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1. Introduction

Let 2 C RY be a bounded domain with a C?-boundary 0f2. In this paper we study the following
anisotropic boundary value problem

—Apyu(z) + £(2)u(2)PH 1 = Au(2)13 71 + f(z,u(2)) in 2,

u‘ —0, A>0,u>0.
o0
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In this problem, A,y denotes the p(z)-Laplacian defined by
Apzyu = div (|Du[P® "2 Du(2)) for all u € WP ().

Concerning the exponents p,q : 2 — R, we assume that both are functions belonging to C%!(§2) and
satisfying
1<q <q(z)<qr <p_ <p(z)<py forall z €.

The potential function £ € L>°(42) is sign-changing. Therefore the differential operator of (Py) (left-hand
side) is not coercive. In the reaction (the right-hand side of (Py)), we have a parametric term with A > 0
being the parameter and a perturbation f(z,z) which is jointly measurable and of class C'* in the z-variable.
We assume that f(z,-) exhibits (p; — 1)-superlinear growth near +oo without satisfying the usual in such
cases Ambrosetti-Rabinowitz condition (AR-condition for short). So, in the reaction of problem (Py) we
have the competing effects of a sublinear (concave) term and of a superlinear (convex) term. We are looking
for positive solutions and our aim is to obtain a precise description of the changes in the set of positive
solutions as the parameter A > 0 varies (a bifurcation-type result).

The study of such parametric concave—convex problems started with the seminal paper of Ambrosetti,
Brezis and Cerami [1], where p(z) = 2 for all 2 € 2 (the semilinear isotropic problem). It was extended
to equations driven by the p-Laplacian and with the reaction being Az¢~! + 2"~ ! for all > 0 with
1< ¢ <p<r<p* by Garcia Azorero, Manfredi and Peral Alonso [10], and Guo and Zhang [13]. Recall
that

Np
x ~ -, fp<N
p=q9 N-p P
~+00, if N <p.

Further extensions can be found in the works of Marano and Papageorgiou [16] and Papageorgiou and
Rédulescu [17]. All the aforementioned works deal with isotropic equations. To the best of our knowledge,
no such results exist for anisotropic equations.

Additional parametric boundary value problems driven by operators with variable exponents and appli-
cations, can be found in the book of Radulescu and Repovs [23]. We also refer to the recent papers [4,5,19,
21,22,27], all dealing with isotropic or anisotropic nonlinear problems with Dirichlet boundary condition.

2. Mathematical background, auxiliary results and hypotheses

In this section we briefly review some basic facts about variable exponent spaces and we prove two
anisotropic strong comparison theorems which we will need in our analysis of problem (Py).

A comprehensive presentation of variable exponent Lebesgue and Sobolev spaces can be found in the book
of Diening, Harjulehto, Hasto and Ruzicka [6].

So, let Ls°(2) = {p € L>(£2) : essinfy p > 1}. For p € L (£2), we set

p— =essinf p and p4 = esssup p.
Q ¢

Also let M(2) ={u: 2 — R: u(-) is measurable}. As usual, we identify two functions which differ on a
set of zero measure.
Given p € L{°(£2), we define the following variable exponent Lebesgue space

LFA(Q) = {u eM(): / u[PPdz < -l—oo} .
Q

We equip LP()(£2) with the following norm (known as the Luxemburg norm)

p(z)
llull p(2) =inf{/\>0: / <z|) dz < 1}.
2
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Having defined variable exponent Lebesgue spaces, we can introduce variable exponent Sobolev spaces by
WhPE(Q) = {u € LPP)(2) : |Du| € LPF) ()},

We equip this space with the following norm

Hu”l,p(z) = ”qu(z) + ”Du”p(z)'
An equivalent norm of WP(*)(0) is given by

. . Dul\PF ([ \"
||uH/1,p(z) = inf {>\ >0: /Q ((A + T dz <1;.

We define Wol’p(z)(ﬂ) as the closure in the || - [|1 ,(.) of all compactly supported W'*()(£2)-functions.

When p € L°(2) and p_ > 1, then the spaces LP(*)(2), WP()(0) and Wol’p(z)(ﬂ) are all separable,
reflexive and uniformly convex.

We set

p () = { VA ifp() <N
+o0, if p(z) > N.
If p,g € C(2), py < N and 1 < q(2) < p*(2) (resp. 1 < q(z) < p*(z)) for all z € 2, then W'P(*)(2) and
Wol’p(z)(Q) are embedded continuously (resp. compactly) into L4()(02).
If p,p’ € L3 (£2) and z) + p,(z) =1, then LPG)(0)* = LPI(Z)(Q) and we have the following Holder type
inequality

1 1 /
/ luv|dz < (p + o ) [llp() V]l 2y for all w € LPE(2), v € LP )(02).
(7 - —

R 1
We say that p € C(42) is logarithmic Hélder continuous (denoted by p € CU Tl ) if it satisfies

N—

wh—t

Ip(2) —p(2')| <

|_mf0rsom60>0, aHZ,ZIG.QJZ* ‘S
niz—=z

Note that C%!(£2) — c” ““f\( ). Also, when p € c” el (£2), then
Lp(z 7H Iy @
Wy "(@) = (@)
Moreover, in this case the Poincaré inequality holds and we have

A 1,p(z
[ullpee) < CllDullp(zy for all u € Wy (02),

where C' > 0 depends only on (p, N,|f2|,diam £2), with | - |5 denoting the Lebesgue measure on RY. So,
when p € c” Thatl (£2), then on the Sobolev space W0 p(z )(Q), we can use the equivalent norm

[u]] = ([ Dully(z) for all u € Wy?®(02).
We introduce the following modular functions
= / ‘u|p(z)dz for all u € LP(Z)(Q)7
Q

p(Du) = / |DuP®dz for all u € Wy ().
2
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We have the following property.
Proposition 2.1. (a) For every u € LP*)(2), u # 0, we have

u
lullpsy = A & 2 (5) = 1
(0) [ullpzy <1 (resp. =1, >1) < p(u) <1 (resp. =1, > 1);
() Nullgey < 1= [l < pw) < [l and Jullycey > 1= [l < plu) < el
(d) Huan(z) — 0 p(un) — 0;
(e) ||tnllpz) = +00 < p(u,) — +o0.

1 J—
Similarly, we have the following implications, when p € O T (02).
Proposition 2.2. (a) For every u € Wol’p(z)(ﬁ), u # 0, we have
[ Du
Jull == o (5) =1

() |lull <1 (resp. =1, >1) < p(Du) <1 (resp. =1, > 1);
(c) lull <1 = [lulP+ < p(Du) < [lul[P~ and [Jull > 1 = [ul[P~ < p(Du) < [ul/P+;
(d) |lun|| = 0 < p(Duy) = 0; (e) ||un|| = +00 < p(Duy) — +o00.

N
Let p € T (£2). Then

Consider the operator A : WP (2) — W17 (2) = Wy **) (2)* defined by
(A(u), h) = / | Dul”®~2(Du, Dh)gnd= for all u, h € WA (0).
7
This operator has the following properties (see Gasinski and Papageorgiou [11]).

Proposition 2.3. The map A : Wg’p(z)(ﬂ) — WL ()(Q) defined above is bounded (that is, maps bounded
sets to bounded sets), continuous, strictly monotone (hence mazximal monotone, too) and of type (S)+, that
08 Up > u 0N Wol’p(z)(ﬂ) and limsup,, , o (A(un), (up, —u)) <0 = up, — u in Wol’p(z)(ﬂ).

Next, we prove two strong comparison theorems, which will be used in the analysis of problem (Py). The
first one extends Proposition 2.6 of Arcoya and Ruiz [3] to the abstract setting of anisotropic problems.

We will use the following notation. Given h,g € L*({2), we write that h < g if and only if for every
K C 2 compact, we can find cxk > 0 such that 0 < cx < g¢(z) — h(z) for a.a. z € K. Evidently, if
h,g € C(2) and h(z) < g(z) for all z € §2, then h < g. Also, by C; we denote the positive cone of
CH2) ={ueCl(R): u‘an = 0}, that is, C} = {u € C3(2) : u(z) > 0 for all z € 2}. This cone has a
nonempty interior given by

ou
intC, =uedl, : >0 for all z € £, —‘ <0\,
int Cy. {u +ou(z) or all z 5 loo }

with n(-) being the outward unit normal on 042.
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Proposition 2.4. Ifpe C%\(2), 1 < p(z) forallz € 2, £, h,g € L™(2), £(z) > 0 for a.a. z€ 2, h < g,
u€ WHPE (), u#0, v €intCy and

_4ww+ﬁ@mw@4u:hgunauhggq

ov

= Ay + O = g() in 2, 52|

thenv —u € int C.

Proof. From Theorem 4.1 of Fan and Zhao [8] (see also Proposition 3.1 of Gasinski and Papageorgiou [11]),
we have that u € L>(§2). Then invoking Theorem 1.3 of Fan [7], we infer that u € C*(£2). Also, exploiting
the monotonicity of A(-) (see Proposition 2.3), we see that u < v. We introduce the following two sets.

E={ze€2: u(z)=v(z)} and £ = {z € 2: Du(z) = Dv(z) = 0}.

Claim. E C E.

Let y = u —v. We have y < 0. Counsider z € E. Then y(z) = maxgy = 0. So, we have Dy(z) = 0, hence
Du(z) = Duv(z). Arguing by contradiction, suppose that z ¢ E. Then Dv(z) # 0 and so we can find an open
ball B C {2 centered at z such that

|Du(x)| > 0, |Dv(x)| > 0, (Du(x), Dv(z))gny > 0 for all x € B.

Consider the N x N matrix A(z) = (aij(:c))ivjzl with entries a;;(z) defined by

1 . —tu v ; —T)u v
5@ = [ 0= 0Du) 10 |3, + pfa) 2 PO DDAEE L) g
We have a;; € C%%(B) for some « € (0,1) (see Fan [7]) and
— div (A(2) Dy(x)) = h() - g(x) — &) [lu(@) " u(z) - v(@y @] in B (1)

(see also Guedda and Véron [12]). By choosing the ball B C 2 even smaller if necessary, we obtain that in
(1) the linear differential operator is strictly elliptic, while the right-hand side is strictly negative. Invoking
Theorem 4 of Vazquez [25], we have

y(z) <0 for all z € B,

= y(z) < 0, a contradiction.

Therefore z € E and this proves the Claim.
Recall that v € int Cy. Therefore E is compact and so we can find U C 2 such that

ECcUcCUC®. (2)
For € > 0 small enough, we have

u(z) +e <w(z) for all z € U (see (2)), (3)
h(z) +€ < g(z) for a.a. z € U (recall that h < g). (4)
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We choose ¢ > 0 so small that
€) (1o 7% = fu™ w))|
< Jélloo 127970 — wf | < e (5)
if |z —w| < 4, z € U (recall that p € C%1(R2)).

Then we have for a.a. z € U

—Ap(ey(u+ 8) + E(2)|u+ 8P (u + 0)
— Ay + E(2)|u+ 8P 2 (u + 6)

= h(2) +£2) |lu+0PP 2w+ 6) — [P u
< h(z) +e (see (5))
< g(z) (see (4)

)
= —Apyv + E(2)oPP 7L,
= u(z) +6 <wv(z) forall z€ U
(by the weak comparison principle, see (3)),
= u(z) <wv(z) for all z € U,
= E=0.

Also, by the anisotropic maximum principle of Zhang [26], we have

y
onlog >0,
N O(v—u)

< 0.
on ‘arz

The proof is now complete. O

For the second strong comparison principle, we use the following open cone in C!(£2)

D, ={uecC'(): >0 for all z € 2, < 0}.
L ={u (2): u(z) or all z anmU—l(o) }

Proposition 2.5. Ifp € C%(2), 1 < p(z) for all z € 0, Eh,g € Lo (), é(z) > 0 for a.a. z € 2,
0<n<g(z)—nh(z) for a.a. z € 2 and u,v € CY(02) satisfy u < v and

— Ay + € [ulPP Pu = h(2) in 0,
— Aoy +E@) PP 0 = g(2) in 2,

thenv —u € D

Proof. The reasoning is similar to that in the proof of the previous proposition.
Let w=v—u >0, w € CHN). As in the proof of Proposition 2.4, we have

— div(A(2)Dw) = g(z) — h(z) — £(z) [|U\P(Z>—2v - |u|P<Z>—2u} in 0. (6)

In this case we have a;; € WH*°(2) for all 4,5 =1,..., N.
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Suppose that for some zy € {2, we have w(zp) = 0. Then u(zy) = v(20). The map (z,z) — |:r\p(z)72x is
uniformly continuous on {2 x R. So, we can find § > 0 small enough such that

9(2) = h(z) = () |[p(2)"D 20 () = ()P Pu(z) = 4 >0

for a.a. z € Bs(z0) ={z € 2: |z — 2| < d}.

From (6) we have

—div (A(z)Dw) > 75 0foraa. ze Bs(z0).

[\V]

Invoking Theorem 4 of Vazquez [25], we have
w(z) > 0 for all z € Bs(z),
a contradiction to the fact that w(zg) = 0. Therefore
w(z) > 0 for all z € 2.

Let Ey = {z € 902 : w(z) = 0}. We can assume that Ey # (). Otherwise we already have that v(z) > u(z)
for all z € 2 and we are done. By Zhang [26] we have

w=v—ucDy.

The proof is now complete. [

Now we introduce our hypotheses on the data of problem (Py).

Hy:p,ge CO'2)and 1 < q_ < q(z) <qy <p_ <p(z) <py forall z € 2, £ € L>®(N).

We mention that the global regularity results of Fan [7] that we use are actually valid for p € C%#(12)
with 0 < 8 < 1 (see assumption py in [7, p. 398]). On the other hand, the Poincaré inequality (that is also
used here) is valid for p(-) being Lipschitz continuous. For this reason we have assumed that p, g € C%1(02).

Hy: f: 2 xR — R is a function which for all z € R, is measurable in z € {2, for a.a. z € {2 we have

f(z,-) € CY(R) and

() 0 < flz,z) < a(z)(1 +2"®~) for aa. z € 2, all z € R, with a € L®(R), r € C(2) and
Py <7(z )<p( ) for all z € (2;

(i) if F(z,x) fo 2, 8)ds, then lim,_, 4 F(Zf) = +oo uniformly for a.a. z € £2;
(iii) if e(z, z) = f(z, )z — p4 F (2, ), then there exist M > 0 and C' > ||¢]|o0 (—_ - ) such that

el (z,2) > CaePP = for aa. z € 2, all z > M;
(Z 95) _

(iv) lim, o+ =3 = 0 uniformly for a.a. z € 2.
Remark 2.6. Since we are looking for positive solutions and all the above hypotheses concern the positive
semi-axis Ry = [0, +00), without any loss of generality, we may assume that

f(z,z) =0foraa. z€ 2, all z <0. (7)

Remark 2.7. Hypothesis Hy(i7) implies that for a.a. z € {2, the function F(z,-) is py-superlinear. This
combined with hypothesis Hj(iii), says that for a.a. z € 2, f(z,) is (p+ — 1)-superlinear. However, the
superlinearity of f(z,-) is not expressed using the usual for such problems AR-condition (see Ambrosetti
and Rabinowitz [2]). Instead, we employ the less restrictive condition Hj (i) that permits the consideration
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of (p; — 1)-superlinear functions with “slower” growth near +oo, which fail to satisfy the AR-condition (see
the examples below). Note that hypothesis H;(ii7) is not global and implies that for a.a. z € 2, e(z,-) is
eventually nondecreasing. Then Lemma 2.4(iv) of Li and Yang [15], implies that there exists u € L!(§2) such
that

e(z,x) <e(z,y) + u(z) foraa. z€ 2, all0 <z <y (8)

(a global quasi-monotonicity condition on e(z,-)). Also it is equivalent to saying that there exists M >0
such that for a.a. z € 2, the function

T —

is nondecreasing on [M, +00) (see Li and Yang [15]).

Example 2.8. Consider the following two functions
filz,z) = ") for all z > 0,

Czr)-1, ifxel0,1]
O R R SO )}

with r,m € C(2), px < r(2) < p(2)*, m(z) < p(z) and r(z) = p(z) + m(z) — 2.
Note that fi(z,-) satisfies the AR-condition, while f5(z,-) need not (the AR-condition is not satisfied if
{z € 2: m(z) = p;} has nonempty interior).

Finally, we mention that if X is a Banach space and ¢ € C*(X,R), then K, denotes the critical set of ¢,
that is,

K,={ue X: ¢(u) =0}
Moreover, a set S C Wol’p(z)(ﬂ) is said to be “downward directed”, if given u,v € S, we can find w € S
such that w < u, w < v. In addition if u,v € Wol’p(z)(ﬁ) with v < v, then we define

[u,v] = {y € WgPH(2) 1 u(z) < y(z) < v(z) for a.a. z € 2}
mtcl(n)[“ v] = the interior in C§(82) of [u,v] N Cy(R2),

[u) = {y € WePD(2): u(z) < y(z) for aa. z € 2}.
3. Positive solutions

We introduce the following two sets:

L={X>0: problem (P,) admits a positive solution},

Sy = set of positive solutions of problem (Py).

Let ¥ > ||€]loo (see hypothesis Hyp), A > 0 and consider the functional @ : W&’p(z)(()) — R defined by

5 (1) = 1 wlPP g @uz’(z) P iu, P(2) 4
) Lmaw' d+ﬂma” d+ﬁmw() a
1

- )\/ ——(uT) 1@ dz — / F(z,u™)dz for all u € Wol’p(z)(ﬁ).
2 a(2) Q

Recall that «™ = max{u,0}, v~ = max{—wu,0} and if u € VVOLP(Z)(.Q)7 then
ut u™ € VVOLP(Z)(.Q)7 u=u"—u, |ul=ut +u".

We have that ¢5(-) € Cl(WOl’p(Z)(Q)) (see Radulescu and Repovs [23, p. 31]).
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Proposition 3.1. If hypotheses Hy, Hy hold and X > 0, then $x(-) satisfies the C-condition.

Proof. We consider a sequence {uy,}n,>1 C W, P Z)(Q) such that

|&a(un)| < M; for some My > 0, all n € N,
(L + lunl)@5(un) — 0 in W_l’p,(z)(()) = Wol’p(z)(Q)’k as n — o0o.

From (10) we have

nllh 2 :
(A (un), h)| < 1{1""”” for all h € We®(2), all n € N, with g, — 07,
= (<A /5 )un [P0 hdzf/ 9(uy, )P~ hdz

_)\/ ya(z) 1hdz—/f hd‘_ﬂ
1+ [Jun||
for all h € Wy ") (2), n e N.

In (11) we choose h = —u; € Wy?*) (). We have

<eg, forallneN,

‘ﬁ(Du;) + [ i)+ 9] (g

= u; — 0in WoP(0)
(recall that ¥ > ||{]|c and see Proposition 2.2(d)).

In (11) we choose h = u} € Wy (£2). Then

’ / E(2)(uh)PPdz — )\/ )1 dz —/ fzuh)utdz
for all n € N.

On the other hand, from (9) and (12), we have

|/ el |D +‘p(2)d +/ P(Z) S +|p(2)d - 7] Q( )

— / prF(z,uf)dz| < My
Q
for some M; > 0, all n € N.

<en

L (u) " dz

From (13) and (14) it follows that

[ o = a5 ey
- A/Q [qt) - 1} ()" dz + /Q e(z,u)dz < Ms

for some M3 >0, all n € N.

Let Br(z,2) = A {1 - %} 293) 4 e(z, 1) + £(2) [7) — ] 2P for all x > 0.
Then from (15) we have

/5,\ )dz < M3 for all n € N.

Claim. The sequence {u}},>1 C Wol’p( )(Q) is bounded.

(12)

(14)

(15)
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We argue by contradiction. So, suppose that the claim is not true. Then passing to a subsequence if
necessary, we may assume that
lwl || — oo as n — oo. (17)

+
Let y,, = HZ—%H, n € N. Then ||y, = 1, y,, > 0 for all n € N. So, we may assume that

Yn — y in Wg’p(z)(ﬂ) and ¥, — ¥ in Lp(z)((l), y > 0. (18)

Let 2y ={z€ 2: y(z) >0} and 2 ={z € 2: y(z) =0}. Then 2 = 24 U N (see (18)).
First we assume that |24 |y > 0 (by | - |y we denote the Lebesgue measure on RY). We have u;} (2) — +o0
for a.a. z € 24 and so on account of hypothesis H(ii) we have

+
M — +oo for a.a. z € (2,

un (2)P+
F(zuf(2) _ F(zug(2)
[uT [P+ = i (2)Pr Yn(2)PT — +oo for a.a. z € 2y,
Ja +
= Mdz — 400 (by Fatou’s lemma),
@y |lum [P+
F +
= / Wdz — 400 as n — 4-00. (19)
@ |un P+

On account of (17), we may assume that ||u;"|| > 1 for all n € N. Then from (9) and (12), we have

/ L (uf)?® F(z,u,)
2 9(2) [Ju||P+ o [lur|P+

IN

1 oo
e+ —/ |Dyn|p(z)dz + (49 / y?#dz with €/, — 0F
b-Ja p— Jo
< My for some My > 0, all n € N (see (18)). (20)

Comparing (19) and (20), we have a contradiction.
So, we assume that y = 0 (that is, |2|5 = [f2|y). We define

Oaltnun) = max{Px(tuy,) : 0 <t <1} (21)
1
Let v, = n?-y, for all n € N, with n > 0. Evidently we have
vn %0 in W PE) (2) (see (18)). (22)

Hypothesis H; (i), (18) and the dominated convergence theorem imply that

/ F(z,v,)dz — 0 as n — oo. (23)
Q
Also, we have
/ L§(z)v£(z)dz — 0, / ng(z)dz -0 (24)
o p(z) 2 q(2)

(see (22) and Proposition 2.1).

Moreover, (17) implies that we can find ng € N such that

1
nr-
[ uat [

€ (0,1] for all n > nyg. (25)
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Then from (21) and (25), we have

Galtnty) = @a(v

|
‘ >
.
S
‘H
<
3
O
U
N
|
S
g
\‘N
<
Z
IS
N
c
=
3
s
N,
S
S

n for all n > ny; > ng
(see (23), (24) and use the Poincaré inequality).
Since 1 > 0 is arbitrary, we can infer that
Ga(tnul) — +o0 as n — oco.

We know that
$a(0) = 0 and @y (u,h) < M5 for some My > 0, all n € N.

From (26) and (27) it follows that we can find ny € N such that
tn € (0,1) for all n > na.

Then from (21) and (28) we infer that

d
tn— @ (tut =0,

t=tp
= <¢I)\(tnur—~z_>7tnu;> =0 for all n Z no

(by the chain rule).

For all n > ny we have

@)\(tnujzr)
1
= Paltnuy) — F(@&(tnurf )s tntiy) (see (29))
+
1 1] ) 1 1
< —— — — | |D(tau)))? dz+/ [}fz tou )P H dz
o Lp(z) p+_| ( ) o lp(z)  pe (=) :
_ A/ {1 _ 1} (tou )1 dz + i/ e(z, tyul)dz
o la(z)  pe P+ Jao
< [ o5 - L] 1w @as+ L [ e tuae
o lp(z)  py] P+ Ja

For the integrand ()(z, ), we have for a.a. z € 2, all z > 0

(Br)5 (2, 2) = Ag(2) = p] 2?7 + €l (2, ) + £(2) [py — p(2)] 2?7
> CzP®) =1 — A0 27®) 1 for some Cy > 0

(see hypothesis Hj(ii7)).
Since ¢4 < p_, we can find Mg > 1 such that

(Br)s(z,x) > 0 for a.a. z € 2, all x > M,

= Ba(z,-) is nondecreasing on [Mg, 00) for a.a. z € £2,

11

(30)
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= Ba(z,2) < Ba(z,y) + pa(2)

for a.a. 2 € 2, all 0 < x <y, with py € L1(2).

It follows from (30) and (31) that
Pa(tnut)
1
< — } |Du+| dz—l—f/ Br(z dZ+*||MA||1
2 p(Z
for all n > nsy
A L
= @aluy) — —(Ah(w)) uy))
P+

< @A (un

= oa(u,

)+ n for all n > ny (see (13)),
+

) = 400 as n — oo (see (26)),

a contradiction (see (27)).

Therefore {u}} € Wy**)(£2) is bounded and this proves the claim.
Then from (12) and the claim it follows that

We may assume that

{tn}n>1 € Wol’p(z)(ﬁ) is bounded.

Up > u in Wol’p(z)(ﬁ) and u, — u in L") (2) as n — co.

(31)

(32)

In (11) we choose h = u,, —u € Wol’p(z)(ﬂ), pass to the limit as n — oo and use (32). Then

The proof is now complete.

nl;&(A(un),un —u) =0,

= u, = uin Wol’p(z)(()) (see Proposition 2.3),

= $(-) satisfies the C-condition.

O

Proposition 3.2. If hypotheses Hy, Hy hold, then £ # 0 and we have Sy C int Cy for every A € L.

Proof. On account of hypotheses H; (), (iv), we see that given € > 0, we can find Cy

that

F(z,z) < ix” + Cox™+ for a.a. z € {2, all z > 0.

For every u € W ") (),

Pa(u)

P+

we have

p(2) L p(z)
2/{2;0(2)|Du| dz—l—/gp(z)f(z)|u| dz
A

€
- — [ (Wh) " dz — —||ul[p — Cs]lul|™+
9+ J o P+

for some C5 > 0 (see (33) and recall that ¥ > ||€]|oo)-

= (Cs(e) > 0 such

(33)

(34)
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For [|ul|,(.) <1 we have

1

/ — &) PPz < ”5”“ lu][P7, < CallullP~ for some Cy > 0,
2

p(z)
]. q+ u T‘+
;5/91)(2) (z)(u+)dz§AHu|| + Cs]lul

for some Cs = C5(A\) > 0 (recall that g < p_ < py <ry).

We return to (34) and use (35). Then for u € W, ” Z)(Q) with max{||ul, [|ul/pz)} < 1 we have

. 1 \
Pa(u) = P (1 —¢eCs) [lul™* — C7 (Aflull® + [[ul™)
for some Cg, C7 > 0.

We choose ¢ € (0, c%;) and obtain

@a(u) = Csllul|”+ — C7 (AJul|** + [|ul|™*) for some Cg > 0,

= @a(u) > [Cs — C7 (Allul| TP+ + [Jul|™+7P+)] [Jul[P+.
Consider the function
kx(t) = M9+ 7P+ 4+ ¢™+ 7P+ for all ¢ > 0.

Evidently, k) € C1(0,+00) and since ¢y < p_ < p; < r4 we have
kx(t) — +ooast— 07 or t — +o0.
So, we can find ¢y > 0 such that

k)\(to) = min{kk(t) > 0}7
= k)i\(to) = 0

= Aps — ¢ tq+p+1 Ty —p ””1
P+ — Q4+ + P+

)

by = [A(m — q+)} e .

T+ — P+
Then
i (ry —py)T0 P (p, —g) T
T4 P4 o —py T4+ —q4 T4+ P4 D+ — q+ T4—q4
— \T+—9 T q
Ex(to) = Am+ 2+ e TATTT e
(P4 —qq) "+ (14 —pg) 70

= ka(to) > 0as A — 0.

Let Co > 0 be such that [| - |[,(z) < Co| - [|. So, we can find Ag > 0 such that

1
0 < tp < min {C’ 1} and ky(tg) < % for all A € (0, \o) (see (36), (37)).
0

7

Then from (36) it follows that
Oa(u) > my > 0 for all |lul| = to.
On account of superlinearity hypothesis H; (i), for v € int C'y, we have

Oa(tu) = —oo as t = +o0.

13
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Then (38), (39) and Proposition 3.1, permit the use of the mountain pass theorem. Therefore for every
A € (0, A0) we can find uy € Wol’p(z)(ﬂ) such that

uy € Kg, and 0 < 1y < @a(uy) (see (38)). (40)
From (40) we have uy # 0 (recall that ¢, (0) = 0) and
(Ph(ux), h) =0 for all h € Wy P (12). (41)

Choosing h = —u, € Wol’p(z)(ﬂ), we obtain

1) V+&(2) o)y, —
/QP(Z)‘DU/\| dH/g by ()STAE=0

1
= — [p(Duy) + Cop(uy)] <0 for some Cy > 0,
P+
= u) >0, uy #0.
Then from (41) it follows that wy is a positive solution (Py). As before, the anisotropic regularity theory

(see [7,8]) implies that
uy € C+ \ {O}

We have

—Apzyu(z) + £(2)u(z)PP 71 > 0 for a.a. z € 2,
= Apmu(z) < €]l octu(2)P*) 1 for a.a. z € 2,
= u € int O (see Zhang [20]).

So, we have proved that (0,\p) C £ and so £ # (). Moreover, we have Sy CintCy for all A > 0. O
Next, we show that £ is an interval.

Proposition 3.3. If hypotheses Hy, Hy hold, A € L and 0 < p < A, then u € L and given uy € Sy, we can
find u, €S, such that v, < uy.

Proof. Since A € £, we can find uy € Sy C int Cy. With ¢ > ||{||ec, we introduce the Carathéodory
function g,,(z,x) defined by

p(at) A=t 4 fzah) + P(at)PE L if & < ux(2)

(a2 = ) S0, i) 42

We set G (z, %) = [ gu(z,s)ds and consider the C'-functional ¥, : Wy (2) — R defined by

W) — B WP s 19+§() () g, _ 2 u)d
v = [ puras [ e - [ 6

for all u € Wol’p(z)(ﬂ).

Since ¥ > ||€]|co, from (42) it is clear that ¥,(-) is coercive. Also, using the fact that W&’p(z)(ﬁ) —
LP() () compactly, we see that ¥, (-) is sequentially weakly lower semicontinuous. So, by the Weierstrass—
Tonelli theorem, there exists u, € Wol’p(z)(ﬂ) such that

W, (u,,) = inf { () ue W(}’W)(Q)} . (43)
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Since ¢4 < p_, we see that

Py (up) < 0= ¥,(0),

= u, #0.
From (43) we have
WZL(UH) = Oa
> (A, b+ / 9+ £(2)] [P, hdz = / Gu (2w ) helz (44)
0 0

for all h € Wi P3) ().
In (44) first we choose h = —u;; € Wy *)(£2). We obtain

p(Du,, ) + Crop(u, ) < 0 for some Crg > 0 (see (42)),
= uy >0, u, #0.

Next, in (44) we choose h = (u, —uy)* € Wol’p(z)(ﬂ). We have
(Al =) )+ [ [+ €N = r) s

[NUK(Z)% + f(z,ux) + ﬁu’;('z)*l](uu —uy)"dz (see (42))

J,

< / Muau?® ™t 4 f(z,uy) + ﬂui(z)fl](uu —uy)Tdz (since u < \)
7}
(A

(uy), (uy —ux)™) +/ [0 +§(z)]u§(z)_1(uu —uy)tdz (since uy € Sy).
Q
The monotonicity of A(-) (see Proposition 2.3) and the fact that ¢ > ||€]|o imply that

Uy, < upy,
= u, € [0,uy], u, #0,
= u, €5, CintCy (see (42) and (44)).

The proof is now complete. O

So, according to Proposition 3.3, the solution multifunction A — S has a kind of weak monotonicity
property. We can improve this monotonicity property by adding one more condition on the perturbation

f(Z, )

The new hypotheses on f(z,x) are the following:

Hy: f: 2 xR — R is a function which is measurable in z € §2, for a.a. z € 2 we have f(z,-) € C}(R),
hypotheses Hs(i) — (iv) are the same as the corresponding hypotheses Hy () — (iv), and

(v) for every p > 0, there exists ép > 0 such that for a.a. z € {2 the function
x> f(z,@) + EaP) 1
is nondecreasing on [0, p].

Remark 3.4. This is a one-sided local Hélder condition on f(z,-). It is satisfied if for every p > 0, we can
find C'p > 0 such that f.(z,z) > —épxp(z)_l for a.a. z€ N and all 0 < x < p.
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Proposition 3.5. If hypotheses Hy, Hs hold, A € L, uy € S\ Cint Cy and p € (0, ), then p € L and we
can find v, € S, Cint Cy such that
ux —u, €int Cy.

Proof. From Proposition 3.3 we know that p € £ and there exists u, € S, C int C such that
ux —u, € Cp \ {0} (45)

Let p = [lualleo and let €, > 0 be as postulated by hypothesis Ha(v). We can always assume that
€, > ||€]|oo- Then we have

— Ay + [€(2) + £ JubH) 7!
— ;I,UQ(Z) 1 fz,u,) _|_§ uP(Z)—l
< D7 4 f(zun) + €l p(z) ! (see (45) and hypothesis Hs(v))
< /\ui('z + f(z,un) + §pu>\ 21 (since p < A)
= —Apyua +E() + EN T (46)
Note that since uy € int Cy and pu < A, we have
0= (A= puf ¥ (47)
Then from (46), (47) and Proposition 2.4, we can conclude that
ux —uy € intCg.
The proof is now complete. O

Next, we show that for every A € £, the solution set S has a smallest element (minimal positive solution).
To this end, first we consider the following auxiliary problem

—Apyulz) + €| [ul) PP u(z) = Au(2)|" u(z) in 2,
u| =0, A>0,u>0. (48)

Proposition 3.6. If hypotheses Hy hold and A\ > 0, then problem (48) admits a unique positive solution
uy € int C+.

Proof. We consider the C'!-functional 7, : Wol’p(z)(ﬁ) — R defined by

W= [ pup@as g [ E@L e [ L e,
) = [ ooz s [ B0 [ oty

for all u € Wol’p(z)(()).
Evidently, v, (-) is coercive (since g4 < p_) and sequentially weakly lower semicontinuous. So, we can find
Uy € Wol’p(z)(ﬁ) such that
(@) = min { () : w e WP (@)} < 0=7,(0) (since g < po),
= 1y # 0.
We have
YA(Wn) =
/ 1€(2)|Jua P~ quhdz = / a1, (49)

for all h € W(}W)(Q).
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In (49) we choose h = -1, € Wl’p(z)(ﬂ). Then

p(Dy) / £(2)|(my )P Hdz = 0,
=y >0, uy #0,
= ) is a positive solution of (48) (see (49)),
= Uy € Cy \ {0} (anisotropic regularity theory).

Therefore

Apz)ua(z) < €] scTir (2)P) 7L for a.a. z € £2,
= Ty € int C; (see Zhang [26]).

Next, we show that this positive solution of (48) is unique.

Suppose that Ty is another positive solution of (48). Again we have T € int C'y. On account of Proposition
4.1.22 of Papageorgiou, Riddulescu and Repovs [20, p. 274], we have %—;, Zi € L>(£). So, we can apply
Theorem 2.5 of Taka¢ and Giacomoni [24] and get

—-A Uy —-A o o
,pp,(i)l ,pp,(i)l ] (U’Z;\ ,UI))\ )dZ
Uy Ux

— / [)\ (Hq/\(Z)fpf _ Eg(z)fpf) —1€(2)] (ﬂi(z)fpf _Ez;(z)fp,)} @ ),
Q

= Uy = Ty (since g1 < p— < p(z)).

Therefore the positive solution uy € int C'y of problem (48) is unique. O

This solution ) € int Cy provides a lower bound for the solution set Sj.
Proposition 3.7. If hypotheses Hy, H1 hold and A € L, then uy < u for all u € S).

Proof. Let u € Sy Cint Cy and consider the Carathéodory function 5y (z,x) defined by

[ A@HIO e < u(z)
Ba(z, @) = { u(2)1E=1 0 if u(z) < o

We set Bx(z,2) = [ Ba(z, s)ds and consider the C*-functional 7y : W, ’p(z)(Q) — R defined by

= [ L (2) €GN e,
A(u) /_QP(Z) dZ-f—/Q 2(2) [ul"* dz /QB)\(,Z,u)dz

for all u € W * ().
From (50) we see that 7, () is coercive. Also, it is sequentially weakly lower semicontinuous. So, we can
find @y € Wol’p(z)(Q) such that

(@) = min {T)\(U) HETRS Wol’p(z)(ﬁ)} < 0 =7,(0) (since g+ < p_),
= Uy 75 0.

‘We have
A (@) =0,

= (A(@iy), h) + /Q 1€(2)||aA PP 2ty hdz = /Q Ba(2, @ix)hdz (51)

for all h € W) (2).
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In (51) we first choose h = —1u, € Wol’p(z)(ﬂ) and infer that
iy >0, dy # 0.
Next, in (51) we choose h = (@iy —u)* € Wol’p(z)(Q). We have
(An), (@x —u)™) + /Q €(2)[a5 7 (@n —u)Tdz
= /Q)\uQ(z)_l(ﬂA —u)tdz (see (50))

< / {)\uq(z)*l + f(z,u)} (@i —u)tdz (since f > 0)
Q

IN

(A(u), (ax —u)t) + /Q 1€(2)|uP @~ (@ — u)Tdz (since u € Sy),

= uy < U.

So, we have proved that
ay € [0,u] \ {0}. (52)
Then it follows from (51), (52) and (50) that

Uy is a positive solution of (48),
= Uy =y € int Cy (see Proposition 3.6),

= uy < uforall u € Sy.

The proof is now complete. [

Remark 3.8. Reasoning as in the above proof, we show that A\ — @) is increasing that is, if 0 < pu < A,
then w\ — @, € Cy \ {0}.

We know that Sy is downward directed (see Filippakis and Papageorgiou [9] and Papageorgiou, Radulescu
and Repovs [18] and recall that A(-) is monotone, see Proposition 2.3).

Proposition 3.9. If hypotheses Hy, Hi hold and X € L, then there exists uy € Sy C int C such that
uy <wu for allu € Sy

(minimal positive solution of (Py)).

Proof. By Lemma 3.10 of Hu and Papageorgiou [14, p. 178], we know that we can find {u,},>1 C Sy C
int Cy decreasing (recall that Sy is downward directed) such that

inf u,, = inf S}.
n>1

Since uy < u, < uy for all n € N (see Proposition 3.7), from hypothesis H (7) it follows that
{un}n>1 C Wol’p(z)(ﬁ) is bounded.
So, we may assume that

Up = u} in Wol’p(z)(Q) and u, — u} in L") (02) as n — . (53)
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We have
() = 5) + [ € (= i)
= )\/ ud) =1 ui‘\)dz—l—/ﬂf(z,un)(un —uy)dz,
= nlgn (A(up), up, —uy) =0,
= u, = u} in W, Lp(z) (£2) (see Proposition 2.3).
Note that

uy < uy and so uy # 0,

/5 1hdz—/\/ (u’;)q@*lhdH/ f(z,u)hdz
2 2
for all h € Wolp )(.Q) (see (54)).

It follows that
uy € Sy Cint Cy and u) = inf S).

The proof is now complete. [

We set A* = sup L.

Proposition 3.10. If hypotheses Hy, Hy hold, then \* < oc.

19

Proof. On account of hypotheses Hy, Hz(iv) and since ¢4 < p_, we see that we can find A > 0 such that

AdE = 4 f(zx) — €(2)aPP) 7 > 0 for aa. z € 2, all z > 0.

(55)

Let A > ) and suppose that A € L. Then we can find uy € Sy C intCy. Let £y CC {2 (that is,
2y C Ny C N2) and assume that 9 is a C2-manifold. We set my = man uy > 0 (recall that uy € int C.).

Also, let fp > ||€]loo- Let my = mq + & for § > 0 small enough. We have

—Apymp + [€(z) + &l (mg)PI
[5()+§p]moz 4 ()Wlthx()—>0+asé—>0+
< dmfD ™+ £z, mo) +EmEP T £ x(8) (see (55))
<

u g\(z) Y flzun) + ép p(z —|— x(0) (see hypothesis Ha(iv))
< 2l o)+ — D A 1)
< —Apcyun + [E(2) + fp]u)\ ~!in 2 for all 6 € (0,1) small enough.

Note that for § € (0,1) small enough, we have
(A= NmEP ™t —x(8) = n > 0.
Then from (56) and Proposition 2.5, we have
uy —mf € Dy for all § € (0,1) small enough,

a contradiction. This means that 0 < \* < A < co. [

(56)
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According to this proposition, we have
(0,A%) € L C (0,7, (57)

We will show that for all A € (0, \*), we have at least two positive smooth solutions for problem (Pj).
To do this we need to strengthen a little the hypotheses on f(z,-). The new conditions on f(z,x) are the
following:

3: f: 2 xR — Ris a function measurable in z € 2, for a.a. 2 € 2f(z,-) € C*(R), hypotheses
Hs(i) — (v) are the same as the corresponding hypotheses H (i) — (v) = Hy(i) — (v) and

(vi) for every m > 0, there exists 7, > 0 such that

f(z,2) > npm >0 for aa. z € 2, all x > m.

Proposition 3.11. If hypotheses Hy, Hs hold and \ € (0, \*), then problem (Py) admits at least two positive
solutions
ug, 4 € int C, ug # .

Proof. Let n € (A\,A*). We have n € L (see (57)) and so we can find u, € S, C int C.. Then according to
Proposition 3.5, we can find ug € Sy C int Cy such that

Uy — up € int C. (58)

Recall that Ty < ug (see Proposition 3.7). Let p = |lug||co and let pr > 0 be as postulated by hypothesis
Hs(v) = Hy(v). We can assume that fp > ||€]loo- Then we have

Ay + [€(2) + &R
<~y + [EG) + €I
= )\ﬂi(z)fl —l—é )~ (see Proposition 3.6)
< )\ug(z) + f(z,@y) +§p ) (recall that f > 0)
< )\ug(z) " f(zu0) + §u0
(see Proposition 3.7 and hypothesis H3(v) = Ha(v))
= —Apyuo + [€(2) + £ JubP 7T (since ug € Sy). (59)

On account of hypothesis H3(vi) and since Uy € int Cy, we see that

0 < f(aa()-
Then (59) and Proposition 2.4 imply that
ug — Uy € int Cg. (60)
It follows from (58) and (60) that
ug € intcé @) [T, Uy (61)

As before, let ¥ > ||€]|oo and consider the Carathéodory function ky(z,x) defined by

Ny (2)93) 71 1 f(z,0(2)) + 9Ux(2)PP) L if o < Ty (2)
Ex(z,2) = ¢ M@= 4 f(z 2) + 92P) 1, if uy(2) <o <upy(z) (62)
My (2)1E 71 4 (2,0, (2)) + Puy (2)PE L i uy(2) < 2.
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We set K)(z,2) = [ kx(2,s)ds and consider the C*-functional 7 : Wol’p(z)(Q) — R defined by

m™\u) = L '(,Lp(z) VA 7ﬂ+£(z> Up(z) zZ — zZ. U VA
() /Qp(z)|D| d+/9 O /Qm, )

for all u € Wol’p(z)(ﬁ).
From (62) and since ¥ > ||{|lco, we infer that 7)(:) is coercive. Also it is sequentially weakly lower
semicontinuous. So, we can find @y € Wol’p(z (£2) such that

Choosing h = (uy — )" and h = (@p — uy)* and using (62), we show as before that
g € [Ty, un] Nint Cy.

Therefore we may assume that @y = ug or otherwise we already have a second positive smooth solution
and so we are done.
Next, we consider the Carathéodory function

Ny (2)1) 7L+ f(z,10(2)) + 9 (2)PA) 7L, if 2 < (2)

ka(z ) = { ApdE) =1 4 f (2 2) + 9P if ua(z) < z. (63)
We define K (z,2) = [; kx(2, s)ds and introduce the C'-functional 7 : Wy (2) — R defined by
. 1 (=) I+8(2), p(x) 5
(u) = | ——|Dul? dz—l—/iup dz — | Ky(z,u)dz
=] i TR o
for all u € Wol’p(z)(ﬁ).
From (62) and (63) it is clear that
T = ’7A')\ .
[wx,un] [@x,un)
On account of (61), we have that
up is a local C}(§2)-minimizer of 7y,
= ug is a local W, P**)(2)-minimizer of 7. (64)
(see Gasinski and Papageorgiou [11, Proposition 3.3]).
Using (63), we can easily see that
K{-A - [ﬂ)\) Nint C,.. (65)

Then from (63) and (65) we can infer that we may assume that K+, is finite or otherwise we already have
an infinity of positive smooth solutions all distinct from uy and so, we are done. According to Theorem 5.7.6
of Papageorgiou, Radulescu and Repovs [20, p. 449], we can find p € (0,1) small such that

a(ug) < inf{7x(u) : [Ju —uo|| = p} = M. (66)
On account of hypothesis H3(ii) = Hy(ii), for v € int Cy, we have

x(tu) = —o0 as t — +o0. (67)
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Finally, from (63) it follows that

@)\ =Ty +ﬁWithﬁ€R,
[@x) [zx)
= 72(+) satisfies the C-condition (see Proposition 3.1). (68)

Then (66), (67), (68) permit the use of the mountain pass theorem. So, we can find @ € Wol’p(z)(Q) such
that
0 € K3, C[uy)NintCy and 1, < 75 (a). (69)

From (69) and (63) we see that & € Sx C int C, while from (69) and (66) we have that @ # ug. O
Finally, we show that the critical parameter value \* is admissible, that is, A\* € L.

Proposition 3.12. If hypotheses Hy, Hy hold, then \* € L.

Proof. Let {\,},>1 C £ such that A\, 1 A* as n — oo. From the proof of Proposition 3.3, we know that
we can find u, € Sy, Cint C; such that

&, (un) <0 for all n € N.

Also, we have
@lAn (up) =0, for all n € N.

Then as in the proof of Proposition 3.1, we show that
{tn}n>1 C Wol’p(z)(ﬂ) is bounded.
We may assume that
Up > Uy in Wol’p(z)(ﬁ) and u, — u, in L") (0) as n — oco. (70)

We have
(A(uy), h) + / E(2)ul® " hdz = ), / ul® " hdz + / f(z,un)hdz
2 2 2

for all h € Wy P# (), all n € N.
Choosing h = u,, — u, passing to the limit as n — oo and using (70) and Proposition 2.3, we obtain

Up — Uy ID Wol’p(z)(ﬂ).

So, in the limit as n — 0o, we have
(A(uy), h) +/ §(z)u§f(z)71hdz = )\*/ w!P " hdz —|—/ f(z,u.)hdz
Q Q Q

for all h € WP ().
We have

Uy, <uy forallneN
see the Remark after Proposition 3.7
p s
= ﬂ)\l < U

= uy € Sy» CintC, and so \* € L.

The proof is now complete. [
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According to this proposition, we have

£ = (0,)\7].

Summarizing, we can state the following bifurcation-type result describing in a precise way the set of the

positive solutions of problem (P)) as the parameter A > 0 varies.

Theorem 3.13. If hypotheses Hy, Hs hold, then there exists \* > 0 such that

(a) for all A € (0, \*), problem (P)) has at least two positive solutions

ug, 4 € int C, ug # 4

(b) for A = A*, problem (Py) has at least one positive solution

Uy € int Cy;

(c) for A > A*, problem (Py) has no positive solutions;

(d) for every XA € £ = (0, A*], problem (Py) has a smallest positive solution v} € int C'; and the map A — u}

from £ = (0, A\*] into C4 \ {0} is increasing, that is,

0<pu<AeL=u)—u,e€C\{0}
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