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SOLUTIONS WITH SIGN INFORMATION
FOR NONLINEAR NONHOMOGENEOUS ELLIPTIC
EQUATIONS

NIKOLAOS S. PAPAGEORGIOU — VICENTIU D. RADULESCU

ABSTRACT. We consider a class of nonlinear, coercive elliptic equations
driven by a nonhomogeneous differential operator. Using variational meth-
ods together with truncation and comparison techniques, we show that the
problem has at least three nontrivial solutions, all with sign information.
In the special case of (p,2)-equations, using tools from Morse theory, we
show the existence of four nontrivial solutions, all with sign information.
Finally, for a special class of parametric equations, we obtain multiplicity
theorems that substantially extend earlier results on the subject.

1. Introduction

Let Q C RY be a bounded domain with a C?-boundary €. In this paper we
study the existence of multiple nontrivial solutions for the following nonlinear
Dirichlet problem:

(1.1) —diva(Du(z)) = f(z,u(z)) in Q, ulaq = 0.

The map a: RY — R¥ involved in the differential operator of (1.1) is strictly
monotone and satisfies certain other regularity conditions listed in hypotheses
H(a) below.
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Special cases of the differential operator in (1.1), are the p-Laplacian, the
(p, q)-Laplace operator (the sum of a p-Laplacian and of a ¢-Laplacian), and the
generalized p-mean curvature differential operator. It is important to notice that
the differential operator in (1.1) is not necessarily homogeneous. The reaction
term f(z,x) is a Carathéodory function (that is, for all x € R, the mapping
z — f(z,x) is measurable and for almost all z € Q, the map « — f(z,z) is
continuous). Our hypotheses on the growth of f(z, -) ensure that the energy
functional of the problem is coercive.

We prove a “three solutions theorem” providing sign information for all the
solutions produced. In the particular case where a(y) = ||y|[P~%y + y with
2 < p < oo (the differential operator is the sum of a p-Laplacian and the Laplace
operator), we show that we can have four nontrivial solutions, all with sign
information (one positive, one negative, and two nodal (that is, sign changing)).

Multiplicity results for coercive elliptic problems were proved for semilinear
equations driven by the Laplace operator by Ambrosetti and Lupo [1], Am-
brosetti and Mancini [2], and Struwe [29], [30]. For equations driven by the
p-Laplacian, we refer to the works by Liu [19], Liu and Liu [20], and Papageor-
giou and Papageorgiou [24]. None of the aforementioned works produces nodal
solutions.

Our approach is variational and it is based on the critical point theory in
combination with suitable truncation and comparison techniques and Morse the-
ory. We show that problem (1.1) has at least three nontrivial smooth solutions,
one positive, one negative, and a third nodal. In the particular case when the
differential operator is the sum of a p-Laplacian (p > 2) and a Laplacian, we
show that we can have a second nodal solution for a total of four nontrivial
smooth solutions, all with sign information. Finally, we show that for a special
case of parametric nonlinear equations driven by the p-Laplacian, our multiplic-
ity theorems lead to a substantial improvement of the results of Ambrosetti and
Lupo [1], Ambrosetti and Mancini [2], Struwe [29], [30], and Papageorgiou and
Papageorgiou [24].

2. Mathematical background and auxiliary results

Let X be a Banach space and X* be its topological dual. By (-, -) we
denote the duality brackets for the pair (X*, X). Given ¢ € C1(X), we say that
¢ satisfies the “Palais-Smale” condition (the “PS-condition” for short), if the
following is true:

“Bvery sequence {xp},~,; € X such that {¢(xn)},~, € R is bounded and
@' (zn) = 0 in X* as n — oo, admits a strongly convergent subsequence”.

This compactness-type condition which compensates for the fact that the
ambient space X need not be locally compact, leads to a deformation theorem
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for the functional ¢, from which we can derive the minimax theory of certain
critical values of ¢. One such minimax theorem is the so-called “mountain pass
theorem”, which we recall here for future use. For details we refer to Gasinski
and Papageorgiou [13], Kristaly, Rddulescu and Varga [16], and Radulescu [28].

THEOREM 2.1. Assume that ¢ € C1(X) satisfies the PS-condition, x¢,z1 €
X, ||z1 —zol| > p >0,

max {p(zo), p(x1)} < inf{p(x) : |z — zol| = p} = np

and ¢ = inf e @(v(t)), where I' = {y € C([0,1], X) : ¢(0) = zo, ¢(1) =21}
R €10,
Then ¢ > n, and c is a critical value of .

The analysis of problem (1.1) will use the Sobolev space Wy*(2) and the
Banach space
Co(Q) ={ueC'(Q):u=0o0n 00N}
The latter is an ordered Banach space with positive cone given by
Cp ={uecC§Q):u(z) >0forall z € Q}.

This cone has a nonempty interior given by

intCy = {u € Cy :u(z) >0 forall z€Q, g—u(z) <0 forall z€ 8(2},
n

where n(-) is the outward unit normal on 9€Q.
Let ¥ € C1(0,0) and assume that

’

t ~
S#SCO for all ¢ > 0 and some ¢y, ¢ > 0;

W
atP™h <9(t) <eo(14tP7Y) forallt >0

~
52

o)

0 <

~—

(2.1)

and some c1,c3 >0, 1 < p < o0.

Our hypotheses on the map y — a(y) are the following:

H(a) a(y) = ao(||y||)y for all y € RN, with ag(t) > 0 for all ¢ > 0 and
(i) ap € C1(0,00), t — tag(t) is strictly increasing in (0, 00), tag(t) — 0
as t — 0% and

’

lim tag (1)
t—0+ ao(t)

=c>—1;

(ii) for every y € RV \ {0}, we have

[|Va(y)]| < 0319(|||yy|||) for some c3 > 0;
(iii) for every y € RN \ {0}, we have
0
(Vawe O > LD 2 gor ot ¢ € BY:

1
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(iv) if Go(t) = fg sap(s) ds for all t > 0,then there exists 7 € (1, p] such
that t — Go(t'/7) is convex in (0, +00) and lir(glJr TGo(t)/t™ =¢ > 0.
t—

REMARK 2.2. The above assumptions show that the function Go( - ) is strictly
convex and strictly increasing. We set G(y) = Go(]|y]|) for all y € RY. Then
G(-) is convex, G(0) = 0 and

Y
VG(y) = GB(HZ/H)W = ao(llyll)y = a(y) for all y € R¥\ {0} .
Therefore G( - ) is the primitive of a(-). The convexity of G(-) and the fact that
G(0) = 0 imply that
(2.2) G(y) < (a(y),y)ry for all y € RV,

Using hypotheses H(a) and (2.1), (2.2), we deduce the following lemma sum-
marizing the properties of a(-).

LEMMA 2.3. Assume that hypotheses H(a) hold. Then the following proper-
ties hold:

(a) the operator y — a(y) is mazimal monotone and strictly monotone;
(b) [la(y)|| < ca(1 4 ||y|[P~1) for all y € RN and some cy > 0;
() (a(y),y)r~ = allyll?/(p—1) for all y € RY.

Using this lemma and the integral form of the mean value theorem, we obtain
the following growth conditions for the primitive G(-).

COROLLARY 2.4. Assume that hypotheses H(a) hold. Then
C1
plp—1)

EXAMPLES 2.5. The following maps satisfy hypotheses H(a):

(a) a(y) = ||ly||P~2y with 1 < p < co. Then the corresponding differential
operator is the p-Laplacian A,u = div (||Dul|P~2Du) for all u € Wy**(€). This
quasilinear operator arises in many applications such as non-Newtonian fluid

llyl|P < G(y) < cs(1+||y|[P) for ally € RN and some c5 > 0.

flows and turbulent filtration in porous media.
(b) a(y) = llyl|P~2y + pllyl|*?y with 1 < ¢ <p, p> 2 and p > 0. Then the
corresponding differential operator is the (p, ¢)-differential operator

w— Apu+ pAgu for all u e WyP(Q).

Equations driven by such differential operators are important in mathemati-
cal physics. We refer to Benci, D’Avenia, Fortunato and Pisani [5] (existence of
solitons for problems of quantum physics) and Cherfils and Ilyasov [7] (problems
in plasma physics). Recently, multiplicity results for resonant equations of this
type were proved by Papageorgiou and Radulescu [25].



SOLUTIONS FOR NONLINEAR NONHOMOGENEOUS ELLIPTIC EQUATIONS 579

(c) aly) = (1 + ||y||*)P=2)/2y with 1 < p < co. Then the corresponding
differential operator is the generalized p-mean curvature differential operator

w = div (1 + || Du||>)P=2/2Du)  for all u € W, P(Q).
(d) aly) = [lyllP~2y + llyl[P~*y/(1 + [[yl[") with 1 < p < oo.
Let A: WP (Q) — WL (Q) = Wy P(Q)* (1/p+1/p = 1) be the nonlinear
map defined by
(2.3) (A(u),y) = /Q(a(Du(z)), Dy(z))gn dz  for all u,y € W, P(Q).
According to Gasinski and Papageorgiou [14], we have:

PROPOSITION 2.6. Assume that hypotheses H(a) hold. Then the operator
A: WP(Q) — WL (Q) defined by (2.3) is bounded (that is, maps bounded
sets to bounded sets), continuous, mazimal monotone, and of type (S)+, that is,
if Un —% w in WyP(Q) and HILH;O<A(U")’U" —u) <0, then u, — u in Wy P(Q).

Let fo: @ x R — R be a Carathéodory function with subcritical growth in
the z € R variable, that is,
Ifo(z,z)| < a(z)(14|z[""!) for a.a. z € Qand all z € R,
with a € L*>(Q)1 and

Np
l<r<p*={N-p
too  ifp>N.

ifp <N,

We set Fy(z,z) = fox fo(z, s) ds and consider the C!-functional ¢y : Wol’p(Q)
— R defined by

wo(u) = /QG(Du(z)) dz — /QFo(z,u(z)) dz for all u € WyP(Q).

The next result is concerned with C}(Q2) and WO1 P(Q) local minimizers of
©o. The first such property was proved by Brezis and Nirenberg [6] when G(y) =
|ly||?/2 and it was extended by Garcia Azorero, Manfredi and Peral Alonso [12]
to the case G(y) = ||y||?/p, 1 < p < oo (see also Guo and Zhang [15] where 2 <
p < 00). The following result can be found in Gasinski and Papageorgiou [14].
In the sequel we denote by || - || the norm in the Sobolev space Wy P (Q). By
virtue of the Poincaré inequality, ||u|| = ||Dull, for all u € W, *().

PROPOSITION 2.7. Let hypotheses H(a)(i)-(iii) hold and uy € Wy*(Q) is
a local C}(Q)-minimizer of o, that is, there exists pg > 0 such that

wo(uo) < po(ug +h) for all h € C§(Q) with Hh”Cé(ﬁ) < po.
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Then ug € C’é’ﬁ(ﬁ) with B € (0,1) and ug is a local Wy'P (Q)-minimizer of o,
that is, there exists p1 > 0 such that

©o(uo) < polug+h)  for all h € Wy P(Q) with ||h]| < p1.

For hy, hy € L*°(R2), we write hy < hg if for every compact set K C Q) there
exists € = ¢(K) > 0 such that

hi(z) +& < ha(z) foraa. z € K.

Evidently, if hy, he € C(Q) and hy(2) < ha(z) for all z € £, then hy < ha.
From Papageorgiou and Radulescu [25], we recall the following strong com-
parison principle (see also Arcoya and Ruiz [3, Proposition 2.6]).

PROPOSITION 2.8. Assume & > 0, hi,hy € L®(Q), hy < ha, and uj,us €
C&(Q) with ug € int C are solutions of

—Apur(2) = Auy(2) + EJur ()P 2ua(2) = ha(z) in Q,
—Apu(z) — Aug(2) + Eug(2)P! = ho(z) in Q.
Then us —uy € int C,..

Next, for ¢ € (1,00), we recall some basic facts concerning the spectrum of
(=Ay, Wy%(£2)). So, we consider the following nonlinear eigenvalue problem

—Agu(z) = Au(2)|" 2u(z) in Q, ulag =0.

A number A € R is an eigenvalue of (—Ay, W&*I(Q)) if the above equation admits
a nontrivial solution u € WO1 "4(Q), which is an eigenfunction corresponding to
the eigenvalue A. We know that (=Ag, Wy'(€2)) admits a smallest eigenvalue
Xl(q), which has the following properties:
(i) EI(Q) > 0; L
(ii) A1(q) is isolated, that is there exists ¢ > 0 such that [A1(q), \1(q) + €)
does not contain any other eigenvalue of (—A,, Wy4(Q));
(iii) N (¢) is simple, that is, if u, v are eigenfunctions corresponding to the
eigenvalue \; (¢) > 0, then u = &v for some & # 0;
(iv) A1(q) admits the following variational characterization

|| Daul[g

lullg

(2.4) M(g) = inf{ uwe Wyi(Q), u# o}.

In relation (2.4) the infimum is attained on the one-dimensional eigenspace
of Ai(q). It is clear from (2.4) that the elements of this eigenspace do not
change sign. By %1(¢g) we denote the L9-normalized (that is, ||u1(g)||lq = 1)
positive eigenfunction corresponding to N (¢)- In fact, M (¢) > 0 is the only
eigenvalue with eigenfunctions of constant sign. All the other eigenvalues have
nodal eigenfunctions. The nonlinear regularity theory (see for example, Gasinski
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and Papageorgiou [13, pp. 737-738]) implies that @, (q¢) € C+\{0}. The nonlinear
maximum principle of Vazquez [31] implies that @(q) € int C...

Let 5(q) denote the spectrum (i.e. the set of eigenvalues) of (—A,, Wy'%(£2)).
We can easily check that 5(q) is closed. Since &(q) is closed and Ai(q) > 0 is
isolated, the second eigenvalue Xg(q) of (=Ag, Wy () is well defined by

Xa2(q) = inf{X € 5(q) : A > Ai(q)}.

The Lusternik—Schnirelmann minimax scheme gives a whole sequence {Xk (@) >t
of distinct eigenvalues such that Xk(q) — 4o ask — +oo. f p=2or N =1
these are all the elements of o(q). Otherwise we do not know if this is the
complete list of eigenvalues.

The Lusternik—Schnirelmann scheme provides a minimax characterization of
Xg(q). For our purposes, this characterization is not convenient. Instead we will
use an alternative one due to Cuesta, de Figueiredo and Gossez [8]. So, let

OBL = {ue L9Q) : |lull, =1}, M =W,%Q)noBL"
[={7eC(~1,1,M):5(-1) = ~(q), (1) = u1(q)}.

PROPOSITION 2.9. We have A2(g) = inf max_|[DF(t)||2.

el —1<t<1

As we already mentioned, in the particular case of (p, 2)-equations, using also
tools from Morse theory (critical groups), we will be able to generate two nodal
solutions, for a total of four nontrivial solutions. So, let us briefly recall some
basic relevant definitions and facts from Morse theory.

Let X be a Banach space and Yo C Y; C X. For any integer k£ > 0, we denote
by Hy(Y1,Y2) the kth relative singular homology group for the pair (Y7, Y2) with
integer coefficients. Recall that Hy(Y7,Y3) = 0 for all integers k < 0.

Given ¢ € C*(X) and ¢ € R, we introduce the following sets:

¢ ={r e X :px)<c}

K, ={z e X :¢'(x) =0}, Ko ={r€ K, :¢(x)=c}
The critical groups of ¢ at an isolated critical point xg € X with ¢(zg) = ¢ (that
is, 29 € K¢) are defined by

Cr(p, o) = H (e NU, e NU\ {zg}) forall k >0,

where U is a neighbourhood of zy such that ¢°N K, NU = {z¢}. The excision
property of singular homology theory implies that the above definition of critical
groups is independent of the particular choice of the neighbourhood U.

Suppose that ¢ € C'(X) satisfies the PS-condition and inf p(K,) > —oc.
Let ¢ < inf ¢o(K,). Then the critical groups of ¢ at infinity are defined by

Ci(p,00) = Hp(X, ) forall k> 0.
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The second deformation theorem (see, for example, Gasinski and Papageor-
giou [14, p. 628]) implies that the above definition of critical groups at infinity
is independent of the choice of the level ¢ < inf p(K,).

Assume that K, is finite. We introduce the following polynomials in ¢ € R:

M(t,x) = Z rank Cy (¢, z)t*, P(t,00) = Z rank Cy (¢, 00)t*.
k>0 k>0
Then the Morse relation says that
(2.5) > M(t,z) = P(t,00) + (1+1)Q(t),
€K,
where Q(t) = 3. Bit* is a formal series with nonnegative integer coefficients 3.
K>0

For every x € R, we set ¥ = max{4=,0}. Then for u € W,?(Q) we define

uF(+) =u(-)*. We know that

u=u"—u, |ul=v"+u" and uF e W P(Q).

Given a measurable function h: @ x R — R (for example, a Carathéodory

function), we define
Np(u)(-)=h(-,u(-)) forall ue W, ().

Recall that || - || denotes the norm of the Sobolev space W, (), hence
lul] = ||Dul|, for all u € W,?(Q). The same notation will also be used to
denote the norm of RY. However, no confusion is possible, since it will always
be clear from the context what norm we mean. Finally, we denote by | - |y the
Lebesgue measure on RY.

3. Three Nontrivial Solutions

In this section we prove the existence of three nontrivial solutions for problem
(1.1) and provide sign information for all of them.
We assume that the reaction term f(z,z) is a Carathéodory function f: Q x
R — R such that f(z,0) = 0 for almost all z € Q and the following hypotheses
are fulfilled:
(Hi) (i) for every p > 0, there exists a, € L>(Q)4 such that |f(z,z)| <
a,(z) for almost all z € Q and all |z| < p;
(ii) xli)rinoof(z, z)/|z|P~22 = —oo uniformly for almost all z € €;
(iii) if 7 € (1, p] and ¢ > 0 are as in hypothesis H(a)(iv), then there exist
o > 0 and cg > CAy (1) such that f(z,x)z > cglz|” for almost all
z € Q and alljz| < dg.

REMARK 3.1. Note that the growth restriction on f(z, -) (see (Hy)(i)) is
only local. In fact, the only growth restriction on f(z, -) is hypothesis (Hy)(ii)
and the growth to —oco as * — +o0 and to +o0o0 as £ — —oo can be arbitrary.
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When 7 < p, hypothesis (Hj)(iii) reveals the presence of a concave term near
Z€ro.

EXAMPLE 3.2. The following function satisfies hypotheses (H;) (for the sake
of simplicity, we drop the z-dependence):

flz) = |z 22z — |z[" %2 withl<7<p<r<oo.

First, we produce two nontrivial constant sign smooth solutions. To this end,
note that we can find My > dy (see hypothesis (H;)(iii)) such that

flz,z)r < -1<0 fora.a. zeQandall|z|> M.
Let & > M;. Then
0=A() >Ng(&) in W (),
0= A(=§) < Ny(=€) in W7 (Q).
We define the following order intervals in the Sobolev space W, (9):
0,6] ={u e Wy P(Q): 0 < u(z) <€ for a.a. 2 € Q},
[—£,0] ={u € WgP(Q) : =€ < u(z) <0 for a.a. z € Q}.
We introduce the following truncations of the reaction f(z, - ):

0 if 2 <0,

(3.1) ky(z,2) =1 f(z,2) if0<z<E,

f(z,8) if&<a,
(z,=-&) ifx < =¢,

(3.2) k_(z,z) =1 f(z,2) if —£<2<0,

0 if 0 < .

Both k4t and k_ are Carathéodory functions. We set
Ki(z,z) = /j ki(z,8)ds
and consider the C'-functions 4 : W, *(€2) — R defined by
y(u) = /QG(Du(z)) dz — /QKi(z,u(z))dz for all u € WP ().
Let ¢: Wy*(€2) — R be the energy functional for problem (1.1) defined by
p(u) = /QG(Du(z)) dz — /QF(z,u(z)) dz for all u € WyP(Q),

where F(z,z) = [} f(2,s)ds.
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PROPOSITION 3.3. Assume that hypotheses H(a) and (Hy) hold. Then prob-

lem (1.1) has at least two nontrivial solutions of constant sign ug € [0,&]Nint Cy
and vg € [—€,0] N (—int Cy).

PRrROOF. First we produce the nontrivial positive solution. To this end, we
consider the functional 1. It is clear from (3.1)—(3.2) that ¢4 is coercive. Also,
using the Sobolev embedding theorem, we see that ¥, is sequentially weakly
lower semi-continuous. So, by the Weierstrass theorem, we can find ug € WO1 P(Q)
such that

(3.3) o (ug) = inf[thy (u) s w € WEP(Q)].

Fix € > 0. By virtue of hypothesis H(a)(iv), there exists 6 = d(¢) < g (see
hypothesis (H;)(iii)) such that

c+e
t) <
Go(t) < -

t7 for all ¢ € [0,0].
Therefore
(3.4) Gy) <

Let t € (0,1) be small such that tuy(7)(2), t||Dui(7)(2)|| < 6 for all z € Q
(recall that (1) € int C). Then

"“Hynf for all ||y|| < 6, y € RV,

(3.5) L (tuy (7 /G (tDui (7)) dz — / K (z,tui(1))dz
c—l—a

t7|| Dy ||T — /F (z,tuy (7)) dz

(see (3.4) and recall that § < §p < &)

AL W
T

(see (2.4), hypothesis (Hy)(iii) and recall that ||ty (7)]|, = 1)

T

=—[@+ )M (T) — cq)-

Since ¢g > Ay (1) (see hypothesis (H;)(iii)), by choosing £ € (0,1) small, from
(3.5) we infer that

V4 (tur (7)) < 0=y (ug) <0=14(0)
(see (3.3)), hence ug # 0. Relation (3.3) yields
(3.6) ¥y (uo) = 0= A(ug) = N, (uo).
On (3.6) first we act with fuo_ € W, *(2) and obtain

ug [l <0
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(see Lemma 2.3(c) and (3.1)—(3.2)), hence ug > 0, ug # 0.
Next, we act on (3.6) with (ug — &) € Wy ?(Q). Thus, by (3.1)-(3.2)
and (3.2),

(A(uo), (uo — &)7) = / kit (2, u0) (uo — §) " dz = / f(z,8)(uo =€) dz < 0.
Q Q
It follows that

/ (a(Dug), Dug)gny dz <0 = |[{uo > {}n =0,
{uo>¢}

hence ug < €. So, we have proved that ug € [0,£]. Relation (3.6) becomes
(3.7) A(uo) = Ny(ug) = —diva(Dup(2)) = f(z,uo(z)) ae. in, wuplon=0

(see (3.1)—(3.2)).

From Ladyzhenskaya and Ural’tseva [17, p. 286], we have ug € L*(2). Then,
using the regularity results of Lieberman [18, p. 320], we deduce that ug €
C+ \ {0}. Since ug € [0,£], using hypotheses (Hy)(i), (iii), for r € (p, p*) we can
find ¢7 = ¢7(r, &) > 0 such that

f(z,x)x > cglx|” — er]z|” for a.a. z € Q and all |x| < &.
Therefore from (3.7) and since ug € C4 \ {0}, we have
—diva(Dug(2)) + crug(2)" ™ = f(z,u0(2)) + couo(2)™ " > coug(2)™1 >0
almost everywhere in Q. It follows that
div a(Dug(2)) < crlluol|ssPuo(2)P~  ae. in Q.

The nonlinear strong maximum principle of Pucci and Serrin [27, p. 111]
implies that ug(z) > 0 for all z € . Thus, by the boundary point theorem of
Pucci and Serrin [27, p. 120] we conclude that ug € int C. Similarly, working
this time with the functional ¢_, we produce a second nontrivial constant sign
solution vy € [—¢,0] N (—int Cy). O

If we strengthen a little the conditions on the reaction term f(z, -), we can
say more about the two constant sign smooth solutions produced in Propo-
sition 3.3. The new stronger hypotheses on the nonlinearity f(z,z) are the
following:

(Ha) f: QxR — Ris a Carathéodory function such that f(z,0) = 0 for almost
all z € §, hypotheses (Hs)(i)—(iil) are the same as the corresponding
hypotheses (Hy)(i)—(iii), and
(iv) for every p > 0, there exists £, > 0 such that for almost all z € Q

the function z — f(z, ) 4 &,|z[P~?z is nondecreasing on [—p, pl.
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PROPOSITION 3.4. Assume that hypotheses H(a) and (Hz) hold. Then prob-
lem (1.1) has at least two nontrivial solutions of constant sign ug € [0,&]Nint Cy
and vy € [=&€,0]N (int Cy). Moreover, both ug and vy are local minimizers of the
energy functional .

PrOOF. By virtue of Proposition 3.3, we already have two nontrivial constant
sign solutions ug € [0,£] Nint C;. and vy € [—&,0] N (—int C).

Hypothesis (Hy)(iv) implies that we can find € > 0 such that for almost all
z € Q, the function z — f(z,z) + ax|p’2x is nondecreasing on [—¢, £].

Let 6 > 0 and set us(2) = ug(z) + 4 for all z € Q. Then us € C*(Q) and

—diva(Dus(z)) + &us(2)P~' < —diva(Dug(2)) + Eug(2)P ™" + ~(6)
with v(6) — 0% as § — 0F
= [(z,u0(2)) + €uo(2)" ™" +1(8) < f(2,€) + € +7(9)
(since ug € [0,€])
<gert
for 6 > 0 small (recall that f(z,£) < —1/¢ for almost all z € Q)

= —diva(D¢) + &

almost everywhere in Q.
Thus, us(z) < & for all z € Q (by the the weak comparison principle). Hence
we conclude that ug(z) < ¢ for all z € Q. Since ug € int Cy, it follows that

uo € intea g [0,¢&].

Notice that ty]je = ¢ljo,¢- So, it follows that ug is a local C§(€2)-minimizer
of . Invoking Proposition 2.7 it follows that ug is a local W, (2)-minimizer
of p_. Similarly, for vy € [—£,0]N(—int C4 ), using this time the functional ¢. O

In fact, we can produce extremal nontrivial constant sign solutions for prob-
lem (1.1), that is, the smallest nontrivial positive solution and the biggest non-
trivial negative solution. We follow the reasoning on Papageorgiou and Radu-
lescu [25].

From the proof of Proposition 3.3, we know that

(3.8) f(z,x)x > cglz|” — crlz|” for a.a. z € Q and all |z| < E.
This growth estimate leads to the following auxiliary Dirichlet problem:

(3.9)  —diva(Du(z)) = co|u(2)|"?u(z) — czlu(2)|"2u(z) in Q, wulaq = 0.
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PROPOSITION 3.5. Assume that hypotheses H(a) hold. Then problem (3.9)
has a unique nontrivial positive solution u € int Cy and since problem (3.9) is
odd, v = —u € —int Cy is the unique nontrivial negative solution of (3.9).

PROOF. First we establish the existence of a nontrivial positive solution for
problem (3.9). To this end, let oy : Wy?(Q2) — R be the C*-functional defined by

oy (u) = /QG(Du(z))dz — 07_—6\|u+|\: + %|\u+||r for all u € W, ().

Since » > p > 7, from Corollary 2.4 we deduce that o4 (-) is coercive and
sequentially weakly lower semi-continuous. Thus, we can find © € WO1 P(Q) such
that

(3.10) oy (W) = inf {o, (u) : u € WP (Q)}.
As before (see the proof of Proposition 3.3), we choose t € (0, 1) small such that
tuy(7)(2), t||Dui(7)(2)|| <6 forall z€Q

with § € (0,0¢] as in (3.4). Then we have

c+e ~

-~ T C6 ,r (S GTIPN T
Gl emm) < ) - B el

T
~

=S (@ +h(r) - o] + T (I

Since cg > E/):l(T), by choosing ¢ € (0,1) small and since r > 7, by choosing
t € (0,1) even smaller if necessary, from (3.11) we see that oy (tuy(7r)) < 0.
Taking into account (3.10) and since o4 (0) = 0, we deduce that u # 0.

From (3.11) we have

(3.12) o (@) = 0= A@) = co(@) ™ — er(@t)

On (3.12) we act with —%~ € W, ?(Q). Then using Lemma 2.3(c), we have
C1
p—1

hence @ > 0, @ # 0. Then relation (3.12) becomes

|1Du” [} <0,

A@) = ceu” "t —cpu” !
= —diva(Du(z)) = cu(2)" ' — crti(2)" ! ae. in Q,  TUlpg = 0.

As before, the nonlinear regularity theory (see [17], [18]), implies that @ €
C;:\{0}. We have

diva(Du(z)) < er|[a||2SPu(z)P~ ! ae. in Q = € int Oy

(see Pucci and Serrin [27, pp. 111, 120]).
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Now we show the uniqueness of this positive solution. To this end, we intro-
duce the integral functional v, : L*() — R = RU {+oco} defined by

| / G(DuMTYdt i u > 0, ul/T € WEP(Q),
u) = Q

(813)
+00 otherwise.

Let uy,us € dom~; and set vy = u}/T,vg = ué/T. We have vy, vy € Wol’p(Q),
see (3.13). We set

v = (tu; + (1 — t)up)/™ with t € [0,1].
Invoking Lemma 1 of Diaz and Saa [9], we have
[1Du(2)|| < ([ Dvi()|I” + (1= 8)|[Dua(2)[[)/7 for a.a. 2 € Q.
Since Gy is increasing, we have
Go([[Du(2)|l) < Go((t|Dvr(2)|” + (1 = )]|Dua(2)||)'/7)  for a.a. = € Q.

From hypothesis H(a)(iv), we know that ¢ — Go(¢!/7) is convex in (0, +00).
It follows that
Go((t[Dui ()] + (1 = )| Dua(2)[|))V7)
<t Go(||Dvi(2)|| + (1 — t)Go (|| Dv2(2)]]) a.e. in
= G(Dv(z)) <t G(Dvi(2)) + (1 —t)G(Dv2(z)) a.e.in Q
=774 is convex.

Also, by Fatou’s lemma, we see that ~y is lower semi-continuous.

Let u € WyP(Q) be a nontrivial positive solution of problem (3.9). From
the first part of the proof we know that u exists and v € intCy. We have
u™ >0, (uT)Y7T =wu e Wy P(Q). Hence u” € dom~,. Let h € CA(Q). Then for
t € (—1,1) with |¢| small, we have u” + th € int C; and so u” + th € dom~y.
Therefore, the Gateaux derivative of v4 at u” in the direction h exists and by
the chain rule,

1

(3.14) e = 3 [ SR

qul

hdz.

-
If v € W,P(Q) is another nontrivial positive solution of (3.9), then as above we
have v € int Cy and
1 [ —diva(Dv)
3.15 "(wT)(h) == | ———— hdz.
(315) Ao = 1 [ A ha
The convexity of v, implies the monotonicity of v/,. Hence

o<l /Q (—div a(Du) | diva(Dv)) & — ) dz

T w1 71

_—— T =y (u" —v")dz <0,
T Ja
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hence u = v. It follows that u € int C'y is the unique nontrivial positive solution
of (3.9). Since (3.9) is odd, v = —u € —int C is the unique nontrivial negative
solution of (3.9). O

Using the solutions produced in Proposition 3.5, we can generate extremal
constant sign solutions of problem (1.1).

PROPOSITION 3.6. Assume that hypotheses H(a) and (Hy) hold. Then prob-
lem (1.1) has a smallest nontrivial positive solution u, € int Cy and a biggest
nontrivial negative solution v, € —int C..

PRrROOF. First we produce u, € int C'y, the smallest nontrivial positive solu-
tion of (1.1). Let Sy be the set of nontrivial positive solutions of (1.1) in the
order interval [0,¢]. From Proposition 3.3 and its proof we have S # @ and
S+ C[0,¢] Nint C. Moreover, as in Filippakis, Kristaly & Papageorgiou [11],
we have that S is downward directed, that is, if uq,us € Sy, then we can find
u € S such that v < uy, u < ug.

CramM 1. w < wu for allu € Sy.

Let u € St and let

0 if z <0,
(3.16) N4(z,2) =  cez™t — cra” ™t if 0 <z <u(z),

ce(2)T 7t —cru(z)T 1t ifu(z) < .

Then 7, is a Carathéodory function. We set Hi(z,z) = fow N+ (z,s)ds and
consider the C''-functional By : Wy*(€2) — R defined by

5e0) = [ GDuE) = [ B de forall y € Wi (9.

It is clear from (3.16) and Corollary 2.4 that 55 is coercive. Also, it is sequentially
weakly lower semi-continuous. So, we can find %y € W, *(£2) such that

(3.17) By (o) = inf {B4 (u) : u € Wy P(Q)}.

As before, via hypothesis H(a)(iv), we show that 8, () < 0 = £4(0), hence
ug # 0.
From (3.17) we have

Acting on (3.18) with —uy, (@iy — u)™ € Wy P(Q), we show that

o € [0,u] = {y € WyP(Q) : 0 < y(z) < u(z) ae. inQ}.
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Therefore (3.18) becomes
A(ty) = cgig ™t — crtiy t =1y is a positive solution of (3.9)
= =u (see Proposition 3.5)
=u <wu for all u e Sy.

This proves Claim 1.
Let C C S; be a chain (that is, a totally ordered subset of S;). From
Dunford & Schwartz [10, p. 336], we know we can find {uy},>1 C C such that

inf C' = inf wu,,.
n>1
We have
(3.19) A(un) = N¢(up), u<wu, < forallm > 1

(see the Claim 1). Evidently, {uy}n>1 C Wy P(Q) is bounded. So, we may
assume that

(3.20) Uy —u in WyP(Q) and w, —u in LP(Q).

We act with u,, —u € Wy (), pass to the limit as n — oo, and use (3.20).
We obtain

(3.21) lim (A(up), tn —u) =0 = u, —u in WyP(Q)

— 00
(see Proposition 2.6). So, if we pass to the limit in (3.19) as n — oo and use
(3.21), we deduce that

A(u) = Nj(u), u <u<{=ueS; and u=inf C.

Since C is an arbitrary chain, from the Kuratowski—Zorn lemma we can
find u., € S; C int C; a minimal element. The fact that S; is downward
directed implies that u, € int C; is the smallest nontrivial positive solution of
problem (1.1).

Similarly, let S_ be the set of nontrivial negative solutions of (1.1) in [—¢,0].
We have that S_ # () and S_ C —int C;.. Also, S_ is upward directed (that is,
if v1, vy € S_ then there exists v € S_ such that v; < v, vy <wv). The previous
argument based on the Kuratowski—Zorn lemma leads to the biggest nontrivial
negative solution v, € —int C'y of problem (1.1). O

The extremal nontrivial constant sign solutions of (1.1) lead to the existence
of a nodal solution. For this purpose we need to slightly strengthen hypothe-
ses (Hp). The new conditions on f(z,z) are the following:

(H}) f: QxR — R is a Carathéodory function such that f(z,0) = 0 for al-
most all z € Q, hypotheses (H})(i), (ii) are the same as the corresponding
hypotheses (Hy)(i), (ii) and
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(iii) if 7 € (1,p] and ¢ > 0 are as in hypothesis H(a)(iv), then there are
do > 0 and ¢g > ¢cAo(7) such that
f(z,x)x > cglz|” for a.a. z € Q and all |z| < do.

PROPOSITION 3.7. Assume that hypotheses H(a) and (H}) hold. Then prob-
lem (1.1) admits a nodal solution yo € [vs,u.] N CH().

ProOOF. Let u, € intCy and v. € —int Cy be the two extremal constant
sign solutions of (1.1) produced in Proposition 3.6. We introduce the following
truncation of f(z, -):

f(zve(2)) if x <wi(z),
(3.22) h(z,x) =< f(z,2) if v.(2) < 2 < wui(2),
f(zyu(2))  if ue(z) < .

Set ha(z,2) = h(z,£2%). Both are Carathéodory functions. We also define
H(z,z) = /01 h(z,s)ds and Hy(z,z)= /OI hi(z,s)ds
and introduce the C''-functionals @, 31 : Wy (Q) — R defined by
o(u) = /QG(Du(z))dz—/QH(z,u(z)) dz,

ot (u) = / G(Du(z))dz —/ Hai(z,u(z))dz for all u € WyP(Q).
Q Q
We can easily check as before that
(3.23) K5 C [vs, usl, Kg, ={0,u.}, Kz ={v,,0}

(recall the extremality of u, € intC,; and v, € —intCy). Note that @, is
coercive (see (3.22)) and sequentially weakly lower semi-continuous. So, there
exists U, € W, P(Q) such that

(W) =inf {By(u):ue WyP(Q)} <0=3,(0) (as before, see H(a)(iv))
= u, € K3, \ {0},

hence u, = u. € int Cy, see (3.23).

Since @lc, = @4|c,, it follows that u, is a local C§(Q)-minimizer of .
Invoking Proposition 2.7, we infer that w, is a local WOI”’(Q)—minimizer of .
Similarly for v, € —int C'y..

Without any loss of generality, we may assume that @(v.) < P(us) (the
analysis is similar if the opposite inequality holds). Since u, € int C is a local
minimizer of @, we can find p € (0,1) small such that

(824)  B(v) < Blwn) <inf {B(w) : flu—wll = p} =7y, o —wl > p.
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Recall that @ is coercive (see 3.22)), hence it satisfies the PS-condition. This
fact and (3.23) permit the use of Theorem 2.1 (the mountain pass theorem). So,
we can find yo € WP (Q) such that

(3.25) &' (yo) =0 and 7, < B(yo),
(3.26) P(yo) = ;relg Jmax, o(y(1)),

where T' = {y € C([0,1], Wy "()) : 7(0) = v, Y(1) = u,}. Since yo € Kz C
[V4,us], it follows from (3.22) that yo is a solution of (1.1) and yo € C§(Q)
(nonlinear regularity, see [17], [18]). If we show that yo is nontrivial, then the
extremality of w,, v, and (3.25) imply that yo is nodal. To show the nontriviality
of yo we use (3.26). According to (3.26), in order to show that yg is nonzero, it

suffices to produce a path ., € I" such that @|,, < 0. To this end, let

M =Wy (Q)NIBE"  endowed with the relative W, *(€2)-topology,
M, = M NCQ) endowed with the relative Cj(Q)-topology.

Recall that 0BF" = {u € L™(Q) : ||ul|, = 1}. Clearly, M. is dense in M. We
introduce the following two sets of paths

I'={yeC(-1,1, M) :73(=1) = —ur(7), (1) = wr(7)},
Ie ={7 € C([-1,1], M) : 5(=1) = =ur(7), F(1) = ur(7)}-

Cramm 2. T', is dense in I'.

Let 7 € [ and £ € (0,1). We introduce the multi-function L.: [-1,1] —
200D defined by

L.(t) ={ucCiQ): |lu—7t)|| <e} forallte (~1,1);
Le(=1) ={-w(r)}, L(1)={w(n)}

Clearly L. has nonempty and convex values. Note that for ¢t € (—1,1), L.(¢)
is open, while both L.(—1) and L.(1) are finite dimensional. Therefore L. has
values in the family D(CE(Q)) of Michael [21]. Moreover, the continuity of
implies that the multifunction L. is lower semi-continuous (see Papageorgiou
amd Kyritsi [23, p. 458]). So, we can apply Theorem 3.1 of Michael [21] and
produce a continuous map ¥°: [—1,1] — C}(Q2) such that 3°(¢) € L(t) for all
te[-1,1]. Let &, = L and {37 =3°"},,>1 € C([-1,1],C§(Q)) be the selectors
produced above. Then

") —3®) <

1
— forallte(-1,1),
n
A"(=1) = —ui(r) and A"(1) =uy(r) foralln > 1.

(3.27)
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Recall that J(t) € OBL™ for all t € [~1,1]. So from (3.27) we see that we
may assume that [|3™(¢)|| # 0 for all ¢ € [—1,1]. Then we set

_ 9@
7™ (@1l

Then 75 € C([-1,1], M,) and 7p(—1) = —u1(7), Fo(1) = @1(7). Also, for all
te[-1,1 and all n > 1,

Vo (1) for all t € [—-1,1].

(328) RO -0 <IFEO - 7Ol + 150 -3l
I E el L
T Ean O

(see (3.27)). Note that

_|lan _ P~ _|lan P~ L™
_max 1|3 @l-| = max [[F@)ll- —[7"®)l-]  (recall that () €IB;" )

< max [[3() =7"@)ll-

T 1<t
< ~ _an f
< Cg _mex, |7 () =" ()| or some Cg > 0
C
< (see (3.19))
n
~nip) A
= max [ (1) =70 =0 as n — 0o

=1I'¢ is dense in T'.

This proves Claim 2.

Using Claim 2 and Proposition 2.9, we see that given 5> 0, we can find
o € T'¢ such that

(3.29) Jmax [[DA(0)F < Ra(r) +3.

Also, from hypothesis (H} )(iii) we have
(3.30) F(z,z)> c—6|ac|T for a.a. z € Q and all |z| < .
T

Moreover, hypothesis H(a)(iv) implies that given € > 0, we can find 6 = é(¢) > 0
such that

c+e
T

(3.31) Gly) < lyl[™ for all [ly[| <.

Let &, = min{d,d} (see (3.30) and (3.31)). Since 3y € L and u, € int Cy.,
v, € —int C4, we can find ¥ € (0,1) small such that for all ¢t € [—1,1] we have

(3.32) Vo(t) € [vs, us], VF0(t)(2)], 9| DAo(t)(2)|| < 61 for all 2z € Q.
Thus, for all t € [-1,1],

(3.33) P9R0(t)) = /Q G(IDA(t)) dz /Q F(, 03 (1)) dz
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(see (3.22), (3.32))

C+e
T

T T~ T CG = T
< PP @7 = —IPo(®)I17

(see (3.30), (3.31), (3.32))

o -
< — [(C+&)(Aa(T) +0) — Cq].
Since cg > cAo(7) (see (H))(iii)) by choosing & > 0 and & > 0 small, relation

(3.33) yields

(7)) (t) <0 forall t € [-1,1].
Therefore, if ¥ = 97, then 7 is a continuous path in the Sobolev space I/VO1 P(Q)
which connects —¥u; (1) and ¥u (1), and

(3.34) Ply < 0.

Next, we produce a continuous path in Wy*(€) connecting 94, (r) and us
and along this path the functional @ is strictly negative. To this end, let

(3.35) a =3y (u.) = nf{Py(u) :ue Wy ()} < 0=3,(0)

(see the first part of the proof).

Applying the second deformation theorem (see, for example, Gasinski and-
Papageorgiou [13, p. 628]), we find a continuous map h: [0, 1] x (@9 \K%J — ¢
such that
(3.36) h(0,u) =u forall u € @5 \ K
(3.37) h(1, 2%\ K3,) € 3%

+7

and, for all t,s € [0,1], s < ¢ and all u € &Y. \K%+7

(3.38) @+ (h(t,u)) < @y (h(s, u)),

From (3.23) we have K5, = {0,u.}. Hence ¢ = {u.} (see (3.35)). We deduce
that

@+ (ur (7)) = p(un (7)) = 2(7(1)) <O (see (3.34))
= V(1) € ¢ \K%Jr =%\ {0}.
Hence we can define
3+ (t) = h(t,9u.(7))T for all ¢ € [0,1].

Clearly, this defines a continuous path in VVO1 P(Q) and we have

74(0) = h(0,9u;(7))" = Y (1) (see (3.36));

V+(1) = h(1,9U1(7))" = ua (see (3.37));
P+ (1) = 21(7+(1) < @4 (Fua(r)) = P(Jur (7)) <0 (see (3.38) and (3.34)).
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Therefore 7, is a continuous path in the Sobolev space VVO1 "P(Q) which connects
YU (7) and u, and
(3.39) Bls, < 0.

In a similar fashion we produce 7_ a continuous path in WO1 P(Q) which
connects —9u;(7) and v, such that

(3.40) 35 <.

We concatenate the paths ¥_, 7, 4+ and produce a path 7, € I" such that
L. <0 (see (3.34), (3.39), (3.40))

= yo € C5(Q) \ {0} is a nodal solution of (1.1). O

~

2

So, we can conclude this section with the following multiplicity theorem for
problem (1.1).

THEOREM 3.8. Assume that hypotheses H(a) and (H}) hold. Then problem
(1.1) admits at least three nontrivial solutions ug € intCy, vg € —int Cy, and
Yo € [vo, uo] N CE(Q) nodal.

4. The (p,2)-problem

In this section we deal with the particular case of problem (1.1) in which
a(y) = ||ly||P~2y + y for all y € RY, with 2 < p < co. Thus, the nonlinear
nonhomogeneous Dirichlet problem under consideration is the following:

(4.1) —Apu(z) — Au(z) = f(z,u(z)) in Q, ulaq = 0.
We have
(4.2) Valy) = lylP2 |1+ (p - 2)% +1

for all y € RN \ {0}, Va(0) = 0.

For this problem, if on the reaction term f(z,z) we impose the stronger
hypotheses Hs, we can localize more precisely the nodal solution .

In what follows, u, € intC; and v, € —intC'y are the extremal constant
sign solutions from Proposition 3.6.

PROPOSITION 4.1. Assume that hypotheses (Hy) hold. Then problem (4.1)
has a nodal solution yo € CE(Q) such that yo € inten ) [Vsy U]

PrOOF. From Proposition 3.7, we already have the existence of a nodal
solution yo € [vs, ux] N CE(Q).
From (4.2) we see that Va(u.(z)) and Va(v.(z)) are both positive definite
in Q. Hence we can apply the tangency principle of Pucci & Serrin [27, p. 35].
Therefore
v.(2) < yo(2) < ux(z) forall ze Q.
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Let p = max{||vi||oo, ||tx||oc} and let £, > 0 be as postulated by hypothe-
sis (H2)(iv). Let £, > &,. Then

—Dpyo(2) — Ayo(z) + Elyo(2) P20 ()
Yo Z)

2)) + Elyo ()17 2yo(
= f(z,0(2)) + Eolyo ()P ~2yo(2) + (€ — ) lyo(2) P~ 2yo(2)
(€ — Ep)ua ()P
( 1

= f(Z’:UO( P2
( P2
< f(zua(2) + Epua(2)P 7+ (& —
= —Apus(z) — Auy(z) + gpu* 2)P~

almost everywhere in , hence u, — yo € intCy (see Proposition 2.8). In
a similar fashion we show that yy — v, € int C;.. Therefore we conclude that

Yo € intoa g Ve, us]. U

Using this result and improving the regularity of f(z, -), we can produce
a second nodal solution for problem (4.1) (for a total of four nontrivial smooth
solutions). The new hypotheses on f(z,x) are the following:
(Hs) f: QxR — R is a measurable function such that for almost all z € Q,
f(2,0) =0, f(z, -) € CYR) and
() |f2(z,2)] < a(z)(1+]z|"=2) for almost all z € Q and all z € R with
a€L®(Q)y, p<r<ph
(ii) mgrjxtloof(z,x)/ﬂﬂp*zz) = —oo uniformly for almost all z € Q;
(iii) there exists an integer m > 2 such that A, (2) < f2(2,0) < Apmi1(2)

almost everywhere in 2, f1(+,0) # dm(2), f1(+,0) £ Jms1(2)
fi(z,0) = lirr%) f(z,2)/z uniformly for almost all z € Q.
z—

REMARK 4.2. Hypotheses (H3)(i), (iii) imply that for every p > 0 we can
find &, > 0 such that

fo(z ) +&(p—DzP?2>0 foraa z€Qandall 2| <p

= %[f(z,x) +&lz[P22]) >0 for a.a. 2 € Q and all 7] < p

=z = f(z,2) + &lzfP 2 is nondecreasing on [—p, p).
Thus, hypotheses Hs(iv) is automatically satisfied due to the stronger regularity
of f(Z, )

Under these stronger conditions on the reaction f(z,z) we can prove the
following multiplicity theorem.

THEOREM 4.3. Assume that hypotheses (Hs) hold. Then problem (4.1) ad-
mits at least four nontrivial solutions ug € int Oy, vg € —int Cy, and yo, Y €
int e ) [vo, ug]nodal.
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PRrOOF. From Theorem 3.8 and Proposition 4.1, we already have three so-
lutions ug € int Cy, vy € —int C'y and yg € intcé @ [vg, 1] nodal.

Without any loss of generality we may assume that ug, vy we are extremal
(that is, ug = u«, vo = v4«). Using the notation introduced in Proposition 3.7, we
obtain that up € int C; and vy € —int Cy are both local minimizer of @. Hence

(4.3) Cr(@,u0) = Cr(p,v0) = 0k 0Z for all k> 0.

Since yo € intcé@) [vo, uo] and @l ue] = Plive,ue]> We have

(4.4) Ck(@|cé(ﬁ)7y0) = Ck(@‘c&(ﬁ),y()) forall k>0
= Ci(p,v0) = Cr(9,y0) forall k>0

(see Palais [22] and Bartsch [4]). From the proof of Proposition 3.7, we know
that 1o is a critical point of . Hence

(45) Cl(@z yO) 7& 0= 01(410) yO) 7é 0

(see (4.4)). Since ¢ € C?(W,*(Q2)), using (4.5) as in Papageorgiou and Smyr-
lis [26] (see the proof of Proposition 13), we obtain for all k£ > 0

(4.6) Cr(o,90) = 0k1Z = Ci(®,y0) = 0p17%.

Also, by virtue of hypothesis (Hs)(iii), from Papageorgiou and Smyrlis [26,
Proposition 10] we have

(47)  Cw(@,0) =644, Z forall k>0, withd, = dim @) EN(2)).

i=1
Finally, recall that @ is coercive (see (3.22)). Hence
(4.8) Cr(@,00) = di,0Z for all k> 0.
Suppose that K3 = {0,u0,v0,¥0}. Then from (4.3), (4.6), (4.7), (4.8) and the
Morse relation with t = —1 (see (2.5)), we have (—1)4m +2(—1)%+(-1)! = (-1)°,
a contradiction. So, we can find §y € K3, ¥ ¢ {0,uq,vo,y0}. Since § € [vg, uo]

(see (3.23)), we conclude that 7 € C3(9) is nodal. Moreover, as in the proof of
Proposition 4.1, we show that 7 € intcé @ [vo, ug)- O

5. Parametric equations
In this section we deal with the following parametric p-Laplacian Dirichlet
equation
(5.1) —Apu(2) = Nu(2)|P2u(z) — f(z,u(z)) in Q, ulon =0, 1 <p < cc.
Here, A > 0 is a parameter. The hypotheses on the perturbation term f(z,x)

are the following:

(Hy) f: Q2 xR — R is a Carathéodory function such that f(z,0) = 0 for
almost all z € Q and
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(i) for every p > 0, there exists a, € L*(Q2)4 such that |f(z,z)| <
a,(z) for almost all z € Q and all |z| < p;

(i) lirin f(z,2)/(|z[P~2x) = 400 uniformly for almost all z € ;
T—r 00

(iii) lin}) f(z,2)/(|z[P~2x) = 0 uniformly for almost all z € Q.
z—

For problem (5.1), a(y) = ||y||[P72y for all y € RV, 7 = pand ¢ = 1 (see
hypothesis H(a)(iv)). By virtue of hypothesis (Hy)(iii), we see that given € > 0,
we can find dp = dp(e) > 0 such that

(5.2) f(z,x)x < elx|P for a.a. z € Q and all |z| < dp.
Hence we have
MzlP = f(z,2)x > (A —¢)|z|P for a.a. z € Q and all |z| < .

IfA> ’)\\g(p), then we choose € € (0, A — Xg(p)) and we can apply Theorem 2.7.
Thus, we obtain

THEOREM 5.1. Assume that hypotheses (Hs) hold and A > Xg(p). Then
problem (5.1) has at least three nontrivial solutions ug € int Cy, vg € —int Cy,
and yo € [vg, uo] N CF(Q) nodal.

REMARK 5.2. Such a multiplicity result was first proved by Ambrosetti and
Mancini [2], with subsequent improvements by Ambrosetti and Lupo [1] and
Struwe [29], [30, p. 132], when p = 2 and f(z,-) = f(-) € CYR) or even
Lipschitz continuous. In their multiplicity theorems, they do not show that
the third solution is nodal. This result was extended to p-Laplacian equations
by Papageorgiou and Papageorgiou [24]. Again, it is not shown that the third

solution is nodal.

In the semilinear case (p = 2), with a more regular reaction f(z, - ) and with
additional restrictions on the parameter A > 0, we can improve Theorem 5.1
and produce a second nodal solution. So, we consider the following semilinear
parametric problem:

(5.3) —Au(z) = Mu(z) — f(z,u(z)) in Q, uloq = 0.

The hypotheses on the perturbation f(z,x) are the following:
(Hy) f: QxR — R is a measurablefunction such that for almost all z € Q,
f(2,0) =0, f(z, -) € CYR) and
() |f2(z,2)] < a(z)(1+]z|"=2) for almost all z € Q and all x € R, with
a € LX)y, 2<r<2%
(ii) IEI:II:loo f(z,z)/x = +00 uniformly for almost all z € §;

(iii) lir% f(z,2)/x = 0 uniformly for almost all z € Q.
z—
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In what follows, 5(2) denotes the spectrum of (—A, H}(€)), that is, 5(2) =

{Xk (2)}r>1 (see Section 2). Using Theorem 4.3, we obtain the following multi-

plicity property.

THEOREM 5.3. Assume that hypotheses (H4) hold and A > X2(2), A ¢ o(2).

Then problem (5.3) has at least four nontrivial solutions uy € intCy, vy €

—int Cy, and yo, Y € int e ) [vo, up] nodal.
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