2 such that |g(z) — ¢~| < € for all x € . It
follows that q(x) < ¢~ + €9 < P for all z € (2.

Let ¢ € C5°(£2) be such that supp(v)) D 2y, ¥(x) =1 for all x € 5, and 0 < ¥ < 1
in £2. Then, for any ¢ € (0, 1), we have

+ A .
N = [ {}jA 2,0, (1)) + <?|w|"+ ol >}dx
3 0, (b)) 1 Pt

)\/ L“wq(w) dx
o ()

N
- 1
< epott- / (8%1/; + — 10,0
ot 3, (001 + 5]

A @) gy

qat Jo,

N
- 1
<c tpf /<6ll + — 8Mw
w3 [ (et + 5

2\e teo
— - / |1/}|(1(9C) de.
q 20

P
) ar s 5 [

(x Py +
pi >> dz + F/ b(x)||F+ da
+ J2

So, In(ty) < 0 for t < §/(P= =" =<0) with

0<d
fn W|q($) dz
< min {1, — ~ — " }
q C10 Zi:l fQ(|a’L’1¢| +(1/P7)|6 |pL(w )dl‘—l— l/P f_Q |¢| + dz
This completes the proof. (I

5.1. Proof of Theorem 3.4 completed

Let A* be defined as in (5.6) and let A € (0, \*). By Lemma 5.1, it follows that on the
boundary of the ball centred at the origin and of radius p in X, we have

inf I)\(u) > 0.
0B, (0)
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On the other hand, by Lemma 5.2, there exists ¥ € X such that
I\(ty) <0 for t > 0 small enough.
Moreover, for u € B,(0),

+
[ “alla”
L(u) > ———— — —c¢ |ul|? .
0> e -

It follows that

—00 < ¢11 = inf Iy(u) <O0.
B,(0)

We now let 0 < e < infsp, o) Ix —infp, ) Ix- Applying the Ekeland variational princi-
ple [8] to the functional Iy: B,(0) — R, we find u. € B,(0) such that

I,\(UE) < inf Iy +¢
B,(0)

In(ue) < In(u) +ellu —uell, u # ue.

Since

I(ue) < inf In+e < inf Iy +e< inf Iy,
B,(0) B, (0) 9B,(0)

we deduce that u. € B,(0). Now, we define Kx: B,(0) = R by K (u) = Ix(u)+ellu—u.].
It is clear that u. is a minimum point of K, and thus
K)\(’U,E + tl}) - K)\(ug)
t

>0

for small t > 0 and v € B,(0). The above relation yields
Iy (ue + tv) — In(ue)
t

Letting t — 0, it follows that (I} (u.),v) + €|lv|| > 0 and we infer that ||I}(u.)|| < e. We
deduce that there exists a sequence (v,) C B1(0) such that

+ellv|| = 0.

I\(v,) = e and  I§(v,) — 0. (5.7)

It is clear that (v,) is bounded in X. Thus, there exists u; € X such that, up to
a subsequence, (v,) converges weakly to u; in X. Theorem 1 in [18] yields that the
embeddings X < L9®) () and X — LPi(Q) are continuous and compact. Then (v,,)
converges strongly to u; in L) (£2) and in Pt (2).

Using the Holder-type inequality, we can easily obtain that

lim [0n |9 =20, (v, — up) da = 0,

lim b(a:)|vn|PI_2vn(vn —up)dx =0.
n—oo 0
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On the other hand, relation (5.7) yields

. / _ —
nh_{rOlO(I (Un), v — u1) = 0.

Using the above information, we find that

N
lim / Zai(z,ﬁmvn)(&civn — Og,up)dx = 0.
2=

n—oo

Using [16, Lemma 1], we deduce that (v,) converges strongly to u; in X. So, by (5.7),
I\(u1) =c11 <0 and I§(u1) =0,

that is, u; is a non-trivial weak solution for the problem (3.3). This completes the proof.
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