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Abstract

We consider a nonlinear parametric Neumann problem driven by the anisotropic (p, q)-
Laplacian and a reaction which exhibits the combined effects of a singular term and of a
parametric superlinear perturbation. We are looking for positive solutions. Using a combi-
nation of topological and variational tools together with suitable truncation and comparison
techniques, we prove a bifurcation-type result describing the set of positive solutions as the
positive parameter A varies. We also show the existence of minimal positive solutions u}
and determine the monotonicity and continuity properties of the map A +— uj.
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1 Introduction

This paper was motivated by several recent contributions to the qualitative analysis of non-
linear problems with unbalanced growth. We mainly refer to the pioneering contributions of
Marcellini [22-24] who studied lower semicontinuity and regularity properties of minimiz-
ers of certain quasiconvex integrals. Problems of this type arise in nonlinear elasticity and
are connected with the deformation of an elastic body, cf. Ball [4, 5].

We are concerned with the qualitative analysis of a class of anisotropic singular problems
with Neumann boundary condition and driven by a differential operator with unbalanced
growth. The features of this paper are the following:

(i) the problem studied in the present work is associated to a double phase energy with
variable exponents (variational integral with anisotropic unbalanced growth);
(i) the reaction is both singular and anisotropic;
(iii)) we assume a Neumann boundary condition.

To the best of our knowledge, this is the first paper dealing with the combined effects
generated by the above features.

1.1 Unbalanced Problems and Their Historical Traces

Let Q be a bounded domain in RY (N > 2) with a smooth boundary. If u : @ — R is the
displacement and Du is the N x N matrix of the deformation gradient, then the total energy
can be represented by an integral of the type

1 (u) :/ f(z, Du(z))dz, e))
Q
where the energy function f = f(z, &) : Q@ x R¥V*¥ — R is quasiconvex with respect to
&, see Morrey [26]. One of the simplest examples considered by Ball is given by functions
f of the type

f(&) = g(€) + h(detd),

where det& is the determinant of the N x N matrix &, and g, 4 are nonnegative convex
functions, which satisfy the growth conditions

g =cil§lP; lim h(t) = +oo,
t—+00

where ¢ is a positive constant and 1 < p < N. The condition p < N is necessary to
study the existence of equilibrium solutions with cavities, that is, minima of the integral
(1) that are discontinuous at one point where a cavity forms; in fact, every u with finite
energy belongs to the Sobolev space W7 (€2, RY), and thus it is a continuous function if
p > N. In accordance with these problems arising in nonlinear elasticity, Marcellini [22,
23] considered continuous functions f = f(x, u) with unbalanced growth that satisty

clul? <|fu)| <c(+ul?) forall (x,u) € Q2 xR,

where c1, ¢ are positive constants and 1 < p < ¢. Regularity and existence of solutions of
elliptic equations with p, g—growth conditions were studied in [23].

The study of non-autonomous functionals characterized by the fact that the energy den-
sity changes its ellipticity and growth properties according to the point has been continued
in a series of remarkable papers by Mingione et al. [6, 7, 12]. These contributions are in
relationship with the work of Zhikov [43, 44], which describe the behavior of phenom-
ena arising in nonlinear elasticity. In fact, Zhikov intended to provide models for strongly
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anisotropic materials in the context of homogenisation. In particular, he considered the
following model functional

Pp.q) = / (|1Dul? +a(z)|Dulfdz, 0<akx)<L,1<p<gq, )
Q

where the modulating coefficient a(x) dictates the geometry of the composite made of two
differential materials, with hardening exponents p and g, respectively.

In the present paper we are concerned with a problem whose energy is of the type defined
in Eq. 2 but such that the exponents p and ¢ are variable (they depend on the point).

1.2 Statement of the Problem

Let @ € RY be a bounded domain with a C2-boundary 2. In this paper we study the
following parametric singular anisotropic (p, ¢)-equation:

—Apy(z) — Agoyu(@) + E@Qu)PO = u(z) ™19 + Af(z, u(z)) in Q,

9 P
8—”:001139, u(z) > Oforallz € , A > 0, (P
n

In this problem, we make the following hypotheses for the exponents p(-), g(-), n(-):
2. ¢.neCYQ), g- <qgy <p_<py, 0<n) < lforallz e Q,

where for every r € C(Q2) we define

r_i=minr, ry = maxr.
Q Q

Also for r € C(Q) with 1 < r(z) < oo for all z € , we denote by Ay the r(2)-
Laplace differential operator defined by

Aryu = div (|Du|" @2 Du) for allu € W@ ().

The potential function & € L*>°(R) satisfies £(z) > 0 for a.a. z € Q. In the reaction we
have two terms. One is the singular term x — x 7@ with 0 < 5(z) < 1 forall z € Q
and the other is a parametric perturbation Af(z, x) with A > 0 being the parameter. The
function f(z, x) is a Carathéodory function, that is, for all x € R the mapping z — f(z, x)
is measurable and for a.a. z € Q the function x — f(z, x) is continuous. We assume that
for a.a. z € , the function f(z, -) exhibits a (p — 1)-superlinear growth near +oo with
p+ = max p, but without satisfying the so-called Ambrosetti-Rabinowitz condition (the

Q

A R-condition for short), which is common in the literature when dealing with superlinear
problems. Instead, we use a less restrictive condition which incorporates in our framework
superlinear nonlinearities with slower growth near +o0c. The precise hypotheses on f(z, x)
can be found in Section 2 (see hypotheses Hj).

We are looking for positive solutions and our aim is to determine how the set of positive
solutions changes as the parameter . > 0 varies. In this direction we prove a bifurcation-
type result describing the changes in the set of positive solutions of (P;) as the positive
parameter XA increases. We also show that if A > 0 is admissible (that is, problem (P;)
admits positive solutions), then there is a minimal positive solution u}"\ (that is, a smallest
solution) and we examine the monotonicity and continuity of the map A > u}.

Analogous studies for p-Laplacian equations with constant exponent, were conducted by
Giacomoni et al. [18] and Papageorgiou and Winkert [28]. More general equations driven
by nonhomogeneous differential operators, were considered recently by Papageorgiou et
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58 N.S. Papageorgiou et al.

al. [33-36], Papageorgiou and Scapellato [27], Papageorgiou et al. [31], Papageorgiou and
Zhang [30], and Ragusa and Tachikawa [38]. We should also mention the very recent works
of De Filippis and Mingione [13] and Marcellini [25], on the regularity of solutions of
double phase problems. This is a very interesting area with several issues remaining open
and requiring further investigation. Finally, we mention the work of Bahrouni et al. [3] on
a class of double phase problems with convection. Singular anisotropic equations driven by
the p(z)-Laplacian, were studied by Byun and Ko [9], Zhang and Rédulescu [42], and Saudi
and Ghanmi [40]. To the best of our knowledge, there are no works on singular anisotropic
(p, q)-equations.

Boundary value problems driven by a combination of differential operators (such as
(p, g)-equations) arise in many mathematical models of physical processes. We mention the
historically first such work of Cahn and Hilliard [10], which deals with the process of sep-
aration of binary alloys and the more recent works of Benci et al. [8] on quantum physics,
of Cherfils and Ilyasov [11] on reaction diffusion systems and of Bahrouni et al. [1, 2]
on transonic flow problems. Boundary value problems involving differential operators with
variable exponents, are studied in the book of Radulescu and Repovs [39], while a compre-
hensive discussion of semilinear singular problems and a rich relevant bibliography can be
found in the book of Ghergu and Rédulescu [17].

2 Mathematical Background and Hypotheses

Although as we already mentioned in the previous section, we require that our exponents

p(), q(-), n(-) are smooth (in order to exploit the existing anisotropic regularity theory), the

introduction of the variable exponent spaces does not require such regularity restrictions.
We introduce the following spaces

M(2) = {u : 2 — R measurable}
L@ ={pel™®Q): 1< es%infp}.
As usual, we identify in M (€2) two functions which differ only on a set of measure zero.
If p € L°(R2), then we set

p— = essinf p and p; = esssup p.
Q Q
Given p € L{°(2), the variable exponent Lebesgue space LP®R)(Q) is defined by
LPO(Q) = {u eEMQ): / lu|PPdz < oo}.
Q

We equip this space with the so-called “Luxemburg norm” defined by

p(2)
||u||p(z):inf{k>0: / ('Z—l) dzf]}.
Q

Variable exponent Lebesgue spaces are similar to the classical Lebesgue spaces. More
precisely, they are separable Banach spaces, they are reflexive if and only if 1 < p_ <
P+ < oo (in fact, they are uniformly convex). Moreover, simple functions and continuous
functions of compact support are dense in L?@ (Q).

Suppose that p, g € L{°(R2). Then we have the following property:

“LPO(Q) < L13(Q) continuously
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if and only if
q(z) < p(z) foraa. z € Q7.
Let p, p’ € L$°(R) such that ﬁ + ﬁ = 1 for a.a. z € Q. Then LP@(Q)* =
LP' @) (Q) and the following Hélder-type inequality is true

1 1
luvldz < (— + —) lull py vl p
/Q e p’_ P P'(2)

forallu € LP@(Q) and all v € L ().
Using the variable exponent Lebesgue spaces, we can define in the usual way variable
exponent Sobolev spaces. So, if p € L{°(R2), then we set

WP (Q) = {(u € LPD(Q) 1 |Dul € LPD(Q)}.
This space is furnished with the following norm
lull = llullp) + 11 1Dul ll p)-

Evidently, an equivalent norm is given by

lu| = inf!k ~0: /Q [('l);")m + ('Z')p@} dz < 1] .

The anisotropic Sobolev space W17 (Q) is a separable Banach space and if 1 < p_ <
P+ < 0o, then WP (Q) is reflexive (in fact, uniformly convex). Note that whr@(Q) —
whr—(Q) continuously. Also, Wol’p(Z)(Q) is the closure of the set of W17 (Q)-functions
with compact support, that is, of the set

{u e WhPO(Q): u= uxg with K C Q compact } .
If p € C1(S), then Wi @ (@) = c ().
We set
Np@@)
) = N_ipz(z)a if p(z) <N
+oo, if N < p(2).

Suppose that p,q € L{°() N C(Q) with py < N and q(z) < p*(2) (resp., q(z) <
p*(z)) for all z € Q, then we have that W!-P@(Q) — LI®)(Q) continuously (resp., com-
pactly). A comprehensive presentation of variable exponent Lebesgue and Sobolov spaces
can be found in the book of Diening et al. [14].

Let r € L{°(R) and consider the Lebesgue space L"@ (). The modular function for
this space is given by

prioy () = / I @dz,
Q

This function is basic in the study of L"®(Q) and is closely related to the norm || - || p(z)
introduced above. More specifically, we have the following result.

Proposition 2.1 (a) Foru € L"9(Q), u # 0, we have

u
oy <2 & pro (5) <

)  ullry <1(resp.=1,>1)& pry(u) <1 (resp. =1, > 1);
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60 N.S. Papageorgiou et al.

© lullrey < 1= Nl < pro@) < lulllg,,

ey = 1= Il < prio o) < lulll;
d  lun lrzy = 0% pr)(un) — 0;
(e) ety ”r(z) — 400 & pr(z)(un) — +o0.

We consider the map A,(;) : whr@(Q) — wlr@(Q)* defined by
(Ao (u), b =/ |Du|"@=2(Du, Dh)gndz for all u, h € W@ ().
Q

This map has the following properties (see Gasinski and Papageorgiou [16, Proposition
2.5)).

Proposition 2.2 The map A,y : WHPO(Q) — WLPO(Q)* is bounded (that is, maps
bounded sets to bounded sets), continuous, monotone, hence also maximal monotone and
of type (S), that is,

“Up = win WHO(Q), imsup(A, ) (Un), g — ) < 0= 1, — uin WO Q)7
n—oo

In addition to the variable exponent spaces, we will use the Banach space C Q). This is
an ordered Banach space with positive cone Cy = {u € CYQ): u(z) > 0forallz € Q.
This cone has nonempty interior given by

intCy ={ueCq:u(x)>0foralze Q)

We will also use another open cone in C!($2) given by

_ 9
D+:{uec1(9):u(z)>0fora11zesz, e <0},
on 1aQNu=1(0)

with n(-) being the outward unit normal on 9€2.
Combining the proofs of Proposition 2.5 of [37] and of Proposition 6 in [36] we have the
following strong comparison principle.

Prog)siﬂtion 23 pr,q,nA eCl(@),1<q_<qy <p_<ps,0<n() < 1forall
z€QE, h,ﬁg € L®(RQ),E(z)>0foraa ze€ Q0 <u=<g(i)—hQ) foraa z € Qand
u,v e CI(SZ) satisfy 0 < u < v and

—Apytt = Agyu + E@QuP O™ — 41O = h(2) in Q,
—ApV = Agv + E@UPOTT =T = g(2) in @,

thenv —u € Dy.
Ifu,v e WhPE(Q) (p € LY(Q)) with u < v, then we define

[u, v] = {h e WhPO(Q) 1 u(z) < h(z) <v(z) foraa.z € Q}

and
[u) = {h e WP@(Q) : u(z) < h(z) foraa. z Q} .

If X is a Banach space and ¢ € C!(X,R), then we denote by K, the critical set of ¢,
that is, the set
Ky={ueX: ¢u =0}
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Also, we say that ¢ € C!(X, R) satisfies the “C-condition”, if the following property
holds:

“Every sequence {u,},>1 € X such that {¢(u,)},>; € R is bounded and

and (14|, || x)¢  (uy) — 0in X* as n — oo, admits a strongly convergent subsequence”.

This is a compactness-type condition on the functional ¢(-). It compensates for the fact
that X is not locally compact, being in general infinite dimensional. The C-condition plays
a crucial role in the minimax theory of the critical values of the functional ¢(-).

Now we are ready to introduce the hypotheses on the data of (P).

Hy: p,g.n e C'(Q),1 <qg_ <gy < p_ <ps,0 <) < lforallz € Q,
£ e L®(Q),&(z) >0foraa.z e Q.

Hi: f: Q x R — Ris a Carathéodory function (that is, f(z, x) is measurable in z € Q2
and continuous in x € R) such that f(z,0) = 0 for a.a. z € Q and

i) 0< f(z.x) <a@[l+x"@ 1 foraa z € Q allx > 0 witha € L®(Q) and
r e C(Q) with py <r_ <ry < p*(z) forall z € Q;
. * . F(z,x)
Gi) ifF(z,x)= [ f(z,s)ds,then lim
0

x—>+4o00 xP+

= o0 uniformly for a.a. 7z € Q;

(i) if §1(z,x) = (1 - 17;7;@) x171@ 4 [f(Z, X)x — p+F(Z,x)], then there exists

95 € L'(R) such that
£.(2.%) <&z, y) +D(2) foraa z € Q, all0 <x < y;
(iv) forevery s > 0, we can find s > O such that

0< iy < f(z,x)foraa. ze, alls <x

Sz, x)

and 0 < ¢ < liminf ;

x—0t x4+~

uniformly for a.a. 7 € Q;

(v) forevery p > 0, there exists é‘ o > 0 such that for a.a. z € €, the function
x> f(zx0) + PO

is nondecreasing on [0, p].

Remarks Since we are looking for positive solutions and all the above hypotheses concern
the positive semiaxis R4 = [0, 0c0), without any loss of generality, we may assume that

f(z,x)=0foraa.z € Q, allx <O0. 3

On account of hypotheses H{(ii), (iii) we see that for a.a. z € Q, f(z,-) is (p4+ —
1)-superlinear. However the superlinearity property of f(z, -) is not expressed in terms of
AR-condition. We recall that in the present anisotropic setting the A R-condition says that
there exist ¢ > p4 and M > 0 such that

0<VF(z,x) < f(z,x)xforaa.z € Q, allx > M, “4)
0< es%ian(', M). )

In fact this is a unilateral version of the A R-condition due to Eq. 3. Integrating Eq. 4 and
using Eq. 5, we obtain the weaker condition

Coxﬂ < F(z,x)fora.a.z € Q, allx > M, some Cy > 0,
= Coxﬁf1 < f(z,x)foraa.z € Q, allx > M.

@ Springer



62 N.S. Papageorgiou et al.

So, the A R-condition implies that f(z, -) eventually has (¢ —1)-polynomial growth. Here
we replace the A R-condition by the quasimonotonicity hypothesis Hj (iii). This hypothesis
is a slightly more general version of a condition used by Li and Yang [20]. Note that there
exists M > 0 such that fora.a. z €

x*’?(Z) + A 7, %) . )
X = % is nondecreasing on x > M
X

or x +> d,(z,x) is nondecreasing on x > M.
Examples Consider the following two functions
fizx) = H P and fo(z,x) = PO (4 ).
Both functions satisfy hypothesis Hj, but only f satisfies the A R-condition.
By LP@(Q, &) we will denote the weighted LP@-space with weight &(-). Therefore

LPO(Q, £) = {u e M(Q): / E@)ulPPdz < oo}-
Q

This space is furnished with the norm

. u P
oy =inf {2 =0 | €@ |5 dz <1},
Q A
Note that since by hypothesis £(z) > 0 for a.a. z € Q2 (see hypothesis Hp), the function

pP(z),E(M)=/Q§-’(Z)|u|p(z)dz7

is a modular function (see Diening et al. [14, Definition 2.1.1, p. 20]).
On W@ (Q) we consider the norm || - || defined earlier and a new norm given by

lul = 1Dullpe) + lullLre (g6

Proposition 2.4 If hypothesis Hy holds, then || - || and | - | are equivalent norms on
wlr@(Q).

Proof From the definitions of the two norms, we have
lu| < Cy|lu|| for some C; > 0, allu € WHPE(Q).

Claim. There exists C; > 0 such that ||u]| ,;) < C2|u| forallu € wlr@ ().
We argue indirectly. So, suppose that the claim is not true. Then we can find {u, },>1 €
wLP@(Q) such that

lunllpz) > nluy| foralln € N.
Normalizing in L? @(Q), we see that we have
1
lupy| < — foralln € N,
n
= |up| — 0,
= [[Dunllpiy — 0and [lunll pre)(q¢) = 0asn — oo. (6)

Evidently {u,},>1 € W@ (Q) is bounded. So, by passing to a suitable subsequence if
necessary, we may assume that

Uy = win W@ (Q) and u, — u in L@ (Q),
= llullpe = 1. N
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From Eqgs. 6 and 7, we have u = ¢ € R\ {0} and

[ s@ualrOaz ~ | e
Q Q
On account of Eq. 6, we have
e If0<|¢|<1,then0 < |E|”+/ &(z)dz < 0, a contradiction.
Q
e Ifl < |¢|,then0 < |¢|P~ / &(z)dz < 0, a contradiction.
Q

This proves the Claim.
Using the Claim and the definitions of the two norms, we conclude that || - || and | - | are
equivalent. O

In what follows, we denote by ¥, () : WP@ () — R the C'-functional defined by
1 P@ §@  pe) 1,p()
Vo)) = [ ——|Du|"¥dz+ | —u|"*dz foreveryu ¢ W ().
o p() e p(2)

For every A > 0 the energy functional ¢, : whr@(Q) — R for problem (Py), is given
by

03.(u) = Yp(oy () + f L pur@az - / L umyiog; - / F(z,u")dz
2 q@) ol—=n@) Q
forallu € WP@(Q).

On account of the third term, this functional is not C! and so the minimax theorems from
the critical point theory are not directly applicable to this functional. For this reason we use
truncation techniques in order to bypass the singularity and have C'-functionals on which
the critical point theory applies. For this reason in the next section, we deal with a purely
singular problem.

Finally, we mention that, as usual, by a solution of (P, ), we understand a function u €
w1P@) () such that

u>0,uz0u""he L (Q)forallh e WHrE(Q)
and

(Apyu), h) + (Ay)(u), h) + / E(u’@ hd;
Q

= / [u—n(z) +Af(z, u)] hdz forall h € WIP@(Q).
Q

3 A Purely Singular Problem

In this section we deal with the following purely singular problem

—A (@) — Agu(@) + E@u)PP = u(z) 7" in Q,

9
M OondQ, u > 0. ®
on
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To solve Eq. 8, we first consider a perturbation of Eq. 8 which removes the singularity.
So, we consider the following approximation of problem Eq. 8:

—Apyu(2) — Agyu(2) + E@Qu)PP ™ = [u(z) + 177 in Q,

3—”:001139, u>0. ®:)
on

We solve this problem using a topological approach (fixed point theory). So, given g €
LP(Z)(Q), g > 0and ¢ € (0, 1], we consider the following problem:

—Apu(2) — Agou(2) + E@Qu)PP7! = [g(z) + €177 in Q,

9
M 0onaQ, u>0. ©)
on

For this problem we have the following result.

Proposition 3.1 If hypotheses Hy hold, problem Eq. 9 admits a unique solution i, €
int C+.

Proof Let Kp(,) : LPR(Q) — Ll’/(Z)(Q) be the map defined by
K poy () = |u|”D 2y for all u € LPE(Q).

Evidently this map is bounded, continuous, strictly monotone. Then we consider the
operator V : Whr@(Q) — w-PQ@(Q)* defined by

V() = Apy) + Agy (@) + E@K ) (u) for all u € WHPE(Q).

This operator is bounded, continuous, strictly monotone (thus, maximal monotone too).
Also, if u € WHP@(Q), we have

(V) u) = Pp<z>(Du)+pq<z>(Du)+/Q§(z)|u|P<Z)dz

> ppe (D) + / Q) ulPPdz
Q

I Dullpe) + ||”||Lp<z>(g2,§) -1
(see Corollary 2.1.15 of [14, p. 25] and recall that p(;) & () is modular)

v

> C,||lul| for some C» > O (see Proposition 2.4),

= V(-) is coercive.

We know that a maximal monotone coercive operator is surjective (see Papageorgiou
et al. [32, Corollary 2.8.7, p. 135]). Since [g(-) + &]7"") € L*®(Q), we can find ii, €
W1-P@)(Q) such that

V(ie) = [g() +el ™0

Moreover, the strict monotonicity of V (-) implies that this solution is unique. Proposition
3.1 of Gasinski and Papageorgiou [16] implies that ii, € L°°(2). Then by Theorem 1.3 of
Fan [15] (see also Lieberman [21]), we have that i, € C4 \ {0}. Finally the anisotropic
maximum principle of Zhang [41] implies that ii, € intC.. O

Using Proposition 3.1 we can define the solution map L, : LP@(Q) — LPR(Q) for
problem Eq. 9 by

Le(g) = . (10)
Clearly, a fixed point of this map will be a solution for problem (8;).
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Anisotropic Singular Neumann Equations with Unbalanced Growth 65

Proposition 3.2 [f hypotheses Hy hold, then problem (8;) admits a unique solution u, €
int C+.

Proof From Proposition 3.1, we have

(Ap(z>(ﬁg),h>+<Aq<z>(ﬁ5),h>+/ S(Z)ﬂg’(Z)’lhdzzf[g(z)+8]"’(“hdz (11)
Q Q

forall h € WhP@(Q).
In Eq. 11 we choose h = ii; = L.(g) € WP (Q) (see Eq. 10) and we obtain
i
Dii;) + Di +/ )P Ddz = / — g,
pp(z)( ¢) pq(z)( ¢) Qé( iy ) +g]'l(2)
o | Ee@IPr =CsllLe(@IF 1L (g) <1
ILe()NIP~ <C3lILe () if [Le(g)]l > 1 for some C3=C3(e) >0, all g € L™(2)

(see Proposition 2.4). (12)

Next, we show that L, (-) is continuous. To this end let g, — g in L?@(Q). From Eq. 12
we have that
{Le(gn) = iig, = iin},., € W"P@(RQ) is bounded.
So, we may assume that B
iin = iiin WHP@(Q) and i1, — @i in LPO(Q). (13)

We have

h
o - = \p@)—1 _
<AP(Z)(MYL)7 h) + (Aq(z)(un)v h) +/;E(Z)(’hz)p D7 hdz = /Q mdz 14)

forall h € WLP@(Q), alln € N.
In Eq. 14 we choose h = i, —ui € wlr@ (), pass to the limit as n — oo and use
Eq. 13. Then we have

Jim [(Ap ) (ifn). din — i) + (Ag () (lin). iy — )] = 0,
= limsup [(Ape) (i), iy — i) + (Ag(z) (@), iy — )] <0
n—0o0

(since A (;) () is monotone),

= limsup(A ) (i,), i, — u) < 0 (see Eq. 13),
n—o0

= i, — i in WP (Q) (see Proposition 2.2). (15)
If in Eq. 14 we pass to the limit as n — oo and use Eq. 15, we obtain that
(Ap) (@), h) + (Ag) (@), h) + / £E@ia" O hdz = / L
Q o [g+¢e]"@

forall h € WhP@(Q),
= u = L(g),
= L(-) is continuous.

The continuity of L,(-) together with Eq. 12 and the compact embedding of W17 ()
into LP?® (), permit the use of Schauder-Tychonov fixed point theorem (see, for example,
Papageorgiou and Winkert [29, Theorem 6.8.5, p. 581]) and we find i, € int C such that

Ls(ﬁs) = U,

= U, € int Cy is a positive solution of Eq. 8.
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Next we show the uniqueness of this solution. Suppose that ii, € W'P®(Q) is another
positive solution of Eq. 8. Again we have i, € int C. Also, we have

0< (Ap(z)(ﬁe) - Ap(z)(ﬁs)v (ﬁa - ﬁa)+> + (Aq(z)(ﬁs) - Aq(z)(ﬁa)s (ﬁs - ﬁ£)+)

+ / §@@ ™! =il @@ — i) Tdz =
Q

1 1 o
= L[[ﬁa+8]”(1) — [,284_3]71(1)](”8_“6) dz <0

A

= Uy < Ug.

Interchanging the roles of %, and i, in the above argument, we also have that i, < u,,
therefore u, = ii,. This proves the uniqueness of the positive solution u, € intC4 of
problem (8;). O

Evidently, to produce a positive solution of Eq. 8, we will let & — 0.
To this end, the following monotonicity property of the map & — u, will be useful.

Proposition 3.3 If hypotheses Hy hold, then the map ¢ + u. from (0, 1] into C4 is
nonincreasing, that is,

O0<é <e<l1=u, <uy.

Proof Let0 < ¢ < ¢ < 1 and consider i, u; € int Cy the corresponding unique positive
solutions of problems (8,/) and Eq. 8 respectively, established in Proposition 3.2.
We have
= — —p(z)—1
_Ap(z)”s’ - Aq(z)“s’ + S(Z)MS/(Z)
= [ﬁe/ + 8,]70(1)
> [y + ¢]7"@ in Q (since 0 < &’ < ¢). (16)
We introduce the Carathéodory function e, (z, x) defined by

1

m, lf.x SEE'(Z)
1

es(z,x) = a7

[te (2) + €7@ if e (z) < x.

X
We set E.(z,x) = / e¢(z, s)ds and consider the C!-functional 7, : W!P@(Q) - R
0
defined by

1
Te () = ¥Yp(z) () +/ ——|Dul1®d; —f E¢(z, u)dz forallu e W'P@(Q).
Q q(2) Q

We have

Te(u) > ppz)(Du) + pp(z),s(u) — C4 for some C4 > 0 (see Eq. 17)
> |ul = Cs — 1,
= 1.(-) is coercive (see Proposition 2.4).

Also, exploiting the compact embedding of W!?®)(Q) into L?? (), we have that

7. (+) is sequentially weakly lower semicontinuous.
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Invoking the Weierstrass-Tonelli theorem, we can find i, € WP (Q) such that
(i) = min fz. () : w e WHO@],
= 1,(li;) =0,
= (Apo)(fie), h) + (Ag) (iLe), h) + /QE(Z)Iﬁalp(Z)_zﬁShdz = /Qeg(z, ie)hdz  (18)
forall h € W1PE(Q).
In Eq. 18 we choose h = —ii, € wlr@ () and obtain

Pp2)(Diy) + pg(2)(Dit, ) + ppz) ¢l ) = 0 (see Eq. 17),
= Pp)(Dug) + pp(z),é(ﬁ;) <0
= i, >0, i, # 0 (see Eq. 18).
Next, in Eq. 18 we choose h = [ii, — ii/]" € wLr@(Q). We obtain

(Ap)(le), (e — )T+ (Ag ) (o), (e —Tu) )+ /Q E@alr 9 G, —uy)Tdz

A _7/ +
:/ Mdz (see Eq. 17)
o [ue -|—5]'7(Z)

< (Ap(ey @), (e —Tt) )+ (Ag(o) ), (e —T00) )+ / £t b, —me) Tz,
Q

= e < Ug.
So, we have proved that
ie € [0,ugl, itz #0,
= Ui, = u, (see Egs. 18, 17 and Proposition 3.2),
= Uy < Uy.

The proof is now complete. O

Now we will pass to the limit as ¢ — 0" and produce a solution for problem (8).

Proposition 3.4 [f hypotheses Hy hold, then problem Eq. 8 admits a unique solution u €
intC +-

Proof Let {ey}n>1 € (0, 1] be such that ¢, — 0% and let u, = Ug, € intCy be as in
Proposition 3.2. We have

(Ao @) B+ (Ao ). ) + /Q Eat O hdz = fg "

—dz 19
T CEa

forallh € WhP@(Q), alln € N.
We choose h = i1, € W1P@ (Q). We obtain

Pp()(Diln) + pg(z) (Diin) + f EulPdz < /
Q Q

Up
—1(z)
Uy

(since u1 < u, for all n € N, see Proposition 3.3)
= {@n)n=1 € WHPO(Q) is bounded
(see Proposition 2.4 and recall that p_ > 1).
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Proposition 3.1 of Gasinski and Papageorgiou [16], implies that we can find Cs > 0 such
that

l#nlloo < Csforalln € N.

Then the anisotropic regularity theory of Fan [15, Theorem 1.3] implies that we can find
o € (0, 1) and Cg > 0 such that

ity € CY*(Q), lltnllc1ogy < Ce foralln € N.

The compact embedding of C1%(Q) into C'(£2) and the monotonicity of the sequence
{un}n>1 (see Proposition 3.3), imply that

i, — uin CL(Q). (20)

Since u; < u, for alln € N, we have u # 0 and so # € int C1. Moreover, passing to
the limit as n — oo in Eq. 19 and using Eq. 20, we conclude that # € int C is a positive
solution of problem Eq. 8.

Finally, we show the uniqueness of this positive solution. So, suppose that & €
W1-P@(Q) is another positive solution of Eq. 8. As in the proof of Proposition 3.2, using
the fact that the map x + x~"7® is strictly decreasing on (0, +-00), we obtain

u=u,

= u € int C is the unique positive solution of Eq. 8.

The proof is now complete. O

In the next section we will use u € int Cy and truncation techniques to bypass the singu-
larity and show that problem (P, ) has positive solutions for certain values of the parameter
A > 0.

4 Positive Solutions

We introduce the following two sets

L ={A > 0: problem (P;) has a positive solution},

S, = set of positive solutions of problem (P, ).

We start by showing the nonemptiness of L (=the set of admissible parameter values).

Proposition 4.1 If hypotheses Hy, H hold, then L # .

Proof Let u € intC4 be the unique positive solution of problem Eq. 8 produced in
Proposition 3.4.
We consider the following auxiliary problem:

—Apu(2) — Dgmu(2) + E@Qu)PP ! =u(z2)7"@ + 1in Q,

ou 21)
— =0o0nd, u > 0.
on
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From Proposition 3.1, we know that this problem has a unique positive solution & €
int C4. We have

<mmxmwﬁ—m+%+mﬂ@@x@—ﬁﬁ»+fsumﬂ“*@—ﬁﬁdz
Q
= f " @ — i)t dz (see Eq. 8)
Q
< / [ﬁ‘"@+1] @ —i)tdz
Q

= (Apy @), @ —)") + (Ag @), @ — D)) + / E()aP D a — i)tdz
Q

(since & € int Cy solves Eq. 21),

A~

= <d (22)
Since u € int C, on account of hypothesis Hj (i), we have
0 < f(,a()) e L™(Q).
So, we can find Ao > 0 such that
0<Af(z,u(z)) <1foraa.z €, all A € (0, Ag]. (23)
We introduce the Carathéodory function 8, (z, x) defined by
()" + Af(z,u(2), ifx <uQ)

Bz, x) =3 x71@ £ Af(z, x), ifu(z) < x < i(z) (see Eq. 22) (24)
()77 4 Af(z,0(2), ifii(z) < x.

X
We set B).(z, x) = / B.(z, s)ds and consider the C!-functional ¥ : W@ (Q) - R
0
defined by

1

li’k (u)= Yp(2) (u)+/g2 7@

|Du|q(z)dz—/ B;.(z, u)dz for all u e WP (Q), all A € (0, Ao].
Q

From Eq. 22 it is clear that W, (-) is coercive. Also, it is sequentially weakly lower
semicontinuous. Hence, we can find i € W!P@) () such that

¥, (i) = min{\f/,\(u): e WI'P(Z)(Q)},
= W (i1) = 0,
= (Ap) (@), h) + (Ay) (@), h) +/ E@)|a)PP2ihdz = f Bi.(z, w)hdz (25)
Q Q
forall h € WLPQR(Q).
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In Eq. 25 first we choose h = (u — 1) " € wl-P@(Q). We have
(Apy @), @ — @)% + (Ag() (@), @ — i)") + /Q E(@)a|PO i — i)tz
- /Q [ﬁ—"@ FAfG, ﬁ)] (i — i) "dz (see Eq. 24)
> /S;ﬁ_"@ ( — i) dz (see hypothesis Hi(i))

= (Ap) @), @ —)") + (Agr), @ — D)") + / E@uO~ @ —iTdz,
Q
=>u <1u.
Next, in Eq. 25 we choose 1 = (ii — )t € WHP@(Q). We have

(Apy (@), (1 — D)) + (Ag, (@ —)F) + / E()aP D~ — a)tdz
Q

- / [ﬁ—"@ FAfG, ﬁ)] (ii — i) " dz(see Eq. 24)
Q

< / [ﬁ—"@ + 1] (i — i)t dz (since A € (0, Ag], see Eq. 23)
Q

< / [ﬁ—"@ + 1] (it — )" dz (see Eq. 22)
Q

= (o @, = ) + (g @), G = %) + [ 6@ = iy,
=i < u.
So, we have proved that
i € [u,u]. (26)
From Egs. 26, 24 and 25, we infer that

ues,,
= (0, ] S L#0,

which concludes the proof. O

Proposition 4.2 If hypotheses Hy, Hy hold and ). € L, thenu < u for all u € S,.

Proof Letu € S, and consider the following function

x71E0if0<x <u(z)

M(Z)_n(z), ifu(z) < x. (27)

fy(z,x) = {
Evidently, this function is Carathéodory on € x (R \ {0}) and is singular at x = 0. We
consider the purely singular problem

—Apyu(2) — Agu(@) + E@u)PP7! = 4 (z,u(z) in Q,

9 2
M OondQ, u> 0. (28)
on
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Reasoning as for problem (8), we show that problem (28) admits a positive solution
u* € int C (see also Papageorgiou et al. [36, Proposition 10]). We have

(Ap) @), W —w) )+ (Ag ) (™), W —w)*)+ fg E@QHPO W —u)tdz

= / u"® (u* — u)Tdz (see Eq. 27)
Q

(recall that, by definition, u="@h e L(Q) for all h € WP (Q))

< / [u_”(Z) FAf G, u)] " —u)tdz
Q
= (Ap ), * —u)*) + (g ), W* —u)™*)
+/ E@uPO  w* — u)tdz (since u € Sy),
Q
=u* <u.
So, we have

u* € [0,u], u* #0. (29)

From Egs. 29, 27 and Proposition 3.4, it follows that

= u<uforallu e S,.

The proof is now complete. O

According to the previous proposition, if A € £ and u € S, then
0<u"® <u @ withu ()™ e L®(Q).

Then the anisotropic regularity theory (see Fan [15]) and the anisotropic maximum
principle (see Zhang [41]), imply the following result concerning the solution set Sj.

Proposition 4.3 [f hypotheses Hy, Hy hold and A € L, then S, C int C.
Let A* = sup L.

Proposition 4.4 [f hypotheses Hy, Hy hold, then .* < oo.

Proof On account of hypotheses Hj (ii), (iii), (iv), we can find 19 > 0 big such that

rof(z,x) > E@xPP  foraa. z € Q, allx > 0. (30)

Let A > Xo and suppose that A € L. Then we can find u; € Sy, C intCy (see
Proposition 4.3). Let m; = minu, > 0 (since u; € intCy). Let § € (0,1], p =
Q
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max{||uyllco, M) + 1} and let ép > 0 be as postulated by hypothesis Hj(v). We set
mi =my +6

—Apym), — Agoym), + [E@) + E,1m)P O™ — (m) ™1

[£(z) + £,1mP ™" 4 5 (8) with x(8) — 0T as § — 0T

o f (2, my) + EmP O™ 4 4 (8) (see Eq. 30)

Mf (zomy) + Eomf P! — L= Aol f (zomy) + X (8)

wf (zomy) + Eoml O™ — [ — Aol + % (6)
with {1, > O (see hypothesis H|(iv))
< Af(z,up) + é‘puf(Z)*l for § > 0 small (see hypothesis Hi(v))

IATA

o z)—1 — .
= =Myt — Dgyun + [E@) + E1u? D7 — 17 (since uy, € S3),

= u); — mi € Dy for § > 0 small (see Proposition 2.3),

a contradiction to the definition of m; > 0.
So, we have A* < Ao < oo. O

Next, we show that £ is, in fact, an interval.

Proposition 4.5 [f hypotheses Hy, H hold, . € L and 0 < u < X, then u € L.

Proof Since A € L, we can find u; € S, C int C; (see Proposition 4.3). Then we have

)—1
—Apytn = Dgioytn, + E@ul®

— M;”(Z) + )\'f(z, M}\)

> u; "+ uf (z,uz) in Q 31)
(recall that 0 < p < A and see hypothesis H;(i)).
Also we have
—Apyll — Ayt + E@uP D!
— 1@
< u "9 4 uf(z,u) in Q (see hypothesis Hj (i)). (32)

From Proposition 4.2 we know that # < u,_. So, we can define the following truncation
of the reaction of problem (P,)

" 4 uf(z,u(z)), if x <(z)
Tu(z,x) =4 x779 + uf(z, x), ifu(z) <x <up(z) (33)
1 (2) "D 4 uf (z, un(z)), ifu(z) < x.

X
This is a Carathéodory function. We set T, (z, x) = / 7,(z, s)ds and consider the
0

C!-functional (I wlP@(Q) — R defined by

1 .
W () = ¥pe) () +/ ——|Du|?®d; —/ T, (z, u)dz for allu € WPE(Q).
2 q(2) Q
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As before (see the proof of Proposition 4.1), using the direct method of the calculus of
variations and Eqgs. 31, 32, we can find u,, € wl.r@ (£2) such that

uy € Ky, Clu,u]NintCy,
= uy € 5, (see Eq. 33),
= uel.

The proof is now complete. O

Remark 4.6 As a byproduct of this proof we have thatif 0 < u < A € Landu) € S) C
int Cy then we can find u;, € S, C int C such that

uy —uy, € Cy\ {0}
In fact we can improve this result using the strong comparison principle (see Proposition
2.3).

Proposition 4.7 If hypotheses Hy, Hy hold, 0 < u < A € L and u; € S, C intCy, then
w € L and there exists u, € S, C int Cy such that uy —u, € D,.

Proof From Proposition 4.5 and its proof, we already know that © € £ and we can find
u, €8, CintCy such that
Uy S Uy, Uy # Uy (34)
Let p = ||uy|loo and let ép > ( be as postulated by hypothesis H;(v). We have
—Bp@up = Bt +18(@) + ép]“ﬁ@_l - “;n(Z)
= uf(z, ”/L) + ép”ﬁ(Z)_l
= M @) +Eul O™ — = ) f (2, up)
A (z, uy) + gpuf@_l (see Eq. 34 and hypothesis H; (v))
2 —1.
= —Apus — Agyur + [EQ) +Euf P in Q. (33)
On account of hypothesis H (iv) and since u,, € int C, we have
0<fy<O—pfz,u,(z)) foraa z € Q.
Hence from Eq. 35 and Proposition 2.3, it follows that
u); —uy € Dy.

The proof is now complete. (]

Proposition 4.8 If hypotheses Hy, H| hold and A € (0, A*), then problem (P,) admits at
least two positive solutions

uo, it € intCq, ug < it, ug # u.
Proof Let 0 < A < ¥ < A*. We know that % € L (see Proposition 4.5). Moreover,
according to Proposition 4.7, we can find uy € Sy C intCy and ug € S, C int C4 such that
uy —ug € intCy. (36)
We introduce the Carathéodory function d, (z, x) defined by

uo(2) " + Af (z,u0(2)), if x < uo(z)

x4 Af(z, x), ifup(z) < x. (37

dy(z,x) = {
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Also we consider the following truncation of d; (z, -):

dy(z, x), if x <uy(2)

dy(z,uy (2)), ifuy(z) < x. (38)

di(z, %) = {
This is also a Carathéodory function. We set
D) (z,x) = /(;xd,\(z, s)ds and ﬁ)\(z, Xx) = /:c?,\(z, s)ds.
Then we consider the C!-functionals v, 7 : W-P@(Q) — R defined by

v ) = y <>(u)+/ L pupe —/ Dy (2, wdz
b Q q() Q ’ '

R
q(2)

From Egs. 37, 38 and the anisotropic regularity theory, we have

3(u) = Vp(z) () +/ |Du|?®dz —/ D; (z, u)dz forall u € Whr@(Q).
Q Q

Ky, Clug)NintCy, 39)
K3, € [ug, up] Nint Cy. (40)

On account of Egs. 37 and 39, we see that we may assume that
Ky, N [uo, uy] = fuo}. (41)

Otherwise we already have a second positive smooth solution bigger that uq (see Egs. 37,
39). Also from Eqs. 37 and 38 we see that

/
Uy

A~

=9 (42)
Oupl  *

Ux‘ =1,
[0,uy]

[0,up]’ [0,us]

The functional 9, () is coercive and sequentially weakly lower semicontinuous. So, we
can find iig € W@ (Q) such that
9, (i) = min {ﬁ,\(u) Cue W]’p(Z)(Q)},
g € K3, € [ug, ug] Nint Cy (see Eq. 40),
o = uo (see Egs. 41, 42),
up is a local C!(2)-minimizer of vy, (-) (see Egs. 36, 42),
ug is a local W1-P@ (Q)-minimizer of vy (-) (43)

(see Gasinski and Papageorgiou [16, Proposition 3.3]).

444l

From Eqgs. 39 and 37 it is clear that we may assume that
K, is finite. (44)

Indeed, otherwise we already have a whole sequence of positive smooth solutions all bigger
than u and so we are done.

From Egs. 43, 44 and Theorem 5.7.6 of Papageorgiou et al. [32, p. 449], we know that
we can find p € (0, 1) small such that

i (uo) < inffvy(u) @ [lu —uoll = p} = my. (45)
Also hypothesis H;(ii) and Eq. 37 imply that if # € int C4, then
vy (tu) — —oo ast — +o0. 46)

Claim: v, (-) satisfies the C-condition.
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We consider a sequence {u,},>1 < Ww1-P@ (Q) such that

[va(uy)| < Cq for some C7 > 0, alln € N, 47)
(14 [ltn DV}, (1) = 0in WHPO(Q)* as n — oo. (48)
From Eq. 48 we have
enllh
(A ey tn)s 1)+ (A giey ). B+ / E@lun PO uyhdz / 4y (2, umhdz| < I
Q Q 1+ IIIng)

forall h € WP@(Q), with g, — 0.
In Eq. 49, we choose h = —u,, € WP (Q) and obtain

Pp) (D) + pyey (Duy) + / §@)(u,)"Pdz < Cy
Q
for some Cg > 0, all n € N (see Eq. 37),
= {u; }o=1 € WHPE(Q) is bounded. (50)
Next, we choose in Eq. 49 h = u,J{ S WI*P(Z)(Q) and we obtain
— Ppzy(Du) — p(Duy) — / E(@)wHPDdz +/ d(z, uDufdz < &, (5D
Q Q

foralln € N.
From Egs. 47 and 50, we have

ro i)+ g0 D)+ [ 6@ Oz = [ oDz < 05 (52
for some Cg9 > 0, all n € N (recall g— < p_).
We add Egs. 51 and 52. Then

/ Li(z,u)dz < Cyo (53)
Q
for some Cjo > 0, all n € N (see Eq. 37).

Suppose that {u;}nzl < wLr@(Q) is not bounded. So, we may assume that

||u;:' | = +ooasn — o0. 54)

We set y, = ”Z'J';” for all n € N. Then ||y,|l = 1, y, > 0 for all n € N. So, we may
assume that

yu = yin WHP@(Q) and y, — yin LPO(Q), y > 0. (55)

. Initially we assume that y # 0. Let Q= {z € Q: y(z) > 0}. From Eq. 55 we see that
||y > 0 (by | - |y we denote the Lebesgue measure on RY) and

u;(z) — tooforaa.ze Q.
Hypothesis H; (ii) implies

F(z,uf (2))  F(z,u;(2)
lu P+ ur ()P

ya(z)P+ — 400 foraa. z € Q,

F(z,uf
= /A (Z+7un)dz — +00 (by Fatou’s lemma),
Q llun 1P+

F(z,ul) . . )
= +7dz — 400 (since F > 0, see hypothesis H;(i)). (56)
Q lluq [P+
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From Egs. 47 and 50, we have
1
—y '(M+)—/- 7|Du+|q(2)dz_
p(z)\Uy 0 q(2) n

for some Ci; > 0,alln € N,
AF(z,ut
= / Mdz <Cpz 67
Q ua 7+
for some C1» > 0, all n € N (see Egs. 54 and 37).

§(2)

o P (u,T)p(Z)dz + /;2 D, (z, un"')dz <Cr

Comparing Eqs. 56 and 57, we have a contradiction.
Now we assume that y = 0. We consider the C!-functional 7, : W-P@(Q) — R

defined by
5 1
5 ) = —[ f DuPOdz + / s<z>|u|1’<z>dz] - / Dy (2, w)dz
P+ Q Q Q

forallu e WP (Q).
Evidently we have

Uy < Uy (58)
Let k, () = ﬁk(tu,':') forallz € [0, 1], all n € N. We can find ¢, € [0, 1] such that
kn (t;) = max ky(t). (59)
0<r<I

1
For ) > 1let w, = (29)?- y, n € N. Then
w — 01in LP?(Q) (see Eq. 55 and recall that y = 0),

= / D; (z, wy)dz — 0asn — oo. (60)
Q

On account of Eq. 54, we see that we can find ng € N such that

1
n)r- < 1foralln > no. (61)

+
lln |

From Egs. 59 and 61, we have

(275)1/"—)
K (n) > kn (
llut |

= Buta) = 0 (@' 3n) = B,

- 29
= vl(tnu;:_) > ? [/’p(z)(D)’n) + Pp(z),é(yn)] _/ D; (z, wy)dz
+ Q

v

0
lCB”)’n I —/ D;.(z, w,)dz for some C13 > 0
P+ Q

s foralln = ny > no
P+

(see Eq. 60 and recall that ||y, || = 1).

A%

But ) > 1 is arbitrary. So, it follows that
Uy (tyu,7) — +ooasn — oo. (62)

We have
0< t,,u,f < u,J[ forall n € N.
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Hence hypothesis Hj (iii) implies that

/ Li(z, tyu,)dz f/ Lizoubdz + 901 < Cia (63)
fs(jr some C14 > O, allQn € N (see Eq. 53).
We know that
0, (0) = 0 and v (u,) < C7 for all n € N (see Egs. 47 and 58).
Then from Eq. 62 it follows that
t, € (0, 1) for all n > ny.

So, from Eq. 59 we have

d. 4
0= lnav)\(tun) —
= (¥ (tqu), tyu) for all n > ny (by the chain rule),

= )Op(z)(D(tnu;:_)) + pp(z),é(lnu:) = / dy(z, tnu:)(tnu;)dz for all n > no,
Q

= pp) (DUt + ppioy.e (taut)) — / p+Di(z, tau;))dz < Ci5
Q

for some C5 > 0, all n > ny (see Egs. 63 and 37),
= pyn(tau)) < Cys5foralln > ny. (64)

Comparing Egs. 62 and 64 we have a contradiction.
Therefore we infer that

(uf}p=1 € WHPE(Q) is bounded,
= {upln>1 C wbP@(Q) is bounded (see Eq. 50).

So, we may assume that
up — uin WHP@(Q) and u, — uin L' @ (Q) as n — oo. (65)

In Eq. 49 we choose h = u, —u € WHP@(Q), pass to the limit as n — oo and use
Eq. 63. Then reasoning as in the proof of Proposition 3.2, using Proposition 2.2, we obtain
that

y — uin WHrE(Q),

= v, (+) satisfies the C-condition.

This proves the Claim.
On account of Eqgs. 45, 46 and the Claim, we can apply the mountain pass theorem and
find & € WHP@(Q) such that

i € Ky, C[upg)NintC and my < vy (&). (66)
From Egs. 66, 45 and 37, we obtain
e S, CintCq, ug < i, ug # i,

which concludes the proof. O
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We introduce the Carathéodory function B>.(z, x) defined by

W(z) " 4 0f(z,u(z)), ifx <u(z)

x 1@ £ Af(z, x), ifu(z) < x. 67

Bi(z,x) = {

X
We set B) (z, x) = / B(z, s)ds and consider the C!-functional @, : WP (Q) - R
0
defined by

. 1 i .
G () = Yp(oy () + / —|Du|"®dz — f By (z, wydz
2 q() Q

forallu € WP (Q).
Using this functional, we can establish the admissibility of the critical parameter value
A* > 0.

Proposition 4.9 If hypotheses Hy, H hold, then \* € L.

Proof Let{An}u>1 € (0, A*) C £ and assume that A, — A*. We can findu, € S, CintC+
n € N such that

O, (up) < ¢, () <Oforalln e N (68)
(see the proof of Proposition 4.5 and Eq. 67).

Also we have
52’;\,, (uy) =0foralln € N. (69)
Using Egs. 68, 69 and reasoning as in the Claim in the proof of Proposition 4.8, we obtain
up, — u*in WHPEO(Q), u < u* (see Proposition 4.2)
= u* € S+ CintCy andso A* € L.

The proof is now complete. O

According to the above proposition, we have

L =0, 2*].

5 Minimal Positive Solutions

Recall that a set S € W1P@(Q) is said to be downward directed, if for all uy, us € S, we
can find u € Ssuchthatu < wuj,u < u.

As in the proof of Proposition 18 of Papageorgiou et al. [36], we prove that for every
A € L, the solution set S, C intCy is downward directed. We will show that S; has a
minimal element.

Proposition 5.1 If hypotheses Hy, H| hold and . € L = (0, 1*], then problem (P,) has a

smallest positive solution u; € Sy C int Cy (that is, ui < u forallu € S;).

Proof On account of Lemma 3.10 of Hu and Papageorgiou [19, p. 176], we can find
{untn>1 C S, decreasing (since S is downward directed) such that

inf u,, = inf S;.
n>1
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We have
@ (uy) =0foralln € N, (70)
u <u, <up foralln € N. 71)
From Egs. 70 and 71, it follows that
{tntn=1 € WHPO(Q) is bounded.

Then as in the proof of Proposition 4.5 and using the fact that {u,},>1 is decreasing, we
obtain

up — uf in WHPE(Q),
= uj € S) CintCy, uj =infs;,

which concludes the proof. O

Next we examine the map A — u} from £ = (0, A*] into cl(Q).

Proposition 5.2 [f hypotheses Hy, Hy hold, then
(a) the map A — uj from £ = (0, 2*] into C1(Q) is strictly increasing in the sense that
0<u<k§k*:>uj{—uZED+;

(b) A > uj is left continuous from L into C1(Q).

Proof (a) Let0O < u < A < A*. On account of Proposition 4.7, we can find u, € S, €
int C such that

uy —uy, € Dy,
= uj —uy € D;.
(b) Leti, — A7, X, € L for all n € N. From Proposition 4.2 and part (a) of this

proposition, we have
u<uj< u;i] foralln € N.

It follows that
{up = u} o1 € WP (Q) is bounded.
Then Proposition 3.1 of Gasinski and Papageorgiou [16] implies that
llu}lloo < Ci6 for some Cig > 0, alln € N.

Using Theorem 1.3 of Fan [15] (see also Lieberman [21]), we see that we can find o €
(0, 1) and C17 > 0 such that

€ CH*(Q) and [|u} || 1oy < Ci7 foralln € N. (72)

From Eq. 72, the compact embedding of C'%(€) into C'(L2) and the monotonicity of
the sequence {u]},>1, we have that

ut — i} in CH(Q). (73)
If ii¥ # u?, then there exists zo € Q such that

uy (z0) < 115 (z0),
= u}(z0) < ui(zo) forall n > ng (see Eq. 73),

contradicting part (a). So &} = u} and we have the left continuity of the map A — u}. [
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The next theorem summarizes our main contributions in this paper concerning problem
(P).

Theorem 5.3 If hypotheses Hy, Hy hold, then there exists A* < 0o such that

(@) forall & € (0, 1*), problem (P,) has at least two positive solutions ug, it € intCy,
wo < i, ug # u;

(b) for . = \*, problem (Py) has at least one positive solution u™ € int C;

(¢) forall A > \*, problem (P,) has no positive solutions;

(d) forallx € L = (0,1*), problem (Py) has a smallest positive solution uj € int C
and the map A — uj is strictly increasing and left-continuous from L into C Q).
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