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ROBIN PROBLEMS WITH INDEFINITE AND UNBOUNDED POTENTIAL,
RESONANT AT —oo, SUPERLINEAR AT +o00
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Abstract. We consider a semilinear Robin problem with an indefinite and unbounded
potential and a reaction which exhibits asymmetric behavior as x — £o00. More precisely it
is sublinear near —oo with possible resonance with respect to the principal eigenvalue of the
negative Robin Laplacian and it is superlinear at +00. Resonance is also allowed at zero with
respect to any nonprincipal eigenvalue. We prove two multiplicity results. In the first one,
we obtain two nontrivial solutions and in the second, under stronger regularity conditions on
the reaction, we produce three nontrivial solutions. Our work generalizes the recent one by
Recova-Rumbos (Nonlin. Anal. 112 (2015), 181-198).

1. Introduction. Let @ C R be a bounded domain with Cz-boundary 092. In this
paper, we study the following semilinear Robin problem:
—Au(z) +§(@u(z) = f(z,u(z)) inQ,

a_u+ﬂ(z)u(z):0 ondf2.
on

1)

In (1) the potential function £(-) is indefinite (that is, sign changing) and unbounded.
The reaction f(z, x) is a Carathéodory function (that is, for all x € R the mapping z +—
f(z,x) is measurable and x — f(z, x) is continuous for a.a. z € ), which exhibits
asymmetric behavior as x — £o00. More precisely, we assume that f(z, -) is sublinear as
x — —oo allowing for resonance to occur with respect to the principal eigenvalue A of
u —> —Au+£&(z)u with Robin boundary condition, while f(z, -) is superlinear as x — +00
but without satisfying the usual in such cases Ambrosetti-Rabinowitz condition (AR-condition
for short). Instead we employ a weaker condition which incorporates in our framework also
superlinear reactions with slower growth near +oo.

Our goal is to prove multiplicity theorems for problem (1). We have two such results. In
the first theorem we produce two nontrivial solutions. In the second result, by strengthening
the regularity on f(z,-) (we assume that for a.a. z € Q, f(z,:) € C L(R)), we produce
three nontrivial solutions. Our approach combines variational tools (critical point theory)
with elements from Morse theory (critical groups).
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The starting point for this paper has been a recent work of Recova and Rumbos [24],
who examined a similar asymmetric semilinear Dirichlet problem with no potential (that is,
£ = 0) and with a reaction belonging in C'(Q x R) and satisfying more restrictive hypothe-
ses (see hypotheses (L1)—(L7) of [24]) and in particular for the superlinearity in the positive
direction, they employ the classical in such cases AR-condition (see hypotheses (L3) and
(L4) in [24]). In the past, there have been some other works on such asymmetric problems.
We mention the papers of Arcoya and Villegas [3], de Figueiredo and Ruf [8], Motreanu,
Motreanu and Papageorgiou [13] and Perera [23]. All these works consider equations with
zero potential (that is, & = 0) and the unilateral superlinearity of the reaction is expressed
in terms of the AR-condition. In Arcoya and Villegas [3] and de Figueiredo and Ruf [8] the
reaction is jointly continuous, in Perera [23] it is jointly C! and in Motreanu, Motreanu and
Papageorgiou [13] it is assumed that f(z, -) € C!(R). Note that in de Figueiredo and Ruf [8]
and Perera [23] it is assumed that N = 1 (that is, the boundary value problem is an ordi-
nary differential equation). We mention that Arcoya and Villegas [3] and de Figueiredo and
Ruf [8] prove only existence theorems, while Motreanu, Motreanu and Papageorgiou [13] and
Perera [23] obtain multiplicity results producing two nontrivial solutions. Motreanu, Motre-
anu and Papageorgiou [13] consider Dirichlet problems, while the others deal with Neumann
boundary conditions. We mention that our formulation here covers also the Neumann case
(when 8 = 0).

Finally we mention that semilinear problems with indefinite and unbounded potential
were studied recently by Kyritsi and Papageorgiou [10], Papageorgiou and Papalini [17]
(Dirichlet problems) and Papageorgiou and Réidulescu [18], [20], Papageorgiou and Smyrlis
[22] (Neumann problems).

2. Mathematical background. Let X be a Banach space and X* be its topological
dual. By (-, -) we denote the duality brackets for the pair (X*, X). Given ¢ € C'(X,R), we
say that ¢ satisfies the “Cerami condition” (the “C-condition” for short), if the following is
true:

“Every sequence {u,},>1 € X such that {¢(u,)},>1 € Ris bounded and

(I + llun )¢ (un) — 0in X* asn — oo,

admits a strongly convergent subsequence”.

This is a compactness condition on the functional ¢. So, the necessary compactness re-
quirement is transferred from the space X, which is not in general locally compact (being
infinite dimensional) to the functional ¢. The C-condition is more general than the more com-
mon Palais-Smale condition. Nevertheless, the C-condition suffices to prove a deformation
theorem and from it derive the minimax theory of the critical values of ¢. Prominent in that
theory is the so-called “mountain pass theorem”, due to Ambrosetti and Rabinowitz [2]. Here
we state the result in a slightly more general form (see, for example, Gasinski and Papageor-
giou [9, p. 648]).
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THEOREM 1. Assume that ¢ € C'(X, R) satisfies the C-condition, ug, ui € X, |uj —
ugll >r >0
max{g(uo), p(u1)} < inflpu) : lu —uoll =r] =m,
and ¢ = inf max o(y(@)) withT = {y € C([0,1], X) : y(0) = uo, y(1) = u1}. Then
yel 0<r<1

¢ = my and c is a critical value of ¢.

The function spaces which we will use in the study of problem (1) are

e the Sobolev space H'();
e the Banach space C!(Q);
o the “boundary” Lebesgue spaces L?(92) (1 < p < 00).

By || - || we will denote the norm of the Sobolev space H () defined by
5 ,11/2 .
lull = [l + 10wl | forallu e H'@).

The Banach space C! () is an ordered Banach space with positive cone
Cy={ueC'(Q:u@>0foralzeQ}.
This cone has a nonempty interior which includes
intCy ={ueCy:uz)>0foralzeQ}.

The Lebesgue spaces L”(9€2) (1 < p < 00) are defined as follows. On 92 we consider
the (N — 1)-dimensional Hausdorff (surface) measure o (-). Having this measure on 92, we
can define in the usual way the Lebesgue spaces L?(02) (1 < p < o00). From the trace
theorem, we know that there exists a unique linear continuous map yg : H 1 (2) —> L2(8 Q),
known as the “trace map” such that

yo(u) = ulsq forallu € C(Q).

So, the trace map gives meaning to the notion of boundary values of a Sobolev function. We
know that yy is compact into L9 (dS2) for all g € [l, 2(13]__21)) if N >3andforallg > 1if
N =1, 2. Moreover, we have

imyo = H22(3$) and ker yo = HZ (%) .

In the rest of this paper, for the sake of notational simplicity, we drop the use of the trace map
0. All the restrictions on 9$2 of functions from H'() are understood in the sense of traces.
For x € R, we set x* = max{+x, 0}. Then given u € H' (), we define

uE(C) =u()*.
We know that

ut eH' @ andu=ut—u", lul=ut+u".
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Also by | - |y we denote the Lebesgue measure on RN andif 7 : @ x R — Risa
Carathéodory function, we set

Np(u)(-) = h(-,u(-)) forallu € H'(Q)

(the Nemytski or superposition operator corresponding to h).
By 2* we denote the critical Sobolev exponent defined by

2N
| wog  HNZ3
+o0, ifN=1,2.

We impose the following conditions on the potential function £(-) and on the boundary
weight ().

HE): £ € L¥(Q) withs > N and T € L®(Q).

H(p): peWH=0%), p>0.

Evidently if 8 = 0, then (1) reduces to the Neumann problem.
We introduce the C!-functional ¥ : H!'(2) — R defined by

V(u) = IIDMII%—i—/ é(z)uzdz+/ B(z)u*do forallu € H'(Q).
Q Ffe)

Consider a Carathéodory function fj : 2 x R — R satisfying
| fo(z, x)] < ao(z)(1 + |x|?" ") foraa.z € Q, allx € R,

with ap € L*°(Q) and g € (1,2%). We set Fy(z,x) = f(; fo(z, s)ds and consider the C!-
functional go : H'(Q) — R defined by

wo(u) = %19(14) —/ Fo(z,u)dz forallu € H'(Q).
Q

As in Papageorgiou and Radulescu [19], using the regularity result of Wang [26], we
have the following property.

PROPOSITION 2. Assume that hypotheses H (&), H(B) hold and ug € H'(RQ) is a
local C'(Q)-minimizer of wo, that is, there exists po > 0 such that

¢o(uo) < wouo + ) forall h € C'(Q) with Ikl 1) < po -

Then ug € C“*(Q) for some a € (0, 1) and ug is also a local H'(2)-minimizer of o, that
is, there exists p1 > 0 such that

@o(10) < wo(uo + h) forallh € H'(Q) with |h| < p1 .
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We will also need the spectrum of u —— — Au + £(z)u with the Robin boundary condi-
tion. So, we consider the following linear eigenvalue problem

—Au(@) +E@Qu(z) = hu(z) inQ,

0
—u+,3(z)u=0 onof.
on

This eigenvalue problem for § = 0 (Neumann problem) was studied in Papageorgiou and
Rédulescu [18] and Papageorgiou and Smyrlis [22] and for the p-Laplacian by Mugnai and
Papageorgiou [16]. For the Robin problem with no potential (that is, £ = 0), we have the
work of Papageorgiou and Radulescu [19] and for the p-Laplacian we refer to Papageorgiou
and Radulescu [19], [21]. An analogous study can be conducted for problem (2) and leads to
similar results.

So, problem (2) has a smallest eigenvalue A1 > —oo, which is given by

(@)

N . ¥ (u) 1
3) Alzlnf|: 'uGH(Q),u;‘éO:|.

lull3
We can ﬁnd§ > max{—):l, 1} such that
@) 9 @) 4 Ellull3 = collu|® forallu € H'(2) and some co > 0.

Using (4) and the spectral theory of compact self-adjoint linear operators, exactly as in [18§]
and [22], we can generate the spectrum of (2), which consists of a sequence {ik}k>1 of dis-
tinct eigenvalues such that Ar — +oo as k — oo. Also, there is a corresponding sequence
{ixhe>1 € C 1(Q) of eigenfunctions which form an orthogonal basis of H 1(©) and an or-
thonormal basis of L?(2). By E ():k) k > 1, we denote the eigenspace corresponding to the
eigenvalue ik. We have that E ():k) C C'(Q) and it is finite dimensional. Moreover, from de
Figueiredo and Gossez [7], we know that E (m) has the “unique continuation property” (the
UCP for short), that is, if u € E (im) vanishes on a set of positive Lebesgue measure, then
u=0.
We have

H' (Q) = @E(ik).

k>1

Using these eigenspaces, we can obtain the classical variational characterizations of Am for
m > 2, namely

~ 4 ~ o~ A
dm = inf ig tu€ Hy=EPECs). u#0
9 (u) T
5) =sup[|| ||2:ueﬁm=@E(Ak),u7é0:|.
ullz k=1

The infimum in (3) and both the infimum and the supremum in (5), are realized on the
corresponding eigenspace E (om) m > 1. Using Picone’s identity (see, for example, Gasinski
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and Papageorgiou [9, p. 785]), we show that A is simple. Moreover, from (3) it is clear that
the elements of E (): 1) do not change sign. Let i; € H'(Q) be the L?-normalized (that is,
lZ1]l2 = 1) positive eigenfunction corresponding to il. We have ii; € Cy \ {0}. Moreover,
using hypothesis H (£) and the maximum principle, we have i; € int C. As in Gasinski and
Papageorgiou [9, p. 743], via Picone’s identity, we show that every nonprincipal eigenvalue
Am (m > 2)has nodal (sign changing) eigenfunctions.

From (3), (5) and the UCP, we derive easily the following useful inequalities.

PROPOSITION 3. (a)Ifn € L*®(R) and n(z) < ):mfor a.a. z € QLwithm > 1 and the

inequality is strict on a set of positive measure, then ¥ (u) — fQ n(Qu?dz > c1||\u||?* for some
c1 >0 allue H, = @k}m E(Gw).
b) Ifn € L®(Q) and n(z) > Am foraa. z € Q withm > 1 and the inequality is strict
on a set of positive measure, then 9 (u) — fQ n(Qu?dz < —ca||lull* for some c; > 0, all
u€ Hy =@ E().

We will also use the following weighted linear eigenvalue problem

(6) —Au(z) = im(Qu(z) in Q, g—: +B()u=00nd%.

Here m € L*(2) with s > N and is in general indefinite. As in de Figueiredo [6] (see
also Gasinski and Papageorgiou [9, Section 6.1]), we show that (6) has in general a double
sequence of eigenvalues {(A+)k}x>1 such that

—oo<—)z_k<--~<):_2<)z_1<0<11<5\2<--~<):k—>ooask—>oo.

If m™ = 0 there are no positive eigenvalues, while if m~ = 0, there are no negative
eigenvalues. If m™ # 0 (resp. m~ # 0), then A (resp. A_p) is simple. Moreover, we have

7 M= inf[IIDMII% +/ Bu’do : ue H(Q), / m(z)u’dz = 1}
Q2 Q

and

(8) A :inf[||Du||§+/ B(u’do : ue H(Q), /m(z)uzdz=—1:|
0Q Q

with both infima realized on the corresponding one dimensional eigenspace.

Next let us recall some basic definitions and facts from Morse theory (critical groups).
For details we refer to Motreanu, Motreanu and Papageorgiou [14].

So, let X be a Banach space and ¢ € C 1 (X, R), c € R. We introduce the following sets:

Ky={ueX: ¢u) =0}, K,={uekKy: pu)=clandg’ ={ue X: o) <c}.

Let (Y71, Y2) be a topological pair such that Y € Y7 € X. For every integer k > 0,
we denote by Hi (Y1, Y2) the kth-relative singular homology group for the pair (Y7, Y2) with
integer coefficients. Recall that for every integer k < 0, we have Hy (Y1, Y2) = 0. Letug € K, (;'
be an isolated critical point. The critical groups of ¢ at uq are defined by

Cr(p, up) = Hr( NU, ¢ N U \ {ug}) for every integer k > 0.
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Here U is an open neighborhood of u such that K, Np°NU = {up}. The excision property of
singular homology implies that this definition of critical groups is independent of the choice
of the neighborhood U.

Suppose that ¢ € C!(X,R) satisfies the C-condition and infp(Ky,) > —oo. Letc <
inf @(K,). The critical groups of ¢ at infinity are defined by

Cr(p, 00) = Hp(X, ¢°) for every integer k > 0.

The second deformation theorem (see, for example, Gasinski and Papageorgiou [9,
p. 628]) implies that this definition of critical groups at infinity, is independent of the choice
of the level ¢ < inf ¢(K).

Assume that K, is finite. We introduce the following quantities

M(t,u) =) rank Ci(p, w)t* forallt € R, allu € K,
k>0

P(t,00) = Zrank Ci (o, oo)tk forallr € R.
k=0

The Morse relation says that

C)) > M(t,u) = P(t,00) + (1 +D0),

ueky,

where Q(t) = Zk>0 Bit* is a formal series in 1 € R with nonnegative integer coefficients

B
Suppose that X = ¥ @ V withdim Y < oo and ¢ € C' (X, R). We say that ¢ has a local
linking at u = 0, if there exists » > 0 such that

@(y) <0 forally e Y, [yl <r
() >0 forallve V,0 < |v|| <r.

In this case we have
Cr(p,0) #0 fork =dimY < oo.
IfoeC 1 (X, R) satisfies the C-condition and for some integer k > 0, we have
Ci(p,0) #0 and Cy(p,00) =0,
then there exists u € Ky, u # 0 such that
either [pu) < 0and Cr_1(p,u) # 0] or [¢(u) > 0and Cr41(p,u) #0].

In what follows we denote by A € £ (H 1(Q), H'(£2)*) the continuous linear operator
defined by

(A(u), h) = / (Du, Dh)gv dz forallu, h € H'(Q) .
Q

Also, we say that a Banach space X has the Kadec-Klee property, if the following is true:

“If u, — win X and ||uy|| — |ju||, then u, — u in X" .
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We know (see [9]) that locally uniformly convex Banach spaces, in particular Hilbert spaces,
have the Kadec-Klee property.

3. Two nontrivial solutions. In this section, we prove a multiplicity theorem pro-
ducing two nontrivial solutions for problem (1). For this purpose, we introduce the following
hypotheses on the reaction f(z, x).

Hi: f: Q xR — Ris a Carathéodory function such that f(z,0) = 0 for a.a. z € Q

and
() |f(z, %) <a@A+|x"""foraa ze Q allx e R, witha € L®(Q)4,2 <r <
2%
(i) if F(z,x) = [ f(z.s)ds, then
F(z, .
lim @, x) = +oo uniformly fora.a. z € 2,
X—+00 X
and if o(z, x) = f(z, x)x — 2F(z, x), then there exists T € L' () such that
(10) o(z,x) <o(z,y)+1(z)foraa.z e, al0 < x < y;

(iii) there exists a real number &y such that £y < liminf @ < lim sup @ < A 1
X—=>=00 X——00

uniformly for a.a. z €  and

lim [f(z,x)x —2F(z, x)] = 400 uniformly fora.a. z € Q;

X—>—00

(iv) there exist an integerm > 2, n € L*°(2) and §p > 0 such that

n(z) < )A»m+1 foraa.z e Q, n# )A»m+1
i f(z,x)
im sup

x—0 X

fz,x)x > imxz fora.a.z € , all |x| < dp.

< n(z) uniformly for a.a. z € Q

REMARK. Hypothesis H;(ii) implies that for a.a. z € Q the reaction f(z, -) is super-
linear near +oo0, but without satisfying the usual in such cases AR-condition. We recall that
the AR-condition (unilateral version) says that there exist ¢ > 2 and M > 0 such that

(@) 0<qF(z,x)< f(z,x)xforaa.ze€ Q, allx > M,
b (b) esginf F(, M) > 0

(see Ambrosetti and Rabinowitz [2] and Mugnai [15]). Integrating (11)-(a) and using (11)-(b),
we obtain the weaker condition

(12) c3x? < F(z,x)foraa.z € Q, allx > M andsome cz > 0.

From (12) we infer the much weaker condition

(13) im &%)

X—+00 X

= +o0 uniformly for a.a. z € Q (recall g > 2).
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The AR-condition ensures that the C-condition holds for the energy functional of prob-
lem (1). From (12) we see that the AR-condition implies that the primitive F(z, -) has at
least g-polynomial growth near +oo. In this way, we exclude from consideration superlinear
reactions which exhibit “slower” growth near 4+-0o. For example, consider the function

f(x)=xIlnx forallx > M > 1.

To be able to treat also such reactions, instead of the AR-reaction, we employ (10) and (13).
Note that (10) which is a quasimonotonicity condition, is satisfied if for a.a. z € Q2 o(z, -) is
nondecreasing on [M, +00) (in which case we can take t = 0). This property is equivalent
to saying that for a.a. z € €2, the mapping x — @ is nondecreasing on [M, +00), see
Li and Yang [11] and Miyagaki and Souto [12].

Hypothesis Hj (iii) implies that in the negative direction, f(z, -) is sublinear and can be
resonant with respect to the principal eigenvalue 1. Resonance can also occur at zero with
respect to a nonprincipal eigenvalue Am (see hypothesis Hj (iv)). So, we are dealing with a
problem which can be resonant at both —oo and zero (double resonance).

Let ¢ : H!(Q) — R be the energy functional for problem (1) defined by

o) = %ﬂ(u) —/ F(z,u(z))dz forallu e HY(Q).
Q

Evidently ¢ € C'(H!(Q)).

PROPOSITION 4. Assume that hypotheses H (&), H(B) and Hy hold. Then the energy
functional ¢ satisfies the C-condition.

PROOF. Let {uy},>1 C HY Q) bea sequence such that
(14) lo(un)| < My forsome My >0, alln > 1,
(15) (1 + |lup D@’ (up) — 0 in HI(Q)* asn — 00.

From (15) we have foralln > 1,allh € H'(Q)

(16) ‘<A<un>,h>+/ s(z)unhdz+/ ﬁ(z)unhda—/ f(z,u,,)hdz‘ < altl
@ 0 2 [+

withe — 0% asn — 0.
First we show that {u, },>1 € H () is bounded. Arguing by contradiction, suppose

that for at least a subsequence, we have ||u, || — 400 asn — co. We set y, = ”Z'ZH for all

n = 1. Then ||y,|l = 1, y, = Oforalln > 1. So, by passing to a suitable subsequence if
necessary and using the Sobolev embedding theorem and the trace theorem, we have
17) Yo — yin H'(Q) and yp — y in L=T(Q) and in L2(3Q), y > 0.

In (16) we choose h = —u,; € H'() and obtain

0 (u,, ) —/ foup)(—u;)dz < e, foralln>1,
Q



270 N. PAPAGEORGIOU AND V. RADULESCU

N (-
M(_)’n)dZ < 8+2 foralln > 1.
llun |l ey ||

We have that u, (z) = +oo fora.a. z € {y > 0}. Hypotheses Hj (1), (iii), (iv) imply that

(18) :ﬁm»—/
Q

| f(z,x)] < cqlx| foraa.z e, allx <0 andsomecs >0
:{Nf(—_”;)
llun |l

Using this fact and hypothesis H (iii), we have up to a subsequence

} - LZ(Q) is bounded.
n>1

N f(__”; ) »
[z

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 16). So, if in (18) we pass

to the limit as n — oo and use (17) and (19), then

(20) D (y) < / k(z)y*dz.
Q

(19) —ky inL*(Q), k(z) < i foraa.zeQ

Ifk #£ A1, then from (20) and Proposition 3, we have
cilyl> <0=y=0.
Then from (18) we see that
IDynllz = 0=y, — 0 in H'(Q) (see (17)),

a contradiction to the fact that ||y, || = 1 foralln > 1.
If k(z) = A, fora.a. z € €, then from (20) and (3) we have

v(y) = 5\1||y||% = y = tiy withz > 0 (recall y > 0, see (17)).

If t = 0, then y = 0 and as above we reach a contradiction. Hence ¢+ > 0 and we have
y € int C4 (recall i) € intCy). Therefore

u, (z) > +oo foraa.zeQ
(21) = f(z, —u, (2))(—u, (z)) —2F(z, —u, (z)) - +oo foraa.z € Q
(see hypothesis Hj (iii)).
Using hypothesis H; (iii), Fatou’s lemma and (21), we have
(22) /Q[f(z, —u;))(—u, ) — 2F(z, —u, )| dz - +00 asn — oc.
From (14) we have
(23) DH(up) — /QZF(z, up)dz <2M; foralln > 1.

Also, if in (16) we choose h = u,, € Hl(Q), then

(24) — 0 (up) +/ fz upu,dz < e, forallm > 1.
Q
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Adding (23) and (24), we obtain foralln > 1
/ [f(z, u)u, — 2F (z, u,,)] dz < M forsome M, > 0, alln > 1

(25) )

:>/g2 [f(z, —u))(—uy) — 2F (z, —u,)]dz + /Q [f uhuf —2F @ uh)]dz < My
Note that hypothesis H; (ii) implies that
(26) —1(z) < f(z,x)x —2F(z,x) foraa.zeQ,alx>0.
Using (26) in (25), we obtain
27 /gz [f(z, —u, )(—u,) —2F(z, —u;)] dz < M3 forsome M3 >0, alln > 1.
Comparing (22) and (27), we reach a contradiction. This proves that
(28) {u; }a>1 € H'(Q) is bounded.
From (14) and (28), we have

29) ﬁ(u:[) — /QZF(z, u;f) dz < My forsome My >0, alln > 1.
Also, in (16) we choose h = uj,‘ € H'(Q). Then

(30) -0 + /Q fouDuldz <e, foralln>1.

We add (29) and (30) and obtain

/ [f(z u;Du,f —2F (z,u;)]dz < M5 forsome Ms > 0, alln > 1
Q

(31 :/Q(z,u;)dngs foralln > 1.
Q

CLAM. {u}},>1 € H'(Q) is bounded.
We argue indirectly. So, suppose that the Claim is not true. We may assume that

||u:[|| —o00oasn — 00.

n
Letv, = HZ:*H n > 1. Then ||v,|| = 1 forall n > 1 and so we may assume that

(32) vy 5 vin H'(Q) and v, — v in LT (Q) and in L2(39) .

First suppose that v # 0 and let Q¢ = [v = 0]. Then
u;f(z) — +oo fora.a.z € 2\ Q.

From hypothesis Hj (ii), we have

F(z,uf(2))  F(z,uf(2)
2w (2)?

vn(z)2 — oo foraa.ze Q\ Q.
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Then, by virtue of hypothesis H; (ii) and Fatou’s lemma, we have

F +
33) lim / Luz) dz = +0o.
n=o0 Jo  Jluf |l

On the other hand, from (14) and (28), we have

/F(z ulf)dz < Mg+ [9(u;)| foralln > 1, with Mg = 2M,
Q

F + M
:>/ = uz) dz < 5 + 10| foralln > 1
o lusl llzt |

(34) :>/ %dz<M7 for some M7 > 0, alln > 1
Q lUn

(note that {¢#(v,)},>1 € R is bounded).

Comparing (33) and (34) we reach a contradiction.
Next assume v = 0. Let y > 0 and define

we = 2y)?v, € HY(Q) foralln > 1
= w, — 0 in L"(Q) (see (24) and recall v = 0).

Then from the theorem of Krasnoselskii (see, for example, Gasinski and Papageorgiou [9,
p. 407]), we have

35) /F(z,w,,)dz—>0 asn — 00.
Q
Since ||lu;" || — oo, we can find ng € N such that
12 1
(36) 0< (2y) m <1 foralln > ng.
Up

Lett, € [0, 1] be such that

o(tauy}) = max ptul), n>1.
o<t

\\

From (36), we have
@(tau)) = @(wy)
37 =2y (v,) — /Q F(z,wp)dz forallm > 1.
From (4), we have
(38) 9 @) = collul* — Eul} forallu e HY(Q).

Using (38) in (37) and recalling that ||v, || = 1 for alln > 1, we obtain

(p(t,,u) 2)/c0—2)/§||v,,||2 /F(z,w,,)dz foralln > 1.
Q
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Since ||v,|l2 = O (see (32) and recall that v = 0) and fQ F(z,w,)dz — 0 (see (35)), given
6 > 0,wecanfindn; € N, n; > ng such that

(taut) = 2yco—8 foralln >ny .
Recall that y > 0 and § > O are arbitrary. So, let y — 400 and § — 07 to conclude that
(39) P(tyut) — 400 asn — oo.
We have
@(0) = 0 and ¢(u,") < Mg for some Mg > 0, alln > 1

(see (14) and (28)).
From (39) it follows that we can find n, € N such that ¢, € (0, 1) for all n > n,. Hence

d
Ew(mn*)lmn =0 foralln > ny
= (¢ (tau ), u) =0 forall n > ny (by the chain rule)
=(¢/ (tau)}), taut) =0 foralln > ny (recallt, € (0, 1) forall n > ny)
(40) =0 (tntty ) = / f @ o) gl dz foralln > ny .
Q

Hypothesis H; (ii) implies that

1) /Q.Q(z,tnu:[)dz < /Q.Q(z,u:[)dz—i- Izl foralln > ny

(recallt, € (0, 1) foralln > ny).
Using (41) in (40) and recalling the definition of the function o(z, x), we obtain
(42) 20(tau) < Mg for some Mg > 0, alln > n,.

Comparing (39) and (42), we reach a contradiction. So, the Claim is true.
From the Claim and (28) it follows that {u,},>1 C H'(Q) is bounded. So, we may
assume that

(43) uy 5w in H'(Q) andu, — u in LT andin L2(3Q) .
In (16) we choose h = u, —u € H'(), pass to the limit as n — oo and use (43). Then

lim (A(u,), u, —u) =0

n—>00
=||Dunll2 = [ Dull2
=u, - u in H 1(Q) (by the Kadec-Klee property (see (43))
=g satisfies the C-condition.

This completes the proof of Proposition 4. O
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In addition to the energy functional ¢, we will also consider its “negative” truncation-
perturbation. More precisely, let £ > 0 be as in (4) and define the following Carathéodory
function

f(z,x)—i—éx ifx <0

f‘(“)z{o if0<x.

We set f_(z,x) = f(f f_(z, s)ds and consider the C!-functional ¢_ : H'(Q) - R
defined by

1 £ -
P (u) = S0 + %nuu% —/ F_(z,u)dz forallu e H ().
Q

A careful reading of the proof of Proposition 4, leads to the following result.

PROPOSITION 5. Assume that hypotheses H (&), H(B) and Hi hold. Then the func-
tional ¢_ is coercive.

PROOF. We argue by contradiction. So, suppose that ¢_ is not coercive. Then we can
find {u}n>1 € H'(Q) and Mjo > 0 such that

(44) lluy || = oo and @—(u,) < My foralln > 1.

From (44) we have

1 3 ~
(45) Eﬁ(un) + %nunn% - / F_(z,up)dz < Mjo foralln > 1.
Q

Let y, = HZ_:H n > 1. Then ||y,|| = 1 for all n > 1. Using the Sobolev embedding theorem
and the trace theorem and by passing to a subsequence if necessary, we may assume that

(46) yu— y in HY(Q) and y, — y in L*(Q2) and in L>(3S2) .

From (45) we have

~

1 F(z,—u, M
(47) —ﬂ(yn)+§||y:||—/ (¢ Z”)dzé Y foralln>1.
2 2 o lluall

Hypotheses Hj (i), (iii) imply that

(48) |F(z,x) <c5(1+ |x|2) fora.a.z € @, allx < 0and somecs > 0.

From (46) and (48) it follows that

No(—u—
{ LMZ”) } C LY(€) is uniformly integrable .
17 n>1
Then by the Dunford-Pettis theorem and at least for a subsequence, we have
No(—u-
49) NeCH) w0 L1 asn — oo,

lln 12
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Hypothesis H (iii) implies that for some &7 € R, we have

F(z, . F(z, o
(50) —oo0 < & < liminf (e ;) < lim sup (Zizx) <4 uniformly fora.a. z € Q.
x—>-00 |x| x—>—oco |x| 2
From (50) it follows that
1 ~
(51) V= Eg(y—)2 with £ < g(z) <A foraa.z € Q

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 16). So, if in (47) we pass
to the limit as n — oo and use (46), (49) and (51), then

ﬂ@>+éuy+ﬁséjngXy—ﬁdz
(52) =97+ 9T +EllyTI3 < fQ 9()(y7)dz
(53) =9(y7) < /Q 9@ () dz (see (4)).

Ifg # A1, then from (53) and Proposition 3 we have
(54) clly IP <0=y~ =0.
So, from (52) and (4) we have
colyTI? <0= yt =0, thatis, y =0 (see (54)).
Then from (47) we see that
[Dynll2 = 0
=y, = 0in H'(), a contradiction since lyull = 1foralln > 1.
Ifg(2) = A1 fora.a. z € Q, then from (53) and (3) we have
y~ =kiay withk >0.
If k = 0, then y = 0 and so as above we reach a contradiction.
Ifk > 0,then y~ € intC4 (since &1y € intCy)andsoy = —y~ € —intCy. Then

(55) un(z) = —u, (z) > —oo fora.a. z € Q.

Fora.a. z € Q and all x < 0, we have
d (F@zx)\ _ f@0)x]* = 2xF(z,x)
dx \ x> ) x4
_ f(z,x)x —2F(z,x)
B |x|2x

(56)

Hypothesis Hj (iii) implies that given any v > 0, we can find M1 = M11(v) > 0 such that
(57) f(z,x)x —2F(z,x) > v foraa.z € Q, all x < —Mj;.
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Using (57) in (56), we obtain

d (F(z,x) v
— > foraa. z € Q, allx < —-M
dx ( |x|2 ) |x|2v ora.a.z all x 11
F(z,y) F(z,x) v[ 1 1 }
(58) - > |-
Iyl |x|? 2Ly Ix?

foraa.z e Q, ally <x < —Mq;.

Letting y — —oo and using (50), we obtain

14 F(z,x) v 1
- > —-— foraa.zeQ, allx < —M
M T TRE T aRE ¢ :

=Aii|x|? —2F(z,x) > v foraa.z € Q, allx < —My;.

Since v > 0 is arbitrary, we infer that
(59) ):1|x|2 —2F(z,x) — 400 uniformly fora.a.z € Q asx — —oo.

From (45), (4) and (3), we have

©0)  0< collutl? < My — /Q [il(u;)z _2F(, —u;)] dz foralln > 1.
From (55), (59) and Fatou’s lemma, we have

61) /Q [il(u;)2 —2F(z, —u;)] dz — 400 asn — 0.

Then (60) and (61) lead to a contradiction. This proves the coercivity of the functional _. O

REMARK. If Hy = {u € H'(Q) : u(z) > 0 foraa. z € Q}, then clearly ¢_|_p, =
@|—n, . So, it follows that ¢|_g, is coercive.
Next we compute the critical groups of ¢ at infinity.

PROPOSITION 6. Assume that hypotheses H (&), H(B) and Hy hold. Then Ci (¢, 00)
=O0forallk > 0.

PROOF. Let
B ={ue H'(Q): llull =1, ut #0}.
We consider the function & : [0, 1] x 8B1Jr — anr defined by

(1 —u + tiy

ht9 = T <~ .~
) = 0w+ ]

forall (,u) € [0, 1] x 3B .
We see that

A

70, ) =idlyzs andh(l, ) = ”71” € IBf .
i
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Hence E)BlJr is contractible in itself. Hypothesis Hj (ii) implies that given any & > 0, we can
find M1, = M5(¢) > 0 such that

(62) F(z,x) > %xz foraa.z e Q, allx > Mp,.

Similarly hypothesis H; (iii) implies that we can find ¢ > 0 and M7, > 0 such that
(63) F(z,x) > —Cz—(’|x|2 foraa.z € Q, allx < —M,.

Finally, because of hypothesis Hj (i), we have

(64) |F(z,x)| <c¢7 foraa. .z e Q, allx € [-M],, Mi2] and some c7 > 0.

Letu € BBlJr and ¢t > 0. We have

2
o(tu) = t—l?(u) — / F(z,tu)dz
2 Q

2
t

= —0(u) —/ F(z,tu)dz—/ F(z,tu)dz—/ F(z,tu)dz
2 {tu=Mpp) (tu<—M},) >

with I* = (—MTZ, M)

12 2. 12
< =) — =& uzdz—i-—cs/ u?dz + ¢7|1Q N
2 2" Juuzmp) {tu<—M})
(see (62), (63), (64))
(65)
12 -
<= [Cs —£ uzdz} + 719N
2 {tu=My2)

(see hypotheses H(§), H(B) andrecall |ju| =1).

Because u € 8B1+, we can find t* > 0 and J > 0 such that
/ u?dz > J forallt > t*.
{tuz=Mis}

Recall that & > 0 is arbitrary. So, choosing E>0 big, from (65) we have
EJ —cg >0 (recall |jul| =1).

Therefore from (65) it follows that

(66) o(tu) - —oo ast — +o00.

Hypothesis Hj (ii) implies that

67) 0=10(z,0) <o(z,x) +1(z) foraa.z e, allx >0.

Also, hypotheses Hj (ii), (iii) imply that we can find c9 > 0 such that

(68) —c9g < 0(z,x) foraa.z € Q, allx <0.
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Using (67) and (68) that for all u € H' () we have

/Q(Z,u)dZZ/ Q(z,u+)dz~|—/ o(z, —u")dz
Q Q Q

2 =Tl — 9N

69) = —clo+2f F(Z,M)dz</ e wudz witheio = ] + colRy > 0.
Q Q
Then foru € 8BlJr andt > 1, we have

d
E(p(tu) = (¢'(tu), u) (by the chain rule)

1
= ;(fp’(tu), tu)

_! [lmu) - / f(z,tu)(tu)dz}
t Q

1
(70) < " [2¢(tu) + c10] (see (69)).

From (66) and (70) it follows that for ¢ > 1 big, we have
(71 d (tu) <0
—o(tu) < 0.
dt ¢

Recall that H, = {u € H'(Q) : u(z) > 0fora.a. z € Q} and that @|-H, is coercive (see
Proposition 5 and the Remark following it). So, we can find ¢11 > 0 such that

¢l-H, = —c11.

We choose A < min{—clo, —c11, infyp, go}, where 0B1 = {u € HY(Q) : lu|| = 1}. From
(71) we infer that there exists a unique k(«#) > 1 such that

o(tu) > A fort € [0, k(u))
(72) o(tu) = A fort = k(u)
o(tu) < A fort > k(u).

Moreover, from the implicit function theorem we have that k € C (9 BT, [1, 00)). The choice
of A and (72) imply that

" Cltu: uedB!, t > k).

Let Dy = {tu: u € 9B{", t > 1}. Then ¢* C D,..
Consider the deformation 4* : [0, 1] x D4 — D/ defined by

I (s. 1) = (1 —s)tu + sk(u)u ifr e [1,k(u)]
T e ifk(u) <t.

We have
h*(0, D;) € ¢* and h* (s, N = id| . foralls € [0, 1] (see (72)).
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This means that ¢* is a strong deformation retract of D . Using the radial retraction, we see
that D4 and 0 BlJr are homotopy equivalent (see Dugundji [5, Theorem 6.5, p. 325]). Therefore

(73) Hi(H (), ") = He(H' (Q), D1) = H(H' (), 3B]") forallk > 0.
Recall that E)BlJr is contractible in itself. Hence

Hy(H'(Q),3B]) =0 forallk >0
(74) in(Hl(Q), (pl) =0 forallk > 0 (see (73)).

Choosing |1| even bigger if necessary, from (74) we infer that
Cir(p,00) =0 forall k > 0 (see Section 2). O

REMARK. We mention that Wang [27] was the first to compute the critical groups at
infinity for the energy functional of problems with Dirichlet boundary condition, zero poten-
tial (that is, £ = 0) and with a C!-reaction x — f(x) which exhibits symmetric behavior as
x — %00 and is superlinear satisfying the AR-condition. Note that in the context of Dirichlet
problems, the Poincaré inequality simplifies the argument.

Using Proposition 5 and the direct method, we can produce a negative solution for prob-
lem (1).

PROPOSITION 7. Assume that hypotheses H(§), H(B) and Hy hold. Then problem (1)
admits a negative solution ug € —int C4, which is a local minimizer of the energy functional
®.

PROOF. From Proposition 5, we know that ¢_ is coercive. Moreover, using the Sobolev
embedding theorem and the trace theorem, we see that ¢_ is sequentially weakly lower semi-
continuous. Then, by the Weierstrass theorem, we can find ug € H 1 (2) such that

(75) ¢—(uo) = inf[p_() : u e H'(Q)].

Let 8o > 0 be as in hypothesis H; (iv). We choose ¢ € (0, 1] small such that ti11(z) € (0, 8¢]
forall z € Q (recall i1 € intC). We have

2
~ N t ~ o
o—(—tuy) = —l‘/‘(ul)—/ F(z, —tiy)dz
2 Q

2 2
1% . £ A N

< EM — E)Lm (see hypothesis Hi(iv) and recall ||#1 |2 = 1)
l‘2

- 5[):1 — Xm] <0 (sincem > 2)

= ¢_(up) < 0=¢_(0) (see (75)), henceug # 0.
From (75) we have

¢ (ug) =0,

76) = (A(uo),h)+/(é(z)+§)uohdz+/ B(Duohdo =/ f_(z,uo)hdz
Q IR Q
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forallh € H' ().
In (76) we choose h = uar € H'(Q). Then
D) +Eugll; =0
:>C()||uar||2 < 0 (see (4)), henceup <0, ug #0.

So, relation (76) becomes

(A(uo),hH-/ s(z)uohdz+/ B(2)uoh do =/ f(z,uo)hdz forallh € H'(Q)
Q Q2 Q

= — Aup(2) + E@uo(2) = f(z. up(2)) foraa.z € 2, % + B(2)ug = 0 on 92

(see Papageorgiou and Radulescu [21]).

So, ug is a negative solution of problem (1). We define

f(z,up(2))

x(@) = uo(2) fuo@) 70
0

otherwise .
Hypotheses Hj (i), (iii), (iv) imply that
| f(z,x)] < cizlx| foraa. z € Q, all x <0 and some ¢j > 0

N f(z,uo(2))

< cyp foraa. z € {ug > 0}.

uo(z)
Hence x € L°°(£2). We have
a7 —Aup(z) = (x(z) — E(2)up(z) foraa.z € Q.

Note that x —& € L*(2) with s > N (see hypothesis H (£)). Using Lemma 5.1 of Wang [26],
we have ug € L°°(€2). Then (77) implies
Aug € L° ().
Using Lemma 5.2 of Wang [26] (the Agmon-Douglis-Nirenberg or Calderon-Zygmund esti-
mates), we obtain that ug € W25(2). Since s > N (see hypothesis H (£)) from the Sobolev
embedding theorem, we have W>*(Q) — C!7*(Q) witha = 1 — % Hence ug € —C4 \ {0}.
From (77) we have
A(—uo)(z) = (6(z) — x(2))(—uo)(2)
< (16" oo + llx o) (—u0) (2) foraa.z €

=up € —intCy
(by the maximum principle, see, for example, Gasinski and Papageorgiou [9, p. 738]).

Note that ¢_|_c, = ¢|—c, and so we have that u is a local C !(Q)-minimizer of ¢. Invoking
Proposition 2, we conclude that u is a local H'()-minimizer of ¢. O
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In order to generate a second nontrivial solution of problem (1), we need to examine the
critical groups of ¢ at the origin.

PROPOSITION 8. Assume that hypotheses H (&), H(B) and Hy hold. Then Cy,, (¢, 0) #
0 where dy, = dim H,, = dim @, E(hx) > 2.

PROOF. We know that

(78) HY Q) =H, @ Hyy1

where H,, = @), E() and Hyp1 = Fi = Bismii E(it). The space H,, is finite
dimensional. So, all norms are equivalent. Therefore, we can find §; > 0 such that

ueHpy, |lul <8 = |uz)| <8 forallz € Q (recall that H,, € C(Q)).

Using hypothesis Hj (iv), we have

(79) pu) < %zﬁ‘(u) - %’”nuu% <0 forallu € H,, with [lu] <8

(see (9)).
Hypotheses Hj (i), (iv) imply that given ¢ > 0, we can find c¢13 = c¢13(¢) > 0 such that
(80) F(z,x) < %(n(z) +e)x? 4+ cpz)x|” foraa.ze Q, allx e R.
Then forall u € ﬁm+1, we have

1 1
ou) > 5zs(u) — 5/ n(@u’dz — §||u||% — ciallull” for some ci4 > 0 (see (80))
Q

> %(cl — 8)||u||2 — c14]lul” (see Proposition 3).
Choosing ¢ € (0, c1), we see that
o) > cislul® = crallull” for some ci5 > 0.
Since r > 2, we can find §; > 0 such that
(81) o) >0 forallu € Hyypy with0 < [lu]| < 8.

If § = min{d;, 82}, then from (78), (79) and (81), we see that ¢ has a local linking at the
origin. Therefore Cy, (¢, 0) # 0 with d,,, = dimH,, > 2 (see [14, p. 171)). O

Now we are ready for our first multiplicity theorem in which we produce two nontrivial
solutions.

THEOREM 9. Assume that hypotheses H(§), H(B) and Hy hold. Then problem (1)
has at least two nontrivial solutions

ug € —intCy andii € C1(Q).
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PROOF. From Proposition 7 we already have a negative solution g € —int C4 which

is a local minimizer of the energy functional ¢. Hence
(82) Ci(p, up) = 8k,0Z forallk > 0.
We know that

So,

(83)

Ci(p,00) =0 forall k > 0 (see Proposition 6)
Ca, (¢,0) # 0 (see Proposition 8).
we can find &I € K, such that
p@it) <0=¢(0) and Cg,—1(p, i) #0
orp(i) > 0=¢(0) and Cg,+1(p, %) #0.

Evidently & # 0. Also since d,,, > 2, we have

So,

1<dy—1<dy, +1
=1u # ug (see (82) and (83)).

i is a second nontrivial solution of problem (1). As before, using the regularity result of

Wang [26], we have i € C!1(Q). O

duc

REMARK. Our theorem improves Theorem 1 of Recova and Rumbos [24], which pro-
es only one nontrivial solution for Dirichlet problems with zero potential and an asymmet-

ric reaction satisfying more restrictive conditions (compare hypotheses H; with hypotheses

(Lq

)—(L7) in [24]).

4. Three nontrivial solutions. In this section, by strengthening the regularity of the

reaction f(z, -), we can improve Theorem 9 and establish the existence of at least three non-
trivial solutions for problem (1).

The new hypotheses on the reaction f(z, x) are the following.

Hy: f: QxR — Ris ameasurable function such that for a.a. z € Q f(z,0) = 0,

f(z,-) € CY(R) and

) 1fiz, %) < a(z)(1+|x|""?) fora.a. z € Q,allx € R, witha € L®(Q),2 < r < 2*;
(i) if F(z,x) = [ f(z,5)ds, then

. F(z,x)
lim 5
xX—+00 X

= +o0 uniformly for a.a. z €

and if o(z, x) = f(z, x)x — 2F(z, x), then there exists T € L' () such that

0(z,x) <o(z,y)+t(z)foraa.ze Q, all0O<x < y;

(i) —o00 < & < liminf 2 < limsup L&)
x—>—00 X Yoo X

< il uniformly for a.a. z € 2 and

lim [f(z,x)x — 2F(z, x)] = 400 uniformly for a.a. z € Q;
X—>—00
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(iv) there exist an integer m > 2 and §p > O such that

/ A

ful@ox) <hmpr foraa.z € Q. fu(-0) # Anit
f(z,x)x = Apx? foraa. z e, all x| < 5.

THEOREM 10. Assume that hypotheses H (&), H(B) and Hy hold. Then problem (1)
admits at least three nontrivial solutions

uyg € —intCy, i, it € C'(Q).

PROOF. From Proposition 7 we know that there is a negative solution uyp € —intCy
which is a local minimizer of ¢. We assume that K, is finite (otherwise we already have an in-
finity of nontrivial solutions which belong in C 1(Q) (as before, using the result of Wang [26])
and so we are done). Then we can find ¢ € (0, 1) small such that

(84) @(uo) < inf o) : [lu —uoll = o] = my

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 29). Hypothesis H> (ii)
implies that

(85) @(ti)) — —o0 ast — +0o.
From Proposition 4 we know that
(86) ¢ satisfies the C-condition .

Then (84), (85), (86) permit the use of Theorem 1 (the mountain pass theorem). So, we can
find i € H'() such that

87) ue Ky, andmy, < @) .

From (84) and (87) it follows that i # uo and & is a solution of problem (1) with i € C'(Q)
(as in the proof of Proposition 7, using the result of Wang [26]). Since # is a critical point of
¢ of mountain pass type, we have

(88) Cilp, 1) #0.
Hypotheses H, imply that ¢ € C*(H'(Q)) and

(@), h) = / (Du, Dhtygy dz + f E(uhdz + f B(uhdo — / Fle.whdz
Q Q Q2 Q
forallh € HY(Q),
= (" (w)y, h) :/(Dy,Dh)RN dz+/ 5(z)yhdz+/ ,b’(z)yhdo—/ fi(z,u)yhdz
Q Q o2 Q

forall y,h € H'(RQ).

Suppose that the spectrum o (¢” (i1)) < [0, 00). Then we have

(89) B(y) > / m(z)y>dz forally € HY(Q),
Q
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with m(z) = f[(z, i(z)), m € L*(2) (see hypothesis Hs (i)). Suppose u € ker ¢” (&1). Then

90) —Au(z) = (m — &)()u(z) in 2, g—Z + B(Z)u=0 ondQ2.

We have (m —&)(-) € L*(R),s > N. If (n—&)™ = 0, then using (90) and the Green identity,
we have

qu@+f B’ do <0
Bl

=u=ceR, thatisdimkerp”(1) =1.
If (m — &)™ # 0, then we know that

O i = inf[||Du||§ +f Bu*do : ue H(Q), /(m -5 (uldz = 1}
" i (see (7)).

From (89) and (91) we see that

92)

From (90) and (92) we infer that

>
WV
(e

u=0 or 5\1 =1.
But we know that il is simple (see Section 2). So, it follows that
dimker¢” (1) < 1.
Then using (88) and Proposition 2.5 of Bartsch [4], we conclude that
(93) Ci(p, ) = 8¢17Z forallk > 0.
From Proposition 6, we know that
94) Ci(p,00) =0 forallk > 0.

From the proof of Proposition 8, we know that ¢ has a local linking at the origin. Since
¢ € C2(H\(Q)), using Proposition 2.3 of Su [25], we have

95) Ck(¢,0) = 8¢.q,7 forallk >0 withd,, = dimH,, >2.
Finally since uog € —int C is a local minimizer of ¢, we have
(96) Ci(p, up) = 8k,0Z forallk > 0.

Suppose K, = {0, ug, @#}. Then from (93), (94), (95), (96) and the Morse relation with t = —1
(see (9)), we have

(D% + (=) 4+ (=D'=0
= (=1)% =0, a contradiction.

So, there exists # € Ky, it & {0, uo, #1}. Then i is the third nontrivial solution of (1). As
before we have ii € C!(Q). O
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REMARK. Theorem 10 extends Theorem 1.2 of Recova and Rumbos [24], which is for
Dirichlet problems with no potential (that is, £ = 0) and under more restrictive conditions on
the reaction f(z, x). In particular, the authors of [24] introduce also the extra hypothesis that
there exists xo > 0 such that f(z, xo) = 0 for all z € Q. No such condition is used here.
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