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ABSTRACT. We are concerned with the qualitative analysis of solutions of
a class of fractional boundary value problems with Dirichlet boundary con-
ditions. By combining a direct variational approach with the theory of the
fractional derivative spaces, we establish the existence of infinitely many
distinct positive solutions whose E%-norms and L°°-norms tend to zero
(to infinity, respectively) whenever the nonlinearity oscillates at zero (at
infinity, respectively).

1. Introduction and statement of main result

In this paper, we consider the fractional boundary value problem of the
following form:
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where oD, # and OD;ﬁ are the left and right Riemann—Liouville fractional inte-
grals of order 0 < 8 < 1, respectively, F': [0,T] x RY — R is a given function
and VF(t,x) is the gradient of F at x.

Fractional differential equations are very efficient tools for the mathematical
description of numerous phenomena in various fields of science and engineering,
such as, viscoelasticity, electrochemistry, electromagnetism, economics, optimal
control, porous media, etc., see [2], [4], [7], [14], [16]. In consequence, the subject
of fractional differential equations is gaining much importance and attention.
For details and examples, we refer to [8], [23], [13], [21], [10] and the references
therein.

During the past years, there are many papers dealing with the existence
of multiple solutions of fractional boundary value problems, for example [1],
[3], [5], [6], [9], [15], [18]-]20], [22]. Chen and Tang [1] studied the existence
and multiplicity of solutions for system (P) when the nonlinearlity F' is super-
quadradic, asymptotically quadratic, and subquadratic. Jiao and Zhou [11] ob-
tained the existence of solutions for (P) by the mountain pass theorem under
the Ambrosetti-Rabinowitz condition. Nyamoradi obtained in [18] the existence
of infinitely many non-negative solutions of problem (P). In [3], by using the
variational method, the existence of at least two nontrivial solutions for (P) is
established.

The aim of the present paper is to prove the existence of infinitely many
distinct positive solutions for problem (P) under suitable oscillatory assump-
tions on the potential F' at zero or at infinity. Indeed, our main results (see
Theorems 1.3 and 1.6 below) give sufficient conditions on the oscillatory terms
such that problem (P) has infinitely many positive solutions. As a byproduct,
these solutions can be constructed in such a way that their norms in a suitable
space E% tend to zero (to infinity, respectively) whenever the nonlinearity oscil-
lates at zero (at infinity, respectively). These results correspond to the existence
of infinitely many low-energy (respectively, high-energy) solutions, according to
the oscillation properties of the nonlinear term.

In the present paper, in order to establish the existence of infinitely many
solutions of system (P) we consider two distinct cases, according to the growth
of the nonlinear term near the origin, respectively, in a neighborhood of infinity.

1.1. Oscillation near the origin. Now we are in the position to state our
first main result which deals with the case when the nonlinearity F' exhibits an
oscillation at the origin. For this case, we make the following assumptions.

H(F); F:[0,7] x RY — R is a function such that F(¢,0) = 0 for almost all
t € [0,T] and it satisfies the following founded facts:
(1) For all x € RN, ¢t = F(¢, ) is measurable.
(2) For almost all t € [0,T], z — F(¢,z) is continuously differentiable.
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(3) There exist ¢ € C([0,T],R) and 0 < ag < 400 such that
IVE(, )], [F(t )] < c(t)(1 4 [z]*)
for almost all t € [0,7] and all z € RV,

(4) —oo < liminf Fit o) < lim sup Fit,z)
z|—0+ |22 || —0+ |z[?
every t € [0, 7.
(5) For every k € N, there exists e, € RY with |ex| = 1 and there are
two sequences {ay} and {b;} in (0, +00) with aj < by, kEI-&r-loo b, =0

such that VF(t,€) - e, <0 for all £ € [ay, bi]ex.

= +o00 uniformly for almost

REMARK 1.1. Hypotheses H(F); (4) and H(F); (5) imply an oscillatory be-
haviour of F' near the origin.

REMARK 1.2. A simple example of a potential function satisfying hypothesis
H(F), is
0 ifx =0,
lz|*M[1 + sin(=51In |z])] if [z] > 0,
where 1 < «a(t) < 2 for any ¢ € [0,T].

F(t,x) =

PROOF. It is easy to verify conditions (1) and (2) in H(F);.
Obviously,  — F(t,z) is continuously differentiable. By straightforward
computation, we have

VE(t,z) = za(t)|z]*P~2[1 4 sin(=51n |z|)] — 5z|z|*® 2 cos(—5In |z]).

Set ap = max_ «a(t), then
t€[0,T]

|F(t,2)] < [[2|* P [1+sin(=51n |2])]| < 2[2[*® <2(1 + |2[*),
IVE(t, ) <200]z|*®~ + 5]2|*®~1 < (200 4 5)(1 + |z|*).

So condition H(F); (3) holds. Then, for any 1 < k € N we can choose

2k w 2km
ap = exp| ——— — o5 |, b, 1= exp -5 )

which means aj < by, kginoo biy = 0. Then, for any ¢ € [ax, bilex, ex € RY and
lex| = 1, there exists ¢o € [0, 1] such that & = [toax + (1 — to)bk]er. Thus,
VE(t§)- e
= (Ca(®)[¢]* D72 [1 + sin(=5 In [¢])] — 5¢[¢]* 72 cos(=5 In[¢])) - ex
= (a(®)|¢]* 721 + sin(=51In [¢])] — 5¢]*D 72 cos(=5In [¢]))€ - ex
= (a(t)[1 +sin(—51n[€])] — 5eos(=51n |€])) [toar + (1 — to)b] =2 < 0.
So condition H(F); (5) is satisfied.
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To verify H(F); (4), we can choose

2km 3w 2km T
rp=exp| —— — — |lex and yp=exp|—— — Jex, k>1,

5 10 5 10
such that
F
lim inf (t,2) _ li (t, 2k)
lz] =0+ |z|? k—+oo  |zp|?

ok a(t)—2
:kEToo {exp(J?S)} (1+sin <2k7r+27r)> =0> —o0,

Fit) . Flt)

lim su =
|x|—>oJ}D |22 k—+oo  [yg|?
2%k () —2 1
= kEToo {exp (—; — 17:))] <1 + sin (2k7r + 3 ﬂ')) = +00
uniformly for almost every ¢ € [0,T]. So condition H(F); (4) holds. O

THEOREM 1.3. Suppose that H(F), holds. Then there exists a sequence
{un} C E* of distinct positive solutions of problem (P) such that

ngr—{-loo ||Un||o¢ - ngr—ir-loo |un|oo =0

1.2. Oscillation at infinity. Next, we state the counterpart of Theorem
1.3 when the nonlinearity oscillates at infinity. The hypotheses on the potential
I are the following:

H(F); F:[0,T] x RY — R is a function such that F(¢,0) = 0 for almost all
t € [0,7] and it satisfies the following founded facts:
(1) For all x € RN, t — F(t,z) is measurable.
(2) For almost all t € [0,T], x — F(t,z) is continuously differentiable.
(3) There exist ¢ € C([0,T],R) and 0 < oy < 400 such that

IVE(2)], [F ()] < e(t)(1+ [2|*)

for almost all ¢ € [0, 7] and all z € RV,

F(t F(t
(4) —oco < liminf ( ’f) < limsup ( ,Qx)
jal>-+oo  |2] ol —otoo ||

= +oo uniformly for al-

most every z € RY.
(5) For every k € N, there exist e, € RY with |e,| = 1 and there are two
sequences {ay} and {b;} in (0, 4+00) with aj < b,

such that VF(t,£) - e, <0 for all £ € [ag, bi]ex.

lim ap = +o0
k—+oo

REMARK 1.4. Hypotheses H(F)3 (4) and H(F)2 (5) imply an oscillatory be-
haviour of F' near the infinity.
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REMARK 1.5. A simple example of a potential function satisfying hypothesis
H(F)Q is

if x =0,

F(t,z) =
|z[*® (1 +sin |z|) if |z| > 0,
where 2 < «a(t) < « for any ¢ € [0,T].

PROOF. One can easily check that hypotheses (1) and (2) of H(F)s are sat-
isfied.
Obviously,  — F(t,x) is continuously differentiable. Then

0 ifx=0,

VFE(t,z) =
a(t)z|z|*D=2(1 + sin |z]) + z|z|*D L cos |z| if |z| > 0.

Let ap = max «(t). Then
t€[0,T]

|F(t, )] < [|2|* (1 + sin(|e])] < 2]2]*® < 2(1+ [2]*)
for all z € RY and all t € [0,7], and

IVE(t, )| =|a(t)z|z|*D~2(1 + sin |z]) + z|z|*O ! cos |||
<2[a(t)[[«]*O 7 + |2[*® < (200 + 1)(1+ [2]*°).

So condition H(F)3 (3) holds. Then, for any 1 < k € N we can choose

a = (2k + D), by = (Qk + 3)77

which means ap < b, klir}_l ar = +oo and, for any & € [ag, br]ex there exists
—+00
Ao € [0,1] such that &€ = [Aoar + (1 — Ao)bi]eg, so

VE(,E) e

((t)€]€1* 72 (1 + sin [¢]) + £[¢[*D " cos [¢]) - ex

= (a(®)[¢[*D72(1 + sin [¢]) + 1]*D " cos [¢])¢ - ex

((®)[€1* D721 + sin[€]) + [¢]*D 7 cos [¢]) (Moak + (1 — Xo)bx) < 0.

So condition H(F)s (5) is satisfied. To verify H(F)y (4), we can choose

1 3
Ty = <2k—|— 2>ﬂ'ek, Y = <2]€+ 2>7T€k,
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which implies

L inf _
koo |22 koo |gkl?
~ |(2k + 3/2)mer|*® (1 + sin |(2k + 3/2)mex|)
koo |(2k + 3/2)mey|?
3 a(t)—2 3
= lim |:<2k+>71’:| <1+Sin |:<2]€+>7T:|)O>OO,
k— 400 2 2
F F
lim sup (t’;) = lim (¢, y2k)
k—too 2] koo [yl
~ |(2k + 1/2)meg|*®) (1 + sin |(2k + 3/2)mey)
kS0 |(2k + 1/2)mex|?
1 a(t)—2 1
= lim 2k + = |w 1+sin |[(2k+ = |7| | =40
k—-+oco 2 2
uniformly for almost every t € [0,7]. So condition H(F)s (4) holds. O

THEOREM 1.6. Suppose that H(F)y holds. Then there exists a sequence
{un} C E® of distinct positive solutions of problem (P) such that

Im  |up|le = Um |up|e = +00.
n—-+4oo n—-+oo

2. Preliminaries

In this part, we recall some definitions and display the variational setting
which has been established for our problem.

DEFINITION 2.1 ([12]). Let f be a function defined on [a, b] and 7 > 0. The
left and right Riemann-Liouville fractional integrals of order 7 for the function
f denoted by ,D; " f and D, " f, respectively, are defined by

1

D) = m/ (t—s)""1f(s)ds, t€][a,b],

b
DT () = %/t (t— ) Lf(s)ds, € [ab],

provided the right-hand sides are pointwise defined on [a,b], where I" is the
gamma function.

DEFINITION 2.2 ([12]). Let f be a function defined on [a, b]. The left and right
Riemann-Liouville fractional derivatives of order 7 for the function f denoted
by D] f and (D] f, respectively, are defined by

m n t
DEIO = 5 D10 = s ([ =9 0y as).
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d’n
D f(E) = (1) Dy ()

where t € [a,b], n—1 <7 <nandn€N.

The left and right Caputo fractional derivatives are defined via the above
Riemann—Liouville fractional derivatives. In particular, they are defined for func-
tions belonging to the space of absolutely continuous functions, which we denote
by AC([a,b],RY). AC*([a,b],RY) (k= 1,2,...) is the space of functions f such
that f € C*([a,b], RY). In particular, AC([a,b],RY) = AC*([a, b],RY).

DEFINITION 2.3 ([12]). Let 7 > 0 and n € N. If 7 € [n — 1,n) and f €
AC™([a,b],RY), then the left and right Caputo fractional derivatives of order
7 for the function f denoted by D7 f and {Dj] f, respectively, exist almost
everywhere on [a,b]. ;D] f(t) and {D] f(t) are represented by

SD7f(t) = oD f(t) = F(;_T)</:(t—8)"”_lf(”)(8) d8>,

b
SDLF() = (—1) D] ") () = F(nl_)( =i ds),

respectively, where t € [a, b].

DEFINITION 2.4 ([11]). Let 0 < @ < 1 and 1 < p < oo. The fractional
derivative space Eg? is defined by the closure of C§°([0,T], RY) with respect to
the norm

T T 1/p
ullap = </0 |u()|P dt +/0 6D u(t)|P dt) for all u € Eg'?,

where C5°([0, T], RY) denotes the set of all functions u € C*°([0,T],RY) with
uw(0) = u(T) = 0. It is obvious that the fractional derivative space Eg”" is
the space of functions u € LP([0,T],R") having an a-order Caputo fractional
derivative §D¢u € LP([0,T],RY) and u(0) = u(T) = 0.

PROPOSITION 2.5 ([11]). Let 0 < o < 1 and 1 < p < oo. The fractional
derivative space Eg'? is a reflexive and separable space.

PROPOSITION 2.6 ([11]). Let 0 < a <1 and 1 < p < co. For all u € Ey*?
we have
Ta c (03
[ullzr < Tt 16D ul[ e
Moreover, if « > 1/p and 1/p+1/q =1, then
T(a=1)/p

(@((a—Dg+ 177

(2.1) lulleo < & Diful| -
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According to (2.1), we can consider EG™" with respect to the norm

T ) 1/p
el = llE D%l v = ( / IBD?uI”dt> .

PRrROPOSITION 2.7 ([11]). Let 0 < @ < 1 and 1 < p < oo. Assume that
a > 1/p and the sequence uy converges weakly to u € Eg'?, i.e. up — u. Then
u, — u in C([0,T],RN), i.e. ||ug, — ul|oo — 0, as k — oco.

Making use of Definition 2.3, for any u € AC([0,T],RY) problem (P) is
equivalent to the following problem:

% (; o DY (GDRu(t)) — % tD%_l(fD%u(t))) FVE(tu(t)) =0

(P1) a.e. t € [0,T],

where o = 1 — 8 € (1/2,1]. In the following, we will treat problem (P;) in the
Hilbert space E* = Eg'® with the corresponding norm ||u|a = ||u[|a.2. It follows
from Theorem 4.1 in [11] that the functional ¢ given by

o= [ [ 3 (6raw. spgut] - [ P

is continuously differentiable on E*. Moreover, for u,v € E“ we have

T
W == [ 5|6Druo, sD50(0) + (:DFu(0), 07 v(e) | a

0

T
- VE(t,u(t)) - v(t) dt.

0

DEFINITION 2.8 ([11]). A function u € AC([0,T],RY) is called a solution
of (P) if

(a) D*(u(t)) is derivative for almost every ¢ € [0, 7], and
(b) u satisfies (P),

where

D) = 5 oDF (GDfu() — 5 D (D))

ProOPOSITION 2.9 ([11]). If1/2 < a < 1, then for any u € E* we have

T
C (03 C e 1
feos(rafull < = [ (5DFult). sDFu(0) b < e .

Now, we are going to prove our main results.
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3. Proof of Theorem 1.3
For every fixed k € N, consider the set
Sp={ue€ E*:u(t) #0 and u(t) € [0, byle a.e. t € [0,T]},
where by, is from H(F); (5). The proof is divided into four steps as follows.

STEP 1. We claim that ¢ is bounded from below on Sj and its infimum my
on S}, is attained at ug € Sj.
On account of H(F); (3) and Proposition 2.9, for every u € Sy, we have

1 T
ot = [ [~ 3 6pruto. pgu] ae [ Feeueya
T
cos(7roz
> Loostml 2 / 01+ a0
T
cos(ma
> LmN gz = [ o1+ ute) a
0
T
> leostma)ly e Y LCIRE
2 0
\cos(wa)| o o,
= ||u||a - CQT - C()T|bk‘ 0> —CoT - C()T‘bk|
where ¢y = n%guq{"]c(t). It is clear that Si is convex and closed, thus weakly
telo,

closed in E*. Let my = igf @, and {up}°2; be a sequence in Sy such that
k

my < @(uy) < my + 1/n for all n € N. Then

met 2z o) = [ |- 3 Goraro, pguien]a- [ F ),

which implies that
|cos(z)| . T o
TN gz < [ | = 3 DR (05 Dfup(e) | dr
0
1 T
<t [ @) d
n 0
1 T
St [ el o)) d
0
1
<my + - + coT + coT|bg|*®
for all n € N, thus {u}(¢)}52; is bounded in E.

By Proposition 2.5, one can easily see that there exists {u}}°2; € E* such
that u — ug in E“. As ¢ is weak lower semicontinuous (see [17, Theorem 3.1,
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Step 1]), ¢(ux) < lim ¢(uy). Then,

n—+4o00o
. n 1
mi < (ug) < lm p(up) < my + —,
n—-4oo n
which implies that ¢(ux) = my. Hence, uy is a minimum point of ¢ over Sk.

STEP 2. We show that ux(t) € [0, ax]ex for almost every ¢ € [0,T].

Let A = {t S [O,T] : uk(t) ¢ [07ak]ek} = {t € [O,T} : uk(t) € [ak,bk]ek}
and we can suppose that meas(A) > 0. Define the function h: [0, 4+00)e;, —
[07 +OO)6k by
h(s) = ager, if s € [ag, +oolek,

s if s € [0, ax]e.

Now, we set vy = h o ug. Since h is a Lipschitz function and h(0) = 0, the
theorem of Marcus—Mizel [17] shows that v, € E®. Moreover, vk (t) € [0, axex
for almost every t € [0,T]. Consequently, vy € Si and

up(t) ift€[0,7]\ 4,

vg(x) =
arer, 1ifte A.

By straightforward computation, we obtain

()~ () = |

1 c Mo co . v
. [<0Dt ua(0) tDTvku))] dt /[O’T] Ft,op(0)) dt

2

o I 1 | R e Y
0,7] [0,77]

a /[O,T]\A [ -

1 . ,
+/ |:— 5 (BD?akek, %D%akek)] dt
A

N = o

(EDSur(t), ?D%uk(t))} dt

_ / Pt (b)) dt — / F(t, ager) dt
[0,T\A A

- /[O,T]\A {

7/A { % (6D¢ uk(?), ?D%uk(t))] dt

(6 D% uk(t), fD%uku))] it

DN | =

i /[O,T]\A F(t’uk<t))dt+/AF(t,uk(t))dt
1, .
- /A [_ 3 (0D (?), tDTuk(t))] dt

- /A[F(t,akek) — F(t,ui(t))] dt.
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For every t € A, uy(t) € [ax, bg]e, there exists a map A: A — [0, 1] such that
ug(t) = arer + A(t)(bp — ai)ex. By the Mean Value Theorem, it holds

/ (F(t, aner) — F(t, un(t))] dt = / VE(L (1)) - (arer — un(t)) dt
A A
= /A VE(t, (L)) - [aner — ager — A(t) (b — ax)ex] dt

:/ VF(t, fk(t)) . )\(t)(ak - bk)ek dt.
A
By H(F)1 (5), we have & (t) € [ag, biex for almost every ¢ € A. Consequently,
/ (F(t ager) — F(t up())] dt > 0,
A

In conclusion, every term of the expression ¢(vr) — ¢(ur) < 0. On the other
hand, since vy, € Sk, then p(vy) > p(ux) = ig}fgo. So, p(vk) — p(ug) = 0.
k
Namely,
1
- [ |- 3 6Pru Dguete))| de - [ [F(t.awes) - Fltuso)lde =0,
A A
which implies that meas(A) = 0.

STEP 3. We show that wuj is a local minimum point in E<.
Let A" = {t € [0,T) : u(t) € [0,arler} = {t € [0,T] : u(t) € (ak,brlex}. Set
v = h ou, then we have

3.1 (u) —¢(v)

-/ |- 5 GDFu0. iDFu(e)ar - [, Funa

(=)

(5D (t), fD%v(t))] dt + F(t,v(t))dt
[0,7]
-/ [— (EDult). fD%u(t»} dt
[0, T\A’
1 C [0 C [0
Jr// { 3 (6Dfu(t), tDTu(t))] dt — /[O,T]\A’ F(t,u(t))dt
1 C (% C [0

- [ paya [ =S a0pu, g i

— /A, |:— % (thaakek, fD%akek)} dt

—I-/ F(t,u(t)dt+ | F(t, aker)dt

[(0,T]\ A’ A

_ / | {_ % (e D2u(t), fD%u(t))} dt + /A P (b axer) — F(t,u(t)] dr.
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From assumption H(F); (5), we have

/ [Pt arer) = F(tu(e)]dt = | VF(#E®) - (arer — u(t) dt > 0

A/

for almost every t € A’, where &(¢t) € [are, u(t)] C [ak, bx]er for almost every
t € A’. Consequently, o(u) — ¢(v) > 0. On the other hand, by v € Si, we have
w(v) > @(ug). In view of (3.1), we derive

p(u) — p(v) > /

Moreover, we have

[‘ 5 (6Dpu(r), ;D%u(t))} .

’

/

o0 2 o0)+ [ | =3 GDFu0), iDFu(e)]at
> () + [ | =5 GDFuo). iDFu(e)]|

> p(ur) + /

(0,77]

1 c (03 c (0%
S R B {0 O O

2ot + [ |- 5 (DE) = v(0), DR ule) — u(0) | at

[0,77]
)+ | cos(ma)| cos(ﬁa)

- 5 GDFu), $DFue)| d

[\

|
> p(up lu— ]2

Since h is continuous, there exists § > 0 such that for every u € E%, [[u—v||o < 0,
which implies that u is a local minimum of ¢.

STEP 4. In this step the fact that my = iélf(p < 0and lim mg = 0 is
k

k—+oco
proved.

Let By, (to) C [0,T] be the ball with radius rg € (0,1) and center ¢y € [0, T].
For ¢ € RY, define

0 it ¢ € [0,7]\ By (to),
(32) ﬂg(t) = E ifte BTo/Q(tO)v
% (7’0 — ‘t — t0|) ifte Bro (to) \ Br0/2(t0)~

It is clear that ne € E® and |ne(t)] < 2|¢|/7o;

D0 = |y [ (=9 s

11—«

1 ! N 1 21 e
Sl"(l—a)(/o(t_8> 77€|d) rl—a) o 1—a’
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33 = [ oo [ gt B
@ Jy BPIORAS J oy T T ap

To
1 42 1 T
< % / 220 g
(1 —a) 15 (1-a)* Jo
) Al¢?
TI2(1—a)rd(l— a)?(3 —2a)

T3—2a

From the left part of H(F); (4) we deduce the existence of some Iy > 0 and
Ao € [0, aglex such that

(3.4) essinf F(t,z) > —lo|z|> for all 2 € [0, Ag]ex.
te[0,T]

There exists Ly > 0 large enough to enable
(35) C(To, Q, T) + lOT < LOTO;

where
1 4T3 —2«

2| cos(ma)| T2(1 — a)rg(3 — 2a)”
Taking into account the right part of H(F); (4), there is a sequence {&} € [0, Ag]
such that {£,} € [0, ax]ex and

C(ro,a,T) =

(3.6) esssup F(t, &) > Lol&k)® for all k € N.
t€[0,T)

Clearly, [t —to| € (r0/2,70), T0 — |t —to| € (0,70/2) for all t € By, (to) \ Br, /2(to)-
Therefore,

2
Tiok (T‘o — |t — t0|) S [0,£k] C [O, /\O]ek, for all t € Bro (to) \ BTU/Z(tO)~

In view of Proposition 2.9 and (3.3), we deduce

T
a0 [ |- 56000, DR )] @ < 5 I 01

- 1 4T372o¢
= 2|cos(ra)| T2(1 — a)r3(3 — 2a)
Combining (3.4) with (3.6), we obtain

1€k]* = C(ro, o, T)|Ex|*.

T
@&VAF@%wmt
:/ F(t,ng, (1)) dt + / E(t,1g, (1)) di
By /2(to)

Brg (to)\Brq/2(to)
28
T

[ rwatya P(0 2 (= e ) )
B /2(to) By (to)\Bprg/2(to) 0
> Lorol&k|* — LT |&x|*
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Let k € N be a fixed number and let ¢, € E be the function from (3.2)
corresponding to the value |{;| > 0. Then 7¢, € Sk, and on account of (3.5),
(3.7) and (3.8), one has

39 elwe) = [ |- 56060, DR )] dr— [ Flene(o)an

< C(ro, o, T)[&k|* = Lorol|&k|* + 0T |8k |
<(C(rg,a,T) + 16T — Lor)|&]* < 0.
Due to Step 3 and (3.9), we deduce that my = ¢(ug) = iélkfgo < p(ng,) < 0.
Now we prove that kETOO mg = 0. Observe that by assumption H(F); (3),

one can find a constant ¢g = max > 0 such that
t€[0,7]

IVF(t,z)| < co(1 +|z|*) forallte[0,T], z € RV,

Applying the Mean Value Theorem and the above inequality for every x €
[0, arler and all t € [0,T], one can find a constant ¢y > 0 such that

|F(t,z)| = |F(t,x) — F(t,0)| = [VF(t,&) - x| = [VF(t,&)]|z]
<co(1 + [€]%)]x] < colz| + coA™|z|* T,

where A € [0,1] is such that £ = Az. Therefore

T T
= ptu) = [ | = 5 G0ru 0 D) |t~ [P0 a

- | cos(m

Oé)| T T
> Tl — [ Pen®)a = - [ FE o)

T
= _/ [colun (B)] + oA lug ()| * ] dt > —coT(|bx| + A% [br|*F1).
0

Since lim bg=0, we have lim my>0. Note that my < 0, hence lim m;=0.
k—+o00 k—4o00 k——4o00

Finally, since uj are local minima of ¢, they are critical points of ¢, thus
weak solutions of (P). Due to Step 2, there are infinitely many distinct uy with
lim |ug|eo = 0. Moreover, we have

k—+oo
|COS(7TO[)‘ 2 r 1 c o c o
—— llulls < ; = 5 (D un(t), {DTuk(t))| dt
T
:mk+/ Pt g (£)) dt < mig + T (1b] + A% b |20+,
0
which means that lim |ug|lo = 0. O
k—+oo

Next, we prove Theorem 1.6 when the nonlinearity oscillates at infinity.

PROOF OF THEOREM 1.6. For every fixed k € N, consider the set

T, = {u € B* :u(z) # 0 and u(z) € [0,byley for a.e. x € RV},
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where by is from H(F)3(5). The first part of the proof is similar to that of
Theorem 1.3. Indeed, we can prove that the functional ¢ is bounded from below
on Ty and its infimum on T}, is attained (see Step 1 of Theorem 1.3). Moreover,
if ug € T} is chosen such that p(ug) = 1%15 o, then ug(t) € [0, aglex for almost

every t € [0,T] (see Step 2 of Theorem 1.3), and wuy, is a local minimum point of
v in E® (see Step 3 of Theorem 1.3). Instead of Step 4, we prove

STEP 4'. Let ¥y = inf ¢ = ¢(ug), then lim ¢ = —oc.

From H(F)2 (4), we deduce that there exist lo > 0 and Ao > 0 such that

(3.10) essinf F(t, ) > —loo|z|*> for all |z > lo.
t€[0,7)

There exists Lo, > 0 large enough to enable
(3.11) C(ro,a,T) 4+ 1T < Looro-

From the right hand side of H(F), (4), there is a sequence {£;} C RY such that

lim &, = +oo and
k—+oco

(3.12) esssup F(t, &) > Loo|ék)® for all k € N.
te(0,T]

It is easy to see that

g, (D) < €| for all t € By, (to) \ By, 2(to),

since

2
e, (£) = rio’“ (ro— |t —to]) for all t € By, (to) \ By, ja(to)-

Let k € N be fixed and let 1, € E* be the function from (3.2) corresponding
to the value &, € RY. Then 7, € T,, and on account of (3.10) and (3.12), we
have

T T
313) o) = [ | -5 @000, D3 )| it~ [ Fleneo)a

1
< el - / F(t.me, () dt
2| cos(mar)| & B,y a(to) S

-/ Fitng, () dt
(Bro (t0)\Brg s2(to))N{E:]ne,, (£)[>Aoo }

- / F(t, e, (£)) dt
(Brg (to)\Brg /2 (to))N{t:[ne, (£)| <Aoo }

1 4T3 — 2a) 5
< 2 2 ‘gk‘
2| cos(mar)| T2(1 — a)rg(3 — 2a)
= Loorolér|* + Lo T|8]* — T (1 +AZ2)
= (C(To, «, T) — Lo + looT)|£k|2 + CT)\?S.
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From (3.11), (3.13) and lim &, = +o00, we conclude that

k—+oco

(3.14) lim @(ne,) = —o0.

k— 400

On the other hand, from @(uy,, ) = %nin ©, we have ©(Upm, ) < @(ne, (t)). There-

mE

fore, on account of (3.14), we have

1 li my) = —O00.

(3.15) Jm o(um, ) = —o0

Since the sequence {¢(ug)} is non-increasing, so lim ¥y = lim o(ug) = —oo.
k——+4oc0 k—4o00

STEP 5. In this step the fact lim |ug|oo = lim |luglla = 400 is proved.
k—4o00 k—400

Arguing by contradiction, assume that there exists a subsequence {u,, } of
{ug} such that |un,|cc < M for some M > 0. In particular, {u,,} C T, for
some [ € N. Thus, for every nj; > | we have

v >0y, = iTgf_w = @(Un,) > irTllfw =1

k

Consequently, ¢, = ¥; for every n; > [. This fact contradicts with (3.15),
which completes the first part of the proof.

Next, we prove lim ||ug||o = +o0.
k—+oo

Note that 1< g < +00, then by Proposition 2.7, we have E~ < C([0,T],RY)
(compact embedding). Furthermore, there exists c; > 0 such that |ug|e <
ca||uk||o. Hence, there exists a constant ¢z > 0 such that

T T
/ F(t,ug(t)) dt g/ co(1 4 ug(t)]*) dt < coT + colug(t)|20T
0 0
<coT + cocy® |lugl[o°T < coT + c3flurl[a°T.

Let us assume that there exists a subsequence {u,, } of {ux} such that for
some M > 0, we have ||up, || < M. In particular, due to the above inequality,

IN
S—
S
I

1

2
— 2|C S( )| ||u"k||a Co C3||Uk||a

is bounded. Hence ¥,, = ¢(uy,) is also bounded. This fact contradicts with

lim ¥ = —c0. O
k— oo



[1]

2]

3]

[4]

[5]

[6]

[7]

(8]

9)
[10]
[11]
[12
[13]
[14]

(15]

(16]

(17]

(18]

FRACTIONAL BOUNDARY VALUE PROBLEMS 663

REFERENCES

J. CHEN AND X.H. TANG, Ezistence and mulitiplicity of solutions for some fractional
boundary value problem wvia critical point theory, Abstr. Appl. Anal. ArticleID 648635
(2012), 1-21.

K. DIETHELM AND A.D. FREED, On the solution of nonlinear fractional differential equa-
tions used in the modeling of viscoplasticity, In: Scientific Computing in Chemical Engi-
neering II — Computational Fluid Dynamics, Reaction Engineering, and Molecular Prop-
erties (F. Keil, W. Mackens, H. Voss, and J. Werther, eds.), Springer, Heidelberg, 1999,
pp. 217-224.

B. GE, Multiple solutions for a class of fractional boundary value problems, Abstr. Appl.
Anal. Article ID 468980 (2012), 1-16.

W.G. GLOCKLE AND T.F. NONNENMACHER, A fractional calculus approach of self-similar
protein dynamics, Biophys. J. 6 (1995), 46-53.

P. HABETS, R. MANASEVICH AND F. ZANOLIN, A nonlinear boundary value problem with
potential oscillating around the first eigenvalue, J. Differential Equations 117 (1995),
428-445.

P. HABETS, E. SERRA AND M. TARALLO, Multiplicity results for boundary value problems
with potentials oscillating around resonance, J. Differential Equations 138 (1997), 133—
156.

R. HILFER, Applications of Fractional Calculus in Physics, World Scientific, New Jersey,
2000.

H. JAFARI AND V. DAFTARDAR-GEJJI, Positive solutions of nonlinear fractional boundary
value problems using Adomian decomposition method, Comput. Math. Appl. 180 (2006),
700-706.

P. JEBELEAN, J. MAWHIN AND C. SERBAN, Multiple periodic solutions for perturbed rela-
tivistic pendulum systems, Proc. Amer. Math. Soc. 143 (2015), 3020-3039.

Q. JIANG, The existence of solutions to boundary value problems of fractional differential
equations at resonance, Nonlinear Anal. 74 (2011), 1987-1994.

F. Jiao AND Y. ZHOU, Ezistence of solutions for a class of fractional boundary value
problems via critical point theory, Comput. Math. Appl. 62 (2011), 1181-1199.

A.A. KiLBAs, H.M. SRIVASTAVA AND J.J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, Elsevier, Amsterdam, 2006.

S.H. LIANG AND J.H. ZHANG, Positive solutions for boundary value problems of nonlinear
fractional differential equation, Nonlinear Anal. 71 (2009), 5545-5550.

B.N. LunpsTrROM, M.H. Hicags, W.J. SPAIN AND A.L. FAIRHALL, Fractional differentiation
by neocortical pyramidal neurons, Nat. Neurosci. 11 (2008), 1335-1342.

H. LU, D. O’'REGAN AND R.P. AGARWAL, On the existence of multiple periodic solutions
for the wector p-Laplacian via critical point theory, Appl. Math. Czech. 50 (6) (2005),
555-568.

F. MAINARDI, Fractional calculus: some basic problems in continuum and statistical me-
chanics, In: Fractals and Fractional Calculus in Continuum Mechanics (Udine, 1996),
291-348, CISM Course and Lectures, Vol. 378, Springer, Vienna, 1997.

M. MARCUS AND V. MIZEL, Every superposition operator mapping one Sobolev space into
another is continuous, J. Funct. Anal. 33 (1979), 217-229.

N. NYAMORADI, Infinitely many solutions for a class of fractional boundary value problems
with Dirichlet boundary conditions, Mediterr. J. Math. 11 (2014), 75-87.



664

(19]

20]

(21]

(22]

23]

B. GE — V.D. RADULESCU — J.-C. ZHANG

H.R. SuN AND Q.G. ZHANG, Ezistence of solutions for a fractional boundary value prob-
lem via the Mountain Pass method and an iterative technique, Comput. Math. Appl. 64
(2012), 3436-3443.

K.M. TeEnG, H.G. JiaA aND H.F. ZHANG, Euxistence and multiplicity results for frac-
tional differential inclusions with Dirichlet boundary conditions, Comput. Math. Appl.
220 (2013), 792-801.

Z.L. WEL, W. DoNG AND J.L. CHE, Periodic boundary value problems for fractional dif-
ferential equations involving a Riemann—Liouville fractional derivative, Nonlinear Anal.
73 (2010), 3232-3238.

P. ZuaNG AND C.L. TANG, Infinitely many periodic solutions for monautonomous sub-
linear second-order Hamiltonian systems, Abstr. Appl. Anal. Article ID 620438 (2010),
1-10.

S.Q. ZHANG, Ezistence of a solution for the fractional differential eqution with nonlinear
boundary conditions, Comput. Math. Appl. 61 (2011), 1202-1208.

Manuscript received March 26, 2016
accepted June 21, 2016

BiN GE

Department of Mathematics

Harbin Engineering University

Harbin, Heilongjiang, 150040, P.R. CHINA

E-mail address: gebin04523080261@163.com

VICENTIU D. RADULESCU
Department of Mathematics
Faculty of Sciences

King Abdulaziz University

P.O. Box 80203

Jeddah 21589, SAUDI ARABIA

and

Institute of Mathematics “Simion Stoilow”
Romanian Academy

21 Calea Grivitei

010702 Bucharest, ROMANIA

E-mail address: vicentiu.radulescu@imar.ro

JI-CHUN ZHANG

Department of Mathematics

Harbin Engineering University

Harbin, Heilongjiang, 150040, P.R. CHINA

E-mail address: 986799294@qq.com

TMNA : VOLUME 49 — 2017 — N°2



