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Abstract This paper is concerned with the existence of positive solutions for a class of
quasilinear singular elliptic systems with Dirichlet boundary condition. By studying the
competition between the Caffarelli-Kohn—Nirenberg exponents, the sign-changing potentials
and the nonlinear terms, we establish an interval on the range of multiple parameters over
which solutions exist in an appropriate weighted Sobolev space. The arguments rely on the
method of weak sub- and super-solutions.
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1 Introduction

The study of positive solutions of singular partial differential equations or systems has been
an extremely active research topic during the past few years. Such singular nonlinear prob-
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lems arise naturally and they occupy a central role in the interdisciplinary research between
analysis, geometry, biology, elasticity, mathematical physics, etc.

In this paper, we are concerned with the existence of positive solutions to the boundary
value problem

—div (x| 7P| Vu|P"2Vu) = [x|~ @D Gy A(x) f (0) + 11 C(x)h W) in Q,
—div (x| 7| V|72 V) = x|~ TV (3 B(x)g (1) + paD(x)(v)) in Q,
u=v=0 on 9€2,
(1.1)
N-p
7
0<b< %, c1, €2, A1, A2, 1, W2 are positive parameters. We assume that the nonlinear
terms f, g, h, T : [0,00) —> [0, c0) are nondecreasing continuous functions. We also
suppose that the potentials A, B, C, and D are C! sign-changing functions, that may be
negative only near the boundary.

Nonlinear problems like (1.1) are introduced in relationship with models for physical
phenomena related to the equilibrium of anisotropic media that possibly are somewhere
“perfect” insulators or “perfect” conductors, see Dautray and Lions [ 14, p. 79]. The qualitative
analysis of these problems has been much developed after the pioneering paper by Murthy
and Stampacchia [23]. A crucial milestone in the understanding of the elliptic problems
involving the singular quasilinear elliptic operator —div (|x|~“?|Vu/|? —2Vu) is the paper by
Caffarelli, Kohn and Nirenberg [9] (see also [11]).

The study of this type of problems is motivated by its various applications, for example,
in fluid mechanics, population genetics, Newtonian fluids, flow through porous media, and
glaciology, see [2,7,13,18]. On the other hand, quasilinear elliptic systems have an extensive
practical background. They are used to describe the multiplicate chemical reaction catalyzed
by the catalyst grains under constant or variant temperature, in the theory of quasi-regular and
quasi-conformal mappings in Riemannian manifolds with boundary, or in the description of
several physical phenomena such as the propagation of pulses in birefringent optical fibers
and Kerr-like photorefractive media, see [16,28]. We refer to [1,8,17,20] for additional
results on elliptic problems. For the regular case, that is, whena = b = 0, ¢c; = p and
¢y = ¢ the quasilinear elliptic equation has been studied by several authors (see, e.g., [3]).
We refer to [4,12], where the authors discussed the system (1.1) when p = ¢ = 2, o) = g,
B1 = B2 =0, f, g are increasing, and f, g > 0. In [19], the authors extended the study
of [12] to the case when no sign conditions on f(0) or g(0) were required and in [21] they
extend this study to the case when p =g > 1.

In the present paper we focus on further extending the study in [3] for the quasilinear
elliptic systems involving singularity. Due to this singularity in the weights, the extensions
are challenging and nontrivial. Our approach is based on the method of sub-super solutions,
see [10,15]. Several methods have been used to treat quasilinear equations and systems. In
the scalar case, weak solutions can be obtained through variational methods which provide
critical points of the corresponding energy functional, an approach which is also fruitful
in the case of potential systems, that is, the nonlinearities on the right hand side are the
gradient of a C I_functional [5]. However, due to the loss of the variational structure, the
treatment of nonvariational systems like (1.1) is more complicated and is based mostly on
topological methods [6]. Here we focus on further extending the study in [26] to the system
(1.1), which features multiple parameters, weight functions and stronger coupling. More
precisely, under suitable conditions on f, g, i, T we show that the singular problem (1.1) has
a positive solution for A;, w;, (i = 1, 2) sufficiently large.

where € is a bounded domain in RY with 0 € Q, 1 < p.g < N,0 <a <
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2 Auxiliary results and technical assumptions

Let 2 be a bounded domain in RY with smooth boundary and 0 € €. Let Wé’p (2, |x|79P)
denote the completion of C§°(£2) with respect to the norm ||u|| = (fQ |x| =9 |Vu|Pdx)\/P.
Consider the nonlinear eigenvalue problem

[ —div (|x| 7|V 2Ve) = Alx|"CTVH g 2g in Q. o0

¢=0 on 0€2,

Forr = p,s = aand t = cy, let ¢1,, be the eigenfunction corresponding to the first
eigenvalue Ap,, of problem (2.1) such that ¢; , > 0in €, and ||¢1 pllec = 1. For r = ¢,
s =bandt = ¢y, let ¢ 4 be the eigenfunction corresponding to the first eigenvalue A; , of
problem (2.1) such that ¢; , > 0in Q and [|¢1 4 llcc = 1, see [22,29].

The maximum principle implies that 3%’# < O on 0R2 for r € {p, g}, where n is the
outward normal. Thus, there are positive constants nzg, § and 0, o, € (0, 1) such that

[xl,,|x|<f+”’+f¢>{,, — [X|7 V1 " < —mo  in Qs

1, = 0or in 9\587 22)

withr € {p, q},s € {a, b}, t € {c1, 2}, and Qs = {x € Q : d(x, 9Q) < 8}, see [22].
We also consider the unique solution (¢, (x), &, (x))eWOI’p(Q, [x|~P) x Wol’q (2, |x|~b9)
of the quasilinear singular system

—div (|x| "% |V, P72V, = |x|~@FDrta inQ
—div (|x| 7P|V, 972V g,) = [x|7CFDate in g (2.3)
u=v=0 on d2.

Then, by [22], we have ¢, > 0 in Q and %in’ <0OonadQforr € {p,q}.

Throughout this paper, we assume that the weight functions A, B, C, D take negative
values in Q5 but require A, B, C, D to be strictly positive in Q\Q;. To be precise we assume
that there exist positive constants ag, bo, co, dp and ay, by, c1, dy such that

A(x) = —ag, B(x) = by, C(x) > —co, D(x) > —dy on Qs 2.4

and
A(x)>ai, B(x)=>b;, C(x)>ci, D(x)>d; onQ\Q;s. (2.5

Let so > 0 be such that

Mar f(s) 4+ picrh(s) > 0and Arb1g(s) + pnacat(s) > 0 for every s > sp. (2.6)

3 Main result

In this section, we establish our abstract existence result via the method of sub- and super-
solutions. The concepts of sub- and super-solution were introduced by Nagumo [24] in 1937
who proved, using also the shooting method, the existence of at least one solution for a class
of nonlinear Sturm-Liouville problems. In fact, the premises of the sub- and super-solution
method can be traced back to Picard. He applied, in the early 1880s, the method of successive
approximations to argue the existence of solutions for nonlinear elliptic equations that are
suitable perturbations of uniquely solvable linear problems. This is the starting point of the
use of sub- and super-solutions in connection with monotone methods. Picard’s techniques
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were applied later by Poincaré [25] in connection with problems arising in astrophysics. We
refer to [27].

A pair of nonnegative functions (Y1, ¥2), (z1, z2) are called a sub-solution and super-
solution of problem (1.1) if they satisty (Y1, ¥2) = (21, z2) = (0, 0) on 92 and

/ x|~ |V |P2V Y - Vodx < / x| ~@FDPFG A £ (¥2) + 1 COR(Y) w dx
Q Q

/ x| 7|V |12V, - Vo dx < / x|~V [0, B(x) g (Y1) + 2 D(x)T (Y2)]w dx
Q Q
and

/ [x|79|Vz1|P72Vz - Vo dx > / x|~ @FDPHA G Ax) f(z2) + 1 C(x)h(z1) lwdx
Q Q

/ x| 7P|V 22|92 Vzy - Vo dx > / x| DIt 3, B(x)g(z1) + pa D(x)T(22) lwdx
Q Q

forallw e W = {w € Cj°(Q) : @ > 0in Q}.
In what follows, if f1, f2, g1, g» are real-valued functions, we write
(f1, f2) < (g1, 82) if and only if f; < g; and g1 < g2.

In such a case, we write

(u,v) € [(f1, f2), (81, g2)]if and only if f; <u < gjand g} < v < g.

A key role in our arguments will be played by the following auxiliary result, which is due
to Miyagaki and Rodrigues, see [22].

Lemma 3.1 Suppose there exist sub- and super-solutions (Y1, ¥2) and (21, 22), respectively
of problem (1.1), such that (Y1, ¥2) < (21, 22). Then problem (1.1) has at least one positive
solution (u, v) such that (u, v) € [(Y1, ¥2), (21, 22)].

In order to introduce our main result, we introduce the following hypotheses:
(H1): f,g:[0,+00) > Rare C 1 increasing functions such that

im0 = lin_¢® = +oc
(H2): We have

1
i F(Kg(t)aT)
m — = 0,
t— 400 tP— 1

for every constant K > 0;
(H3): h,t € C[0, c0) are nonnegative and nondecreasing functions such that

. h(u) .T(u) . .
lim =0, lim =0, Iim h(u)= lim t(u) =400;
u——+00 uP*l u——+00 u‘i*l u——+00 u—+00
P ‘1
H4): Ifa, = pT_lalf_l oy = quUq ,and @ = minfe, oy} then there exists y > 2
such that
A A
max[ YAlg — YAlLp -~ ] -
blg(V” Tap) +dit(ya 1Oéq) alf()/‘f Tag) +cih(y P~Tap)
. [ moy moy ]
min )
bog(y" ‘)+dor()/ D aof()/" ‘)+60h(y" D
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We recall that mg, o), o4 are introduced in relation (2.2) while sg is defined in (2.6).
We now state our main result for the problem (1.1).

Theorem 3.2 Assume that the conditions (H 1)—(H4) are fulfilled. Then there exists a closed
interval [«, B] such that problem (1.1) has a positive solution (u, v) for every A;, i € o, B],
i=1,2

Proof Choose r > 0 such that
r < min ‘|x|_(“+l)p+c‘, |x|_(b+1)q+62] in Qs.

Pick y > %0 as in hypothesis (H4). Define

y)\l,q
o = max , > ] N
s = L1 T
blg()/”*‘ oy l)erlf(y"*l o 1)
y)‘l,p
Lﬂ*l qqil 1 p—1 %
af (v g ) ah |y S
and
. moy moy
ﬁ::mln[ - - I — ]
bog(y »=1) +dot(y ") aof(y 1)+ coh(yr=T)
Set
1 p—1 £ 1g—1 4
Y=l ——¢{, and t/fz=<yr>q—1"q ¢l

We shall verify that (i1, ¥) is a sub-solution of problem (1.1) for A;, u; € [, Bl,i = 1,2
Indeed, let € W with w > 0 in Q2. Then a simple calculation shows that

/ [P [V P2V - Voo dx
Q
= Vr/ X["P gy V1 p|P "2V by - Ve dx
Q
- [ / PV 1, P2V - [V (@1, p) — v¢1,pw1dx}
Q

= )/r/ I:)ul,p|x|7(u+l)[7+cl¢f’p — |x|*all|V¢)1,p|P:|wdx. 3.0
Q

Similarly we obtain
[ 9l 290, - Vo d
Q

— /Q (g lem @Dl — x|V 1] @ dx. (32)
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By relation (2.2) we have A1 p|x|~@TDP¥agl — x| 7P|V P < —mgon Q5. Using

hypothesis (2.4) in combination with the fact that f is nondecreasing we have for all x € Qs

e
AX) f(Y2) = —ao f(Y2) = f(yaTT). (3.3)
In the last inequality we have also used
L 1Lg—-1 24
yiT = (T gl T =y,
q .
A similar argument shows that
1 —
C)h(Y1) = —coh(yP=T) in 2. (3.4

Combining relations (3.3), (3.4) and the definition of 8 we find

_ 1 —
y (Rplel~CTIIEAGE 7P|V 17)

IA

—Ymo

—Atao f ()/"%‘) — picoh (Vﬁ)
< MAX) f(W2) + 11 Cx)h ). (3.5)

IA

Thus, for all A1, 1 € [o, B]

pr [ [l el < 9 wdx
Qs

< [P [ Ao £ )+ g CComO) (3.6)

Qs

We recall that ¢y, > op, ¢1,4 > 04 On Q\ﬁg, for some o), o, € (0, ). Thus, by the
condition (H 1) and the definition of v/, V¥, it follows that

y (R pl| TG~ TPV 1) < v,

5Malf()/‘%‘q_laéﬁ)+M1€1h()fﬁpp10‘1%)
< MAX) f(W2) + 1 Cx)RE), (3.7

forall A1, w1 € [a, B].
Relations (3.5) and (3.7) imply that

/ x|~ |V P2V - Vodx < / x|~ @FDPTE L Ax) f(Y2) + 11 C ()R w dx
Q Q
3.8)

A similar argument shows that

/ x| 72|V |12V - Vadx < / x| =TI, BO)g (Y1) + pa D(x)T(¥2) lodx
Q Q
3.9)

From (3.8) and (3.9), we deduce that (¢, ¥») is a sub-solution of problem (1.1). Moreover,
we have ¥; > 0 and ¥, > 0in Q.

Next, we construct a super-solution of problem (1.1). For this purpose, we prove that there
exists a large enough positive constant C so that

1

(21, 22) 1= (Clp. [ Galblloo + 1201008 (ClIEplloe) | &4 ()
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is a super-solution of problem (1.1), where (¢, ¢;) is a solution of problem (2.3). We first
observe that

/Q x|~ |Vz1|P2Vz) - Vodx = CP~! /Q |x|_“P|V§p|p_2V§p Vodx =

(3.10)
cp-1 / |x|—(a+1)P+01 wdx
Q

Using the conditions (H2) — —(H3), we can choose the number C > 0 large enough so that
1
™' = Mllalloo f ([(xzubnw + u2lldlloe)g (ClIEp )] ;q) + pllelloch(ClEploc)

1
> hilalloo f ([(kzllblloo + Halld )8 (ClEplloe) | cq) + illellooh(CEp)
= WA f (@) + 1 Ch). @3.11)

Therefore

/ x| 7P |Vz1|P72Vz) - Vo dx > / x|~ @FDPT G A(x) £ (22) + 11 C(0)A(z1))w dx.
Q Q

(3.12)
Next, from the definition of z;, the condition (H3) for C > 0 large enough and the fact that
g is increasing

1
g(Cligplioc) = 7 ([(Aznbnw + 121 dlo0)g(CliEp o) | 11 4 ||oo) .
It follows that

/ x| %4V 2219 2V 2z, - Vo dx
Q

%

(2llblloo + 121ld lo0) g (ClIEp lloo) / x| =TI gy x
Q

v

/Q X~ G bllog + alld oo (CNEp o wdx
_ —(b+1)g+ca
~ [ 1 D2llblocg (ClEplloe) + H2lldlloog (ClIEy o ) lodx
Q
> / x| =TI s b loog (21) + p2lld s T (22) wdx
Q
> / O b o () + ol d ot (22) o dix
Q
> / x|~ CFDate [, B(x)g(z1) + 2 D(x)T(22) o dx. (3.13)

Relations (3.12) and (3.13) yield that (z1, z2) is a super-solution of problem (1.1) with
Y1 < z1 and Y < zo for C > 0 large.

Thus, by Lemma 3.1 there exists a positive solution (i, v) of the system (1.1) such that
(Y1, ¥2) < (u,v) < (21, 22). This completes the proof of Theorem 3.2. ]
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