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Abstract We study the nonlinear degenerate anisotropic problem

— SN B ai(x, 0y u) + b |u[PMD 2y = Au|9-2y  inQ,
i=1 "% i

u(x) = constant on 0£2

ZIN=1 Jyq @i (x, O u)vido =0,

where @ C RY is a bounded domain with smooth boundary. The constant value of the
boundary data is not specified, whereas the zero integral term corresponds to a no-flux
boundary condition. In the case when |u|9™) =2y “dominates” the left-hand side, we show
that a nontrivial solution exists for all positive values of A. If the term |u |9=2y is dominated
by the left-hand side, we prove that a solution exists either for small or for large values of
A > 0. The proofs combine variational arguments with energy estimates.
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1 Introduction

In this paper we are concerned with the existence of weak nontrivial solutions for a class of
anisotropic equations in bounded domains of the Euclidean space. Our main results in the
present paper continue and extend the work by Boureanu and Udrea [10].

Anisotropic operators appear in several places in the literature. Recent relevant applica-
tions include models in physics [8,11,12,16,17], biology [3,4], and image processing (see,
for instance, the monograph by Weickert [30]). By definition, anisotropic operators involve
directional derivatives with distinct weights. Relevant references on the theory of anisotropic
Sobolev spaces are Besov [7], Kruzhkov and Kolodii [22], Kruzhkov and Korolev [23],
Nikolskii [24], Rakosnik [25,26], Troisi [28], and Ven-tuan [29]. We also refer to Fragala,
Gazzola, Kawohl [18] and El Hamidi, Vétois [19] as basic references in the treatment of
nonlinear anisotropic problems and to the book by Antontsev, Diaz, Shmarev [2] as a source
of valuable energy methods in the qualitative analysis of nonlinear boundary value problems.

No-flux problems were studied for the first time by Berestycki and Brezis [5], in rela-
tionship with models arising in plasma physics. As stated in [5], these problems stem “from
a model describing the equilibrium of a plasma confined in a toroidal cavity (a Tokamak
machine)”; see also [6].

2 Statement of the problem

The purpose of this work is to analyze the existence of weak solutions of the anisotropic
problem

— 3N 0 ai(x, B ) 4+ ) [u|PM Oy = A w92y in Q,
u(x) = constant on 082

N
Z/ ai(xs ax,»l/t)vida = 0,
=1 /0%

where Q@ ¢ RN (N > 2) is a bounded domain with smooth boundary, b € L*(2) and
a; : Q x R — R are Carathéodory functions fulfilling some adequate hypotheses.

We notice that the constant value of the boundary data in problem (2.1) is not specified
and corresponds to the one-dimensional case u(0) = u(1), whereas the requirement in one-
dimension that ' (0) = u’(1), corresponds to the no-flux boundary integral term, in the case
that a;(x, &) = & foralli = 1,..., N. We also point out that Zou, Li, Liu and Lv [31,32]
studied the existence of solutions for the problem

(2.1)

—Au = f(x,u) in {u > 0},
—Au=0 in {u < 0},
u = ¢ (a negative constant) on 92

— / 3—ud0 = I (a given positive constant),
9 on
where € is bounded, open and connected subset of R? with regular boundary with the outward
unit normal n. Problems of this type are related to plasma fusion and plasma confinement in
Tokamak devices. The set {u > 0} represents the region filled by the plasma, the set {# < 0}
represents the vacuum region, and the set {u = 0} corresponds to to the free boundary
that separate the plasma and the vacuum. The case studied in problem (2.1) corresponds to
nonresonant surfaces, namely no-flux surfaces on which the wave number of the perturbation
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parallel to the equilibrium magnetic field is zero. Unfortunately, we are not able to give some
a posteriori information on the constant value of the solution on the boundary in problem
(2.1).

The differential operator le: 1 Ox;ai(x, 0y u) is a 7(~)-Laplace type operator, _p>(x) =
(p1(x), p2(x), ..., pn(x)). Fori = 1,..., N, p;i(x) and ¢g(x) are continuous functions on
Q, while a; (x, n) is the continuous derivative with respect to 1 of the mapping 4; : QxRN —
RV, A; = A;(x, n), that is, a; (x, ) = B%A,-(x, n).

Throughout this paper we assume that the following hypotheses are fulfilled:

(Ag) Aij(x,0)=0fora.e. x € Q.
(A1) There exists a positive constant ¢; such that a; satisfies the growth condition

la; (x, )| < (1 + [P,

forallx € Qand n € RV.
(A2) The inequalities

P < @i (e, mn < pi()Ai(x, ),

hold for all x € @ and n € RV,
(A3) There exists k; > 0 such that

n+é 1 1 (x
A; (X, 5 ) < EAi(XJI)-F EAi(x,é) — kiln — &7,

forall x € Q and n, & € RY, with equality if and only if n = £.
(Ag) ai(x,0) =0forall x € 0L2.
(B) b € L*°(R2) and there exists by > 0 such that b(x) > bg for all x € Q.

The operator presented above is the anisotropic _p> (x)-Laplace operator because when we
take

ai(x,n) = [n|Pi =2y,

foralli € {1,..., N}, we have A; (x, ) = p,-}n In|Pi®) foralli € {1, ..., N}. Therefore

N
A7()6)(@ = Z ax,-(|3x,-u|p’.(x)723xiu),
i=1
There are many other operators deriving from ZIN=1 Oy, ai (x, 0y;u). Indeed, if we take

(p;j (x)=2)

aix,m =0+ 2 n,

; (x)
foralli € {1,..., N}, we have A;(x,n) = p,-l(x)[(] + |77|2)1T — 1] foralli e {1,..., N}

and we obtain the anisotropic variable mean curvature operator

N 2 (pi(x)=2)
> a1+ 10 ).
i=1

A feature of the present paper is that we do not assume a zero Dirichlet boundary condition,
but we work in the anisotropic variable exponent space of functions that are constant on the
boundary and fulfill a no-flux boundary integral condition.
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3 Abstract setting

In this section, we recall some definitions and basic properties of the spaces with variable
exponent together with some results that are needed in the sequel.
Forany Q C RY, we set

Ci(Q=1heC(); 1< migh(x)] )

Define
ht = max{h(x); x € Q}, h™ = min{h(x); x € Q}.

For any p € C, (), we define the variable exponent Lebesgue space
LPO(Q)= {u; u is a measurable real — valued function such that/ lu(x)|P® dx < oo},
Q

endowed with the Luxemburg norm
u(x
oy = inf { = 05 [ (X2 p0ar < 1),
Q M

Then (LP™)(Q), || - | Lrw () is a separable and reflexive Banach space [21, Theorem 2.5,

Corollary 2.7]. Also, by Theorem 2.8 in [21], the embedding LP2®)(Q) — LPIM(Q) is
continuous, provided that €2 is bounded and p1, p» € C+ (Q) are such that p1 < p2in Q.
The isotropic Sobolev space W'P®)(Q) is defined by

WLPO Q) = (u € LPY(Q); dy,u € LPY(Q), i € (1,..., N}}.

If equipped with the norm
N
lullwrpeo @) = llull Lreo @) + Z [10x; ull Lpeo) (25

i=1
then (W'-P®(Q), ||- || Wl (g)) is a separable and reflexive Banach space (see [21, Theorem
1.3]).
The application pp(y)(u) = fQ [P dx called the p(x)-modular of LP)(Q) space, is
useful in handling the Lebesgue space with variable exponent. Indeed, cf. [15, Theorems 1.3
and 1.4], if u € LPY) () then

lullprorgy <1 (=1 > 1) & ppry@) <1 (=1 > 1); (3.1
- +

”u”LP(X)(Q) >1 = ||”||Zp(x)(g) < Ppyu) < ||u||ip(x)(9); (3.2)
i _

||”||LP(X)(Q) <l = ”u”€p(x)(9) = Pp(x)(”) = ”M”IL),;()()(Q); (3.3)

el o) — 0 (= 00) & Ppey(@) = 0 (= 00). (3.4)

In addition, if (u,) € LP®) (L), then
nlirgo lun — ullprer@y =0 & nlggo Ppe)(Uun —u) =0

4 uy, converges tou in measure and im0, ) (Un) = ppx) ().
n—0o0

Finally, we introduce a natural generalization of the function space W1-7™) () that will
enable us to study with sufficient accuracy problem (2.1). For this purpose, let us denote
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by 7 : Q@ — RN the vectorial function 7 (x) = (p1(x), p2(x), ..., pn(x)) with p;(x) €
C4 (), i €{l,..., N} and we put

pm(x) =max{pi(x),...., py()},  pm(x) =min{p;(x),..., py(x)}.
The anisotropic Sobolev space with variable exponent is
WP O(Q) = (u e LPMO)(Q) : dyu € LPIY(Q) forall ief{l,..., N}

This space is endowed with the norm
N
letll 1.5 0y = N1l Loy + 2 105l L (-
i=1

The space (W17 ©(Q), || - [
and 2.2]). Set

,7(,()(9)) is a reflexive Banach space (see [14, Theorems 2.1

X = [u € Wl’_ﬁ(x)(Q) Culpo = constant}.

Since X is a closed subset of WI’T’)(X)(Q), it follows that X is a reflexive Banach space.
We also recall (see [20, Theorem 2.2]) that if Q@ ¢ R¥ is a bounded domain with smooth

L7 :
WL 7?7 0)(Q) < LIM(Q) is compact.

In the sequel, we use ¢; and ¢; to denote general nonnegative or positive constants (the
exact value may change from line to line).

4 The first domination case
We start by giving the definition of weak solution of problem (2.1).
Definition 4.1 A function u € X that verifies

N
/ [ > aitx. 10050 + bl O 2up — Aul?2up | dx = 0,
Qe
i=1

for all ¢ € X is called a weak solution of problem (2.1).

We associate to problem (2.1) the energy functional I, : X — R defined by

A
hw = [ {ZA (5100 + )~ ) e

Then I, is well-defined and I, € C1(X, R) with

N
(L), ) = / {Zaioc, ax,-u)ax,-co+b(x>|u|”M<">*2w—Muw“)*uw}dx,
2o

for all u, ¢ € X. Hence any critical point # € X of I is a weak solution of problem (2.1).

The next result shows that if the variable exponent ¢ ( - ) “dominates” p( - ) then the solution
exists for all positive values of the parameter A. In other words, the right-hand side of problem
(2.1) is “stronger” than the other side, even if A > 0 is small.
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Theorem 4.2 Assume that the function ¢ € C4 () verifies the hypothesis

Np,,

+ - +
P <q Sq < —.
M N_pm

Then for any ). > 0 problem (2.1) possesses a nontrivial weak solution.
We first prove two auxiliary results.

Lemma 4.3 There exist n > 0 and o > 0 such that I (u) > o > 0 for any u € X with
”u”Wl,TJ’(x)(Q) =1n.

Proof First, we point out that
)9 < w4 + u@))?, forall x e .

By the above inequality, (Az) and (B), we find

N
. bx) o) A g
/Q{zAz(x, Bt + -l Sl J dx

pi(x) Pm(x) q
F Z/ 1B ulP ) dx + - /|u| dx — (||u||m @l o)-

A.1)

From the hypotheses of Theorem 4.2, W1’7(x) (82) is continuously embedded in L7 ()
and 19" (£2). Then, there exist two positive constants c¢; and ¢, such that for all u € X

L.(u)

I V

|M(x)|Lq* Q) <cC ”I’tllwl,?(x)(ﬁ) and |M(X)|Lq+(g) =< cQ”””wl,?(x)(Q) . (42)

Here, we let ||M||W1,7;(x)(9) < 1, so ||u||LpM<x)(Q) < 1 and ||8xl.u||Lp,-<x)(Q) <1, i €
{1,..., N}

Taking into account relations (3.3) and (4.2), the inequality (4.1) reduces to

min{l1, b}
I, (u) > ﬁ” ”W' 7 @)(Q)
Py (N + 1)Pu
A _ +
- [l o) + @y gog)]
PM
(c; —C4||u||W1 Fo csllu ||W1 pm(m)” ||W1 FoQ)

for any u € X with [u|, < 1. Since the function g : [0, 1] — R defined by

T O(Q)
-+ +_t

g(t) =c3 —cyt? "Pm — 519 TPu

is positive in a neighborhood of the origin, the conclusion of the lemma follows. ]

Lemma 4.4 There exists e € X with ||€||W1.7<x>(9) > 1 (where n is given in Lemma 4.3)
such that I, (e) < 0.

Proof From (Ag) and (Ay), we have

1
1 ,
Ai(x,m) =/ a; (x, tm)ndt < cg (Iﬂl + |77|P:(X))7
0 pi(x)
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forall x € Qand n € RV, where ¢g = max;e(1,..., N} ;. Therefore

.....

i (%)
/ZA (x. B u)dx < co Z/ |y, '3"‘”(|p) ) dx. (4.3)

Letg € X, ¢ # 0. Forany ¢t > 1, we find

L.(ty) = /

9. (t@)|Pi®) 1
<c62/ |axi(r<p)|+%)dx+—+/b(x>|r<p|”M<”dx
= pi(x) Py Ja

_ k/ |w|q()€) dx
q(x)

.
1 tPm
< eqti'S [ (Bupr+ o) ax+ 22 [ peayigire ax
PR Pm Py JQ

el /
_ |(p|61(x) dx.
t Ja

Since p;} < g, we infer that lim;_, », I, (¢) = —o0. Then for t > 1 large enough, we can
take e = t¢ such that ||€||W17<x)(9) > nand I, (e) <O. m]

=

bO) o _ a0
2 Aitw o) + LS ol = e Jax

——

Now, we prove the following useful property.

Lemma4.5 Ler Q@ C RY (N > 2) be a bounded domain with smooth boundary. Assume
that the sequence (u,) converges weakly to u in WL P (Q) and

N
lim sup/ D ai(x, Oy un) (B, — d,u) dx < 0.
Q5
=

n—o0
Then (u,) converges strongly to u in W1’7()‘)(§2).

Proof We use the fact that W17 ) (Q) < LP¥®(Q) compactly. Since u, — u in
>
WP ) (Q), we deduce that

Up —u in LPMO(Q). (4.4)
Then, combining (4.4) and (3.4) we conclude that u,, — u in W7 Q). ]

Proof of Theorem 4.2 By Lemmas 4.3—4.4 and the mountain pass theorem of Ambrosetti
and Rabinowitz [1], we deduce the existence of a sequence (u,) C X such that

L(uy) > c¢7>0 and I (u,) > Oas n — oo. 4.5)

We claim that (u,,) is bounded. Arguing by contradiction, we assume that, up to a subsequence
still denoted by (u,), we have |ju, ”WI»?(H(Q) — ooasn — o0.
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Using relation (4.5), for n large enough, we have

1
I+c7+ ””n”wl,?(x)(m > L.(un) — T(I)i(un)y Up)

N
1 A
> A;(x, Oy 11y, b nPM(X)_ nq(x) d
_é/g[ Cx Bt + POl = o

N
1
= [ Bt 6 P = R

N
1
=3 [ [ o) — ——ai D)o | dx
“~ Jo q

Py B
From (Aj), forallx € Qandi € {1,..., N} we have

a; (x, D, ) Dt < Pi(X)A; (x, dun) < piyAi (x, Dy ),

which implies
1 p+
_Tai(xa ax;“n)ax,-un > _TA i(x, 8x,un)

Inserting this inequality into relation (4.6) we obtain

+ N
p
L+ c7+ ltallyr 50y = (1 —~ —{4) Z/ A (x, By uy) dx
. Q

1
+bo j—— /Iu |PME) g,
Pm

Again from (A;) we have
|47 2 — 820 | P,
pi(x) Py

Ai(x, ax,'un) >

forallx € Qandi € {1,..., N}, thus

N
1 1 )
1 +c7+ “unnwl,?(x)(gz) = (p+ - qi) E /g; |ax,~un|pz(/\') dx
M i=1

1 1
+bo(—+ - —,)/ | P dx.
Pu q Q

We denote
r={iefl,...,N}: ”axiun“LPi(-’f)(Q) <1}

and
b={ie{l,...,N}: ||8xiun||Lp,(.x)(Q) > 1}.

1
1 1 1 1
+(— - —) [ bo)u,|Pn™ dx+x/ — |t |7 dx.
( noa )/sz ! Q(q‘ q(X))

(4.6)

4.7)
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By (3.1), (3.2), (3.3) and Jensen’s inequality (applied to the convex function 4 : Rt — R,
h(t) = tPm, P, > 1), for n large enough we have

Z/ |0y, un |p‘(x)dx—Z/|8 Uy Ip'(x)dx+Z/|8 1 [P dx

iely iely

= S ol gy + D Nl

i€ty iely
>Z||a | oo = O 32
xin Lp,(x)(Q) Xl pi () (Q)
i€l

(Z[:l ”3)(,‘”71”[}’[()()(9))/7;1 _N.
N

=

(4.8)

We analyze now the two cases corresponding to the value of [|u||; ()

Case 1: ||u||LpM(x)(Q) > 1. By (4.7) and (4.8) we have

11 1 P
1 + c7 + ||u11||W1,7(,v)(Q) = (F - qi_)[NP_*l (Z ”8x,-1/ln||LPi(x)(Q)) - N]
M m i1

1 1 o
+ bO(T - qf) el oy -

Py
and thus
1,1 1y 1 ;
L e+ iz ) = ?(ﬁ - q—,) mm{Npai o a2 5o e
11
- N(—Jr - —_). 4.9)
Py 4

Case 2: ”M”LpM(x)(Q) < 1. Then

1 1 m
L er 4 el o = (o5 = =) [ (Z sl ioey) = ]
PM q Np" .

1 1 .
= (ﬁ B ?)[Np, (Z ||ax,1/in||Lp (")(Q))

Pm
+lual 0 —N 1]

‘We obtain

1 1 1 1 - N+1

e e = 5 G ) ok e~
+ c7 + ”Mi‘l”Wl, 7 (3 )(Q) jl 217,; p[_& g min pr_] ” n ”Wl P(X)(Q) p}_&
(4.10)
By (4.9) and (4.10), we deduce that there exist ¢j, ¢; > 0 such that
Lt e+ lunllyr 7o g = Gllunll 7 506, — &
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Pm

Dividing the above inequality by ||uy, | W"lj; ® @)

and passing to the limit as n — oo we
obtain a contradiction. .

It follows that (u,) is bounded in W 7 ®)(€2). This information combined with the fact
that W17 0 (Q) is reflexive implies that there exists a subsequence, still denoted by (1),
and ug € Wl’_p)(x)(ﬂ) such that (u,) converges weakly to g in WLT’)(X)(Q).

Using (4.5), we infer that

lim (7} (up), un — uo) =0,
n—oo

more precisely,

N
lim / [Zai (6, By tn) (Bt — Dy 100) + D) |t |20, (uyy — ug)
n—oo Q 0
— M 9920 (uyy — uo)]dx —0. “.11)

Since the space w7 (2) is compactly embedded in L™ ™) () and LI (Q), it follows
that (i) converges strongly to ug in LP¥®)(Q) and also in L9 (Q). Therefore

| Bl s = o) |
Q

< 20ble@ [l O et = w0l gy @12)
LPMO-T(Q)
and
| = oy x| < 2t s = ol 413)
Q La®-T(Q)

By (4.12), (4.13) and (3.4), using the strong convergence of (u,) to ug in LPM®)(Q) and
LI%)(Q) we deduce

lim /Q Bt MO 20, st — 10) dx = 0,
and

lim 114|920, (up — ug) dx = 0.
n—0o0 Q

By the above relations, (4.11) reduces to

N
lim / D i (x, 0y, un) (O, — 1) dx = 0.
25zt

n—o0

Using Lemma 4.5, we deduce that (u,) converges strongly to i in WLT’)(““)(Q). Since X is
—

a closed subspace of WP @ (Q) and (u,) C X we obtain that ug € X. Then by relation

4.5)

L(wp) =c7>0 and I, (up) =0,

that is, uq is a nontrivial weak solution for problem (2.1). O
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5 The second domination case

The next result establishes an interesting concentration property in neighborhoods of the
origin and of the infinity. More precisely, under an additional assumption, we show that there
are positive numbers A* and A** such that problem (2.1) has a solution provided that either
A € (0, 1%) or & € (A**, 00). The existence of a “gap” between A* and A** still remains an
interesting open problem.

Theorem 5.1 In addition, we assume that ¢ € C () satisfies the hypothesis
l<q” <q* <p,.
Then the following properties hold.

(1) There exists \* > O such that for any A € (0, \*) problem (2.1) possesses a nontrivial
weak solution.

(ii) There exists A** > 0 such that for any . > A** problem (2.1) possesses a nontrivial
weak solution.

The assumptions in Theorem 5.1 show that the weight p( - ) is dominating with respect to
the variable exponent ¢( -) that controls the right-hand side. The above results asserts that,
in such a case, a solution exists either if A > 0 is sufficiently small or for large values of A.

First, applying Ekeland’s variational principle [13], we show that there exists A* > 0 such
that for any A € (0, A*) the functional I, has a nontrivial critical point. We start with two
auxiliary results.

Lemma 5.2 There exists A* > 0 such that for any A € (0, A*) there are p, a > 0 such that
Li(u) = a > 0 forany u € X with ||ull 1.5 q) = p-

Proof Under the conditions of Theorem 5.1, W‘*;)(")(Q) is continuously embedded in
LI™) (). Thus, there exists a positive constant cg such that

el a0y < eslielyr g, forall ue X. (5.1)

Now, let us assume that [lull 15w @ < min{1, CL}, where cg is the positive constant from
above. Then we have ||lu|| ¢t (q) < 1. Using (3.3) we get

/Qlulq(x)dx < ulfywg forall weX with fullyi5umg =p € © D).

(5.2)
Relations (5.1) and (5.2) imply
/Q|u|q<x)dx < c§_||u||(‘1v_l'7(x)(9) forall weX with Jully 50 g = p-
(5.3)

Using the hypothesis (Az), (B) and relation (5.3), we deduce that for any u € X with
[l | WLF (@) = P> the following hold:
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_ b(x) p (X)_L q(x)
I;\(u)_/g{;A (5, D)+ sl — }dx

pi(x) Py (x)
+Z/|a Oy 4 2 /w dx = e Tl 5100

min{1, bo} P
> ﬁ”uuwli’(x)(g) cg ||M”W‘ TO(Q)
Py (N + 1)Pu
_mintlbol A e e
Py (N + 1)Pir! T
_ "‘(M P _ i_cg*). (54)
Py (N + 1)Pir~! 1
If we define
e min{l, bo}g~ p,;—q*’ (5.5)

205 (N + Pt

.
min{1,by}p”M
2p;4(N+1)”1V‘
such that I, (1) > a > 0. O

then for any A € (0, A*) and u € X with ||u||W1,7,>(X,(Q) = p, there exists a =

Lemma 5.3 Assume that A € (0, \*), where A* is given by (5.5). Then there exists € X
such that v > 0, ¢ # 0and L, (ty) < 0 forallt > 0 small enough.

Proof By the conditions of Theorem 5.1, ¢~ < p,,. Letep > O be suchthatg™ + €y < p,,.
Since g € C (), there exists an open set 9 C 2 such that |g(x) —g~| < ¢ forall x € Q.
It follows that g(x) < ¢~ 4+ €p < p,, forall x € Q.

Let ¢ € X be such that supp (/) D Qq, ¥ (x) = 1 forall x € Qpand 0 < < 1in Q.
Then by (4.3) for any ¢ € (0, 1), we have

b(x) |t\b|pM(x) A |l‘1ﬁ|q(x)}dx

mnp):/ {ZA (& B ) + = s

N .
0y (1 pi(x) 1
<c62/ (ewi+ B2 av s L [ oy ptian
= pi(x) Py e
/ |ty |9 dx
- 1 , tPm
scﬁﬂ’mz/ e ) T
i—1 /< Pm Py JQ
_ i/ tq(x)|lﬂ|q(x)dx
gt Ja,

<c6z”mZ/ |ax,w|+—_|a W'(’”)dw /Qb<x>|w|”M<x>dx

M

)\'t[]7+50

|99 dx.
gt /Qo
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1
So, I, (tyr) < 0fors < § Pm =4~ , with

) 170 dx
0<5<min[1,—+ Ja, ]
T 6 T Jo (10 v1 + L1 p1n)dx + -L o by lrudz
M

m

m}

Proof of Theorem 5.1 (i). Let A* be defined as in (5.3) and A € (0, A*). By Lemma 5.2, it
follows that on the boundary of the ball centered at the origin and of radius p in X, we have

inf I, (u) > 0.
3B, (0)

On the other hand, by Lemma 5.3, there exists ¥y € X such that
L,(ty) <0 for >0 small enough.

Moreover, for u € B,(0),

q

Aogm
—Cg ||u||wlv7;(x)(9)-

L(u) > — - —
= PN + D=l W@ g
It follows that

—00 < ¢c9g = inf I (u) <O.
B, (0)

Weletnow 0 < ¢ < infyp, ) Ix —infp,(0) Ir. Applying Ekeland’s variational principle [13]
to the functional I, : B,(0) — R, we find u, € B,(0) such that

Ly(ug) < inf I + ¢,
B, (0)

I)\.(ua) < Ik(u) + 8”” - uS”wl,?(.\‘)(Q)a u 7& Ug.
Since

Li(ug) < inf I +e < inf I, +¢ < inf I,
B,(0) B, (0) 9B, (0)

we deduce that u; € B,(0). Now, we define K, : B,(0) — Rby K, (u) = L, (u) + ¢llu —
Uel| WLF 0 (@) It is clear that u, is a minimum point of K; and thus

K (ue + tv) — K (ug) -
. >

0,

for small # > 0 and v € B,(0). The above relation yields

Du(ue +tv) — Ii(ue)
t

+ 8||U||W1,7}(x)(9) > 0.

Letting t — 0 it follows that (1, (u,), v) + ellvllyprzwq) > 0, hence ||I){(u5)||W1,7<x)(Q) <
&. We deduce that there exists a sequence (v,) C B1(0) such that
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L(vy) > co  and I (vy) — O. (5.6)

It is clear that (v,) is bounded in X. Actually, with similar arguments as those used in the
end of Theorem 4.2, we can show that (v, ) converges strongly to u# in X. So, by (5.6)

L) =c9<0 and I (u;)=0,
that is, u; is a nontrivial weak solution for the problem (2.1). This completes the proof. 0O

Next, we want to construct a global minimizer of the functional 7,. We start with the
following auxiliary result.

Lemma 5.4 The functional I, is coercive on X.

Proof Using the hypothesis (A3), relation (4.2) we deduce for all u € X,

I,\(u)>— /|a u|”'(x)dx+ /|u|”M(")dx

Ml]

—q—[<c1||u||wlpm(m) + @l @) ] (5.7

Now we set ||u]| WLF Q) 1. Using the same techniques as in the proof of (4.7) combined
with (5.7) we find that

- A - +
Pm SO — q — q
e — O q,[<c1||u||w.,,,<x)(9)> + @y 7o) |

L) = cillul
for any u € X with ||””W'.-7<X>(s.2) > 1. Since g~ <q* < p,,, we infer that I, (u) — oo as
||u||W1,7(x>(Q) — 00, that is, I, is coercive. O
Proof of Theorem 5.1 (ii). The same arguments as in the proof of Lemma 3 of [9] can be
used in order to show that 7, is weakly lower semicontinuous on X. By Lemma 5.4, the
functional 7, is also coercive on X. We know from [27] that there exists u; € X, a global
minimizer of [, and thus weak solution of problem (2.1).

We show that u,_ is nontrivial if A is large enough. Letting 7o > 1 be a constant and €2 be
an open subset of  with |Q21| > 0, we assume that vy € X is such that vo(x) = 1y for any
x € Qrand 0 < vp(x) < fo in Q\Q. We have

N
_ . b(x) @ A @
IA(UO)—/Q{Z:Az(x,ax,(UO))-F gl = ol fdx

Oy (V pi(x) 1
= C6Z/ [0x; (vo)| + 19, ( O()|) )dx+ p—_/Qb(x)|UO|pM(x) dx
pi M

1 A
- A/ L gl dx < erg — 2o 1921,
q(x) gt

So there exists A* > 0 such that J; (vg) < O for any A € (A*, 400). It follows that for any
A > A%, u, is a nontrivial weak solution of problem (2.1) for A large enough. O
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